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ABSTRACT
The analytical theory of acoustic phonons arising in the layers of a nitride-based nanostructure,
taking into account the presence of the piezoelectric effect, was developed. Proposed theory is
based on the first obtained exact solutions of the system consisting of equation of motion for
a semiconductor medium and Maxwell equation. The theory of the electronic spectrum renor-
malized by their interaction with acoustic phonons via deformation and piezoelectric potentials
was developed using the method of the temperature Green’s function and the Dyson equation.
Direct calculations of the electron level shifts and their decay rates are performed for geometric
and physical parameters of the new experimentally created nanostructure for various temperature
values.

1. Introduction
Semiconductor nitride compounds AlN, GaN, AlGaN and others are now widely used in nanotechnology, because

on their basis many nanostructures of different symmetry have been created, such as quantum dots and their arrays,
quantumwires, single and multiple quantumwell structures [1–4]. A separate important area is the creation and studies
of the multilayer plane nanosystems - the so-called resonant tunneling structures (RTS), which are practically used as
precision elements of quantum cascade lasers (QCL) [5] and detectors (QCD) [6] etc.

For RTS created on the basis of Group III Nitrides an important role is played by the effects of the potential profile
deformation of such nanostructures by an internal electric field, which is a consequence of the arising spontaneous and
piezoelectric polarizations [7–10]. Regarding the influence of the potential associated with the piezoelectric effect,
such related problem was solved only numerically [11], using the finite difference method in order to study the thermal
conductivity of a single-layer GaN nanofilm. The spectrum of acoustic phonons with allowance for the piezoelectric
effect was not investigated itself; only the group velocities of acoustic phonons were calculated. It should be noted
that the approach proposed in this paper is not applicable for nanosystems with a large number of layers due to the
used boundary conditions. Firstly, these are zero conditions for the stress tensor components at the boundary with the
external environment, and secondly, the boundary conditions for the components of the elastic displacement vector are
not provided or are not used at all.

Besides, it is necessary to highlight a group of papers considering the studies of the piezoelectric effect and acoustic
waves propagation in piezoelectric semiconductor crystals and nanostructures [12–17], furthermore, part of them were
performed for the nitride-based semiconductors [12–14, 16].

The interaction of electrons with acoustic phonons in nitride-based RTS has been investigated recently [18]. How-
ever, the interaction of electrons with acoustic phonons via the piezoelectric potential for nitride semiconductor nanos-
tructures generally remains unexplored, moreover, for the case of interaction via the deformation potential the influence
of the piezoelectric effect has not been investigated either. Similar problem for aGaAs quantum well was considered in
the paper [19]. In this paper the piezoelectric potential was calculated in the first order of the perturbation theory, ne-
glecting the effects of the piezoelectric field on the components of the elastic displacement field for acoustic phonons.
Direct numerical calculations in this paper were not performed. So, it should be concluded that theoretical studies of

∗Corresponding author
boyko.i.v.theory@gmail.com (I. Boyko); Mykhaylo_Petryk@tntu.edu.ua (M. Petryk);

jacques.fraissard@sorbonne-universite.fr (J. Fraissard)
ORCID(s): 0000-0003-2787-1845 (I. Boyko); 0000-0001-6612-7213 (M. Petryk); 0000-0002-9465-1933 (J. Fraissard)

I. Boyko et al.: Preprint submitted to Elsevier Page 1 of 20



Electron-acoustic phonon interaction via the deformation and piezoelectric potentials

the piezoelectric effect influence on electronic processes associated with acoustic phonons are not available now and
are of another new problem from the point of view of theory and mathematical formulation relatively similar papers
[18–23].

In the proposed paper exact analytical solutions of the differential equations of motion, which describe the elastic
displacement of a multilayer nanostructure medium, taking into account the piezoelectric effect, are obtained. The
partial components of the Hamiltonian for the electron-acoustic phonons system, which describe their interaction
via the piezoelectric potential and deformation potentials, are determined. The spectrum of electrons renormalized
by their interaction with acoustic phonons via the piezoelectric and deformation potential was obtained using the
method of temperature Green functions. Using the parameters of the cascade of an experimentally created quantum
cascade detector as an example, the spectrum of acoustic phonons and electrons are calculated. The calculations of
the renormalized electron spectrum and the decay rates of electronic states were performed at the cryogenic and at the
room temperature.

2. Theory of acoustic phonon modes taking into account the piezoelectric effect
We will study acoustic phonons in a multilayer nanostructure, the geometric shape of which in the Cartesian co-

ordinate system Oxy looks like in Fig. 1a. The nanostructure layers corresponding to the quantum wells are the GaN
semiconductor, and the layers are potential barriers of the AlN semiconductor. In general, the acoustic phonon modes
are determined by finding solutions of the equation of motion for the nanosystem elastic medium, which looks like:

�(z)
)2ui(r̄, t)
)t2

=
)�ik(r̄, t)
)xk

; x1 = x; x2 = y; x3 = z; i, k = (1; 2; 3) (1)

where ui(r̄, t) = ui(x, y, z, t) - is the vector of the elastic displacement field corresponding to the point r = (x1, x2, x3) =
(x, y, z), at the moment t.

Due to the layered AlN/GaN nature, the density of the nanosystem semiconductor material is dependent on the
coordinate z, i.e:

� = �(z) =
N+1
∑

p=0
�(p)

[

�(z − zp−1) − �(z − zp)
]

, �(p) =
{

�0 = �AlN, p − even
�1 = �GaN, p − odd

, z−1 = −∞; zN+1 = +∞ (2)

- where �(p) - is the nanosystem p-th layer material density (�AlN and �GaN correspondingly are the AlN and GaN
semiconductors density), �(z) - is the Heaviside unit step function.

Taking into account the influence of the piezoelectric effect we represent the stress tensor as follows:
�ik(r̄) = Ciklm(z)ulm(r̄) − eikl(z)El(r̄), l, m = (1; 2; 3) (3)

where the second term in the relation (3) is responsible for the piezoelectric effect with an electric field strength El(r̄).It is obvious, that the elastic Ciklm(z) and piezoelectric constants eikl(z), the dielectric tensor components "ik(!, z)also depend on the coordinate z as it follows:
(

Ciklm(z) eikl(z) "ik(!, z)
)T =

N+1
∑

p=1

(

C (p)iklm e
(p)
ikl "

(p)
ik (!)

)T
[

�(z − zp−1) − �(z − zp)
]

; (4)

where C (p)iklm and e(p)ikl, "(p)ik (!) - are their corresponding values in the p-th nanosystem layer.
The strain tensor components are defined as follows:

ulm(r̄) =
1
2

(

)ul(r̄)
)xm

+
)um(r̄)
)xl

)

, (5)

then the equation describing the relation between the electric field and the elastic displacement of the semiconductor
medium looks like:

Di(r̄, t) = eilm(z)ulm(r̄) + "ik(!, z)Ek(r̄, t). (6)
I. Boyko et al.: Preprint submitted to Elsevier Page 2 of 20
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Figure 1: Geometric scheme of the multilayer superlattice (a) and the effective potential of a separate cascade of the
quantum cascade detector from the paper [6] with plotted squared moduli of the wave functions for the first (n = 5)
electronic states localized in each of the quantum well (|

|

Ψn(En, z)||
2 referring to the corresponding energy values of electronic

levels En) (b).

It is assumed, that the investigated nanosystem is electrically neutral, then, neglecting the density of free charges
�cℎ arg es = 0, we obtain from the Maxwell’s equation:

divDi(r̄, t) = (∇̄ ⋅Di(r̄, t)) = 0. (7)
Further, having assumed, that the components of the elastic displacement and, accordingly, the electric field asso-
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ciated with this displacement have a harmonic dependence on time
ui(r̄, t) = ui(r̄)ei!t; Ei(r̄, t) = Ei(r̄)ei!t (8)

then, the system of coupled equations (1) and (7) taking into account Eq. (3), (5) and (8) looks like:
⎡

⎢

⎢

⎢

⎢

⎢

⎣

�(z)!2ui(r̄)�ki −
)
)xk

(

Ciklm(z)
)ul(r̄)
)xm

)

+ )
)xk

(

eikl(z)El(r̄)
)

= 0;

)
)xi

(

eikl(z)
)uk(r̄)
)xl

)

+ )
)xi

(

"ik(!, z)Ek(r̄)
)

= 0.

(9)

Since the investigated RTS is homogeneous relatively the xOy cross-section and acoustic waves propagate along
the Ox axis, it is necessary to represent the elastic displacement ui(r̄) and the electric field Ei(r̄) strength as a functionof x and z:

Vi(r̄) = Vi(x, z) =
N+1
∑

p=1
V (p)i (x, z)

[

�(z − zp−1) − �(z − zp)
]

=
N+1
∑

p=1
V (p)i (z)

[

�(z − zp−1) − �(z − zp)
]

e−iqx;

Vi =
{

ui, Ei
}

, ui(z) =
(

u(p)1 (z) u(p)2 (z) u(p)3 (z)
)T

, E(p)i (z) =
(

E(p)x (z) 0 0
)T

.

(10)

where u(p)1 (z), u(p)2 (z), u(p)3 (z) - are the elastic displacement vector components, defined in separate nanosystem p-th
layer and it is taking into account that the electric field in our case has only one nonzero component.

Now using expression (10), the system of differential equations (9) written for separate p-th layer of the nanostruc-
ture is obtained as it follows:

⎡

⎢

⎢

⎢

⎢

⎢

⎣

(

�(p)!2�ki − C
(p)
iklm

)2

)xl)xm

)

uk(x, z) − e
(p)
ikl
)2'(x, z)
)xk)xl

= 0;

e(p)ikl
)2uk(x, z)
)xi)xl

− "(p)ik
)2'(x, z)
)xi)xk

= 0.

(11)

where it is taken into account, that Ēk(r̄) = −)'(r̄)∕)xk and '(r̄, t) = '(x, z, t) = '(z)ei(−qx) - is the piezoelectric
potential.

Taking into account that the semiconductor layers of the nanosystem are of wurtzite type crystal lattice, it is con-
venient to switch to the Voigt two-index notation Ciklm → C�� , eikl → e�� [24]. Then the tensors of elastic and
piezoelectric constants, and dielectric permittivity can be represented as follows:

C (p)�� =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

C (p)11 C (p)12 C (p)13 0 0 0
C (p)12 C (p)11 C (p)13 0 0 0
C (p)13 C (p)13 C (p)33 0 0 0
0 0 0 C (p)44 0 0
0 0 0 0 C (p)44 0
0 0 0 0 0 C (p)66

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

; e(p)�� =

⎛

⎜

⎜

⎜

⎝

0 0 0 0 e(p)15 0
0 0 0 e(p)15 0 0
e(p)31 e(p)31 e(p)33 0 0 0

⎞

⎟

⎟

⎟

⎠

;

"(p)�� = "
(p)
�� (!) =

⎛

⎜

⎜

⎜

⎝

"(p)11 (!) 0 0
0 "(p)11 (!) 0
0 0 "(p)33 (!)

⎞

⎟

⎟

⎟

⎠

,

(12)

where dielectric permittivity tensor components are determined in the high-frequency case according to the Liddane-
Sachs-Teller relation:

"11(!, z) = "∞(z)
!2 − !2LO(E1)(z)

!2 − !2TO(E1)(z)
, "33(!, z) = "∞(z)

!2 − !2LO(A1)(z)

!2 − !2TO(A1)(z)
(13)
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- "∞ is the high frequency dielectric constant, !LO and !LO - are the frequencies of the longitudinal and transverse
modes of optical phonons respectively, defined in the vicinity of a Γ-point as irreducible representations A1(z) and
E1(xy) [13, 24, 25]. Taking into account (10), (12) from the system of equations (11) we obtain:

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−C (p)44
d2

dz2 + q
2C (p)11 0 iq

(

C (p)13 + C
(p)
44

)

d
dz iq

(

e(p)31 + e
(p)
15

)

d
dz

0 −C (p)44
d2

dz2 + q
2C (p)66 0 0

iq
(

C (p)13 + C
(p)
44

)

d
dz 0 −C (p)33

d2

dz2 + q
2C (p)44 −e(p)33

d2

dz2 + e
(p)
15 q

2

0 0 −e(p)33
d2

dz2 + e
(p)
15 q

2 iq
(

e(p)31 + e
(p)
15

)

d
dz + "

(p)
33

d2

dz2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

u(p)1 (z)
u(p)2 (z)
u(p)3 (z)
'(p)x (z)

⎞

⎟

⎟

⎟

⎟

⎠

=

=

⎛

⎜

⎜

⎜

⎜

⎝

�(p)!2u(p)1 (z)
�(p)!2u(p)2 (z)
�(p)!2u(p)3 (z)

"(p)11 q
2

⎞

⎟

⎟

⎟

⎟

⎠

(14)

The system of differential equations in matrix form is equivalent to the following equations:

−C (p)44
d2u(p)1
dz2

+ iq
(

C (p)13 + C
(p)
44

) du(p)3
dz

+
(

q2C (p)11 − �
(p)!2

)

u(p)1 + iq
(

e(p)31 + e
(p)
15

) d'(p)

dz
= 0, (15)

−C (p)44
d2u(p)2 (z)

dz2
+ (q2C (p)66 − �

(p)!2)u(p)2 (z) = 0, (16)

−C (p)33
d2u(p)3
dz2

+ iq
(

C (p)13 + C
(p)
44

) du(p)1
dz

+
(

q2C (p)44 − �
(p)!2

)

u(p)3 + e(p)15 q
2'(p) − e(p)33

d2'(p)

dz2
= 0, (17)

iq
(

e(p)31 + e
(p)
15

) d'(p)

dz
+ e(p)15 q

2u(p)3 − "(p)11 q
2'(p) − e(p)33

d2u(p)3
dz2

+ "(p)33
d2'(p)

dz2
= 0. (18)

The Eq. (16) describes shear acoustic phonons. The properties of their spectrum and the elastic displacement field
components have been investigated in details for both single-well [20–23, 26] and multilayer nanostructures [27]. It
can be seen from of Eq. (1) that in our case the shear acoustic phonons do not contribute to the induced piezoelectric
effect. Therefore, this equation is not mentioned below. The case of the electron- shear acoustic phonon interaction
via the piezoelectric potential is a separate problem, which we investigate in the paper [28].

The solution of the self-consistent system of equations (15), (17), (18) can be found exactly in an analytical form,
using the method described below.

The system of differential equations (15), (17), (18) describing the displacement field components and the electric
field caused by the piezoelectric effect in the separate p-th layer of the RTS with the introduction of the following
notations:

A(p) =

⎛

⎜

⎜

⎜

⎝

a(p)1 0 0
0 a(p)5 a(p)8
0 −a(p)8 a(p)10

⎞

⎟

⎟

⎟

⎠

; B(p) =

⎛

⎜

⎜

⎜

⎝

0 −i a(p)2 −ia(p)4
−i a(p)2 0 0
0 0 ia(p)4

⎞

⎟

⎟

⎟

⎠

; C (p) =

⎛

⎜

⎜

⎜

⎝

a(p)3 0 0
0 a(p)6 −a(p)7
0 a(p)7 −a(p)9

⎞

⎟

⎟

⎟

⎠

(19)

where
a(p)1 = C (p)44 ; a

(p)
2 = a(p)2 (q) = q

(

C (p)13 + C
(p)
44

)

; a(p)3 = a(p)3 (q, !) = �
(p)!2 − q2C (p)11 ;

a(p)4 = q
(

e(p)31 + e
(p)
15

)

; a(p)5 = C (p)33 ; a
(p)
6 = a(p)6 (q, !) = �

(p)!2 − q2C (p)44 ; a
(p)
7 = e(p)15 q

2;

a(p)8 = e(p)33 ; a
(p)
9 = "(p)11 q

2; a(p)10 = "
(p)
33 .

(20)
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appears as one the matrix differential equation:

A(p) d
2U (p)

dz2
+ B(p) dU

(p)

dz
+ C (p)U (p) = 0; U (p) = U (p)(z) =

(

u(p)1 (z) u(p)3 (z) '(p)(z)
)T (21)

The solutions of the Eq. (21) are found as follows:

U (p)(z) = �(p)e�z; �(p) =
(

�(p)1 �(p)2 �(p)3
)T

. (22)

Taking into account the relations (21) and (22), the equation is obtained from which the eigenvalues �(p) are found.
This is a bicubic equation, which is reduced to a cubic equation using the standard procedure. Its cumbersome solutions
are obtained using the Cardano’s method. Further, the functions �(p) are found, using the Cayley–Hamilton theorem
as follows:

�(p)1,s = ia
(p)
2 �

(p)
s = iq

(

C (p)13 + C
(p)
44

)

�(p)s ; �
(p)
2,s = a

(p)
1

(

�(p)s
)2 + a(p)3 = C (p)44

(

�(p)s
)2 + �(p)!2 − q2C (p)11 ;

�(p)3,s =

(

a(p)2 �
(p)
s

)2
+
[

a(p)1
(

�(p)s
)2
+ a(p)3

] [

a(p)5
(

�(p)s
)2
+ a(p)6

]

−a(p)8
(

�(p)s
)2
+ a(p)7

=

=

[

q
(

C (p)13 + C
(p)
44

)

�(p)s
]2
+
[

C (p)44
(

�(p)s
)2
+ �(p)!2 − q2C (p)11

] [

C (p)33
(

�(p)s
)2
+ �(p)!2 − q2C (p)44

]

e(p)15 q
2 − e(p)33

(

�(p)s
)2

.

(23)

where the norm of a vector �(p)s , that is, the ‖‖
‖

�(p)s
‖

‖

‖

value is found as follows:

‖

‖

‖

�(p)s
‖

‖

‖

= 1

/√

|

|

|

�(p)1,s
|

|

|

2
+ |

|

|

�(p)2,s
|

|

|

2
+ |

|

|

�(p)3,s
|

|

|

2 (24)

So, the final solutions of the system of differential equations (15), (17), (18), taking into account (24), are as follows:

u(p)1 (z) =
6
∑

s=1

�(p)1,s
‖

‖

‖

�(p)s
‖

‖

‖

A(p)s e
�(p)s z = −iq

(

C (p)13 + C
(p)
44

)

3
∑

s̃=1

�(p)s̃
‖

‖

‖

�(p)s̃
‖

‖

‖

(

A(p)2s̃−1e
�(p)s̃ z − A(p)2s̃ e

−�(p)s̃ z
)

;

u(p)3 (z) =
6
∑

s=1

�(p)2,s
‖

‖

‖

�(p)s
‖

‖

‖

A(p)s e
�(p)s z = −

3
∑

s̃=1

[

C (p)44
(

�(p)s̃
)2
+ �(p)!2 − q2C (p)11

]

‖

‖

‖

�(p)s̃
‖

‖

‖

(

A(p)2s̃−1e
�(p)s̃ z + A(p)2s̃ e

−�(p)s̃ z
)

;

'(p)(z) =
6
∑

s=1

�(p)3,s
‖

‖

‖

�(p)s
‖

‖

‖

A(p)s e
�(p)s z =

=
3
∑

s̃=1

[

q
(

C (p)13 + C
(p)
44

)

�(p)s̃
]2
+
[

C (p)44
(

�(p)s̃
)2
+ �(p)!2 − q2C (p)11

]

[

C (p)33
(

�(p)s̃
)

+ �(p)!2 − q2C (p)44
]

[

e(p)15 q
2 − e(p)33

(

�(p)s̃
)2
]

‖

‖

‖

�(p)s̃
‖

‖

‖

×

×
(

A(p)2s̃−1e
�(p)s̃ z + A(p)2s̃ e

−�(p)s̃ z
)

.

(25)

These solutions within the studied nanostructure are as follows:

U (q, !, z) = U (0)(q, !, z)�(−z) + U (N+1)(q, !, z)�(z − zN ) +
N
∑

p=1
U (p)(q, !, z)

[

�(z − zp−1) − �(z − zp)
]

,

U =
{

u1 u3 '
}

.

(26)
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In the relations (26) it was taken into account that, in accordance with the requirement of monotonic decrease for
functions u1(q, !, z), u3(q, !, z), '(q, !, z) at z → ±∞, the following condition must be provided:

lim
z→±∞

(

u1(q, !, z), u3(q, !, z), '(q, !, z)
)T =

(

0 0 0
)T (27)

from where we obtain: A(0)2 = A(0)4 = A(0)6 = A(N+1)1 = A(N+1)3 = A(N+1)5 = 0. The rest unknown coeffi-
cients are uniquely determined by the boundary conditions for the displacement field components of acoustic phonons
u(p)1(3)(q, !, z), the components of the stress tensor �xz(q, !, z), �zz(q, !, z), as well as piezoelectric potential'(p)(q, !, z)
and normal components of the electric displacement vector D(p)z (q, !, z):

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

u(p)1(3)(q, !, z)
|

|

|z=zp−0
= u(p+1)1(3) (q, !, z)

|

|

|z=zp+0
,

�(p)xz (q, !, z)
|

|

|z=zp−0
= �(p+1)xz (q, !, z)||

|z=zp+0
,

�(p)zz (q, !, z)
|

|

|z=zp−0
= �(p+1)zz (q, !, z)||

|z=zp+0
,

'(p)(q, !, z)||
|z=zp−0

= '(p+1)(q, !, z)||
|z=zp+0

,

D(p)z (q, !, z)
|

|

|z=zp−0
= D(p+1)z (q, !, z)||

|z=zp+0
,

(28)

where

�(p)xz (q, !, z) = �
(p)
13 (q, !, z) − e

(p)
15E

(p)
x (q, !, x, z) =

1
2
C (p)44

(

)u(p)z (x, z)
)x

+
)u(p)x (x, z)

)z

)

−

−e(p)15
)
)x

(

E(p)x (z)e
i(!t−qx)) =

[

1
2
C (p)44

(

−iqu(p)3 (z) +
du(p)1 (z)
dz

)

+ iqe(p)15
d'(p)(z)
dz

]

ei(!t−qx);

�(p)zz (q, !, z) = �
(p)
33 (q, !, z) = C

(p)
13 ∇ ⋅ u(p)i (x, z) + (C

(p)
33 − C

(p)
13 )

)u(p)i (x, z)
)z

=

=

(

−iqC (p)13 u
(p)
1 (z) + C

(p)
33

du(p)3 (z)
dz

)

ei(!t−qx);

Dz(z) = e
(p)
31

(

)u(p)x (x, z)
)x

+
)u(p)y (x, z)

)x

)

+ e(p)33
)u(p)z (x, z)

)z
=

(

−iqe(p)31 u
(p)
1 (z) + e

(p)
33

du(p)3 (z)
dz

)

ei(!t−qx).

(29)

Using the conditions (28) and for adjacent layers of the nanostructure with indices "p" and "p + 1" and then applying
the transfer matrix method [13, 24, 27], we obtain:

|

|

|

a(p)
⟩

= T (p,p+1)(q, !)||
|

a(p+1)
⟩

; ||
|

a(p)
⟩

=
(

A(p)1 A(p)2 A(p)3 A(p)4 A(p)5 A(p)6
)T
;

T (p,p+1)(q, !) =
(

t(p)(q, !)
)−1 t(p+1)(q, !);

t(p)1,3 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

�(p)11 −�(p)11 �(p)12 −�(p)12 �(p)13 −�(p)13
�(p)11 �(p)11 �(p)12 �(p)12 �(p)13 �(p)13

 (p)11 
 (p)11 
 (p)12 
 (p)12 
 (p)13 
 (p)13
�(p)11 −�(p)11 �(p)12 −�(p)12 �(p)13 −�(p)13
&(p)11 &(p)11 &(p)12 &(p)12 &(p)13 &(p)13
�(p)11 −�(p)11 �(p)12 −�(p)12 �(p)13 −�(p)13

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

e�
(p)
1 zp

e−�
(p)
1 zp

e�
(p)
2 zp

e−�
(p)
2 zp

e�
(p)
3 zp

e−�
(p)
3 zp

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(30)
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where
�(p)1s = −iq

(

C (p)13 + C
(p)
44

)

�s
/

‖

‖

‖

�(p)s
‖

‖

‖

;

�(p)1s = −
(

C (p)44 �
2
s + �

(p)!2 − q211
(p)
)/

‖

‖

‖

�(p)s
‖

‖

‖

,


 (p)1s =
iq

2 ‖‖
‖

�(p)s
‖

‖

‖

[

C (p)44
(

C (p)13 + C
(p)
44

)

�2s − C
(p)
44

(

(p)
44 �

2
s + �

(p)!2 − q2C (p)11
)

+

+
2e(p)15 �n

(

q2
(

C (p)13 + C
(p)
44

)2
�2s

)

+
(

C (p)44 �
2
s + �

(p)!2 − q2C (p)11
)(

C (p)33 �
2
s + �

(p)!2 − q244
(p)
)

e(p)15 q
2 − e(p)33 �

2
s

⎤

⎥

⎥

⎥

⎥

⎦

,

�(p)1s = −�n
[(

C (p)13
(

C (p)13 + C
(p)
44

)

− C (p)11 C
(p)
33

)

q2 + C (p)33
(

C (p)44 �
2
n + �!

2
)]/

‖

‖

‖

�(p)s
‖

‖

‖

,

&(p)1s = −
q2

(

C (p)13 + C
(p)
44

)2
�2s +

(

C (p)44 �
2
s + �

(p)!2 − q2C (p)11
)(

C (p)33 �
2
s + �

(p)!2 − q2C (p)44
)

‖

‖

‖

�(p)s
‖

‖

‖

(

e(p)15 q
2 − e(p)33 �

2
s

) ,

�(p)1s =
�n

‖

‖

‖

�(p)s
‖

‖

‖

[(

C (p)13 + C
(p)
44

)

e(p)31 q
2 − e(p)33

(

C (p)44 �
2
s + �

(p)!2 − q2C (p)11
)]

,

s = 1, 2, 3.

(31)

Then, being applied (30) successively for the entire RTS, we obtain its transfer matrix:

|

|

|

a(0)
⟩

= T (q, !)||
|

a(N+1)
⟩

, T (q, !) =
N
∏

p=1
T (p,p+1)(q, !) (32)

hence, the acoustic phonons spectrum Ωn1 (q) is obtained from such a dispersion equation:

|T (q, !)| =
|

|

|

|

|

|

N
∏

p=1

(

t(p)(q, !)
)−1 t(p+1)(q, !)

|

|

|

|

|

|

= 0. (33)

Using boundary conditions (28), we express the coefficients A(p)1 , A(p)2 , A(p)3 , A(p)4 , A(p)5 , A(p)6 in terms of one of
them. This coefficient is obtained from the normalization condition for the displacement components u1(3), which is
as follows:

∫

+∞

−∞
�(z)

[

u1(q, !q , z)u∗1(q
′, !q′ , z) + u3(q, !q , z)u∗3(q

′, !q′ , z)
]

dz = ℏ
2ΔlxΔly!

�qq′ , (34)

where ΔlxΔly - is a cross-sectional area of the nanostructure by plane xOy, besides Δlx, Δly >> zN .
For the components of the elastic displacement u1(3)(q, !q , r), associated with acoustic phonons and the piezoelec-tric potential '(q, !q , r), the Fourier transform is provided:
U (q, !n1q , r) =

∑

n1q
U (q, !n1q , z)e

iqr, (35)

where the functions u1(3)(q, !n1q , z) and '(q, !n1q , z), are the coefficients in the expansion containing the entire fre-
quency spectrum of the flexural and dilatational modes of acoustic phonons !n1q .Having performed the known transition from the obtained Fourier components to generalized coordinates and
impulses, and then having applied the operators of occupation numbers according to [18, 19, 24], we find the operator
for the elastic displacement components in the representation of occupation numbers:

û1(3)(q, !n1q , r) =
N+1
∑

p=0

∑

n1q

√

ℏ
2ΔlxΔly�(p)!n1q

(

b̂n1 (−q̄) + b̂n1 (q̄)
)

ŵ(p)1(3)(q, !n1q , z)e
iq̄r̄ [�(z − zp−1) − �(z − zp)

]

,
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ŵ(p)1(3)(q, !n1q , z) =
√

�(p)û(p)1(3)(q, !n1q , z), z−1 = −∞. (36)
Further, to determine '(q, !n1q , z), we substitute expansion (35) into Eq. (17) taking into account (36). After conver-
sion and simplifications of the equation we obtain:

d2'(p)(q, !n1q , z)

dz2
−
e(p)15 q

2

e(p)33
'(q, !n1q , z) =

1
e(p)33

√

ℏ
2ΔlxΔly�(p)!n1q

×

×

[

−C (p)33
d2ŵ(p)3 (q, !n1q , z)

dz2
− q2

(

C (p)13 + C
(p)
44

) dŵ(p)1 (q, !n1q , z)
dz

+
(

q2C (p)44 − �
(p)!2

)

ŵ(p)3 (q, !n1q , z)

] . (37)

Its solutions in general are:
'(p)(q, !n1q , z) = A

(p)
n1
e−�

(p)
n1 z + B(p)n1 e

� (p)n1 z+

+ 1
2� (p)n1 e

(p)
33

√

ℏ
2ΔlxΔly�(p)!n1q

(

e−�
(p)
n1 z

∫

z

0
e�

(p)
n1 XF (q, !n1q , X)dX − e�

(p)
n1 z

∫

z

0
e−�

(p)
n1 XF (q, !n1q , X)dX

)

,

F (q, !n1q , X) = −C
(p)
33

d2ŵ(p)3 (q, !n1q , X)

dz2
− q2

(

C (p)13 + C
(p)
44

) dŵ(p)1 (q, !n1q , X)
dz

+

+
(

q2C (p)44 − �
(p)!2

)

ŵ(p)3 (q, !n1q , X), �
(p)
n1
= q

√

e(p)15
/

e(p)33 .

(38)

where the coefficients A(p)n1 and B(p)n1 are determined from the last two boundary conditions (21).
Now, the Hamiltonian for acoustic phonons in the second quantization representation is as follows:
Ĥac =

∑

n1q
ℏ!n1q

(

b̂+n1q b̂n1q +
1
2

)

(39)

where b̂+n1q and b̂n1q - are the operators of creation and annihilation of the phonon state in the Bose representation
respectively.

3. Theory of the electron-acoustic phonon interaction via deformation and piezoelectric
potentials in the presence of the piezoelectric effect
To develop a theory of the electron-acoustic phonon interaction, at first we find the solutions of the electronic

problem - wave functions of an electron and its spectrum. In the general case, it is necessary to separate the electrons
motion along the Oz axis from their motion in the xOy plane, which is important for of functioning nanodevices.
Taking into account the fact, that the transverse dimensions of the nanostructure are much smaller than its longitudinal
dimensions (Δlx, Δly >> d, d = b1 +w1 + ...+ bn), it makes possible to represent the electron wave function due to
the papers [18, 29] as follows:

ΨEk(r, z) =
1

√

ΔxΔy
eik̄r̄ΨE(z) (40)

where k̄ - is the electron quasimomentum, r̄- is the vector in plane xOy.
So, in this case we can already investigate the electronic states of the nanostructure looking for solutions of the

Schrodinger and Poisson system of equations:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

[

−ℏ
2

2
d
dz

1
m(z)

d
dz

+ Veff (z) − Enk̄ +
ℎ2k2

2m∗

]

Ψ(z) = 0,

d
dz

[

"∞(z)
dVH (z)
dz

]

= − e
"0

{

e
[

N+
D(z) − n(z)

]

+
N
∑

p=1
�p(zp)�(z − zp)

} (41)
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where Enk̄ - is the total energy of an electron in the nanostructure, and

m∗n =
[

∫

+∞

−∞

(

|

|

Ψn(z)||
2 ∕m(z)

)

dz
]−1

, Ψn(z) = ΨEk(r, z)||k=0 (42)

is the electron effective mass, determined for each n-th level of the electronic spectrum, in the calculation of which the
contributions from the all the RTS layers [18, 29] are taken into account, thus:

m = m(z) =
N+1
∑

p=0
m(p)

[

�(z − zp−1) − �(z − zp)
]

, m(p) =
{

m0 = mAlN, p − even
m1 = mGaN, p − odd

, z−1 = −∞; zN+1 = +∞

(43)
- wherem(p) - is the material density of the p-th nanosystem layer (mAlN amdmGaN) - respectively, the effective electronmass for semiconductors AlN and GaN).

To find self-consistent solutions of the system (41) is it necessary to consider the contribution of the effective
potential components of the nanostructure for an electron:

Veff (z) = ΔEC (z) + VH (z) + VHL(z) + VE(z). (44)
The physical notion of each of the terms (44) is described in details in the papers [30, 31]. ΔEC (z) = ΔEC (z, T )- is the energy scheme of the nanostructure for an electron in the model of rectangular potential wells and barriers,

which is calculated according to the Varshni relation [30] for a given temperature value T ; VH (z)- is the Hartree
potential determined by the ionized acceptor impurities with a concentrationN+

D(z) and static charge of electrons with a
concentration n(z) = (

m(z)kBT
/

�ℏ2
)
∑

n

|

|

Ψ(En, z)||
2 ln ||

|

1 + exp
(

EF − En
/

kBT
)

|

|

|

, whereEF - is the Fermi level of
the nanosystem material, obtained from the neutrality condition, En - is the n-th electronic level energy value; VHL- isthe exchange-correlation potential in the Hedin-Lundqvist representation, VE - is the potential, which is determined by
contribution of the internal electric field Fp =

N
∑

k=1;k≠p

(

Pk − Pp
)

(zk − zk+1)∕"(k)
/

"(p)
N
∑

k=1
(zk − zk+1)∕"(k) [8, 9, 30, 31] arising

in the p-th separate nanostructure layer, caused by the total value of the piezoelectric and spontaneous polarizations P (p) = P (p)
pz +P

(p)
sp

[8, 9]. Besides, in the Poisson equation from system (41), the value �p(zp) = Pp+1(z)
|

|

|z→zp
− Pp(z)

|

|

|z→zp
- specifies the surface charges

arising at the boundaries of the nanosystem layers due to different values of the total polarization in them. The methodology for
finding solutions of the system (41) is well known from [30, 31] and similar papers. In this regard, we will not describe this issue
in details, determining the solutions of the system (41) with the required accuracy, using the finite difference method [30] or the
semi-analytical method [31]. Then we approximate the nanostructure effective potential for an electron (37), representing it as a
piecewise continuous function:

Uappr(z) =
N
∑

p=1

M
∑

l=0
eFeff (zpl )z

[

�(z − zpl ) − �(z − zpl+1 )
]

(45)

where the strength of an electric field corresponding to the approximated RTS potential is defined as follows:
Fef f (zpl ) = (Veff (zpl+1 ) − Veff (zpl ))∕e(zpl+1 − zpl ) (46)

where the coordinates of the splitting points of the nanostructure p-th layer are: zpl = l(zp − zp−1)∕2M, p = 1...N, z0 = 0,M -
is the number of these partitions. Taking into account (45) and (46), the solutions of the Schrödinger equation in system (41) are
linear combinations of the Airy functions A i (z) and B i (z) inside of the nanostructure, and decreasing exponents in the external
medium to the left and right of it. In general, the wave function of an electron can be represented as follows:

ΨEk(E, z) = A(0)e�
(0)z�(−z) +

N
∑

p=1

M
∑

l=0

[

A(pl )Ai(� (pl)(z)) + B(pl)Bi(� (pl )(z))
]

[

�(z − zpl ) − �(z − zpl+1 )
]

+

+B(N+1)e−� (N+1)z�(z − zN+1), � (pl )(z) =
(

2m(pl )eF (zpl )∕ℏ
2)1∕3

[(

ΔEC (z) − Enk̄ +
ℎ2k2

2m∗

)

∕eF (zpl ) − z
]

,

� (0) = � (N+1) =

√

2m1

(

ΔEC (z) − Enk̄ +
ℎ2k2
2m∗

)

/

ℏ.

(47)
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For the wave function ΨEk(E, z) and its density of current continuity at the boundaries of the RTS layers, the boundary condi-
tions being provided:

Ψ(p)Ek(Enk̄, zp) = Ψ
(p+1)
Ek (Enk̄, zp);

dΨ(p)Ek(Enk̄, z)
m(z)dz

|

|

|

|

|

|z=zp−"

=
dΨ(p+1)Ek (Enk̄, z)

m(z)dz

|

|

|

|

|

|z=zp+"

, "→ 0 (48)

we obtain the dispersion equation for determining the electronic spectrum Enk̄. Besides, using boundary conditions (48) and the
normalization condition for the wave function ΨEk(Enk̄, r, z) = Ψnk(Enk̄, r, z), which is presented accordingly to the expression
(40):

∫

+∞

−∞ ∫

+∞

−∞
Ψnk(Enk̄, r, z)Ψ∗n′k′ (En′ k̄′ , r, z)drdz =

1
2�
�(k − k′)�nn′ (49)

it is completely determined, since in this way we obtain all coefficients A(0), B(N+1), A(pl ), B(pl ) in solutions (47).
Now for electronic states determined in the RTS effective potential Veff (z), we represent their wave function using the second

quantization method [18, 24] as follows:
Ψ̂(r, z) =

∑

k̄

∑

n
Ψn k̄(r̄, z)ân k̄ (50)

and then the Hamiltonian of noninteracting electrons takes the well-known appearance [24]:
Ĥe =

∑

n ,k̄

En k̄â
+
n k̄
ân k̄ (51)

whereEn k̄ = En+ℏ2k2∕2m∗n, â+n k̄ and ân k̄ -are the creation and annihilation operators of electronic states in the studied nanostructurerespectively.
Now let us take into account that in the semiconductors of wurtzite-type lattice the conduction band displacement is defined as

follows [32, 33]:
ΔEc = a1c"zz + a2c("xx + "yy) (52)

where "xx, "yy, "zz - are the stress tensor components, a1c , a2c- are the deformation potential coupling constants for the conduction
band.

Now the Hamiltonian describing the interaction with acoustic phonons via the deformation and piezoelectric potentials in image
of the second quantization in phonon variables, is determined as follows:

Ĥdef =
∑

q n1

N+1
∑

p=0

√

ℏ
2�(p)!n1qΔlxΔly

(

b̂n1q(q̄) + b̂
+
n1q
(−q̄)

)

(

iqa2cu
(p)
1 (q, !n1q , z) + a1c

)u(p)3 (q, !n1q , z)
)z

)

eiq̄r̄×

×
[

�(z − zp−1) − �(z − zp)
]

;

Ĥpz =
∑

q n1

N+1
∑

p=0
'(p)(q, !n1q , z)(b̂n1q(q̄) + b̂

+
n1q
(−q̄))eiq̄r̄

[

�(z − zp−1) − �(z − zp)
] (53)

where !n1 - is the frequency of the acoustic phonons spectrum obtained from the dispersion equation (26), and n1 - is the branchnumber of this spectrum. Thus, the interaction of electrons with acoustic phonons via the deformation and piezoelectric potential
is determined by the Hamiltonian as follows:

Ĥe−def (e−pz) =
∑

n, n′ , n1 , k̄, q̄

F def (pz)
nkn1n′

(q)â+
n′ , k̄+q̄

ân k̄
[

b̂n1q(q̄) + b̂
+
n1q
(−q̄)

]

, (54)

where the binding functions look like:

F def
nkn1n′

(q) =

√

ℏ
2�(p)!n1ΔlxΔly ∫

zp

zp−1

Ψ(p)nk (Enk̄, z)
(

iqa2cu
(p)
1 (q, !n1q , z)+

+ a1c
)u(p)3 (q, !n1q , z)

)z

)

eiq̄r̄Ψ∗(p)n′k (En′ k̄, z)dz,

F pz
nkn1n′

(q) = ∫

zp

zp−1

Ψ(p)nk (Enk̄, z)'
(p)(q, !n1q , z)e

iq̄r̄Ψ∗(p)n′k (En′ k̄, z)dz.

(55)
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Thus, the Hamiltonian for a system of the electrons with acoustic phonons in the plane RTS, taking into account the presence of the
piezoelectric effect, is:

Ĥ = Ĥe + Ĥac + Ĥe−def + Ĥe−pz (56)
Now, to carry out the renormalization the spectrum of electrons due to their interaction with acoustic phonons via the deforma-

tion and piezoelectric potentials in the presence of piezoelectric effect, we perform the Fourier transform of the temperature Green’s
function, directly obtained from the Dyson equation [18]:

Gnk̄(Ω) = 1∕
(

Ω − Enk̄ −Mnk̄(Ω)
) (57)

Using the weak-coupling approximation for the mass operatorMnk̄(Ω) in Eq. (57) we have:

Mdef (pz)
nk̄

(Ω) =
∑

qn1n′

|

|

|

F def (pz)
nkn1n′

(q)||
|

2
[

1 + �n1
Ω − En′ ,k̄−q̄ − Ωn1 + i�

+
�n1

Ω − En′ ,k̄+q̄ − Ωn1 + i�

]

(58)

where Ωn1 = ℏ!n1 , and the quantity �n1 = (eℏ!n1 ∕kBT − 1)−1 - are the occupation numbers of the acoustic phonons spectrum
levels, where the first term in (51) describes the creation of acoustic phonons, and the second, the annihilation of acoustic phonons.
The mass operator represented as (51), with analytic continuation to the imaginary axis at � → ±0, describes the one-phonon
approximation.

Further, using equations (57) and operator (58), we study the effects of the interaction of the electrons with acoustic phonons
on the electronic spectrum via the deformation and piezoelectric potentials. It is advisable to study this effect by calculating the
temperature level shifts of the electronic states of the spectrum (Δn) and the corresponding decay rates (Γn).In most of the experimentally realized QCD, in the QCD from the recent paper [6] in particular, the parameters of which are
used in our further calculations, the longitudinal motion of electrons parallel to the z axis, that is, perpendicular to the nanostructure
layers, is functionally important. Thus, in direct calculations, it will be expedient to assume that the transverse quasimomentum
k̄ = 0, then we obtain Ω = Enk̄||k̄=0 = En. The energy Ẽn of the electronic level renormalized by the interaction with acoustic
phonons can be obtained from the pole of the Fourier transform of the Green’s function (57) taking into account the expression (58),
which is similar to finding the solutions of the dispersion equation:

Ω − En −Mn(Ω) = 0 (59)
since Ẽn = Δn − Γn

/

2 [18], then from here we find:

Δdef (pz)n = ReMn(Ω = En, k̄ = 0) =
ΔlxΔly
(2�)2

∑

n1

P∬

|

|

|

F def (pz)
nn1n′

(q)||
|

2
dq2

En − En,q̄ − Ωn1

,

Γdef (pz)n = −2ImMn(Ω = En, k̄ = 0) =
ΔlxΔly
2�

∑

n1
∬ �

(

En − En,q̄ − Ω(FL,DL)n1

)

|

|

|

F def (pz)
nn1n′

(q)||
|

2
dq2,

(60)

where in the first integral (60) the symbol P denotes that the integral is taken in accordance with via the Cauchy principal value.
The energy of renormalized n-th electronic level Ẽn, taking into account total temperature shift and its decay rate Γn due to the twoconsidered types of interaction with acoustic phonons is as follows:

Ẽn = En + Δdefn + Δpzn , Γn = Γ
def
n + Γpzn . (61)

4. Discussion of the results
Using the results of the theory of electron-phonon interaction developed above, calculations were performed for the example of

geometric and physical parameters (taken from the papers [14, 25, 33, 34]) of the recently experimentally investigated cascade of
QCD [6], which can operate from the mid-infrared to visible spectral range of electromagnetic waves. The geometrical parameters
of the cascade layers are as follows: potential barriers (Δexpi , i = 1..6): (1.04; 1.56; 1.56; 1.56; 1.56; 1.04) nm, potential wells
(dexpi , i = 1..5): (3.38; 3.64; 3.64; 3.64; 3.64) nm. Besides, the input potential well of width w1=3.38 nm is n-doped with the
concentration of charge carriers: nc = 2 ⋅ 1019 cm−3 as in the cascade of the experimentally investigated QCD [6].

In Fig. 1b the calculated dependencies on the geometric dimensions z for the squared moduli of the wave functions for the first
five electronic states, localized in each of the potential wells of the studied RTS, are shown. The dependenciesWn(z) = |

|

Ψn(En, z)||
2

for the levels localized in the active band of the cascade are shown by solid lines and for the electronic states of the extractor - by
dashed lines. All dependencies are reduced to the energy scale, displaying the corresponding nth level energy value E(s)

n , where s -
is the number of the potential well. The dependenciesWn(z) formed for each number of level n in each of the potential wells s are
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Figure 2: Dependencies of the dilatational (solid and dashed red lines) and flexural (solid and dashed blue lines) modes of
the acoustic phonons spectrum Ωn1 on wave vector q as well as the boundaries of the intervals in which they are formed
according to the relation (62)

almost identical to each other in terms of localization in the potential well and the maxWn(z) and minWn(z) values. It can also be
seen in Fig. 1b, that for the energy levels the following condition is always provided: E(s)

n < E(s+1)
n , that is, the energy values for

levels with the same number n increase in potential wells from left to right.
In Fig. 2 the dependencies on the wave vector q for the flexural and dilatational acoustic phonons branches of the spectrum in

the presence of the piezoelectric effect are shown. Similarly, as in the case of the absence of the piezoelectric effect, the spectral
dependencies for acoustic phonons are formed within four intervals, however, in this case, the boundaries of these intervals are
not determined by the modes of transverse and longitudinal acoustic phonons in bulk AlN and GaN crystals [19–22, 26, 27]. The
boundaries of these intervals, which are shown in Fig. 2 with black solid lines, now is obtained from the following expression:

[

(

ã(p)(!)
3

)3

−
ã(p)(!)b̃(p)(!)

6
+
c̃(p)(!)
2

]2

+

[

b̃(p)(!)
3

−

(

ã(p)(!)
)2

6

]3

= 0 (62)

describing the condition for the existence of three real roots of the cubic equation in canonical form with coefficients ã(p)(!), b̃(p)(!),
c̃(p)(!) (no shown due to their cumbersomeness), which results directly from equation (21) Having written the condition (62) for
GaN and AlN semiconductors and having numerically found the solutions of (62) for for a given value of q, we obtain each time
four values !(q) for GaN and AlN. From the obtained values !(q), always two values for GaN and AlN satisfy the condition:

Ω(GaN, AlN)ac (q) ≤ 25 − 30 meV (63)
which is known from the papers [21, 27, 34, 35], the other two values for GaN and AlN exceed the values of the acoustic phonon
energy in several times, and thus these values can be rejected. So, in decreasing order of the values they acquire depending on
the wave number q, we get: Ω1(q) = Ω(AlN)1 (q); Ω2(q) = Ω

(GaN)
2 (q); Ω3(q) = Ω

(AlN)
3 (q); Ω4(q) = Ω

(GaN)
4 (q), where it is indicated,

which the semiconductor material corresponds to each of the dependencies shown in Fig. 2 with a black solid lines. It is also clear,
that the left value of the first interval is obtained when the value q = 0, i.e. Ω(0)n1 = Ωn1 (q)

|

|

|q→0
. In fact, condition (63) is the limit

of application of the model of deformation and piezoelectric potentials to study the interaction of electrons with acoustic phonons,
since in this case the allowable range of energies of acoustic phonons is only taken into account. In particular, such an application
of the deformation potential formalism was effectively used in related papers [21, 22].

As it can be seen from Fig. 2, within the first interval
(

Ω(0)n1 , Ω1(q)
)

at q = 0, branches of the acoustic phonons dilatational
and flexural modes are formed; their further evolution with a change in q has a number of features, that are special for each of the
established intervals. For each type of acoustic phonons, two branches are simultaneously formed, which, with increasing values of
the wave vector q, tend to merge with each other. The presence of paired branches is especially well seen in the range of the acoustic
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Figure 3: Dependencies of the acoustic phonons spectrum Ωn1(a) calculated at q = 2 nm−1 and electronic spectrum En (b)
on the relative position of the active band and the extractor in separate cascade (0 ≤ d ≤ d1 + d5)

phonons energies Ωn1 (q) < 10 meV, where this effect is, in fact, observed in the range from Ω(0)n1 to values slightly exceeding Ω3(q)values. The physical meaning of the branches represented by dashed lines will be established by studying the dependence of the
spectrum of acoustic phonons on the geometric parameters of the nanostructure. This is due to the fact, that the dependencies on
q for the spectrum of both types of phonons are, in fact, the same. It can also be seen that, for the first interval, the branches of
dependenciesΩn1 (q) for flexural and dilatational acoustic phonons can approach each other, forming anticrossings, and in the range
of values Ωn1 (q) > 15 meV these branches can intersect many times.

The energy dependencies Ωn1 (q) of acoustic phonons in the second interval (Ω1(q), Ω2(q)
) are formed by branches that cross

the boundary value Ω1(q) with of q increasing. In this interval, further convergence of the majority of paired branches and the
formation of anticrossings between the branches of flexural and dilatational phonons are observed.

The energy dependencies of acoustic phonons Ωn1 (q) in the third interval (Ω2(q), Ω3(q)
) are formed by branches that cross

the boundary value Ω2(q) with increasing q. In this interval at Ωn1 (q) < 10 meV, the difference in the values of the energy of the
paired branches is still quite clearly visible. Besides, from Fig. 2, it can be seen that in this interval at Ωn1 (q) > 10 meV, almost all
paired branches already merge with each other completely, and directly the energy dependencies Ωn1 (q) become quasilinear.

The dependencies of the acoustic phonons branches energies in the fourth interval (Ω3(q), Ω4(q)
) differ significantly from their

dependencies in the other three intervals. When the dependencies Ωn1 (q) reach values that coincide with Ω3(q), the behaviour ofboth branches of flexural and dilatational acoustic phonons becomes similar. The branchesΩn1 (q) grow with of q increasing , while
remaining practically parallel to the Ω4(q) dependence and being equidistant to each other (Ωn1+1(q) − Ωn1 (q) = const).Summarizing, we note that the obtained dependencies of the spectrum of dilatational and flexural acoustic phonons Ωn1 (q) canbe partially comparable with the spectral dependencies obtained for single-well AlN/AlGaN nanostructures [21, 23]. First of all,
this regards the boundaries in which the branches of dependencies are formed, their behavior at small values of the wavenumber q,
the evolution of the phonon branches in the interval (Ω3(q), Ω4(q)

). Complete agreement cannot be expected due to the multilayer
nature of the studied nanostructure, the presence of the piezoelectric effect and, as a consequence, the use of a different kind of
boundary conditions

An important aspect is the need to study the dependencies of the acoustic phonons spectrum and the electronic spectrum in
the investigated nanostructure on its geometric parameters. For a nanosystem, which is, in fact, a separate cascade of QCD, it is
advisable to study the dependencies of the spectral parameters of electrons and acoustic phonons not on the width of the potential
well of the active band, but on the relative position of the active band and the extractor in the studied cascade. To perform such
calculations, the values of the thicknesses for all potential barriers (Δexpi ), as well as the widths of the internal potential wells of the
cascade (dexp2 , dexp3 , dexp4 ), are taken to be fixed and equal, respectively, to their experimentally realized values, which are given
above. The sum of the widths of the active potential well and the output potential well of the cascade is also considered as constant:
dexp1 +dexp5 . We will increase the width of the active potential well from 0 to dexp1 +dexp5 , and width of the potential well d5 is changefrom dexp1 + dexp5 to 0. It is clear, that since in the above calculations next condition is provided: d1 + d5 = dexp1 + dexp5 , then at
d1 = dexp1 experimentally realized the configuration of the cascade is obtained. The results of the acoustic phonons and electrons
spectra calculations depending on the values of d1 are shown in Fig. 3a, b.

Taking into account the features of the dependencies Ωn1 (q), the calculations of the dependencies of the acoustic phonons
spectrum on the value of d1 were carried out for such value of the wave number: q = 2 nm−1. This value of q is chosen due to the
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Figure 4: Dependencies of the elastic displacement components u1(z), u3(z) associated with acoustic phonons and the
piezoelectric potential '(z) arising in the layers of the nanostructure, calculated at q = 2 nm−1

fact, that for large values of q we would obtain a large number of similar dependencies, and for smaller values of q the contributions
of phonon branches from all the intervals established above would not be demonstrated, which is undesirable. As it can be seen
from Fig. 3a, the dependencies of the acoustic phonon spectrum Ωn1 (d) are formed within four intervals, the boundaries of which
are set above. In each of these intervals branches of the spectrum dependencies are formed and depend both on the value of d and
do not depend on it (such branches are shown by dashed lines). It is obvious that the branches that do not depend on d belong to the
layers of the nanosystem, the geometric values of which do not change, that is, in fact, they are the contribution of all layers of the
cascade without potential wells d1 and d5. In this case, branches that do not depend on d in all intervals of dependencies are placed
mainly between two branches that depend on d. The exception is two branches, respectively, of flexural and dilatational acoustic
phonons, which intersect with two other branches in their pair; they are located in the first (Ω ≥ Ω1) and second (Ω1 ≤ Ω ≤ Ω2)intervals, respectively. Further we will discuss only the d-dependent branches of the phonon spectrum.

For the first interval (Ω ≥ Ω1) it is clearly seen, that in this interval the dependenciesΩn1 (d) form n1 maxima and n1−1minima,
and it should be noted that this effect is also observed for the fourth interval (Ω3 ≤ Ω ≤ Ω4), but is not observed for the other two
intervals. For the second interval Ω1 ≤ Ω ≤ Ω2) and for the third interval (Ω2 ≤ Ω ≤ Ω3), a clear dependence between the number
of maxima and minima is not observed: in some branches, the number of minima may be dominated by the number of maxima, in
others, their number is equal. It should be noted, that the dependenciesΩn1 (d), that are formed in the range of d change are actually
symmetric to the d ≈ (d1 + d5)∕2 value.In Fig. 3b the dependencies of the electronic spectrum on d values for investigated nanostructure are shown. Solid lines
correspond to electronic states localized in the input and output wells of the cascade, dashed lines correspond to electronic states
localized in the remaining potential wells. As it can be seen from Fig. 3b, the dependencies En(d) of the electronic spectrum levels
contain both levels, that strongly depend on d and levels, that are relatively slightly dependent on d. On the contrary to the case for
acoustic phonons, where some of the levels did not demonstrate a dependence on d, in the case of an electronic spectrum all levels
depend to varying degrees on d. For electronic levels localized in the input and output wells of the nanostructure, n maxima and
n−1minima are formed, respectively. In this case, due to the fact, that the electronic levels are localized with a nonzero probability
in all potential wells of the nanostructure, the formed peculiar anticrossings are always formed by five levels, and are contributed
from electronic levels and localized in the d2, d3, d4 wells of the cascade, which in the vicinity of these anticrosings demonstrate
in fact the most significant dependence on d.

In Fig. 4a, b the examples of the dependencies for elastic displacement components the u1(z) and u3(z) and the piezoelectric
potential '(z) arising in the layers of the nanostructure, which are caused by acoustic phonons, are shown. Presented dependencies
were calculated for a fixed value of the wave vector q.

As it is seen from Fig. 4a, the components of elastic displacement u1(z) and u3(z) are harmonic functions shifted in phase
relatively to each other. In this case, both functions acquire both positive and negative values in the region of the nanostructure and
follow to zero in a semiconductor medium outside of it, according to relation (20). As a result, it can be seen, that these functions
within separate layer of the nanostructure can behave as symmetric (u1(z)) and antisymmetric (u3(z)) functions relatively the centerof this layer respectively. It should also be noted, that this effect is not general for all the nanostructure and is most significant in
the extractor.

Further, in Fig. 4b the dependencies '(z) for the piezoelectric potential caused by flexural and dilatational acoustic phonons
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Figure 5: Dependencies of the of the electronic spectrum levels displacements and their decay rates, which are induced
by their interaction with dilatational and flexural acoustic phonons via the deformation potential, calculated at q = 2 nm−1

and for temperature values: T = 77K (a, b) and T = 300K (c, d)

are shown. As it can be seen from the figure, the piezoelectric potential can also take on positive and negative values on the range
of z, and the absolute maximum values |'(z)| of the function are achieved within the potential wells and at the boundaries with
potential barriers. As in the case of displacements u1(z) and u3(z), the piezoelectric potential follows to zero at z→ ±∞.

The main and final goal of our investigation is to establish the properties of the interaction of electrons with flexural and
dilatational acoustic phonons through the two possible mechanisms, which we have considered: via the deformation potential
and via the piezoelectric potential. Since the studied nanostructure was functioning as a separate cascade of QCD, which was
experimentally investigated in the paper [6] at liquid nitrogen temperature (77K) and room temperature (300K), we will directly
calculate electronic spectrum for the effective potential (44), the temperature shifts for electronic levels and their decay rates exactly
at these temperatures. For the purpose of more sufficient visual comparison, the aforementioned characteristics of the electron-
phonon interaction were calculated depending on the total value of the input and output wells (0 ≤ d ≤ d1 + d5) as the electronicspectrum in the dependencies in Fig. 3.

In Fig. 5a, b, c, d the dependencies of the temperature shifts of the first four electronic spectrum levels localized in the active
band and their decay rates (see (53)) on d of the values are shown, caused by the interaction of electrons with acoustic phonons via
the deformation potential at temperatures T = 77K (Fig. 5a, b) and 300K (Fig. 5c, d). As it is seen from Fig. 5a, the dependencies
Δdefn (d) can intersect each other, as it can be seen from region (I) (0 nm ≤ d ≤ 1.7 nm). However, for dependencies Δdefn (d) ingeneral, the following condition is provided: Δdef1 (d) > Δdef2 (d) > Δdef3 (d) > Δdef4 (d), that is, the lower electron levels shift more, as
it can be seen in the region (II) (1.7 nm ≤ d ≤ 7.02 nm). It should be noted, that the dependencies of the temperature shifts Δdefn (d)have a negative sign over the entire range of d, except for small intervals in the vicinity of points d ≈ 1 nm and d ≈ 4 nm in (I)
(II) regions, respectively, for which: Δdef4 (d) > 0 . The dependencies of the shifts Δdefn (d), which were calculated at a temperature
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300K, which are shown in Fig. 5c, differ significantly from the dependencies shown in Fig. 5a. As it can be seen from this figure, the
extrema that took place at T = 77K become more pronounced, the absolute values of the shifts increase several times. In this case,
the shift of the first electronic level over the entire range of d is negative Δdef1 (d) < 0. The dependencies Δdef2 (d), Δdef3 (d), Δdef4 (d)become more symmetric near the abscissa axis, while in the region (I) (0 nm ≤ d ≤ 2.9 nm), the maximum, both positive and
negative, these displacements are formed. The positions of these extrema on the scale of d values practically coincide with their
positions on the dependencies calculated at T = 77K. In the region (II) (2.9 nm ≤ d ≤ 5.8 nm) the shifts Δdef2 (d), Δdef3 (d) alsoform intervals with a positive level shift, wherein the shift Δdef4 (d) > 0 in this region. In the region (III) (5.8 nm ≤ d ≤ 7.02 nm)
Δdefn (d) < 0 is obtained .Further, in Fig. 5b the dependencies on the value of d for the electronic levels decay rates are shown, the calculation of which
was carried out at temperature T = 77K. As it can be seen from the figure, three different regions can be distinguished in the
range of variation of d with characteristic behaviour of Γdefn (d) quantities. Thus, in the region (I) (0 nm ≤ d ≤ 3 nm), the values
of the decay rates Γdef1 (d), Γdef3 (d), Γdef4 (d) depend slightly on d, while Γdef2 (d) a minima is formed in this region. In region (II)
(3 nm ≤ d ≤ 4.4 nm), the quantity Γdef2 (d) depends slightly on d, forming minima, Γdef1 (d), Γdef3 (d), and Γdef4 (d) forms two minima
and one maximum at the boundary of the region. In the third region (III) (4.4 nm ≤ d ≤ 7.02 nm), the largest values for all
dependencies Γdefn (d) are formed. At the border of this region, the dependencies Γdefn (d) decrease sharply.As it can be seen from
Fig. 5d the increase of the temperature to T = 300K causes a significant deformation of the dependencies Γdefn (d). The maximum
of decay rates values Γdefn (d) is increased significantly from almost 1.5-2 for the first three levels, and more than twice for the fourth
electronic level. In region (I) (0 nm ≤ d ≤ 2.3 nm) all quantitiesΓdefn (d) have already shown a dependence on d, forming pronounced
extrema; in region (II) (2.3 nm ≤ d ≤ 4.3 nm), the dependence Γdef2 (d) already forms a clear maximum, extrema of the decay rates
dependencies Γdef1 (d), Γdef3 (d), Γdef4 (d), that were formed at T = 77K are now shifted to the left along the abscissa axis. In region
(III) (4.3 nm ≤ d ≤ 7.02 nm), which at T = 300K has, in fact, the same dimensions as at T =77K, the extrema of the dependencies
Γdefn (d) do not change their position, in fact, they only increase their values. It should also be noted, that the T = 300K values of
the dependencies Γdefn (d) are ordered according to the growth of the number of the electronic level n (Γdefn (d) < Γdefn+1(d)), except fortwo small intervals d between regions (I), (II) and (II), (III) for which the following condition is provided: Γdef1 (d) > Γdef2 (d).In Fig. 6a, b, c, d the dependencies for the displacements of electronic levels and their decay rates due to interaction with
acoustic phonons via the piezoelectric potential are shown (see (53)). As it is seen from Fig. 6a, which shows the dependencies
on d for the temperature shifts of the electronic levels at T = 77K, the dependencies Δpzn (d) have only a negative sign and have the
form of curves that intersect many times. For example, in the first area (I) (0 nm ≤ d ≤ 2 nm), the maximum and minimum values
for Δpz3 (d) are formed simultaneously for over the entire range of d. At the boundary of this region, the minimum values acquired
are Δpz2 (d) and Δpz4 (d) respectively. In the second region (II) (2 nm ≤ d ≤ 4.4 nm), it should be taken into account that the values
of Δpz1 (d) prevail over the values of the attenuation values for other levels, and all dependencies reach their minimum values at the
boundaries of this region. In the third region (III) (4.4 nm ≤ d ≤ 7.02 nm), as it can be seen from the figure, Δpz1 (d) and Δpz2 (d)slightly depend on d, the dependencies Δpz4 (d) and Δpz3 (d) form one maximum successively.

The influence of the temperature increase on the shifts of the electronic levels is clearly seen from Fig. 6c, which testifies the
dependencies Δpzn (d) calculated at the temperature T=300K. As it can be seen from this figure, the temperature increase results in
the increase in the absolute values of the shifts Δpzn (d), however, first of all, it should be noted that, they are different from those
caused by the electron-phonon interaction via the deformation potential, these shifts have an exclusively negative sign. It should
be noted, that with the temperature increase in regions (II) (2 nm ≤ d ≤ 4.5 nm) and (III) (4.5 nm ≤ d ≤ 7.02 nm) the condition
|

|

Δpzn (d)|
|

> |

|

|

Δpzn+1(d)
|

|

|

is provided. The exception is the first region (I) (0 nm ≤ d ≤ 2 nm), where the following conditions are
realized in narrow ranges of d: ||

|

Δpz3 (d)
|

|

|

> |

|

|

Δpz1 (d)
|

|

|

and |

|

|

Δpz2 (d)
|

|

|

> |

|

|

Δpz3 (d)
|

|

|

. All the dependencies Δpzn (d) reach minima at the
boundaries of these three regions.

Further, in Fig. 6b the dependencies Γpzn (d) for the decay rates of electronic levels at T = 77K are shown. As it can be
seen from the figure, the dependencies Γpzn (d) form three areas, for which the following features can be specified. For region (I)
(0 nm ≤ d ≤ 1.5 nm), from left to right, the decay rates maxima for the fourth, third, and second electronic levels are formed, decay
rate of the fist electrons level Γpz1 (d) is slightly dependent on d. In the region (II) (1.5 nm ≤ d ≤ 4.5 nm) Γpz2 (d) already depend
slightly on d, and the rest of the dependencies form distinct maxima. In the region (III) (4.5 nm ≤ d ≤ 7.02 nm) there are small
intervals for which Γpz2 (d) < Γpz1 (d) and Γpz4 (d) < Γpz3 (d). In general, in the whole range of change d we have: Γpzn (d) < Γpzn+1(d).The temperature increase to T = 300K, as it is seen from Fig. 6d, causes an increase in the Γpzn (d) values in several times, while the
dependencies Γpz2 (d) and Γpz3 (d) approach each other, being intersected many times. Similarly, as for the dependencies in Fig. 6b,
there are three regions of d variation, the boundaries of which are determined by the almost simultaneous formation of minima of
the dependencies Γpzn (d). In each of these regions, the value of Γpz4 (d) dependence is prevailed by the values of other dependencies.The dimensions of the region (III) (4.2 nm ≤ d ≤ 7.02 nm) are almost the same as at T=77K. Region (I) (0 nm ≤ d ≤ 2.2 nm) is
larger than at T = 77K, and region (II) (2.2 nm ≤ d ≤ 4.2 nm) is smaller. In all these areas, the extrema of the dependencies Γpzn (d),
which are formed at T= 77K, are more sufficient; the formation of additional extrema and some deformation of these dependencies
Γpzn (d) should also be noted.

The calculated energies of quantum transitions between the electronic levels of the active zone, renormalized by the interaction
with acoustic phonons due to both mechanisms considered above, are as follows: Ω̃nn′ = Ωnn′ + Δdefn + Δdefn′ + Δ

pz
n + Δpzn′ . At
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Figure 6: Dependencies of the of the electronic spectrum levels displacements and their decay rates, which are induced by
their interaction with dilatational and flexural acoustic phonons via the piezoelectric potential, calculated at q = 2 nm−1

and for temperature values: T = 77K (a, b) and T=300K (c, d)

T = 77K it is obtained, that Ω̃12 = 390.7 meV; Ω̃13 = 771.8 meV; Ω̃14 = 1039.9 meV. At T = 300K it is obtained, that
Ω̃12 = 396.5 meV; Ω̃13 = 776.4 meV; Ω̃14 = 1047.4 meV. These data correlate well with the corresponding values obtained in
the paper [6].

Summing up, it should be noted that both mechanisms of interaction of electrons with acoustic phonons with increasing temper-
ature cause rather significant renormalization of the electronic spectrum Ẽn and, accordingly, the energies of electronic transitions(Ω̃nn′ = Ẽn′ − Ẽn) and absorption bands (Γnn′ = Γn + Γn′ ). An interesting effect obtained is the temperature expansion of the ab-
sorption band (ΔΓnn′ = Γnn′ (T )||T=300K − Γnn′ (T )||T=77K). The observed effects directly result in the intensity of quantum transitions
between electronic levels and the electronic conductivity of the nanostructure, in fact, decreasing of them due to the increase in the
resonance widths of these electronic levels and breaking of the excited electronic states coherence.

5. Conclusions
The theory of the flexural and dilatational acoustic phonons spectrum in the presence of piezoelectric effect and the components

of elastic displacement caused by these phonons was developed for plane multilayer AlN/GaN nanostructure.
Using theMatsubara temperatureGreen functionsmethod and theDyson’s equation, an analytical theory of the electron-acoustic

phonons interaction via the deformation and piezoelectric potentials at arbitrary temperature values was developed. On the basis
of the proposed theory, analytical expressions, that describe the temperature shifts of the electronic spectrum levels and their decay
rates were determined, which are direct characteristics of the interaction with acoustic phonons.

Using the physical and geometric parameters of the QCD cascade, which was investigated experimentally, on the basis of the
developed theory, the calculations of the dependencies on the wave vector for the spectrum of flexural and dilatational acoustic
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phonons were performed; the dependencies on the geometric design of the nanostructure for the electronic spectrum and the spec-
trum of flexural and dilatational acoustic phonons, as well as the values of temperature shifts of the electronic spectrum levels and
their decay rates were studied.

It is shown that the spectrum of acoustic phonons is formed within four intervals, in which different properties of the spectrum
branches appear, both depending on the wave vector and on the geometric parameters of the nanostructure.

It is determined that the temperature shifts of the electronic spectrum levels, caused by the interaction of electrons with acoustic
phonons via the deformation potential at temperature values 77K and 300 K, acquire both negative and positive values. In this case,
the absolute values of the shifts for the electronic levels and their decay rates increase with the temperature increase in several times.

It is found, that the temperature shifts of the electronic levels, caused by the interaction of electrons with acoustic phonons via
the piezoelectric potential at temperature values 77K and 300K, acquire only negative values and their absolute values also as well
as decay rates of electronic levels are increased with the temperature values increase.

The obtained values of the quantum transitions energies between the renormalized electronic levels are in good agreement with
the experimental values.
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