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Multi-phase flows, encountered in nature or in industry, exhibit non-trivial rheological properties, that we attempt
to better understand thanks to model materials and appropriate rheometers. Unsaturated wet granular flows down a
rough inclined plane turn out to be steady and uniform for a wide range of parameters, despite the cohesion and the
grain aggregates. The cohesive Mohr-Coulomb yield criterion extended to inertial granular flows, with a cohesion
stress dependent on the liquid content and an internal friction coefficient dependent on the inertial number, allows for
predictions in good agreement with our experimental measurements, when one introduces a grain aggregate size, which
defines the appropriate length and relaxation time scales in the inertial number. We found that the grain aggregate size
depends not monotonically on the liquid content and does not scale with the cohesion length induced by the cohesion
stress, due to the non-trivial distribution of the liquid within the granular material.

I. INTRODUCTION

Wet granular materials are complex systems with grains,
liquid and gas that have cohesion properties and form aggre-
gates. They are found in various natural and industrial pro-
cesses (landslides, debris flows, rock or snow avalanches, civil
engineering, powder-process such aswet granulation, fertilizer
production or coating) and their rheology is still not fully un-
derstood. Their flow behaviour is influenced by many factors,
and experimental instrumentation is challenging. Therefore, a
unified approach combining theoretical, numerical and exper-
imental results is needed to better understand their behaviour.

When liquid is added to granular materials, it can create
cohesion between the grains due to the surface tension of the
liquid, which forms capillary bridges between the grains. This
leads to the formation of clusters of grains, also known as
grain aggregates 1,2. Cohesion is in addition to the frictional
forces between the particles. To describe this cohesion at a
macroscopic level, the cohesiveMohr-Coulomb yield criterion
is commonly used in soil mechanics and geomechanics:

τ = τc + µ0 P, (1)

with τc , the cohesion stress and µ0, the static internal friction
coefficient, where τ and P are the shear stress and the normal
confining stress (or pressure) respectively.

This successfully describes plastic flows of unsaturated wet
grains, in the quasi-static limit of slow flows, with the same
static internal friction coefficient µ0 for wet and dry grains2–6,
that can be interpreted as the absence of modification of the
inter-grain friction in the quasi-static limit7,8, despite the pres-
ence of liquid9,10.
A cohesion length `c can be defined from the cohesion stress

τc
11,12 as:

`c =
τc
ρg
, (2)
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that allows to predict the maximal height of a stable cohesive
granular column11, as well as the characteristic lengths of
the roughness of a deposit after the collapse of an unstable
column12.
What about the case of non-quasi-static, but inertial, flows?

The validity of Eq. (1) beyond yield and its extension to inertial
cohesive granular flows is still an open question.
The consequences of liquid among grains being not obvi-

ous, unsaturated wet granular materials are not as simple as
purely cohesive materials, with the addition of a single inter-
grain force interaction characterized by a maximum force Fc

present at all contacts9,13,14. The influence of liquidwetting the
grains on the rheology sensitively depends on the liquid content
and its spatial distribution around grains i.e. the morphology
of the liquid phase1,15. Such a mixture of grains, liquid and
air may have either a solid-like behaviour16 or a liquid-like
behaviour17, both being different than the behaviours of dry
grains. Their solid-like properties, due to friction and co-
hesion, enable the building of wet sand castles as opposed
to dry sand which cannot stabilize under gravity with slopes
steeper than some finite angle18,19. Their liquid-like properties
are strongly modified by the presence of cohesive inter-grain
forces; in particular, the particle velocity and the contribu-
tion of particle collisions to the dissipation mechanisms are
reduced by the presence of liquid10,20–23. Due to the high solid
fraction of grains and close distances between bonded grains,
direct inter-grain contacts play an important role in the phys-
ical mechanisms ruling their rheological behaviour, which is
strongly affected by the grain shape, surface and properties
(roughness, friction, elasticity, ...). To those micromechanical
features, one should add the physical properties of the liquid
(viscosity, surface tension, contact angle) and the geometrical
microstructural properties1,15.
Unsaturated wet granular materials are at the crossroads of

dry and fully immersed granular materials, about which there
is an ample literature based on laboratory rheometric mea-
surements and numerical simulations8,24–29. As introduced
by Bocquet et al. 18 , "In 1773 Coulomb 30 recognized that the
static properties of granular systems can be discussed in terms
of the frictional properties between different layers". Since,
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the rheology of a granular material either in static configura-
tions or in inertial flows is encoded by the apparent friction
µapp:

µapp =
τ

P
. (3)

The considerable advances in the modeling of dense granu-
lar flows 24,25,31,32 have led to the description of the variations
of µapp(I) as a function of the inertial number I:

I =
Ûγd√
P/ρ

, (4)

with Ûγ the shear rate, d and ρ, the grain size and density respec-
tively. This constitutive "friction" lawwas applied successfully
to different flow geometries, coupled to the solid volume frac-
tion φ(I), defined as the ratio of the grain volume over the total
volume, which is also related to the inertial number I, and often
referred to as the "dilatancy" law. The common interpretation
of the I-dependence lies in the comparison of two time scales
at the elementary scale level (one grain for dry cohesionless
granular materials): the typical time of deformation 1/ Ûγ and
the free-fall relaxation time d

√
ρ/P, when the ambient fluid

does not apply any drag on the grain.
Cohesive granular materials were less studied, but exhibit

a much wider variety of internal structures, depending on the
assembling procedure 33. Their internal state and their density
are quite sensitive to a second dimensionless number –referred
to as either a reduced pressure P∗ = Pd2/Fc

2,34,35 or a co-
hesion index 1/P∗6,9,36– comparing the inter-grain cohesive
force Fc to the confining one Pd22,6,13,34,35. In dense flows,
the friction law becomes:

µapp (I,P∗) , (5)

as well as the dilatancy law: φ = φ (I,P∗). Mandal, Nicolas,
and Pouliquen 14 recently observed in numerical simulations
that the cohesion force Fc should be changed by an effective
cohesion force Feff

c (Fc, kn, e, d) to take into account the effect
of the grain stiffness kn, elasticity e and diameter d.
Recently, based on stress additivity, Vo et al. 36 proposed

that both numbers should be combined into one single cohe-
sive visco-inertial number which would solely control macro-
scopic stresses and micromorphologies6,29. This cohesive
visco-inertial number is equivalent to the inertial number I (4)
for dry cohesionless granular media and to some viscous num-
ber in the limit of low inertia and cohesion7,28.
An extension of the cohesive Mohr-Coulomb yield crite-

rion (1) to inertial flows, as done by some authors2,6,9,11,34,35,
simply states that the internal friction coefficient µ and the
cohesion stress τc are two independent strength properties of
the flow. Then the rheology of cohesive granular materials is
described by two distinct functions µ(I) and τc (I) so that:

τ = τc(I) + µ(I) P. (6)

But Eq. (6) does not allow to collapse cohesive and cohe-
sionless granular flows, what may require a more general di-
mensionless number6,36. Note that Eq. (6) is consistent with
Eq. (5).

It’s worth noting that the internal friction coefficient µ and
the apparent friction coefficient µapp are different for cohesive
materials, while they are the same for cohesionless granular
materials. This means that even with the same internal fric-
tion coefficient µ for both dry and unsaturated wet grains, the
presence of a non-zero cohesion stress τc results in a larger
apparent friction coefficient µapp , which leads to larger slope
angles16,18.
How do cohesive forces, such as that present in unsatu-

rated wet grains, affect dense granular flows? A standard
configuration to study the flow of granular materials is the
rough inclined plane. Indeed, the gravity-induced free-surface
flow of grains has a number of engineering and geophysi-
cal applications. Furthermore, the inclined plane can serve
as a rheometer, since regimes of steady uniform flows lead
to apparent-friction-controlled experiments24,37–40. To our
knowledge, among the broad literature about granular flows
down a rough inclined plane, no experimental study was ded-
icated to the case of unsaturated wet materials (or cohesive
granular materials in general, which cohesion is of another na-
ture than capillary), while only a few numerical studies were
reported13,14,41. These numerical works observed i) the emer-
gence of a plug-flow of a finite thickness at the surface, above
a sheared region, that is not observed in the case of a cohesion-
less granular flow, ii) a solid fraction roughly constant in the
sheared region, iii) a velocity profile which is not consistent
with a Bagnold profile.
In this article, we present an experimental study of the flow

of frictional and cohesive (unsaturated wet) grains down a
rough inclined plane, when cohesion is induced by a wetting
liquid, partially saturating the pores of a granular material. By
changing the liquid content, we will compare such free-surface
gravitational flows of unsaturated wet grains with those of dry
cohesionlessmaterials made up of the same grains, andwewill
investigate the validity of Eq. (6). Our paper is organized as fol-
lows. The experimental setup and the measurement methods
are outlined in Section II. The main experimental results with
some theoretical predictions for steady uniform shear flows are
presented in section III. A conclusion is given in section ??.

II. EXPERIMENTAL MATERIALS AND METHODS

A. Particles and fluids

Our model granular materials are hard and non-Brownian
solid spherical beads, mixedwith a non-volatile, wetting, New-
tonian liquid. Glass beads of density ρ = 2500kg m−3 and of
diameter d ' 250 ± 50µm and silicon oil (47V20) of density
ρl = 950kg m−3, viscosity η = 20mPa s and surface tension
Γ = 20mN m−1 are used. Oil is used instead of water to min-
imize evaporation. The Bond number of our unsaturated wet
granular materials, comparing cohesive to gravitational grain
scale forces, defined as Bo = ρgd2/πΓ = 10−2 � 1, with g
the gravity acceleration, is thus small enough to be in a co-
hesive regime. Indeed, cohesive forces exerted via capillary
bridges and liquid/air clusters on bounded grains (due to dif-
ference of pressure between liquid and air and surface tension
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in the interfaces) become important compared to their weight
if their diameter d is much smaller than the capillary length√
πΓ/ρg.
We always prepare the system in the same way to ensure

reproducible experimental conditions: the wetting liquid is
mixed thoroughly with dry beads until a uniform consistency
is visually obtained. Different liquid contents ε = ml/ms ,
defined as the mass ratio of liquid over grains, are used: ε = 0
and ε ∈ [0.1%-1.4%], so that we focus in this work on the
dry state and on unsaturated wet samples, these latter being
in the pendular or funicular state. Here, we consider that the
wet granular material density ρ(1 + ε) ' ρ. In the pendular
state, liquid bridges are of small volumes and particles are
held together at their contact points (or where they are close to
contact) by liquid bridges1. By contrast, in the funicular state,
some pores are fully saturated by liquid, but there still remains
voids filled (partially or not) with air15, so liquid/air clusters
appear and wet grains aggregate.

In the literature, the volume ratio of liquid over grains w =
ε ρ/ρl ∈ [0.26%-3.7%] or the liquid fraction φl = φ ρ/ρl ε ∈
[0.16%-2.2%] defined as the ratio of liquid over total volumes,
may be alternatively used. On average, pores are filled with
only a small quantity of liquid at φl/(1 − φ) ∈ [0.4%-5%].
The solid fraction φ of unsaturated wet grains is reported to
be smaller than the one of cohesionless dry materials φ(ε =
0) ' 60% and to change between 50% and 57%42–44. In
the following, the solid fraction is taken equal to φ ≈ 60%
for dry grains and for unsaturated wet grains, this assumption
having roughly no significant effect on our results, as we have
systematically checked.

B. Experimental set-up

The experimental set-up is sketched in Fig. 1(a), its main
parts being a hopper, an inclined plane, a LASER diode, a
CCD camera, a scale, which roles will be detailed below. A
mass of about 20kg of (unsaturated wet or dry) grains is stored
into the hopper located at the top of the inclined plane, before
opening the hopper frontal gate to release them. The 1.6m-long
plane is made of a rough bottom plate and two smooth lateral
Plexiglass walls. The rough surface is made of sandpaper
of roughness ' 350µm, which is the same order as the grain
diameter, to ensure a no-slip boundary condition at the bottom.
The width between the side walls is W = 34cm= 1360d, and
the range of our control parameters lead to shear flows deep
inside the granular layer up to the bottom plate, and not only
at the surface like in a heap flow, allowing to neglect sidewall
effects45.

The plane can be inclined at the imposed slope angle θ. The
hopper is elevated (∼ 10cm) with respect to the incline, so
that when opening its gate, the beads first fall down contin-
uously before flowing down the rough plane. This thin and
dilute ‘rain’ allows a constant input mass flow rate Qm

46 and
a reproducible initial condition.
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FIG. 1. (a) The experimental set-up consists of a rough plane that
can be inclined at the imposed slope angle θ. Unsaturated wet or
dry grains, stored in a hopper at the top of the plane, are released
through a gate, which aperture opening height f can be adjusted in
order to control the mass flow rate Qm, measured by means of a scale
located underneath. The granular layer free surface is recorded by a
CCD camera. A LASER diode is used to produce a grid sheet for
profilometry to measure thickness profiles h(x, y, t). (b) A picture of
the free surface of a unsaturated wet granular flow on the incline at
θ = 31◦ and f = 5cm.

C. A typical granular flow

For a given granular flow, the two control parameters are the
hopper frontal gate opening height f and the inclination angle
θ. Both control parameters f and θ affect the mass flow rate
(the velocity and the thickness of the flow too), whereas only
the slope angle θ controls the apparent friction µapp within the
granular layer for steady uniform flows. For too low mass flow
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FIG. 2. (a) Time-space diagram showing the juxtaposition of a line
of pixels for successive time steps t for θ = 29.5◦ and f = 3.5cm.
This line of pixels is taken from a picture of the flow surface: it is
longitudinal to the incline (along x) and crosses the flow front in its
center. The red dashed straight line shows the front propagation at a
constant velocity. (b) A picture of the free surface of a unsaturated
wet granular layer deposited on the incline at θ = 30◦ and f = 6cm
after the mass flow rate of a steady uniform flow was vanished.

rates and angles, the flow of (dry or unsaturated wet) grains
is not continuous but intermittent, occurring by successive
avalanches. For high enough mass flow rates and angles, a
steady flow regime develops, characterized by the propagation
of a (quasi-)constant thickness layer of (unsaturatedwet or dry)
grains throughout the rough plane. All our measurements will
be done in the steady regime, far from the entrance and the exit
of the plane and far from the front, where the flow is uniform:
the free surface makes a constant angle longitudinally with the
horizontal and is almost flat in the transverse direction.

The dense flows of unsaturated wet grains look like a contin-
uous material, despite the presence of grain aggregates visible
at surface in Fig. 1(b) and their probable existence inside the
flow too. Just behind a slightly curved transverse interface

showing small protuberances (not observed for a dry granular
flow), the unsaturated wet granular layer exhibits some front
profile, as shown by the white lines in Fig. 2(a). The granular
layer propagates at a constant velocity denoted as u0, as evi-
denced by the straight red dashed line, so this part of the flow is
not uniform but steady. Behind this front, the thickness of the
unsaturated wet granular layer, denoted as h, seems roughly
uniform and steady. Also, a finer inspection shows small sur-
face corrugations appearing systematically on the unsaturated
wet granular layer [Fig. 1(b)], that are not observed for a dry
granular flow.
Finally, upon the quick closing of the hopper gate, the flow

velocity and thickness progressively decrease, leaving possibly
a deposit on the incline. The unsaturated wet deposit morphol-
ogy exhibits some characteristics that are not observed for the
dry case, such as the coexistence of two different length scales
related to the surface corrugations present during the flow and
to fractures occurring during the arrest [Fig. 2(b)]. F

D. Measurement methods

In order to measure the mass flow rate Qm, the mass m
of grains flowing out of the inclined plane is weighted as a
function of time thanks to a scale. The time evolution of the
mass m(t) of unsaturated wet grains (ε = 0.1%) is drawn in
Fig. 3(a) for a given slope angle θ = 33◦ and different values
of the gate height f . It is found that m(t) is proportional to
time and thus a constant mass flow rate Qm can be defined.
In the whole experimental range of f and θ explored here
for different liquid contents ε , the mass flow rates varies from
1kg.s−1 to 10kg.s−1 for the dry sample (ε = 0) and from 1kg.s−1

to 25kg.s−1 for the unsaturated wet grains. Figure 3(b) shows
Qm as a function of the hopper gate aperture f for different
values of θ for a constant liquid content (ε = 0.5%): at given
θ (or f ), Qm increases with f (or θ).
The central region of the rough inclined plane far from its

entrance and its exit, in which the flow is almost uniform, is
recorded by a CCD camera positioned at the normal of the
plane at a 20Hz-frequency. The images and data are processed
using ImageJ and Matlab. In this region, a grid pattern is
projected on the plane by laser sheets [Fig. 1(b)], with a pro-
jection angle small enough so that the presence of any granular
mass on the plane induces a significant deformation of the grid
(Fig. 2). The local shift between the deformed grid pattern and
the initial one without grains is proportional to the thickness
h(x, y, t) of the granular layer at the position x and y along
the longitudinal and transverse direction and the time t47. The
thickness h of the uniform steady flow is taken as the average
of h(x, y, t →∞) for all x and y in the central uniform region,
so that the small variations of h maybe related to the presence
of grain aggregates and corrugations at surface, are smoothed
out.

The front velocity u0 is obtained by tracking the front
propagating down the incline thanks to a time-space diagram
[Fig. 2(a)] which is the juxtaposition of a line of pixels for
successive time steps, taken from a picture of the flow sur-
face, along x (longitudinal to the incline) and crossing the
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FIG. 3. (a) Temporal evolution of the mass m(t) of unsaturated wet
grains (ε = 0.1%) released out of the incline as a function of time
for a series of experiments at a constant slope angle θ = 33◦ and for
different aperture heights f ∈ [3.0-6.0]cm. (b) The mass flow rate
Qm as a function of the hopper aperture height f for different incline
slope angles θ ∈ [30.0-37.0]◦ for a constant liquid content ε = 0.5%.

flow front in its center (y = W/2). The mass balance equation
∂h/∂t+∂(hu)/∂x = 0 with u, the z-averaged velocity (z being
the direction normal to the plane), applied to a front moving at
a constant velocity u0 without deformation, leads to a travel-
ling wave h(x, t) = h(x − u0 t), and implies u = u0

40. Thus the
front velocity u0 and the velocity u averaged over z are equal.
The same measurements are done for unsaturated wet and

dry granular flows.
We have checked that our measurements of h and u0 are

consistent with the independent measurement of the mass flow
rate:

Qm = φ ρW h u0. (7)

In the following, we will prefer to use measurements of Qm

instead of u0 (in addition to h), because this former is less

sensitive to experimental noise, thanks to its integration in
time and space. We realized about 100 experiments of steady
uniform dry granular flows and 30 experiments for the liquid
content ε = 0.5%, while about 15 experiments for each other
liquid content ε .
The scope of this paper is the study of the steady and uniform

unsaturated wet granular flow regime down an incline. In
addition to the liquid content ε , the control parameters are
varied: the frontal gate opening height f between 0.5cm and
6cmand the incline slope angle θ between 24◦ and 39◦, thatwill
change the constant mass flow rate Qm, the constant thickness
h of the flow and the apparent friction µapp .

III. EXPERIMENTAL RESULTS AND THEORETICAL
PREDICTIONS

A. Flow threshold

Figure 4(a) shows the thickness h of steady uniformflows for
the different slope angles θ explored for both the dry (squares)
and the unsaturated wet (circles) granular samples for ε =
0.5%, the colors encoding for the values of the gate opening
height f . Steady uniform flows are achieved for large enough
values of h (or the gate opening height f ) and θ. Increasing
the gate opening height f leads to thicker flows down the
incline and one can see that unsaturated wet granular flows are
much thicker than dry ones. Indeed minima of h (and θ) for
unsaturated wet granular flows are larger than the ones for dry
granular flows.
As we did not observe any steady uniform dry granular

flows for slopes smaller than 24.6±0.5◦, we identify the angle
threshold θ0 = 24◦ and get µ0 = tan(θ0) = 0.45 for the static
internal friction coefficient, represented by the dashed line in
Fig. 4(a). The value of µ0 aligns with measurements obtained
from hstop(θ)40,47,48 that are not shown here. hstop represents
the average thickness of deposits of dry grains following a
steady, uniform flow at a slope angle θ, and the measurements
were taken after a sudden closure of the silo. The value is
also in agreement with rheological data of µ(I) (Fig. 10) and
Qm(I) as made later in section III C. In the following, µ0 is
kept constant equal to 0.45 and will not be a free parameter
anymore.
It is well established that steady and uniform flows are ob-

served down a rough wide inclined plane for dry or immersed
granular materials24,26,47: here, we obviously observe such
steady uniform flows with dry grains, from which we will
characterize their rheological parameters in section III C.
For unsaturated wet grains, we do also observe experimen-

tally a steady state and uniform regimewith a finite and (quasi-)
constant thickness layer propagating along the rough inclined
plane, which angle of the free surface is equal to the slope
angle θ, for high enough mass flow rates Qm and slope angles
θ.
By referring the direction normal to the plane as z, the

momentum equations for a steady free surface flow down an
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FIG. 4. (a) Parameters space (θ, h) of some experiments reported in
this paper, with θ the incline slope angle and h the constant thickness
of the unsaturated wet for ε = 0.5% (circles) and dry (squares)
granular flows. The colors encode for the values of the gate opening
height f . The dashed line corresponds to the angle threshold θ0 =
arctan(µ0). The continuous curve hc(θ) (and the two enveloping
curves) is computed from Eq. (11) with τc = 75±5Pa and µ0 = 0.45,
for the thickness threshold for a cohesive steady uniform free-surface
gravitational flow. (b) Cohesion stress τc as a function of the mass
liquid content ε , measured in two different ways: from the flow
threshold data (h-θ) by using Eq. (11) (red circles) and from the
(P, τ) data of steady uniform inertial flows (blue squares). The error
bars are ±5Pa for the red circles, while they correspond to variations
of ±0.01 around µ = 0.55 for the blue squares. The dotted horizontal
line indicates the cohesion stress according to the Rumpf model (12).

inclined plane at an angle θ give:

P(z) ' φ(z)ρg(h − z) cos θ, (8)
τ(z) ' φ(z)ρg(h − z) sin θ, (9)

with τ and P, the shear and normal stresses at the position z.
This leads to values for the reduced pressure P∗ between 0.5
and 3 or for the cohesion index 1/P∗ between 0.3 and 2, when

computed in z = 0.
Thus, in case of a steady uniform flow, the inclined plane

configuration, whatever the rheology is (viscous, granular, co-
hesive, ...), allows to control the apparent friction throughout
the whole layer thickness:

µapp =
τ(z)
P(z)

= tan θ. (10)

In general, a yield stress τY (so that the shear rate Ûγ , 0
for a shear stress τ ≥ τY ) leads to the emergence of a length
scale hY = τY/ρg sin θ, as a thickness threshold for shear in
a steady uniform gravitational flow of density ρ. In a similar
way, cohesion in a granular material following Eq. (1) or (6),
induces a yield stress τY = τc + µ0P, leading to a thickness
threshold hc for shear in a steady uniform gravitational flow
of density φ(z = 0)ρ ' φρ:

hc =
τc

φ(z = 0)ρg cos θ
1

tan θ − µ0
, (11)

with µ0, the static internal friction of the granular material,
that was shown to be the same with or without liquid, either
saturated or unsaturated3,7,35. This means that a steady uni-
form shear flow should occur only for cohesive granular layers
thicker that the thickness threshold hc; such a cohesive gran-
ular layer (of thickness h ≥ hc) will experience some shear at
the bottom on the height h − hc and develop a plug velocity
profile of height hc above it. Note that hc is proportional to
the cohesion length `c11,12, and hc(θ = 90◦) = `c/φ.
The relation (11) for the thickness threshold hc(θ) for cohe-

sive granular flows (epsilon = 0.5%) is drawn as the contin-
uous line (and the two enveloping curves) for µ0 = 0.45 and
τc = 75 ± 5Pa in Fig. 4(a). This later is identified so that the
line hc(θ) is just below the minimal values of (θ, h) for the
steady uniform unsaturated wet granular flows reported here,
and seems to describe well the yield threshold. We are highly
confident in this identification because we reduced the gate
opening height f to the minimum possible value for a given
θ, until continuous flow was no longer observed. In the worst-
case scenario, the values we obtained are only upper limits.
The curve hc(θ) separates the region of steady, uniform flow
from the regionwhere no steady, uniformflow can be achieved.
Due to the fact that the minimum flowing thickness hc(θ) in-

creases and diverges as the slope angle approaches the thresh-
old θ0, it becomes extremely difficult to maintain a steady,
uniform flow of unsaturated wet granular materials at small
angles θ ≥ θ0, as it would require much larger values for thick-
ness h, gate height f , and mass flow rate Qm, which are not
feasible within our experimental set-up. Therefore, the min-
imum angle θ required to maintain unsaturated wet granular
flows in our experiments appears to be larger than that required
for dry granular flows.

The cohesion stresses τc measured for different mass liquid
contents ε are plotted as red circles in Fig. 4(b) as a function
of ε , with error bars taken equal to ±5Pa. A liquid content as
small as ε = 0.1% already induces cohesion properties, with a
cohesion stress τc ' 30Pa. Notice that in the pendular regime,
the cohesion stress increases when increasing the liquid bridge
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FIG. 5. Shear and normal stresses τ and P for the unsaturated wet
flows at different ε ∈ [0.1%-1.4%] at all explored slopes θ (circles)
and dry flows (squares) at slopes θ ∈ [27◦-30◦], so that they have
approximately all the same internal friction µ ∈ [0.5-0.6].

volume49,50. Different amounts of liquid lead to different dis-
tributions of the liquid between the grains, and thus in turn lead
to different values of the cohesion stress τc . We see that τc
increases as the liquid content ε is increased and saturates for
ε ' 0.8% at a maximum of approximately 130Pa. This result
is consistent with the cohesion stress of unsaturated wet glass
beads measured in static shear strength experiments1,42,51.
The maximal value of τc is often estimated by the Rumpf

model52:

τc =
µ0ZφΓ

d
, (12)

where Z is the "cohesive" coordination number, that is the
average number per grain of contacts and distant pairs with
capillary forces. If we estimate Z ' 6, φ ' 60% and µ0 =
0.45, a cohesion stress τc ' 130Pa is found, plotted as a dashed
line in Fig. 4(b), that describes well the maximal and plateau
value of τc we found. Note that the cohesion stress in the
Rumpf model (12) is related to the Bond number Bo.

Besides this saturation, Raux and Biance 44 reported a sec-
ond increase of τc with the liquid content, for even larger liquid
contents than studied here.

In section III B, wewill examine whether the cohesion stress
τc , which characterizes the yield threshold for steady, uniform
unsaturated wet granular flows down an inclined plane, is con-
sistent with measurements of the cohesion stress observed
during inertial flows.

B. Inertial flows: Cohesion stress

We now turn to the inertial granular flows by plotting in
Fig. 5 the coordinates (P, τ) –the pressure [Eq. (8)] and the
shear stress [Eq. (9)] at the bottom (z = 0)– for our materials
at different liquid contents: some data at ε = 0 and all data at

ε ∈ [0.1%-1.4%]. For a fixed non-zero value of ε , our data
collected at various slope angles θ and gate opening heights f
exhibit a nearly linear relationship, indicating that they possess
a similar internal friction coefficient µ. It is worth noting
that the changes in the internal friction coefficient µ(I) with
respect to I are minimal, and as such, cannot be distinguished
from a constant value in our analysis. Furthermore, the lines
representing the linear relationship for different values of ε , 0
are nearly parallel to each other, suggesting that these flows
possess an internal friction coefficient that is approximately
constant and equal to µ ' 0.55. For comparison, (P, τ) is
plotted for a selection of our dry samples (squares): those
which friction is about µ ' 0.55 (for slopes θ ∈ [27◦-30◦]).
As expected from Fig. 4(a), (P, τ) data of the dry glass beads
lie below the unsaturated wet ones, because they are at smaller
h and θ: this indicates that the apparent friction µapp of the
unsaturated wet beads is higher than the dry ones, even if their
internal friction µ is approximately the same.
Also, when ε , 0 (circles), our experimental data highlight a

well defined non-zero cohesion stress τc(ε) as the intersection
of each line (for each ε) with the vertical P = 0-axis. The
same plot for our dry samples (squares) shows obviously no
cohesion stress (τc = 0). We precise that, for a given ε , τc(ε) is
measured as the y-intercept of the affine fit of (P, τ) data when
imposing the slope as µ = 0.55 and its error bar (between 3 and
5Pa) is computed when imposing µ = 0.55 ± 0.01 [Fig. 4(b)].

We observe in Fig. 4(b) that the values of the measured co-
hesion stress τc (blue squares) from inertial flow experiments
(Fig. 5) are approximately the same as that obtained for the
flow threshold using Eq. (11) for the different liquid contents
ε .
Thereby, we demonstrated that within the range of the exper-

imental parameters explored here, each flow experiment being
described by the maximal values of P and τ at the bottom plate
(z = 0), a constant cohesion stress τc(ε) at a given ε , is relevant
from a rheological point of view, even for inertial flows, and
not only for quasi-static plastic flows.

It appears that a cohesive Mohr-Coulomb criterion, such
as Eq. (1) or (6), is applicable not only at the failure thresh-
old14, but even above it. This could be attributed to the slight
variations of the internal friction coefficient µ with respect to
the inertial number I in the case of our free-surface gravity-
induced flows. Interestingly, this observation is consistent with
the numerical simulations of cohesive plane shear by Berger
et al. 6 , where a dependence (albeit decreasing) of the cohesion
stress τc(I) on the inertial number I is reported. However, in
our study, the variation of the inertial number I is relatively low
(one order of magnitude, as discussed later in section III E),
such that the expected variation in the cohesion stress τc is
even lower (a maximum of a factor of 1.5).

C. Inertial number dependence

We have shown that for the liquid contents ε explored here,
our unsaturated wet granular flows down a rough incline are
well described by the relation τ = τc(ε) + µP, consistently
with our dry granular flows described by τ = µP, by carefully
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FIG. 6. Dry granular flows: (a) Theoretical values of the mass flow
rate Qm as a function of the experimental ones for the rheological
parameters µ0 = 0.46 and a = 0.7 optimizing their linear correlation;
(b) Mass flow rate Qm experimentally measured as a function of the
thickness of the steady uniform granular flow h and its prediction
from Eq. (19).

considering dry and unsaturated wet flows at approximately
the same internal friction µ. This allowed us to measure
the cohesion stress τc(ε) in the case of inertial flows, as the
variations of the internal friction with the inertial number I
were small. Now, we will consider possible variations of µ
with I.
To be able to do further predictions on unsaturated wet

granular flows, we assume that the rheology obeys Eq. (6) –
with τc(I) = τc(ε) being constant at a given ε– and that the
internal friction µ(I) follows an affine increasing function:

µ(I) = µ0 + aI, (13)

where µ0 and a are two material-dependent parameters. We
will show in Appendix A that the affine function and the more
elaborate function with three parameters31 lead approximately

to the same results in the range of our experimental control
parameters.
Thus in the case of a gravity-induced free surface steady

uniform flow, Eqs. (10) and (13) allow to compute the local
inertial number I(z) in the sheared region for z ≤ h − hc , as:

I(z) =
tan θ − µ0

a
h − hc − z

h − z
, (14)

while I(z) = 0 in the plug region for z ≥ h− hc . For a constant
h (or θ), the function I(z) is larger for a larger θ (or h). For
a cohesionless material (hc = 0), one retrieves a constant I in
the sheared layer, whereas for a cohesive one, at a given (h, θ),
the inertial number is maximal at the bottom:

Imax = I(z = 0) =
tan θ − µ0

a
h − hc

h
. (15)

The relations (4), (11) and (14) give the following equation
for the shear rate Ûγ(z) for z ≤ h − hc:

Ûγ(z) =
1
d

tan θ − µ0
a

√
φg cos θ

(
(h − z)1/2 − hc (h − z)−1/2

)
,

(16)
while Ûγ(z) = 0 for z ≥ h − hc .
By integrating Eq. (16), assuming a no slip velocity at the

bottom (z = 0) and a uniform profile of solid fraction φ(z) '
φ13,14, we can compute the velocity field u(z) for z ≤ h − hc
as:

u(z)√
gd
= 2

tan θ − µ0
a

√
φ cos θ

×

(
1
3

h3/2 − (h − z)3/2

d3/2 −
hc
d

h1/2 − (h − z)1/2

d1/2

)
, (17)

while u = uc = u(z = h−hc) for z ≥ h−hc . For a cohesionless
material (hc = 0), one retrieves the Bagnold velocity profile
(z3/2). For a cohesive material, the velocity profile can be
viewed as the contribution of a Bagnold-type profile induced
by its frictional properties and a second (negative) contribution
(z1/2) induced by its cohesion properties in the sheared layer
(z ≤ h − hc), in addition to a plug profile (uc) in the non-
sheared top layer (z ≥ h − hc).
The mass flow rate [Eq. (7)] follows:

Qm =
2
3

tan θ − µ0
a

φρW
√
gφ cos θ
d

×

(
3
5

h5/2 − hch3/2 +
2
5

h5/2
c

)
, (18)

that becomes, for cohesionless dry granular flows (hc = 0):

Qm(hc = 0) =
2
5

tan θ − µ0
a

φρW
√
gφ cos θ
d

h5/2. (19)

The characteristic inertial number I of the flow, chosen as its
maximal value Imax [Eq. (15)], is related to the experimental
measurements Qm and h as:

I ≡ Imax =
3
2

1
√
φ cos θ

Qm

Qm 0

h − hc
h

×
d5/2

3h5/2/5 − hch3/2 + 2h5/2
c /5

, (20)
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FIG. 7. Theoretical and experimental values of the mass flow rate
Qm for our unsaturated wet flows using Eq. (18) using the grain size
d in (a) and Eq. (23) using the grain aggregate size dagg in (b). In
(a), the dashed lines corresponding to linear fits are guides for the
eye. In (b), the continuous line has the slope 1, while the dotted lines
have slopes 0.7 and 1.3, allowing us to compute the upper and lower
error bars made on each measurement of dagg (see the text).

with Qm 0 = φρWd
√
gd, that becomes, for cohesionless dry

granular flows (hc = 0):

Idry ≡ Imax(hc = 0) =
5
2

1
√
φ cos θ

Qm

Qm 0

d5/2

h5/2 . (21)

Equation (20) indicates that the velocity profile (17) specific
to cohesive flows hinders the direct computation of the char-
acteristic inertial number I from experimental measurements
without prior knowledge of certain rheological parameters (τc
and µ0 required for hc), making it necessary to resort to alter-
native methods for the identification of the rheological law. It
is worth noting that the knowledge of a is not essential in this
regard.

The next step is to quantitatively identify the parameters of

the friction law µ(I) in Eq. (13) from the dry granular flows
made of the same glass beads as in our unsaturated wet materi-
als. We identify our parameters (µ0,a) as the ones optimizing
the correlation between the theoretical –fromEq. (19)– and ex-
perimental values of the mass flow rate Qm of our dry granular
flows. This optimization is possible thanks to a decoupling of
µ0 and a: the linear relation between theoretical and experi-
mental Qm [Fig. 6(a)] has its slope related to a only, while its
scattering (quantified by the precision of a linear fit) is related
to the value of µ0 only.
This leads for our dry granular flows to µ0 = 0.46 and

a = 0.7, consistent with values found for glass beads of the
same order of size40. Moreover, the static friction µ0 is ap-
proximately the same as that obtained for the flow threshold in
section III A [Fig. 4(a)]. We will see in Fig. 10 that this affine
function describes very well our dry data µ(I) and the direct
fit gives the same values for (µ0,a).
For these rheological parameters, the theoretical values of

the mass flow rate are plotted as a function of the experimen-
tal ones for our dry granular flows in Fig. 6(a). Figure 6(b)
shows the predicted curves of the mass flow rate Qm for our
dry granular flows as a function of the granular layer thickness
h (continuous lines) from Eq. (19) for different slope angles
θ: the quantitative agreement with our experimental measure-
ments (squares) is quite good.
Moreover, we have checked that the expected variation of

the solid fraction φ with the inertial number I (according to
φ(I) = φRCP − ∆φ I with typical values of ∆φ = 10% and
φRCP ' 60% from the literature) implemented to compute the
theoretical mass flow rate, does not change our results.

D. Aggregate size

Now let’s consider the case of unsaturated wet. In this case,
the shear flow is localized and not reduced to a Bagnold pro-
file, leading to Eq. (18) for the mass flow rate Qm. When we
compute it with the previously identified parameters for µ(I)
and τc , one can see, in Fig. 7(a), for each liquid content ε , a
quite linear correlation between theoretical and experimental
data. However, theoretical data over-estimate our measure-
ments: each slope for each value of ε is � 1 (between 2 and
10) and depends on the liquid content ε . At this point, there
are several possible approaches to explain this misestimation
of the mass flow rate Qm in unsaturated wet flows. However,
all these approaches agree with the presence of wet grain ag-
gregates. So, wewill focus on one interpretation that considers
the aggregate size as the elementary length scale instead of the
individual grain size d. This interpretation is supported by the
fact that the aggregates would affect the relaxation time scale
in the definition of the inertial number (4), which is usually
based on the assumption of cohesionless grains24.

Indeed, while shearing a dense cohesionless granular ma-
terial requires the displacement and relaxation of each single
grain relative to its close neighbours, shearing a cohesive gran-
ular material will require the displacement and relaxation of
grain aggregates13. Subsequently, the relaxation mechanisms
must be considered at the scale of grain aggregates of size
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dagg, rather than at the scale of single grains. Hence, the
effect of cohesion and grain aggregates would be to increase
the elementary free-fall relaxation time (to be compared to the
typical time of deformation), and accordingly to increase the
inertial number and modify it into Iagg:

Iagg =
Ûγdagg√

P/ρ
. (22)

Thus, when taking into account aggregates in the analysismade
in Section III C, the mass flow rate would be given by:

Qm =
2
3

tan θ − µ0
a

φρW
√
gφ cos θ

dagg

×

(
3
5

h5/2 − hch3/2 +
2
5

h5/2
c

)
, (23)

leading to the relation of Iagg as a function of our experimental
measurements Qm and h:

Iagg =
3
2

1
√
φ cos θ

Qm

Qm 0 agg

h − hc
h

×
d5/2
agg

3h5/2/5 − hch3/2 + 2h5/2
c /5

(24)

with Qm 0 agg = φρWdagg
√
gdagg. Note that dagg does not

come into play in Eq. (24).
So, we identify the value of dagg so as to get the collapse

of theoretical versus experimental mass flow rates values Qm,
using Eq. (23): dagg and its lower and upper bounds are such
that the slope is 1±0.3 (this uncertainty is chosen consistently
with the scattering of our experimental measurements of Qm).
Figure 7(b) displays this "by-construction" collapse: the theo-
retical values of Qm [Eq. (23)] dependent on dagg is plotted as
a function of our experimental values for the different liquid
contents ε . Thus, the rheology (6) provides a good estimation
of the mass flow rate for the unsaturated wet and for the dry
materials, only when one introduces an aggregate size. Also
Fig. 8 shows the predicted curves of the mass flow rate Qm

from Eq. (23) as a function of the granular layer thickness
h (continuous lines) superimposed on our experimental data
for different slope angles θ for two different liquid contents
ε = 0.5% and 1.2%.
The relative grain aggregate size dagg/d plotted as a func-

tion of ε in Fig. 9, is not constant but is a function of the
liquid content ε , as already observed for some characteristics
of the microstructure of the wet granular materials1,17,43. In-
deed, dagg/d is not a monotonic function of ε , but displays a
maximum at a critical value of ε ' 0.5%. This is surprising in
light of the monotonic evolution of the cohesion stress τc and
the induced cohesion length `c [Eq. (2)]. We will see that the
mechanisms responsible for these two properties (aggregate
size and cohesion) may have different origins.

It is known from X-ray microtomography1 that the number
of capillary bridges per particle depends of the liquid content:
it increases rapidly at low ε before saturating at intermediate
liquid contents; then, when the liquid content increases further,
the number of capillary bridges vanishes to the detriment of
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FIG. 8. Unsaturated wet granular flows: Mass flow rate Qm experi-
mentallymeasured as a function of the thickness of the steady uniform
granular flow h and its predictions from Eq. (23) for ε = 0.5% and
1.2%.
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FIG. 9. The relative grain aggregate size dagg/d as a function of the
liquid content ε : dagg and its lower and upper bounds are computed
so that the linear fit slope of theoretical versus experimental values of
the mass flow rateQm is 1±0.3 (Fig. ??). The inset shows sketches of
a typical unsaturated wet grain aggregate for different liquid contents.

dimers, trimers and larger liquid/grain clusters, because the
liquid invades and saturates some pores1,2. In the same time,
the cohesion stress increases rapidly before saturating at a
maximum, which we observed as shown in Fig.4(b).
Following the approach of Courrech du Pont et al. 53 in the

case of Van der Waals attractive forces, we can estimate the
size dagg of the aggregates by considering an additional bead
to belong to the aggregate only if its cohesive force is greater
than its own weight added to the weight of the aggregate.
Assuming that the cohesive force is proportional to the number
of capillary liquid bridges n (through a coefficient α ≤ 1),
given by Fc = αnπΓd, and the weight to balance is W =

φρπg(dagg)3/6, we obtain the following expression for the
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aggregate size dagg:

dagg =
(
6αnΓd
φρg

)1/3
, (25)

if Γ , 0 and n , 0, and dagg = d otherwise.
The coefficientα determines the proportion of liquid bridges

that are involved in binding a grain to an aggregate. As it is
likely that only a fraction of the liquid bridges contributes
to the cohesive force, α is expected to be less than or equal
to 1. It is expected that α = 1/2, indicating that only half
of the liquid bridges are involved in binding a grain to an
aggregate. However, as α appears with an exponent of 1/3 in
Eq. (25), small variations in the value of α do not significantly
affect the predicted aggregate size dagg. Then, by using the
experimental data of the number of simple capillary bridges
(binding two particles) from Scheel et al. 1 : n ∈ [1,6], we
get dagg/d ∈ [4,9], that is in quantitative agreement with our
measurements in Fig. 9. However, despite this, determining the
function dagg/d(ε) is challenging as it requires the knowledge
of the relevant parameter on which n depends. Additionally,
our study highlights that the heterogeneous spatial distribution
of liquid among grains plays a crucial role in the formation
of grain aggregates, which size defines an additional length-
scale in the system. The number of liquid bridges and their
properties could potentially be used to define the size of these
aggregates.

The such defined unsaturated wet grain aggregates is made
of grains bonded by the strongest capillary forces (i.e. sim-
ple capillary bridges), with its interface separating them from
liquid/grain/air clusters, and the size dagg is defined as the
mean size of such aggregates. Whereas the aggregates are
related to the contribution of the n strongest bounds, the co-
hesion is induced by the contribution of all of the Z cohe-
sive bounds (contacts and distant pairs with capillary forces):
Z ' n + n2 + n3 + ... nmax is the sum of the number of sim-
ple liquid bridges and liquid/grain/air clusters, involving two,
three, four, ... particles, i.e. the capillary bridges, dimers,
trimers and larger liquid/grain clusters1,2,54–57. Furthermore,
one can see from the experimental measurements1,43 that n
increases, then decreases, while n + nmax ≈ Z increases, then
saturates with the liquid content. This explains why only the
n simple capillary bridges come into play in Eq. (25), while
all the Z cohesive bounds come into play in Eq. (12). Interest-
ingly, the different mechanisms responsible for the cohesion
and for the aggregates in case of capillary-induced cohesion,
explain that the size of our aggregates does not scale with the
cohesion length `c11,12. This raises the open question of the
size of aggregates in other cohesive granular flows, in case
of cohesion of another nature than capillary2,11,14,36,58. Note
that our measurements of dagg are indirect, so they appeal for
future studies.

E. Internal friction

We have now identified the rheology (6) and its parameters
(τc, µ0,a), successfully describing our experimental measure-
ments, when coupled with the grain aggregate size (25). We
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FIG. 10. Internal friction coefficient µ as a function of the inertial
number I at the grain size d from Eq. (20) in (a) and Iagg defined
at the aggregate size dagg from Eq. (24) in (b) for unsaturated wet
flows and Eq. (21) for dry ones.

will plot the internal friction coefficient µ as a function of the
inertial numbers I and Iagg defined either at the grain size d or
at the aggregate size dagg in Fig. 10(a) and (b) for our dry and
unsaturated wet granular flows. The internal friction µ is equal
to the apparent friction µapp = tan(θ) for our dry flows, while
for our cohesive flows, it is given by µ = µapp − τc/P. For
dry flows, the inertial numbers Idry and Iagg are equal (since
dagg = d when n = 0 or Γ = 0) and is computed from Eq. (21).
For cohesive flows, I and Iagg are computed respectively from
Eqs. (20) and (24). We recall that Eq. (20) still holds, as long
as the values identified for µ0 and τc hold. One can note that,
whatever the definition (I or Iagg), the inertial number typi-
cally changes between 10−2 and 1, corresponding to the dense
inertial flow regime, above the quasi-static regime, for which
the internal friction would tend to its quasi-static value µ0.

The affine function (13) with the previously identified pa-
rameters (µ0,a) plotted as a continuous line, provides an ex-
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cellent description of our experimental measurements µ(I)
(squares) for our dry flows. In Fig. 10(a), when the inertial
number I is defined at the grain scale d, our measurements
µ(I) for our unsaturated wet flows do not collapse with the dry
data, nor for the different liquid contents ε , 0.
In section III D, we analyzed the aggregates and found that,

by construction, all of our experimental measurements approx-
imately collapse when µ(Iagg) is plotted. This is in contrast to
µ(I), and it shows that the observed variations in the internal
friction in the rheology (6) can be explained by the presence
of aggregates.

However, although the cohesive data collapse well thanks to
the introduction of Iagg, there are still slight deviations in the
superposition of all cohesive data with dry data. This suggests
that second-order mechanisms should be taken into account
to further improve the collapse. One possible explanation
for this is a slight modification of the internal friction due to
the presence of liquid. To account for this modification, the
physical properties of the liquid should be incorporated into
themodel, what still could be described using our approach, by
considering the possible dependence of dagg with the physical
properties of the liquid and with the shear rate.

IV. CONCLUSION

To better understand cohesive granular materials, it is neces-
sary to validate different rheological laws proposed in the liter-
ature6,9,11,13,14,34–36 by comparing them with various datasets.
Therefore, the development of experimental setups and data
acquisition methods is an ongoing requirement. In this paper,
we presented experiments involving the flow down a rough
inclined plane of unsaturated wet cohesive granular materi-
als, which are strongly affected by inter-grain cohesive forces.
Our experimental data were successfully described by the fol-
lowing cohesive Mohr-Coulomb yield criterion extended to
inertial flows:

τ = τc(ε,Bo) + µ(Iagg(ε)) P, (26)

.
Here, τc is a cohesion stress dependent on the liquid content

ε and the Bond number Bo, and µ(Iagg) is an internal friction
coefficient common to dry and unsaturated wet flows. The
presence of wet grain aggregates is taken into account through
their size dagg(ε), which depends on ε , consistent with the
growth of themicrostructure observed in unsaturatedwet gran-
ular materials1,43. This scenario needs future measurements
of the different characteristic length scales of the flow and de-
posit morphologies, such as those observed in Fig. 2(b), which
should be compared to dagg and `c , the cohesion length (2).
The consideration of aggregates allows to retrieve the in-

crease of the relaxation time that comes into play in the inertial
number when cohesive bonds are present. One very promising
rheology is the one proposed byVo et al. 36 . However, this rhe-
ology predicts a smaller relaxation time with cohesion forces
than without them and a larger relaxation time for a larger
liquid viscosity, indicating that viscous effects rather than co-
hesive effects should allow us to retrieve our experimental

data. All this underscores the need for systematic comparison
of the rheology proposed in36 with our and other available (ex-
perimental and numerical) measurements. Indeed, the liquid
bonds also give rise to viscous forces when the grains flow:
investigating the rheological effects of the variations in the vis-
cosity and surface tension of the wetting liquid would help to
identify the relevant rheological laws that account for capillary
and viscous forces in addition to inertial effects.

Appendix A: The more elaborate function for µ(I)

All the previous computations performed for the affine func-
tion µ(I) can be done for a more elaborate function:

µ(I) = µ0 +
∆µ

1 + I0
I

, (A1)

with three parameters as commonly used in the literature31.
Such a function allows to describe the saturation of the in-
ternal friction with large inertial numbers, leading to some
accelerating flows, contrary to the affine function. In this case,
the inertial number follows as:

I3 param.(z) = I0
h − hc − z

(h − z)(1/δ − 1) + hc
(A2)

where δ = (tan θ − µ0)/∆µ, leading to the local shear rate:

Ûγ(z) =
I0
d

√
φg cos θ

(h − z)1/2(h − hc − z)
(h − z)(1/δ − 1) + hc

(A3)

and the velocity field:

u(z) = k1(h− z)3/2+ k2(h− z)1/2+ k3 arctan(k4(h− z)1/2)+ k5,
(A4)

with five constants ki (with i = 1,2,3,4 and 5) dependent on
the parameters of the rheology and of the flow. However,
the expressions are not so compact and easy to manipulate
as previously, e.g. a term k3 arctan(k4(h − z)1/2) appears in
the expression of u(z). Most importantly, when we compare
quantitatively theoretical predictions from these two different
laws, there are only few non-significant differences in the range
of our experimental values (Fig. 11).
If we define a in the affine function as a = ∆µ/I0, with
∆µ and I0 from the more elaborate model, as suggested by an
asymptotic development, then one systematically gets:

I3 param. = Iaf f .
(

h − z
h − z − δ(h − hc − z)

)
≥ Iaf f ., (A5)

with

δ =
tan θ − µ0
∆µ

, (A6)

that would lead to predictions from the elaborate model for
velocities and mass flow rates, slightly larger than from the
affine model.
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FIG. 11. Two examples of normal profiles I(z) and u(z) assuming
either an affine function (a = ∆µ/I0) or a more elaborate model for
µ(I)with the parameters I0 = 0.38, µ0 = 0.41 and ∆µ = 0.35 from40

and τc = 100Pa for (θ = 30◦, h = 6cm) and (θ = 37◦, h = 3cm).
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