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Fokker-Plank system for movement of micro-organism population in
confined environment

Jingyi Fu* Benoit Perthame! Min Tang?
July 6, 2021

Abstract

‘We consider self-propelled particles confined between two parallel plates, moving with a constant velocity while their
moving direction changes by rotational diffusion. The probability distribution of such micro-organisms in confined
environment is singular because particles accumulate at the boundaries. This leads us to distinguish between the prob-
ability distribution densities in the bulk and in the boundaries. They satisfy a degenerate Fokker-Planck system and
we propose boundary conditions that take into account the switching between free-moving and boundary-contacting
particles. Relative entropy property, a priori estimates and the convergence to an unique steady state are established.
The steady states of both the PDE and individual based stochastic models are compared numerically.

2010 Mathematics Subject Classification. 35Q84; 35Q92; 35K65; 65C05; 656M06; 92C17
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Introduction

Self-propelled micro-organisms, such as C. Crescentus [19, 20] and different types of Escherichia coli [I, 4, 22]
accumulate near boundaries. Micro-swimmers bump into various obstacles and boundaries, alter the motility and are
trapped in the near surface region. This phenomena strongly relates to the first stages of biofilm formation and is

important when micro-organisms are moving inside micro-fluidic devices [7, 13, 15] or micro-structures [6, 23]. Two
possible mechanisms are attributed to the near surface behavior, one is long range hydrodynamic interactions between
swimming cell and the surface [1, 24], the other is steric interactions [19, 20, 12]. Models based on either of them can
lead to accumulation at the boundaries.

Cell-wall interactions have attracted a lot of interest from micro-biologists [1, 4, 9, 14, 19, 20, 22]. In the experiment
in [1], the authors measured the distribution of non-tumbling E. coli cells swimming between two parallel plates. They
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measured the cell density as a function of distance away from the plate. However, which of the two mechanisms,
hydrodynamic or steric interactions, dominates the reorientation is not clear.

Motivated by the experiment in [1] and the theoretical models in [20], we consider here self-propelled micro-organisms
confined between two parallel plates. We assume they move with a constant velocity V', while their moving direction
changes by rotational diffusion and we ignore their interaction with the external fluid. More precisely, we consider a
2-dimensional stochastic model for particles confined between two horizontal boundaries {y = £L}. When the micro-
organism is away from boundaries, it swims at a constant speed V and changes its orientation with white noise; and
when it touches boundary, it keeps changing orientation with the same rotational Brownian motion but stays at the
boundary until it is oriented away from the boundary. The evolution of its vertical position Y; and the angle between
its orientation and horizontal plane O, is described by a stochastic differential equation (SDE) entering the class of
Piecewise-Deterministic Markov Processes [5],

dY, — Vsin®©,dt, for|Y;|] <L or |V =L, and ¥;0, <0,
"7 o, for |Y;| = L, and Y;©, > 0, (0.1)

dO; = +/2DydB;.

Here B; is a Brownian motion, and Dy is the rotational diffusion coefficient. The process (Y;, ©;) stays in the set
QUOQLUQ_. Here Q = {(y,0)] — L <y < L,—m < 0 < 7} in which cells can move freely with constant velocity V,
i.e. cells are at free-swimming phase (FSP). When cells move towards the boundary and touch it, they keep propelling
themselves but are not able to move forward due to the steric forces of the boundary. This state is called boundary
contacting phase (BCP) for which

(Y2,0:) € {(y,0)|y==xL, 0 < £0 <7} =: Q.

Then, cells return to FSP when their orientations are parallel to the boundary due to rotational diffusion. The mechanism
of how cells change their movement directions near the boundary is more complex than rotational diffusion, for example
the flow field close to the boundary plays an important role and some bacteria may tumble [4, 9, 11, 19]. No-flux boundary
condition for Fokker-Planck model is proposed in [12], and independently derived in [2] as the vanishing inertia limit of a
elastic collision boundary condition. However, the no-flux condition represent the balance of translational diffusion and
self-propulsion in the wall-normal direction. While in our model, only rotational diffusion is considered for simplicity,
and the collision is assumed to be inelastic.

The SDE model (0.1) exhibits accumulations at the boundaries due to the direction persistence. The probability
density function of the particles can be described by a Fokker-Plank equation inside |Y;| < L, but particles behave
differently at the boundaries and stop moving until the Brownian motion generates an angle forcing cells to re-enter
the domain. The purpose of this work is to propose appropriate boundary conditions for the Fokker-Plank equation
in confined environment, so that it can describe the correct probability density distribution of the SDE model (0.1).
The boundary conditions are deduced from the switching between FSP and BCP which gives a coupled system of three
equations, one for free swimming cells, the other two for boundary-contacting cells at Y; = L and Y; = —L. Similar
models have been proposed and studied before in [18, 26], in which semi-analytical solutions are derived for the steady
state distribution. Here in this paper, we study the time evolutionary system and establish the relative entropy estimate
and give its long term convergence to steady state solution.

The rest of this paper is organized as follows. In section 1, we introduce the Fokker-Plank model with appropriate
boundary conditions when the micro-organisms are confined in two parallel plates. We give the relative entropy inequality
and a priori estimate in section 2 and the weak convergence of the model system to steady state under certain assumptions
in section 3. Finally, in section 4, we employ Von Mises iterations based on an entropy decreasing semi-discrete scheme to
get the numerical solution of the steady state problem. We compare the numerical results with Monte-Carlo simulations.



1 The Fokker-Planck system

We consider the following degenerate Fokker-Planck system:

Op ., 0p 0%p

a‘i’vslneaiy*Dgw:O, (y,0) GQ, (113,)
Op+ py _ .

5 Dy 502 — Vsinfp(t, L, 6), (L,0) € Qy, (1.1b)
Op_ Pp_ .

W - DQW = —Vsin Qp(t, —L, 0), (—L, 0) cQ_. (11C)

Here p(t,y,0) represents the probability distribution of free-swimming cells at time ¢, position y and with moving
direction 0; p4(t,0) are the probability density distributions of boundary-contacting cells at time ¢, position £L and
with moving direction +6 € (0, 7). The diffusion in € terms in (1.1a)—(1.1c) describe the rotational diffusion of cells
while the y—derivative term models the free transport with velocity V sinf in y direction when cells are at FSP. Notice
the degeneracy of the system (the missing diffusion in y) which is standard in kinetic theory [25, 8, 3, 16]. The terms
on the right hand side of (1.1b)—(1.1c) describe the transitions from FSP to BCP. Since when cells at FSP reach and
move towards the boundary, they will switch to BCP, the changes py(t + dt,0)df — py(t,0)df, with d¢ being a small
time interval, are composed by two parts, one is due to the rotational diffusion and the other is from cells at FSP near
+L. More precisely, let Ly = L — Vsinfd¢, the number of cells locating in the interval [Lg, L) (or in (—L,—Lg] for
p—) and moving forward in direction 8 with velocity V is f LLO p(t,s,0)ds. When dt — 0, we find that the source terms
for py are as in (1.1b) and (1.1c). On the other hand, cells at BCP can switch to FSP when they are attached to the
boundary at y = L (y = —L) and change their swimming direction from 6 € (0,7) (6 € (—,0)) to 0 or 7 by rotational
diffusion. Therefore the source term for p inside 2 is 0 but there is flux coming from the boundary point y = £L,0 =0
andy=L,0=mn,y=—L,0=—m.

Boundary conditions. The Fokker-Planck system (1.1) comes with boundary conditions which we describe now. We
begin with the equation for p(¢,y,6). On the one hand for 0, cells at FSP moving with direction § = 7 and § = —7 are
the same and thus periodic boundary conditions are used

dp

20 t,y,m), —L<y<L. (1.2)

p(t’y’ 77T) = p(tvya 71—)3 (tvya 7’/T) = %(

On the other hand for y we have a transport term and we need boundary conditions only when cells enter the domain
(=L, L), and since there is no BCP cell in the entering boundary we impose Dirichlet condition

p(t,L,0) =0, 0¢€ (—m0), p(t,—L,0) =0, 6¢€(0,m), (1.3)

Next, we turn to p+ and their boundary condition related to diffusion. In order to express that BCP cells p+ can only
leave the boundary at 8 = 0 or £, we specify Dirichlet boundary conditions

b+ (t’ O) =P+ (t7 ﬂ-) =0, - (t7 0) = P- (t7 —7T') =0. (14)

It remains a difficulty related to the degeneracy of the Fokker-Planck equation. We need to express that BCP cells
turning to the angles 0 or £7 will re-enter the domain, i.e., will change their status to FSP.



To determine p at +L, we need four conditions for p(t,y, 0) at the points (+L,0), (£L,+mw). Since cells switch from
BCP to FSP immediately when 6 changes from positive to negative at y = L, from (1.1b), (1.1a), we have that, at § = 0,

o o+ dp 160=0+ g o+ @p+ 0=04
&/0 p(t.L.0)d6 — Dysi| o,__(&/o p(t,6)d0 — Dy 2k )5y:L

p4(t,0) is defined for 6 € (0,7), but it can be extended to (—m,7) with p4(¢,0) = 0 for § € (—=,0), which indicates that
%(t,o,) = 0. Noting (1.4), we find

L 0=0
Dgap+(t,0+)+D9/ 9P 4 ’ =0
20 .

Thus Bp Jumps at the point (y,0) = (L, 0) while it is continuous at (y,0) with y € (—L, L). Similar calculations give the
jumps of at (y,0) = (—L,0). Thus, we find

0 0=0+ 0 Op—
Pty 0) "= = (1,04)8,2p + L=

a0 6=0_ o0 90 (t,0-)0y=—1. (1.5)

On the other hand, due to the periodic boundary conditions for 6 in (1.2), by letting p(¢,y,0 + 27) = p(t,y,0) for
6 € [-m,0), we can extend p(t,y,0) from § € (—m,7) to 6 € (—m,27). Then %(t,y,@) is continuous at # = 7 and
€ (=L, L). Similar calculations as for § = 0 yields

Op_

Ip f=m+  Opy

00 sen. =~ oo LT)0u= =

P (t, )01 (1.6)
Remark 1.1. Another way of taking into account the degeneracy of the Fokker-Plank equation is to add a source term
on the right hand side of the density equation for cells at FSP such that

dp dp 0%p
— + Vsinf— —D9802

ot ay _D95p7 (17)

with the source term S, being given by

Op—

(=) - (1.8)

Op op Op_
Sp(t,y,0) = 6y—1 | do—0 aa+( 0) — Sp—r ag(,ﬁ)}wy:_L[ S —m o (t,0) + S g ——

The source term can be understood as follows. Cells at BCP can switch to FSP when they are attached to the boundary at
y =L (y=—L) and change their swimming direction from 6 € (0,7) (6 € (—m,0)) to 0 or w by rotational diffusion. The
flux of a diffusion process is driven by the negative gradient. Therefore, %(t,ﬂ) is the number of cells that go outside
of the interval (0,0) by rotational diffusion at y = L,0 = 0. Cells switch from BCP to FSP immediately when 6 becomes
negative at y = L, which yields the source term 5y L0o=0 p+ (t,0) in (1.8). Other terms in (1.8) can be understood
similarly.

Mass conservation, weak form. Finally, we equip this system (1.1) with the following nonnegative bounded initial
data

p(o, Y, 9) = pO(y7 9)’ (y’ 9) € Q; pi(07 9) = pO,i<9)’ (iLv ‘9) € Oy, (19)



The transfer terms and the boundary conditions are compatible with mass conservation, that means

L T ™ 0
Mt):/ / pdedy+/ p+d9+/ pdo := M(0). (1.10)
—LJ-—m 0 -

We impose that the initial data satisfy M (0) =1

More generally, mass conservation is a special case of the weak form of the equation. We define admissible test
functions as smooth functions o(t, y, #) defined in [0, T') x Q which satisfy the periodicity condition (¢, y, —7) = ¢(t,y, 7),
g—“g(t, Y, —T) = g—f(t, Y, ), @4 (t,0) defined on [0, 7)) x [0, 7] and ¢_ (¢, 6) defined on [0, T") x [—, 0] which satisfy ¢ (¢, L, ) =
w4 (t,0), for 0 € [0,7] and p(t,—L,0) = p_(t,0) for 6 € [—m,0]. Then, the weak form is written, for all admissible test
functions, as

[ h o[ vatsnge] o [ o[ 5 -n] [ [ [ 250

— [t =00+ [ mpilt =04 mop-t =0 [ p0em)+ [ i D)o

—T —T

We notice that the formal integration by parts uses all the boundary conditions.

This formulation and the a priori bounds in next section, also tells us that the probability distribution of the process
(0.1) is composed of p(t, y, #) which is absolutely continuous with respect to Lebesgue measure dy df, and singular parts,
concentrated on the boundaries, p+ which are absolutely continuous with respect to df.

2 Relative entropy and a priori estimates

Since the model in (1.1) is linear, we take for granted existence and non-negativity of weak solutions even if its
degeneracy and boundary conditions yield interesting mathematical questions. We derive here formally the relative
entropy estimate and we deduce some a priori bounds (see [21] for the general form of entropy structure).

The relative entropy uses the stationary state distributions ¢(y, ) and ¢4 (0) which satisfy:

9%q dq
- Dgﬁ + VSlnHay 0, (y,0) € Q, (2.1a)
d?qy :
~Do—gp2 = Vsinfq(L, 0), (L,0) € Qy, (2.1b)
d%q_ .
— Dy = —Vsinfq(—L,0), (—-L,0) € Q_, (2.1¢c)
d6?
with the boundary conditions
0 0
aw.0) = a(v.0+2m), Fw.0) =i (u.0+2m),  (@0) €L,
q(L,0) =0, 6e(—m0), q(—L,0)=0, 0¢c(0,m),
0q 0=0+  Oq4 0q_
w0 "= =S (0:)8, + e (0-)0, 1, (2.2)
dq O=m+ Qg 0q_

G0, = T G ()i
4+(0) = g+(r) =0, ¢-(0) = g_(~m) = 0.




Since the model is linear, we can normalize (g, ¢+ ) and let it satisfy

L ™ T 0
/ / qdedy+/ q+d0+/ q_do =1. (2.3)
—LJ—7 0 -7

Thanks to the linearity of the model, and despite its degeneracy, we admit well-posedness and non-negativity of the
solution to (2.1)—(2.3). Moreover, we also admit the strong maximum principle and get that ¢ is strictly positive in the
domain (—L, L) x (—m, ). Therefore, Qy = {(y,0) € Q| q(y,0) = 0} is restricted to the incoming part of the boundary.
Moreover, concavity of ¢+ guarantees their strictly positivity in Q.

Before establishing the relative entropy estimate, we define formally the relative gap w and wy as

_p(t,y,0)

w(tuy70) - q(y79) _17 (yae) EQ\Q(),
_p+(tv9) _

(A}+(t,9) = q+(0) 1, (L, 9) S Q+, (24)
_p-(t,0) 3

w-(t0) =P <1 (<L) e q

For the sake of simplicity, hereafter we denote w(t, +L,0) by wir(¢,0), p(t, £L,0) by p+r(t,0), and ¢q(t, £L,0) by q+1(0).
We have the following relative entropy inequality:

Theorem 2.1. Consider a solution p to equation (1.1) with the boundary conditions in (1.2) and q is a solution to (2.1)
with the boundary conditions in (2.2). For any convex function H € C2(R), the relative gaps w and wi as in (2.4) satisfy

% VL /W qH (w) dady+/" q+H(w+)d0+/O q_H(w_)dH] = DWWt - D@ - D (1) <o, (2.5)
—LJ—7 0 o

where the dissipation from diffusion is,

™ 0 2 L T 2
(1) _ / " Owy\?2 / " Ow_ / / |: 1 Ow :|
D}/ (t) = D g H" (w)|—=) d8+ D q-H"(w_)| ——) db+ Dyq qgH" (W) — dody, (2.6
WO =Dy | et @) (5 o | e m @) (G5) wa [ ] el @) () (2.6)
the dissipation of switching from FSP to BCP is

D (t) = / "V sinOg, 1 [H(ws ) — H(wy) — B (w)) (w1 — w3)] d0

. (27)
+[ —Vsinfq_p [H(w-r) — Hw-) — H (w_)(w—r —w_)] d6,
and the dissipation of switching from BCP to FSP is
D) == Do {1H(os) ~ Hw1) ~ Hws2)o0s — 1)) |
, 0 (2.8)
- D {H(o0) - Hlos) - - - 1))}




Proof. Substituting p; = gyw4 + ¢4 into (1.1b) and using (2.1b), we get

0%q, dqy Ow 2w
- =D+ ) g 2050 S + Dot

0? 0g+ Ow 0w
=Dy |(wy — wyr) It | 594+ 9wt +]

o Vsinfgip(1+wip)

9+ —F 875

962 o0 o9 T o

Multiplying both sides of (2.9) by H'(w4) yields
q+ OH(wy) 0%q+ 2% 0H(wy) 0w,
Dy Ot 062 06 00 062

32q+ 3q+ 8H(w+) 82H(W+) 8w+ 2
/ . gy
=H(ws)(wr —wrn) Fm + 25, =5 T+ { 962 H (w+)( 90 ) ] '

+qrH (wy)

=H'(wy)(w+ —wyr)

Combining the above equation with

9*(g+H(wy)) Pqy | 9qy OH(wy) 0*H(wy)
g )Gty T T
we find
) 02 I 9%, , O
(57— Dogs) |arH (@) | =DolH (i) (ws = wir) = Hlws)) 5 = Doaw H' (w1) ( )

=Vsinfq pH(wip) — Vsinlqyp[H(wsr) — H(wy) — H (wy)(wir —w4)]

Ow,\2
— Dyq H" (—*) .
04+ (W+) 80
Similarly, the equation for q_ H(w_) is

(% - DG%) [q_H(w_)} = VsinOq_ H(w_r) + Vsinfq_r[H(w_r) — H(w_) — H' (w_)(w_1 — w_)]

— Dyq-H"(w-) (%)2

Substituting p = qw + ¢ into (1.1a) and using (2.1a), we have

8
ot

0q Ow 0w ) ow
90 90 4+ Dogq—= — Vsinfqg—

dq
(1+w)(D9——V nogd )+2D9 o o

062 oy
0q Ow 0%w
—2Dy L8 4 DGQW

Multiplying both sides of the above equation by H'(w) gives

9(¢H (w)) 9q 0H () oy O OH (w)
T =2Dy 38 59 + DpgH' (w )892 V sin fq 8

0q 0H (w) 0%H (w)
20 oo 1P| e

0, WD) 1) 20— Dy (%) [ W)
(5

ow
— Vsinfg—.

H//

=2Dp —

06? 06?

o P (e () qH (w)

=Dy —Vsin@L DyqH" (w
062 Jy

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)



. . . . T 0_ L 0_ L T
The equality in (2.5) can be obtained by rearranging f0+ (2.11) d9+f—7r+ (2.12)do+ [, f—m (2.14)d0dy+ =, f0+
(2.14)df dy. The two terms Dg) and Dg) are obvious and Dg’) is from the diffusion terms. After integrating and using
(1.3), the second order derivative in 6 terms becomes

M’9=L+Mf=of +/L w,e " dy+/ M‘e a2
_L

D
o [ o6 0=0, 00 O=—m4 _r 00 6=0,

From the definitions of w, wy in (2.4), we have

p=wq+g, P+ = wWiq+ + g4,

Then using the continuity of ¢ and w for (y,0) € (—L, L) x {0}, (1.3), (1.5) and second and third boundary conditions

n (2.2), we find

a(qH( 0 o+ , ) [#=0+ L , dq |0=0+
/—L 00 9 0, / H ‘9:0, dy+/_L (H(w)_WH (W))% 6=0_ dy
/ 8p =0+ L , 0q |9=0+
/ W)™ ay +/L(H(w)—(w+ D) g~ dy

L

L a L p
/ H'(w(t,y,0 T (t,04 )0y Ldy+/ H' (w(t,y,0)) ——(t,0-)6y——r dy
)58 -, 0

/L
/.o

=~
o5
L)

+

w(t,y,0)) = (w(t,y, 0) + ) H' (w(t,y,0))] 55~ (04)dy=r dy

hh
QD
=

+ w(t,y,0)) = (w(t,y,0) + ) H' (w(t, 9,0))] 755 (0-)0y=-1 dy

L

which we also write

= H (s t.0) 400 %5 (001) + 1 1.04) + 1) G 04)]

o (00)) [0 (00 5 (1.0-) + (oo (00 + 1) (0

— [H(wy£(t,0)) = (wip(t,0) + 1) H (wip(t,0))] 8{;’; (04)

# [ o-s(8.0)) = (om0 (0.0) 1) ' (0-11.0)] o (0-)

:_H/(W+L(t70))Q+(O+)aae (t,04) — (w+(t70+) - w+L(t70+)>H/(w+L(t’O)) 639 (04) — (w+L(t70)) 6(1;];_ (04)
dq_

+H' (w-r(t,0))q—(0-)—7(t,0-) + (w—(t,0-) —w_r(t,0-)) H' (w—_(t, 0))889 (0_ )-i—H(w_L(t,O))W(O_).



Then using (1.4) and (2.2), we obtain

O(g+H(w+)) 9(g—H (w-)) L 9(qH (w)) |0=0+
_ %(t,o-i-) + T(t,o_) — . T’GZ(L dy
= [H(wr2(t,04)) = H(w (t,04)) = H'(wr(t,00)) (wrs(t,04) = wi(2,0+))] 85;]; (0+)

— [H(w_1(t,0-)) = H(w_(£,0_)) — H' (w_1,(t,0_)) (w_p(,0_) —w_(£,0_))] aaie—(o_).

The other terms in (2.15) can be reformulated similarly and we obtain DS). Due to the positivity of ¢+ and the boundary

conditions that ¢+ (0) = g4 (+7) = 0, we have 85%(0), aaq—g(—ﬂ') > 0 and 65L9+(71'), 94- () < 0. Then convexity of H and

the positivity ¢+, g give the positivity of Dg), Dg), DS). This concludes the derlvatlon of the relative entropy inequality.
O

The immediate consequence of relative entropy inequality (2.5) is the following a priori estimate which indicates
that if initially p, p+ are bounded, they will not blow up.

Corollary 2.2. Assume there exists a constant A > 0 such that

[w (0, ML) <A lw (0L r) <A, (2.16)

then for allt > 0,
Jw(t, s Mo <A, flwe®, )Ly <A (2.17)

Proof. By choosing the convex function H(z) = [(z — A)4]* € C3(R) in (2.5), we find

d L ™ g 0
T [/ / q(w— A% d0dy+/ g+ (wy — A% d9+/ q—(w_ A)id&] <0.
—LJ—-7 0 -7

Then, we conclude that

0

L T -
/ / q(w(T,y,0) — A)} dody + / 04+ (W (T,0) — A)% do + / g (w_(T,0) — A)% do
—LJ—7 0 .
L ™ - 0
: [L [w 2(w(0,4,6) ~ A o dy + /O ¢+ (w+(0,0) = A)} O + / g-(w_(0,0) = A)4 do =0.

—T

Since g is strictly positive for all (y,0) in Q except a zero measure subset, and g+ are strictly positive for § € Qy, we
conclude the proof. O
3 Long time convergence

Another consequence of the relative entropy is the weak convergence to steady state for solutions of (1.1), under
certain assumptions. The approach is as follows. For k& € N, we define the time shifts

wk(t7y79) = w(t + k7y79)7 (y79) € Q; wk,:l:(tve) = w:t(t + k79)7 (iLve) S Q:|:' (31)



From Corollary 2.2, {wy}, {wk,+} are uniformly bounded in L>°. By weak compactness of L™ space, there exists a
subsequence {ny }ren and limit functions we, € L™ (R X Q), Woo,+ € L™ (R X Qi), such that for all functions ¢(t,y, 6)
in LY(R x Q) and ¢4 (t,0) in LY(R x Q4), we have for all T € R,

lim / / pwy, dfdydt = / / dwso dO dy dt,
NnE—>00 —r —T

+7
lim / / P+wn,,+ dOdt = / qSiwoo,i d6 dt.
0

ng—00

(3.2)

We prove in the subsequent part that wes, weo,+ are zero functions.

Theorem 3.1. Assume that the initial data w(0,-,-) and w(0,-) are uniformly bounded in L*°, that is (2.16) are
satisfied. Then

Weo = 0, Woo,+ =0, a.e. (3.3)
and thus for any test function ¢(y,0) € L*(Q), ¢4 (0) € L*(0,7), ¢_(0) € L*(—,0),
™ L 0 ™

Jim [ ] [ w(t.y.0)0(w.0)dydo = tm [ (10)6_0)d0= lm [ wi(t0)6.(0)d0 =0 (3.4)

Proof. The proof is divided into five steps, we first show that w., we,+ are independent of by the relative entropy
estimate, then prove their independence of time and y by the equation and finally we use the conservation of mass to
show that weo, Weo,+ have to be zero almost everywhere.

First step: strong convergence from relative entropy inequality (2.5). Using the relative entropy H(x) = z? in (2.5), we

obtain
L T 0 ( )
:/ / qu? d0dy+/ q+w+ d9+/ g_w? df and T <0
—LJ—7 -
)

Since the initial data are bounded as in (2.16), 1(0) < (4L + 2m)A? < oo. Then, since (¢
to a limit when t — oo. Therefore, lim, _, o foo dI(t) dt = 0 and we find

is nonnegative, it converges

lim (D;}) + D + DY ) w,wildat =o.

T—r 00 T

For wy, and wy, +, this gives us

lim [ (DY + DY + DY) wnywne,s)(H)dt = Tim (D(” + D + DY) [, wal(t) dt = 0.

Consequently, due to the non-negativity of each term in Dg), D(Q) D(g) (2.6)—(2.8), we can extract a subsequence,
still denoted by nj such that

Owoo

g& (t,y,0) =0, a.e. in [T, 00) x 0, (3.5a)
Owoo

wae’i (t,0) =0, a.e. in [T,00) x Oy, (3.5b)
lim L Wny, +1(t,0) —wp, +(t,0) =0, a.e. in [T,00) X Qy, (3.5¢)
np—

lim wy, +1(¢,0) —wp, +(¢,0) =0, ae. in [T,00), (3.5d)
N —> 00

lim L Wny, +1(t, £7) — wy, + (¢, £7) =0, a.e. in [T, 00). (3.5e)
nE—
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Second step: the limits weo,+ are independent of time. Since g+ are independent of time, (2.9) indicates that, for all
k €N, wy,, and wy, 4 satisfy

Owny gy 9q4 Own,,+ OPwn,, 1
o = Da(@nct = ) 002 "*o0 oo T op2 ) ¢

We choose compactly supported test function ¢ (¢,0) € L*([T,00) x Q1) C>®([T, 00) x ), multiply both sides
of (3.6) by the test function ¢, integrate on [T, 00) x (0,7), and find

/ / Q4 Wy dO dt = Dg/ /aw”k’+aq+¢+ d9dt—2D/ /aaqgaw% 4 dodt

02
+ Do / / (wnk7+L - Wnk,+)i¢+ dodt.
T 0

€ (0, 7). (3.6)

(3.7)
90°

Let ny — oo and pass to limit, from (3.5), the right hand side of (3.7) vanishes and hence, for any compactly supported
b1 (£,8) € L ([T, 00) x 04) (| C=([T, 50) x 24),

/ /q+aw°°+q§+d0dt:f/ /q+wm+%d0dt:0. (3.8)
T 9 T Jo oot

Therefore, woo, 4 is independent of ¢. Similarly, wes — is independent of ¢ as well.

Third step: woo 1s independent of t and y. Since ¢ is independent of time, from (2.13), for all k € N, we have

Own,, 0q 0wy, 2w, . Owy,
=2D Y+ D g — 0 k .
o 90 06 0 gz 1 Vsinbag (3:9)
Letting ng — oo in (3.9) and using (3.5a), gives
Gwoo aWoo
oo . ygin Og 222
rn V' sin fq By

Thanks to the strictly positivity of ¢ inside §2, we divide both sides of the above equation by ¢, multiply it by a test
function ¢(t,y) € C%([0,00) x (—L, L)) and find

//¢a°"—°°d dt = fVSina/ / ¢a°’—°°d dt. (3.10)

The right hand side of (3.10) depends on € while the left hand side does not, which indicates that both sides are zero.
Therefore, wy is independent of ¢t and y. So far we proved wo, and woo + are both constant almost everywhere in their
domain of definition respectively.

Forth step: show that wa, = wee +. Multiplying (3.9) by a test function ¢ € C?([0, +00) x €2) that is compact supported
in ¢ and 6 but not in y and integrating on [T, 00) x Q yields

o L T o T L
/ / /qwnk?dﬁdydt:/ / Vsine/ qu%dydedt
T —LJ—7 -7

Ouwn,, O 0q Own, 3.11
+D9/ / / o ae ded dt — 2D/ / / 50 o0 dydt (3.11)
9q+ 0q- 0
Dy (Wt — Wip.n) | (2, L 9)‘ dt + Dy (Wape — Wnp1) = ot —L,0) .
. 90 . 90 -

11



Here the last term on the right hand side comes from the boundary conditions for p and ¢ in (1.5), (1.6) and (2.2).
Besides, using integration by part, we find

o T L
/ / Vsine/ qua”"k dy @ dt

o0 s L
/ / Vsm@/ d d9dt+/ V sin 0(pguwn, ) det
—r T - -

o 0
/ / Vbln@/ q(b dy d9dt+/ / Vsinforwy, +q+Ld9dt—/ VsinO¢_rwy,, —q_rdfdt

T —

e’} 0
—/ / Vsin9¢L(wnk7+—wnk,L)q+Ld9dt+/ Vsin0¢_p(wn,,— — wn,,—1)g—r d6 dt.
T Jo

T -7

Therefore using (3.5), when nj — oo,

/ / / 949) 49 4y at
—/ / / mesinﬁdedydt—i—/ / Vsin0¢rwee,+q4+1 do dt
T J-LJ-x dy T Jo

00 0
—/ / Vsinf¢_rwee,—q—r dodt
T -

9] L ™ oo L 0
— (Weo — woo7+)/ / / V sin HM dfdy dt — (weo — woo7,)/ / Vsin@a(q(b) dé dy dt.
T J-LJo Ay T J-LJ-7 Ay

Here the last equation has used the second boundary condition in (2.2).
We can choose ¢(t,y,8) that is compactly supported in (0, +00) for ¢ and (0, 7) for 6 and satisfies

[ L T 0o T
/ / /VsmaMdedydt:/ /vsine(qqs)[Ldadydt;éo.
T J-LJo dy T Jo

Then (3.12) indicates that wee = wWeo,+ = C. Similarly, we have we = weo,—. Thus there exist a constant C' such that

(3.12)

Wool = Woeo x|0. = C, a.e.

By the conservation of mass, Vni € N, w,, satisfies

L T ™ 0
/ / qwn,, d0 dy + / qwn,,+ df + / q—wp, ,—df =0, (3.13)
—LJ—m 0 -7
which indicates that .
T T 0
/ / qwoo d0 dy + / G+ Woo,+ dO + / g—Woo,—df = 0. (3.14)
—LJ—7 0 -7
Therefore, the constant C' has to be zero.

Fifth step: strong convergence in time. For a smooth test function ¢(y,6) € CZ(2), we define

u(t):/ﬂqqﬁwdydﬁ.

12



Multiplying both sides of (2.13) by ¢(y, ) and integrating over ) gives

d(qopw) _/ p _/ Pp . 0p ,
/Q 5 wao= [ o5idyas= Q¢(D9802 Vsm&ay)dyd9<0 (3.15)

Here C’ in the last inequality is some positive constant and the inequality is easy to prove by using integral by parts and
Corollary 2.2. Therefore, u(t) is a Lipschitz function in time and we have shown that it converges weakly to 0, then it
converges strongly. Strong convergence of wy in time can be derived similarly. O

4 Numerical simulations

The steady state problem (2.1) and (2.2) is a linear eigenvalue problem and only unique under the constraint (2.3).
We can simulate it by fully implicit scheme based on an entropy decreasing semi-discrete scheme for the time evolution
problem (1.1). The discrete entropy estimate of the semi-discrete scheme is established in the Appendix and we observe
the convergence to steady state numerically. More sophisticated methods, with exponential decay, have been proposed,
not including the difficulty related to the boundary, see [10] and the references therein.

Dimensionless parameters are used in our numerical solver and simulations. Rotational diffusion coefficient is Dy = 1,
moving speed is V = 20, and distance between the two horizontal plates are 2L = 20.

4.1 Description of the finite difference scheme

We consider a uniform mesh for y and 6 in the rectangular domain Q = [—L, L] x [—m,7]. Let the mesh sizes of y
and 0 be respectively Ay = L/I and Af = w/J where I, J are two integers. The index sets are

MJ:{1527a21}7 ‘/9:{172a72‘]}7 %:{0,1,,2J},

and
V9+:{']+1a']+2a72‘]_1}a ‘/:9,:{1’2)"]_1}7 ‘/902{07‘]72']}

As in Figure 1, the grids inside the computational domain are:

(yi,0;) = ((i — I = 1/2)Ay, (j — J)AG), i€V, jeV, (4.1)

and the nodes at the boundaries are:
(:I:L’ej)v J € V9:t UV‘%:«:'

The unknowns are py ; =~ p4(t,0;) and

1 yi+Ay/2
Pij R 7/ p(t,yi, 05) dy.
! Ay yi—Ay/2 ’

2
We use upwind discretization for dyp, central finite difference discretization for %, and the discretizations of

13



1 21

Figure 1: Stencil of semi-discretized scheme. Here nodes for p(t,y;, ;) inside Q are black, while nodes for p4 are blue
and red respectively.

boundary conditions are chosen to preserve the total mass. The semi-discretized scheme writes

dp; ; . Dij — Pic1,j Dij—1tDijr1— 2pij . .

m + Vsinb; Ay — Dy A2 =0, i€V, j€Vy,, (4.2a)
dp; ; ., Ditlj — Pij Pij—1 + Pij+1 — 2Dij . .

m + Vsinb; Ay — Dy Ap2 =0, ieVy, jeVy_, (4.2b)
dp; ; Dij—1 1 Dij+1 — 2pij : .

T Dy N =0, ie Vy\{1,2I}, j eV, (4.2¢)
dp; Prj—1 T Pyj+1 — 2Py : :

a — Dy N2 = Vsin Gjpgm, VS V@+ (42d)
dp—; P—j—1+DP—jr1 — 20— . :

T o3 I — _Vsinb;p, JE V. (4.2¢)

From the periodic boundary conditions in (1.2) for p(¢,y,0) in 8, we use

Di,—1 = Di,2J—1, Di,0 = Di,2Js Di2J+1 = Di1s Vi e Vy;

and due to the zero boundary conditions in (1.3) and (1.4), we use

poj =0, j€Vo,, pors1;=0, j€Vo_, prs=p12=0, p_o=p_s=0. (4.3)

14



At the continuous level, p is integrated over the whole space, the conservation of mass can be obtained because the
boundary conditions of p and p4 cancel each other. On the other hand, at the discrete level, if we replace evolution
equations by boundary conditions at the four points (1,J), (1,0), (21,J), (21,2J), then the information about how
density function evolves at these point are lost. Hence we prefer to discretize the equation (1.7)-(1.8) mentioned in
Remark 1.1, which is equivalent to our model.

Approximate equation at the point (—L,0) reads

dp1,; P1,J-1 +DP1,J+1 — 2P1,5 P—,J — D, J—1
T Dy ’ S pyPed DTl 14
dt o Ap2 TTARAY (4.42)

Similarly, at (—=L, —7), (L,0), (—L,w), we have

dpi1 1 P1,—1+ P11 —2p1po P—1—P-p0
= _ D s > = = Dy = 4.4b
dt o AO2 NN (4.4b)
dpar,s D2r1,J—1 + P2r,7+1 — 2p21,J P+, J+1 — P+,J
P2l 7 o _py Pl T Py 4.4

ar 0 INE TTARRAy (44c)

dpar2s P21,27+1 + P2r27-1 — 2p21,2J P+,2J — P+,2J-1
— — D 2 : — =D . ’ . 4.4d
dt o AG? TTAAY (4.4d)

Non-negative initial data p; ;(0) and p4 ;(0) that satisfy

AOAYy > pij(0)+A0 > pi(0)+A0 Y po;(0)=1. (4.5)

(4,4)€EVy xVy IV, JEV_

is used and it is easy to verify that the scheme (4.2)-(4.4) conserves the discretized total mass defined by

ANy YT P +A0 D pisB+A0 D ()

(4,§)EVy X Va JE€Vo, JEVH

In Appendix, we proved the discrete relative entropy estimate for (4.2)-(4.5). In the subsequent part, we can see
numerically that when ¢ — oo, the solution converges to the solution of the following discretized steady state equation:

Vsinejqi’j_AiZi_l’j _ py it + (Zé-z‘rl — 2415 _ 0, i€V, jeVi,, (4.6a)
_— gj%;qm _ p,diimtt %;1 — 205 _ i€V, jeVi, (4.6b)
_ p,dii-1t fuier 2015 _ g, i€ V,\{1.2I}, j€ Vo, UVs_, (4.6¢)
O E s q&éj;l — 20 Vsinb;qor,j, J €V, (4.6d)
_ pplei-t + q&ejzﬂ — 29— _ Vsinbqr, j eV . (4.6e)
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with boundary conditions

Q-1 = Gi,20-15 4,0 = Gi,27, Qi1 = Gi2g+1, 1€ Vi3
qo; =0, j€Vo,, qui1,;,=0; j€Vy_;
Q4,0 =q+20=0; g 0o=q-75=0;

G+ =200+ =L =0, g+ g - 20 + 5 =0 o
1,—1+qi1 10T Ry y qug-1+qua4+1 1,J Ay ;
q+,J41 q+,27-1
G21,7-1 + q21,7+1 — 2q21,5 + ELEthu JE G21,27-1 + Q21,2741 — 2q21,27 + 2T,
Ay Ay
and total mass normalization
AOAy E qi,j + Al E q+,; + Af E q-,; =L (4.8)

(4,4)EVy X Vo JE€Va, JEVa_

We have used upwind discretization for dyp, which has first order convergence w.r.t y; second order centered finite

2
difference discretization is employed for %, but due to first order discretization for derivatives in the source term (1.8)
as in (4.4), the scheme has first order convergence w.r.t . We define the following weighted L? norm to measure the

numerical errors:
le,epre)Fa =D > APAYel + > A6+ Y A% . (4.9)
i€Vy jEVy jEVeJr JEVY

In Table 1, numerical errors of g; ; calculated with different mesh sizes are given, where the reference solution is computed
with a fine mesh 256 x 256. From Figure 2, first order convergence can be observed when I = J.

%
q —S— weight LZ norm of error
6.5 first order 1
s
-75
Ay A w/128 | ©/64 | w/32 | w/16 ;;.3 ol
L/128 | 5.2B4 | 7.364 | 9.4E4 | 1.5E3 v a5
L/64 1.1E-3 | 1.6E-3 | 2.2E-3 | 2.5E-3 %N ol
L/32 1.9E-3 | 2.7E-3 | 3.8E-3 | 4.9E-3 g
L/16 90E3 | 4.1E3 | 5.7E-3 | 7.7E3 95 |
A0}
-10.5
11 ‘ ; ; ‘ ‘ ‘ ‘ )
3 3.5 4 4.5 5 5.5 6 6.5 7
log, (1

Table 1: ||(¢,¢+,q-) — (qu,qff,qzef)HL%U. The weighted Figure 2: The convergence order of the numerical errors

L? norm of the numerical errors as in (4.9) displayed in Table 1 when I = .J.
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4.2 Numerical comparisons between the SDE and Fokker-Planck models

We perform Monte-Carlo simulations for the SDE model in (0.1) with Euler-Maruyama-like scheme [17]. The
computational domain is Q = {(y,0)] - L <y < L,—7 < § < 7} and we track the trajectories of K = 5000000 cells.
Each cell is represented by its position g?, orientation #%. The initial y* for all cells are uniformly distributed on (—L, L),
their initial orientation #° are uniformly distributed on [—7,7]. Let At be the time step. At each step we evolve (y¢,0%)
(i=1,---,K) by the following calculations:

1) Update 6% by d©; = \/2DydW;. For each i, generate a random increment I* with normal distribution independent
of previous ones. Suppose that 6° ++/2DgAtI* € [2km — 7,2k +7) for some integer k, then set the new orientation
0" to be 0° + \/2DpAtI" — 2k.

2) Update the position y*. If y* = £L, and £sin(#*T1) > 0, then y* does not change. If || < L, |y*+V sin(#°T1)| > L,
then the new y° is set to be sign(y® + Vsin(6?))L. Otherwise, evolve y* by y* + V sin('1).

We take At = 0.01 and count the number of particles inside each cell of a 200 x 200 uniform mesh and normalize them
by the total number of particles. It has been found in simulations that, the probability distribution is close to steady
state when T' = 4.

Finite difference scheme described in section 4.1 is used to compute the numerical solution of Fokker-Planck model.
In practice, we take I = J = 100 such that the numerical results of two model have same resolution. Fully implicit
scheme is performed on the semi-discretized equation (4.2), and we employed GMRES to solve the resulting algebraic
system. The initial condition is consistent with SDE model, i.e. p?,j = ﬁ for all ¢ € Vy, j € Vp. The same as the SDE
model, solution of the Fokker-Planck equation is close to steady state when T = 4.

The time evolutions of bulk density p(¢,y, 8) by numerical simulations based on both SDE and Fokker-Planck models
are shown in Figure 3. The results of the two models are close to each other qualitatively. There exist two wells when
y=-L,6€(0,m) (y=L, 0 € (—m,0)), since cells with positive (negative) 6 tend to leave the boundary. When ¢ is
larger, the density peaks at (+L,0), (£L,£x), since cells switch from BCP to FSP only at these points. We can see
density in most of bulk area is uniform, and decreases as ¢ increases.

To verify the behavior of p(t,y,6) near the boundaries, p; ; and pss ; are plotted in Figure 4. As t becomes larger,
the peaks at (+L,0), (=L, £7) become sharper. Due to the limitation of numerical resolutions, the height of peaks stop
increasing when t reaches 4. It is not clear from the numerics if there exist singularities in these points. The probability
density distributions of cells at BCP on both left and right boundaries are plotted in Figure 4 as well, we can see that
their maximum increase with time until they reach a constant.

5 Conclusion

Motivated by present biophysics experiments, we have considered the stochastic process which describes self-propelled
confined micro-organisms moving with constant speed, turning with rotational Brownian motion and attaching to the
boundaries. Its probability distribution is singular and composed of the bulk density p(t,y,6) and boundary densities
p+(t,0). These functions satisfy a degenerate Fokker-Planck system for which we have established relative entropy prop-
erties, a priori estimates and long term convergence to a steady-state. We have finally compared Monte-Carlo simulations
for the stochastic process with the solution of the Fokker-Planck system using a finite difference scheme. Despite the
complexity and singularities of the solution, a good fit is observed.

Several questions are left opened as the regularity properties of the time dependent solution and of the steady

state solution. In particular, the type of singularity at the exit points of the boundary is challenging, It would be also
interesting to prove a rate of convergence to steady state and decide it is exponential or not. There are also several
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t=0 t=0.2 t=4

1E-2

1E-4

-ml2 1E-6

- 1E-8
-10
x 1E-10
2 1E-12
w
a 0 1E-14
-7 1E-16
10 1E-18

Figure 3: Density in the bulk p; ; at different time calculated by Fokker Plank model and SDE model.

open questions on the numerical side, for instance the proof for convergence of the scheme and the design of numerical
schemes with good decay properties.

A Discrete relative entropy inequality and a priori estimate

The semi-discrete relative gap w; ;(t) and w4 ;(t) are defined by

( pi;(t) ieV,\{1}, jeVa,,
wi j(t) === -1, . .
qi,j or 1eV,\{2I}, jeVy_,
(¢ '
wis(t) =0, wiy(t) = 2xl) J Vi, (A1)
q+,j
L .
war,j(t) =0, w-_;(t)= 1%() -1, j€Vo,
~ —i

Here we state the discrete relative entropy inequality which is satisfied by discrete density p; ;(t) and p4 ;(t).

Theorem A.1l. For any convex function H € C*(R), semi-discrete relative gap w; ;(t) and wy ;(t) satisfy the relative
entropy inequality:

% SN wiHwi)+ Y ariHwe)+ > q-jHw- ;)| <0, (A.2)

i€Vy jEVy jEV9+ JEVL
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t=0 t=0.2 t=0.5 t=4

0.1 0.1 0.1 0.1
Puj
0.05 0.05 0.05 " 0.05
0 0 0 0
0 72 72 0 2 72 0 72 /2 0 /2 /2
0.1 0.1 0.1- 0.1
Pi 0.5 0.05 0.05 0.05
0 0 0 0
- -ml2 0 - -ml2 0 - -ml2 0 - -ml2 0
0.2 0.2 0.2 0.2
Paj o1 0.1 0.1 \ /\ / 0.1
0 o L < 0 0
- -ml2 0 l2 T - -m/2 0 /2 g - -ml2 0 /2 T - -m/2 0 l2 g
0.2 0.2 0.2 0.2
Py 0.1 0.1 0.1 LL/ 0.1
0 o— 0 ‘ ‘ 0 : ‘
- -ml2 0 72 T - w2 0 2 ™ - w2 0 72 T - -7l2 0 2 T

Figure 4: Density in the bulk near boundary p; ;, per; and boundary density p_ ; and p4 ; (from top to bottom) at
different times calculated by the Fokker Plank model (line) and SDE model (histogram). Notice that p; ; is close to
{y = —L} but not at the boundary, so the boundary condition (1.3) is not satisfied for p; ;.

where equality holds if and only if w; j =0 for anyi € Vy, j € Vg and wy ; =0 for any j € Vo 4.

Proof. As in section 2, we divide the proof in several steps.

First step: estimate of relative entropy at BCP. Substitute py ; by ¢4 jwy j+q+ ; in (4.2d) and employ (4.6d), we deduce
that

d(.(.)_;,_,‘ Dg
Ui . =Ag? (g4 1wt i1 + @r jr1wsjr1 — 24 jwi j) + (g4 -1 + g4 541 — 204 5)]

+ Vsinbjqor j(wer; +1)

Dy (A.3)
=gz (45190151 G g1 g1 = 204,5004,5) = w2r,5 (@451 + G — 205.5)]
:%[Q+,j+1(w+,j+1 —wi ;) =gt j1(wyj —wyjo1) + (Wi —wor ) (G4, -1 + G4 j+1 — 244 5)]-
Notice that
G jrH(wy jo1) + qr jer H(wy jo1) — 2q4 5 H(wy ) (A4)

=q+ j+1[H (wy 1) — H(wy j)] = g4 jo1[H(wy j) — H(wy j-1)] + H(wy j)(q+ -1 + @1 — 20+ 5),



by rearranging H' (w4 ;)(A.3) — 2% (A.4), it follows that

dH(wy;) Dy

Wi~ g Ag? g4 j—1H(wy j—1) + a4 jr1H (Wi jy1) — 2q4 jH(wy ;)]
Doy
=- m¢1+,j+1[H(w+,j+1> — H(wy j) = H' (wy ) (W jr1 — wy j)]
Dy (A.5)

— Agetri-t[H @)@ —wr 1) = Hlwe ) + H(wpj-1)]
— [H/(W+7j)(W+7j — WQ]J’) — H(w_m-) + H(WQ]J)]VSHIGJ'QQIJ + H(WQ[,j)VSinejQQIJ,
SH(WQI,j)VSinanQIJ‘

where equality holds if and only if wy j_1 = w4 j = w4 j41 = war ;.
Sum up (A.5) for j € V., , we have

d D D .
e Z gy, H(wy j) + T;;Q+,J+1H(W+J+l) + T;QQ+,2J—1H(W+,2J) < Z H(war )V sin®;qor ;, (A.6)

JEVe, J€Ve,

where equality holds if and only if wy ; = war,; = 0 for any j € Vg, .
Similarly, we obtain an inequality for ¢_ ; H(w_ ;)

d D D .
X Z q-H(w- ;) + T;QQ—JH(W—A) + T;QQ—,JH(W—,J—O <- Z H(wi,7)V sinb;q1,;, (A7)
JEVe_ JEVH_

where equality holds if and only if w_ ; = w; ; =0 for any j € Vp_.
Second step: estimate of relative entropy at FSP. Substituting p; ; by ¢; jwi; + ¢i,; in (4.2a) we obtain that for any
1eVy,, jeVy,,

dwm V sin Gj Dg
%iTq T Ay (@i jwij — Gi-1,jwi-1,5) + @(%,j—lww‘—l + Qi j+1Wij+1 — 24 jwi ;)
Vsin@; Dg Dg
=~ Ay Lgi1,j(Wij —wic1j) + mqm-&-l(widﬁ-l —Wij) — mqi,j—l(wi,j — Wij-1) (A.8)
Vsin6; Dy
twig =Ry (405 = Gi-15) + x5 (@51 + diger — 24i)

By (4.6a), the last term is zero. Rearranging H'(w; ;)(A.8), we deduce
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dH(wZ-,j) Dg

Gij——qr  ~ Age i1 Wij—1) + i H (Wigr1) = 205, H (Wi )]
Vsind; 2Dy
=~ Ay Lqi1,H (wij)(wij — wic1y) + g2 G (@ij)
Dy / Dy ’ o
+ @%Hl[f{ (wij) (Wi j+1 — wij) — H(wij+1)] — @Qi,j—l[H (wi ) (wij —wij—1) + H(wij-1)]
V sin 6 Vsinf;
== Lgi H (wij) — qi—1,;H (wi—1,5)] — Lqi—15[H (wi ) (wij — wic1y) — H(wiy) + H(wiz1)]
Yy Ay
Dy
- @Qi,j+1[H(wi,j+1) — H(wi j) — H' (wi j)(wij+1 — wij)]
D,
- T;Qi7j—1[H/(wi7j)(wi,j —wij-1) — H(wij) + H(wij-1)]
Vsin6, Dy
T T Ay L(gi—1,; — qi,j)H(wi ;) — W(Qi,j—l + Qi j+1 — 2¢5,5)H (w; ;).

The last two terms offset according to (4.6a), so we deduce that

dH (w; ; Vsin@;
i (dt 3) + Ay Lqi, H (wig) — qie1,;H (wiz1,5)] a9
A9

Dy
Sxge Gi-1HWig—1) + dijer H(wigen) = 24i5H (wig)),

holds for i € V,,, j € Vp_, where equality holds if and only if w; ; = w; j_1 = w; j11 = wi—1,j.
Similarly, by rearranging (4.2a) and employ (4.6b), we have

dH(wZ—,j) + V sin Gj

qi.j Giv1,5H (w; 1,') - qZH(wz)]
J dt Ay [ +1,7 ( +1,7 J 7 (A_lo)
Dy
Sxge Gg-1HWig-1) + i H(wigan) = 24i5H (wig)),
holds for i € V};, j € Vp_, where equality holds if and only if w; ; = w; j—1 = w; j4+1 = wit1,j-
For i € V,, \ {1,2I}, j € Vp,, (4.2¢c) and (4.6¢) gives
dH (w; Doy
qm‘M < (Gi,j—1H (Wi j—1) + i jr1 H (Wi j+1) — 24i 5 H (wi j)], (A.11)

dt — A6?

where equality holds if and only if w; j = w; j—1 = w; j4+1-
Third step: special case where % Jumps. On node (¢, j) = (21, J), substitute p; ; by ¢; jwi; + ¢;; in (4.4c) we obtain

dwar, s :7D9 w + w -2 w + — w
q21,J dt AG2 q21,J—-1W21,J—1 T q21,J4+1W21, J+1 q21,JW2r1,J AyQ+,J+1 +,J+1
Dy 1
:7A92 QQI,J—1(0J21,J—1 - WQI,J) + Q2I,J+1(w21,J+1 - WQI,J) + Iyq+’J+1(w+’J+1 - sz,J) (A~12)

Dy 1
= _ ) — ,
+ A02W21,J (QQI,J 1+ 421,041 q21,7 + AyQ+,J+1)
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in which the last term is zero by (4.7). Multiply both sides with H'(wey s), it follows that
dH (wzj’J> D@

N (g1, 7+1H (war,74+1) + q21,7-1H (war,5—1) — 2q21,7H (war,7)]
Dy , Dy ,
:TQQQQI,J—I[H (war,g)(war,g—1 — war,y) — H(war,g—1)] + @QQI,J-H[H (war,7)(war,g41 — wor,7) — H(war, 41)]

Dy 2Dy
+ mq+,1+1Hl(W21,J)(w+,J+1 —war g41) + szz,JH(wzl,J)

D
:T;QQQI,J—l[H/(W2I,J)(WQI,J—1 —war,y) — H(war,j—1) + H(war, 1))

D
+ Tg;Q2I,J+1[HI(WZI,J)(W2I,J+1 —war.y) — H(war,j1+1) + H(war j)]

Dy
+ mq+,J+1[H’(w2I,J)(W+,J+1 —wary) — H(wy j41) + H(war )]

Dq Dy 1
+ MQ+,J+1H(W+,J+1) N (q2I,J1 + Q21,041 — 2q21,5 + qu+,]+1) H(war, 7).

The last term is zero according to (4.7), so we deduce that

dH (war, )
dt¢

D D
q21,7 < A;Z (g1, 7+1H (war,741) + qar,7—1H (war,7-1) — 2q21, 7 H (war,5)] + ATQquJr,JJrlH(WJr,J«H) (A.13)

where equality holds if and only if wor j_1 = war, ;7 = wor 41 = Wi j4+1-
Similarly, on node (i,5) = (2I,2J),(1,0), (1, J), we have

dH (w D
dH(war.20) <= lq21,27+1H (war2741) + q2r,27—1H (war,27-1) — 2q21,20 H (war,2.7)]

q21,2J S0
Dy
+ MCH,M%H(W%N*I)
dH (w D D
1,0 Eitw) =< A‘;g [ H(wi1) + q1—1H (w1,-1) = 2q1,0H (w1,0)] + WGAyQ—,lH(w—J) (A.15)
dH (w D D
q,7 Eitl”j) < A;Q [q1, 71 H(w1,741) + qu -1 H(wi,0-1) — 2q1,0H (w1,7)] + W(;yqajqff(wﬁ‘iq) (A.16)

Fourth step: collection and offsets To summarize, sum up (A.9) for i € V,,, j € Vy,, (A.10) for i € V,, j € Vp_, (A.11)
for i € V) \ {1,21}, j € Vy,, together with (A.13)-(A.16), the diffusion term offsets and it follows that

d V sin 6; V' sind;
7 2 D i Hwig) + Ay e (wary) = Y e i H (war )
i€V, jEVh JEVe_ 4 J€Ve_ Y (A17)

D
SWOAZ/[%,JHH(WJr,JH) +qyros 1 H(wy2r1) tq-1H(w_1)+q s 1H(wy 1))

Hence (A.5), (A.7) and (A.17) imply inequality (A.2) in the theorem. O
Define
M) =A0AY Y " > gijwi; () + A0 > g wl () +A0 Y g w0 (1), (A.18)
i€V, jEV, JEVe, JEVa_
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Choose H(x) = 2% in (A.2) then we have dM (t)/ dt < 0. Suppose the initial data of w; ; and wy ; satisfies M (0) < oo, then
since M (t) decreases monotonically, and it has a lower bound 0, so M (t) converges as t goes to infinity. While the equality
of (A.2) holds if and only if M (¢) = 0, so we have lim;_,o, M (t) = 0, which implies lim;_, o w; ;(¢) = limy— oo wx ;(¢) = 0.
We conclude that p; ;(t) converges to ¢; ; for any ¢ € Vy, j € V,, as t goes to infinity, and p4 ;(t) converges to ¢4 ; for
any j € V; 4+ as t goes to infinity.
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