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The non-Hermitian skin effect can be realized through asymmetric hopping between forward and
backward directions, where all the modes of the system are localized at one edge of a finite 1D
lattice. However, achieving such an asymmetric hopping in optical systems is far from trivial. Here
we show theoretically that in a finite chain of 1D exciton-polariton micropillars with symmetric
hopping, the inherent non-linearity of the system can exhibit a bi-skin effect, where the modes of
the system are localized at the two edges of the system. To show the topological origin of such

modes, we calculate the winding number.

Introduction.—Exciton-polaritons are bosonic quasi-
particles arising from the strong coupling between ex-
citons and photons in microcavities [1-4]. The combina-
tion of photons and excitons allows polaritons to possess
the characteristics of both its root parts, for example, low
effective mass from the photonic part and strong nonlin-
earity from the excitonic part. Moreover, due to the pho-
tons escaping from the microcavity, exciton-polaritons
are noticeably an open quantum (non-Hermitian) sys-
tem, which requires additional pumping to maintain a
steady state in the system [5]. This character makes the
exciton-polariton system an ideal platform to study non-
Hermitian transitions with gain and loss [6, 7]. Although
various research has been done in the Hermitian regime
to realize polariton topological phases with the interplay
between Zeeman shift resulting from the application of
magnetic field and the transverse electric-transverse mag-
netic (TE-TM) splitting of the photonic modes [8-12],
accounting for nonlinearity [13, 14], and using the po-
larization splitting of elliptical micropillars [15], several
works have been reported in recent years to explore the
non-Hermitian physics in the exciton-polariton system.
Exceptional points (EPs) in the exciton-polariton system
have been realized in Refs. [16-18]. Recently, the mea-
surement of non-Hermitian topological invariants [19],
topological end mode lasing [20], and non-reciprocal po-
laritons [21] have been reported.

Non-Hermitian physics has attracted a tremendous at-
tention in recent years due to the discovery of the non-
Hermitian skin effect, where all the modes are localized
to one end of a lattice [22-45]. This is different to
the case of Hermitian systems, where modes within a
topological bandgap are localized at the edges of a fi-
nite sample due to bulk-boundary correspondence. Due
to non-Hermiticity, the Bloch theory does not even hold
approximately for finite sized non-Hermitian systems and
one must turn to the generalized Brillouin zone (GBZ)
theory based on a complex momentum to explain the
non-Hermitian skin effect [35, 46-50]. To realize the

skin effect, the simplest model is the so-called Hatano-
Nelson(HN) model [51, 52] without disorder where the
hopping in a lattice is different in different directions.

Along with the same idea of the HN model, the Su-
Schrieffer-Heeger(SSH) model with asymmetric hopping
has been proposed or realized in many systems like
waveguides [53, 54], photonic lattices [39, 55], circuits [56]
etc. The non-Hermitian topological bulk-boundary cor-
respondence can be obtained by using the GBZ theory
and by solving the boundary equations with complex
momentum [35-37, 49, 57-60]. Due to the chiral symme-
try, the system will have an energy pair of (E,—F) and
they will collapse at zero energy modes. The winding
number can be well defined by the calculation with the
periodic boundary energies with the GBZ. Meanwhile,
more and more work is going to explain the topological
origin of the skin modes and the GBZ is not necessary
for line gap non-Hermitian Hamiltonians where the ba-
sis can be enlarged to construct a Hermitian Hamilto-
nian [29, 35, 37, 48, 61, 62]. Although the winding in the
whole Bloch region is still zero for zero energy pairs, the
system can still have a topological non-trivial phase if en-
ergy pairs can be made to collapse at non-zero (complex)
energy.

In this letter, we use the particle-hole symmetry of the
fluctuation theory of exciton-polariton systems to real-
ize “bi-skin” modes where all the wavefunctions are lo-
calized at both sides of a one-dimensional lattice. Be-
ing compatible with recent experiments, we consider
a non-equilibrium polariton condensate corresponding
to a plane-wave with non-zero momentum. By the
Bogoliubov-de-Gennes(BdG) transformation [63, 64], the
fluctuations of the condensate will have two modes with
particle-hole symmetry. By considering a suitable BAG
lattice by tight-binding theory, the bi-skin effect will ap-
pear with symmetric hopping between sites. To classify
the symmetry and the topologies of the system, we calcu-
late the winding number of the system without assuming
the GBZ theory. Because of the particle-hole symme-



Figure 1. Scheme of polariton lattice (a) and the related
Bougoliubov lattice (b) with w, and v, representing the dif-
ferent Bogoliubov fluctuation amplitudes on each site.

try [65], the energy spectrum will not collapse at zero
modes but some purely imaginary energies. The different
topological phases can be well defined by the winding of
the EPs and the localization of the wavefunction. Finally,
we analyze the stability of the system and calculate the
energy dispersion, which can be observed via photolumi-
nescence [66, 67] or four-wave mixing spectroscopy [68].

Model.—We consider a simple chain with symmet-
ric hopping J between nearest neighbours, formed by
exciton-polariton micropillars, as shown in Fig. 1(a).
Such chains have been realized experimentally [69]. Typ-
ically the behavior of a polariton condensate is studied,
which itself has no topological features in such a system.
The system can be described by the driven-dissipative
nonlinear Gross-Pitaevskii (GP) equation
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Here, A = Ey — Iw,, is the onsite detuning between the
bare polariton mode having energy Fy and a coherent
drive F,, with frequency w,. ¢ represents the nonlin-
ear interaction strength and ~y¢ is the effective dissipa-
tion. In order to find the optimum parameter range we
move to the dimensionless units by making the follow-
ing substitutions: t — th/ve, J = J/v¢, A = A/ve,
Y = Yn/vc /g, and F, = F,+/g/72. One of the main
ingredients of our scheme is a plane-wave like station-
ary state 1, = Ae’*?™ (as shown in Fig. 2(a) ) realized
by spatially modulating a coherent field [70-73] and the
appropriate choice of F;, is obtained by setting the time
derivative in Eq. (1) to zero:

ih

F,=|-A+i—2Jcos(k,) — \Aﬂ Ae'ter o (2)

where A is the square root of the density of the conden-
sate and k, is the pumping momentum and n # 1 or N.
Because of the boundary, we should set the first and the
last site pumping by replacing 2J cos(k,) in Eq. (2) with
Je*r and Je~%r | respectively.
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Figure 2. The time evolution of the absolute square of the
wavefunction |1,|? (a) described by Eq. (1) and the spatial
profiles of Bogoliubov modes u,, and v,, are plotted in (b) and
(c), which are obtained by Egs.(3)- (4). The parameters are
used A’ /yc=-0.2, J=0.4, A=1, and k,=m/6.

To show the bi-skin effect we consider the fluctuations,
by introducing the fluctuation amplitudes u,, and v,,, and
writing ¥, = ¥ o,n) + U, e PN 4 pxe BT/ The BAG
modes as shown in Fig. 1(b) are derived by substituting
1, into the mean-field GP equation, which yields the
time-independent equations:

Bup = (A = i)ty + J (Ung1 + tn—1) + 0% 0 0ns (3)
Euvy = — (i 4+ A) vy — J (Ung1 + Vne1) = Uy tn-(4)

Here, A’ = A +2 |¢(0,n)|2 is an effective detuning. The
BdG transformation ensures that u,, and v,, modes have
the particle-hole symmetry, so the hopping energies for
u, and v, are £J and the inter hopping energies in
one unit cell are j:z/;%%. We need to mention that
the hopping strength between different pairs of neigh-
boring sites have the same magnitude but differ in their
phases because of the symmetry. The Bogoliubov ma-
trix H,, with N sites obtained by the Eqgs. (3)-(4) can
be diagonalized by V~'H,V = diag (Enxn, —Exyn)
with V' the matrix formed by eigenvectors, meanwhile,
S, V-'H, VS, = diag (ENxN, —E]*\,Xj\,) where S,V can
also be the eigenvectors of the system [63, 64], here,
Seyz = fN7N ® Og,y,> and o, , . are the Pauli matrices.
On the other hand, the system has pseudo-Hermiticity
[47, 74] defined as S.H,S. = H,'. The particle-hole
symmetry and pseudo-Hermiticity guarantee that the
system can have a 1D topological transition [35, 74] and
the energy spectrum in real space is highly symmetrical.



The bi-skin modes.—The stationary states of the bulk
polaritons can have non-zero momentum induced by the
specific F}, pumping laser and the nonlinearity makes the
fluctuations modes u,, and v,, have a momentum shift.
The momentum shift will just influence the phases of the
energy spectrum under the periodic boundary condition
(PBC), however, the energy spectrum under the open
boundary condition (OBC) will completely change for
the fluctuations at the edge can not go further and then
become localized.

The model is equivalent to say that the hopping en-
ergies between the u, and v, sites are different, but we
stress that this is an effect induced by nonlinear interac-
tions, where the fluctuations are affected by the non-zero
momentum of the considered polariton condensate (sta-
tionary state). The underlying physical system is still
none other than a regular polariton lattice with symmet-
ric Hermitian hopping between lattice sites. As is shown
in Figs. 2(b) and (c), all eigenstates for w, and v, sites
are localized at both sides. The energy spectrum of wu,,
sites are (E, E*) — 4 pairs, while the energy spectrum of
vy, sites are (—E*, —F) —i pairs. All eigenvectors of E—1
and —FE* — i will be localized at one side and wavefunc-
tions of the E* — i and —FE — i will be localized at the
opposite side. Remarkably, the localization here does not
mean the polariton’s density localization but the fluctu-
ations on the top of the polaritons.
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Figure 3. Profiles of the real (a) and imaginary (b) eigenstates
as a function of u, sites and eigenenergies. (c¢) Numerical
results of the energy spectrums solved by Egs. (3)-(4) with
continuous pumping and the dashed lines are the fitting curves
of the energy dispersion. Parameters are the same as in Fig.
2.

Stability.— Our model is based on the fluctuations of
exciton-polaritons with a non-zero momentum station-
ary state. Because of the symmetry of the system, the
imaginary parts of the eigenenergies can be beyond zero.
However, with sufficient dissipation, there will be a total
energy shift iyo that keeps all imaginary energy compo-
nents below zero.

Figs 3(a) and (b) show the distribution of intensity
of the real and imaginary parts of the fluctuation eigen-
states in real space. All fluctuation eigenstates are local-
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Figure 4. The real (a) and the imaginary (b) energy spec-
trum obtained by Egs.(3)-(4). Other parameters are the same
as in Fig. 2.

ized at the edges of the system, while we find that those
with least negative imaginary part are localized on the
left side.

Because the imaginary parts of the energy spectrum
are larger than the real parts, a fundamental problem is
whether the spectrum can be observed experimentally.
To prove this, we numerically calculate the BdG lattice’s
energy dispersion in Fig. 3(c). We take u, and v, as
perturbations with small random number compared with
Y(o,n) and solve the BdG equations. The dashed fitting
curves have the same energy dispersion with diagonaliza-
tion results but doubly shrinks the period for two inner
sites here. The imaginary parts of the energy dispersion
are different for the linewidth of the energy dispersion
are different as a function of momentum. Remarkably,
we solve the Eqgs. (3)-(4) without coherent pumping here,
which reveals our model is universal and can be extended
to other systems.

Non-Hermitian topological invariants— The effective
Hamiltonian can be written into the momentum
space with use of the Fourier transformation w, —
ﬁ ok are™™ and v, — Tlﬁ >k bret™ with a5 and by
the annihilation operators for the momentum k, giving

I _(A’+2Jc0s(k) A? >_f
k= —A? —A" —2J cos (k — 2k,) e
A (5)
where I is the 2 x 2 identity matrix and the periodic
bounary condition is considered and the basis vector is
(dk,l;k,gkp). The imaginary energy shift ¢ can be ig-
nored for the theoretical study, however, it can determine
the stability of two localization and is necessary to be
observed by the energy dispersion. The non-Hermitian
topology of Hj with respect to the reference point Egr
is equivalent to the Hermitian topology of the following
doubled Hamiltonian [43, 48, 75] with the basis vector
v = (G, l;k, Ak12k, Bk,gkp)—r can be obtained in the sup-
plementary materials where the open boundary condition
is considered.

igA?6,

~ A" +2Jcos(k)] 6,
= ([ ) N6, + h(k,ky) ) - ©

Hy, igA%6,



where h(k, k,) = 2J [cos(k) cos(2ky)6, — sin(k) sin(2kp)f}

and 1 is the 2 x 2 identity matrix. The absolute value of
the fluctuations (on top of the condensate) hopping from
Up to v, will move to the —k, direction (&klA)L_Qkp term
), meanwhile the polariton fluctuations hopping from v,
to u, will move to the +k, direction (I;kd,tJr%p term).
Therefore, the absolute squre of the eigenstates of the
BdG lattice are localized at both sides of the lattice as
shown in Figs. 2(b)-(c).

The construction of the Hermitian Hamiltonian in the
enlarged Hilbert space not only allows interpretation
with the Bloch theory [37, 43, 48, 75], but also highlights
the differences of the four basis operators under the open
boundary condition. The boundary will let the momen-
tum be cut off at the different values and cause the fluc-
tuations to move to the edge and then be localized. For
example, the range of k is (—m, 7), however, the range of
k £ 2k, is (—m £ 2k, m + 2k,). Some related work has
been done in the SSH model with asymmetric hopping
and interpreted with the GBZ theory [32, 74, 76].

There are two EPs in the energy spectrum, so we need
to calculate each winding separately. By unitary transi-
tion, the enlarged Hamiltonian can be written into a two
blocks off-diagonal matrix and for each one we can define
the winding around the reference energy Fr [37]

WE N 1 % dlogdet [H(/{) — ERIQXQ]dk, (7)

2 ) dk
The total winding number is zero for the vanishing of F
and E* because the winding direction is completely op-
posite. However, we can get the integer winding number
41 or 0 in different topological regions. In our model,
the reference energy is purely imaginary energies for the
gapless F and —FE*. The energies as a function of Hop-
ping energies in the real space with OBC are shown in
Figs. 4 (a) and (c). The critical points are labeled for the
callapse of the imaginary energies.

The different topological phases can be distinguished
by the eigenenergy spectrum of Eq.(5) and how many
OBC energies in real space are encircled by the energy
band in momentum space with PBC (see supplementary
material):

e Nontrivial phase 0 < |J| < All
eigenstates are localized at both sides and all OBC
energies are circled by the PBC energies.

(A2+A') sec(kp)
T S——
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< |J o<

S Parts of eigenstates are localized
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Figure 5. The real space energy profile with OBC (‘circles’)
and the momentum space energy profile with PBC (‘dots’).
J=0.4 and other parameters are the same as in Fig. 2.

or no eigenstates are localized and no EPs are en-
circled by the periodic boundary spectrum.

Here, the critical points are calculated by the phases of
the eigenvalues of Eq. (5) and this result is corresponding
with the winding number obtained by Eq. (7) (see the
supplementary materials). If the PBC energy dispersion
has different linewidth (imaginary parts of the energies)
as a function of momentum, the skin modes will appear.
Although the skin modes can appear in the above three
phases, the topological invariants are only +1 for two
EPs in the nontrivial phase and the intermediate phase.
The energies profile under the PBC can not encircle all
the energies under the OBC in the intermediate phase.
Therefore, all eigenstates are localized only in non-trivial
phase and the quantities of the localized eigenstates are
corresponding with the quantities of OBC energies encir-
cled by the PBC energies.

In the considered model all the calculations are done
using the dimensionless variables. To get an idea about
the physical parameters, we set 7 = 0.1 meV, which
corresponds to a polariton lifetime around 3 ps. The
coupling between the neighbouring micropillars becomes
J=40peV, which can be tuned by adjusting the overlap
between the micropillars [77]. The non-linearity induced
blueshift becomes 0.1 meV which is a routine observation
in GaAs based samples [78]. Given the room tempera-
ture polariton micropillar chain has been demonstrated
experimentally [79, 80], our scheme is also compatible
with perovskite and organic samples. To make it more
experimental friendly, the fluctuations can be made to
have different polarization from that of the steady state
by proper choice of the resonant driving and exciton-
photon detuning [14, 81].

Conclusion—We consider the behaviour of fluctua-
tions on a polariton mean-field stationary state in a one-
dimensional lattice of coupled micropillars. By taking



the stationary state as a plane wave, which can be res-
onantly injected with a suitably patterned optical field,
we find that interactions in the system allow the pres-
ence of a bi-skin effect where fluctuations are localized
at both edges of the lattice. Even though the underlying
hopping of the system is Hermitian, the interactions al-
low an effective non-reciprocal coupling between particle-
hole fluctuations. This results in a non-trivial topology,
confirmed by calculations of the winding number.
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STATIONARY AND EXCITED STATES OF THE EXCITON POLARITONS UNDER RESONANT PUMP

In this section, we consider the behaviour of the Gross-Pitaevskii equation directly in the presence of fluctuations,
which are modelled numerically. This will allow us to study the stability of the polariton mean-field solutions and
access the fluctuation directly. We begin with the Gross-Pitaevskii equation for a driven-dissipative one dimensional
micropillar chain, identical to Eq. (1) of the main text but accounting for an additional noise term [69]

2

i dqujst
ot

- (A - Z’YC) wn + Z JnL,nwnL + g |¢n|2wn + Fn + ih di . (8)

<m>

Here, ¢ = 2DdW accounts for the fluctuations induced by white noise, where dW is a Gaussian random variable
and D is the strength of the noise. The sum over < m > represents summation over nearest neighbour sites. Other
parameters are mentioned in the main text.
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Figure 6. The time evolution of the absolute square of the wavefunctions as a function of sites and time |w(n,t)}2(the first
row) or energies log;, [[«p(w) |2 /max(}z/)(n’w) ‘2)] (the second row). The parameters are used A=-0.22meV, J=40peV, k,=7/6,
gA?=0.1meV, and 7c=0.00meV, 0.05meV, 0.08meV, 0.10meV for different columns.

As is shown in Fig. 6, we plot the time evolution of the wavefunctions of a finite-sized lattice with drive field in
Eq. (2) and the boundary is considered in the main text. If there is no dissipation in the system, all fluctuations with
different energies will be excited (see Fig. 6(e)). However, if the dissipation gets larger, we can observe a time crystal
like density distribution, where the intensity has a self-induced periodic oscillation and the parts of the energies get
excited [6] (see Figs. 6(b),(c),(f),(g)). If the dissipation is larger enough that can shift all imaginary parts of the
energies below zero, the system can have a stable plane-wave solution and only the zero energies modes.

As is shown in Fig. 7(a)-(c), the energy dispersion of the free particle, in the absence of interactions, is symmetric
at k = 0, and the coherent pumping does not make the momentum shift but excites a strong signal of k, and —k,
(because of the scattering from the end of the chain). However, if we take the nonlinearity and the dissipation into
account, the original energy dispersion is not stable as illustrated in Fig. 7(d). If the fluctuations are added in Eq. (8),
we can see some obscure energy profile in Fig. 7(e). In the third column of Fig. 7, we plot ’wn (k,w) = Y(o,n) (k,w)|,
which shows the energy dispersion of the fluctuations. The energy spectrum of the fluctuations under the periodic
potential is still symmetric at £ = 0 and the linewidth is almost the same. The nonlinearity and the dissipation make
energy dispersion of the fluctuations have a non-zero momentum ground state.

THE TOPOLOGICAL INVARIANTS OF THE SYSTEM

In this section, we will calculate the eigenvalues and the winding number in detail. The OBC energies have two
exceptional points (EPs) as is shown in Fig. 8(b). We need to calculate each winding of them separately. The
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Figure 7. Energy dispersions for the mean-field (the first column), the mean-field with fluctuations (the second column), and
only the fluctuations (the third column) obtained from Eq.(8) under the coherent pumping. Parameters are used: A=-0.22meV,
J=40peV, k,=m/6, and without the nonlinearity the dissipation in the first row and gA?=0.1meV, yc=0.1meV in the second
TOW.

Hamiltonian in the real space is
H, = (A —iye) Zu:‘lun—(A’ +ive) Zv;’;vn+JZ (U1 Un — V10, + hoc)+gA? Z (emkl’u;vn — e gty ,
(9)

where u,, and v, are different Bogoliubov modes. If we just consider the nearest neighbouring hopping and use the
Fourier transformation u,, — \/1_ﬁ > % are™™ and v,, — ﬁ > & bre™*™ with a; and by the annihilation operators for

the momentum k, we can obtain the Hamiltonian with
H =AY (afan = blbi ) + 942 3 [albe-an, — Dlansar, | +27 (afar — Blbe) cosk — inc. (10)
k k k

When the system is large enough and the periodic boundary condition is taken, we can get the 2 x 2 Hamiltonian with
the vector (ag,br—2t,) as illustrated in the main text. To prove this, we can build a unit cell that contains | = 47 /k,
inner sites

H diag (A%, --- ,A2e2i’%(l—1))lxl ) a

H(k) = (diag (A2, — A2 2D g
with H = (A" — ive) I + diag (J, —1),,, + diag (J,1),,,- The matrix diag(J,%1) are the upper and lower shift
diagonal matrix with the matrix element J and the Bloch theory gives Hy; = Je* and H;; = Je~*. The energy
profile is corresponding with the 2 x 2 Hamiltonian in the main text.

However, if we consider the finite size and assume the momentum & changes continuously, the effective Hamiltonian
in the momentum space with vectors v = (ay, Bk, k425, » Bk_ng)T ignoring the energy shift v~ can be written as

A"+ 2J cos(k) 0 0 gA?
= _ 0 —A’ —2J cos(k) —gA? 0
H (k, ky) = 0 gA? A’ +2J cos(k + 2k,) 0 (12)
—gA? 0 0 —A" —2J cos(k — 2k,)

The Hamiltonian in the momentum space has the symmetry of H(—k, —k,) = H(k, k), S.H(k,k,)S. = H(k, k)1,
and Sy H(k,ky)S, = H(k, kp) with Sz . = Ioxo @ 04y, with o; is the Pauli matrix. The profile of the energy
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dispersion is highly symmetric and having two EPs if the Hamiltonian is non-Hermitian with A is a purely real
number.

By diagonalization, the four eigenenergies can be obtained

Eq2(k) = £+/f(k) — 2J sin(k,) sin(k — k,), (13)
with
f(k) = —g?A* + A" + J? cos(2k,) cos(2k — 2k,) + J? 4+ 2A" T cos(k) + 2J cos(k — 2k, ) (A" + J cos(k)), (14)

and Es34(k)=FE1 2(k + 2k,). Meanwhile, the related wavefunctions are

. A’ —2J cos ky, cos(k—kp)E+/ f(k) 0
V2A?  A'=2J cos ky cos(k+kp) 3 /F (k+2kp)
[V12)) = 0 | sy) = V242 ) (15)

0 1/vV2
1/v2 0

where, the function f(k) determine all the topological properties of the system. The real energy will collapse at
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Figure 8. (a) Phase transition diagram along with the change of the hopping energy J and (b)-(f) the energy profiles obtained
by OBC ‘dots’ and PBC ‘circles’ . Parameters are used: A’=-20peV, yo=0.1meV, gA%>=0.1meV, k,=n/6, and J=40ueV,
46peV, 60ueV, 69ueV, 80ueV for (b)-(f).

k = +m/2 for Ey 2(k) = E34(k), but the imaginary energy will have a jump across the EPs. To define each winding
of the EPs, Eq.(12) can be written into two blocks off-diagonal form

H(k)=UH(k)U™*

0 0 —A" —2J cos(k) —gA?
_ 0 0 gA? A"+ 2J cos(k + 2k,) (16)
—A"—2J cos(k — 2k,) —gA? 0 0 ’

gA? A"+ 2J cos(k) 0 0



11

0100
with the unitary transition U = 8 8 é (1) , and the winding number around two EPs can be calculated by
1000
B dk —A" —2J cos(k) —gA? -
W1 = — f 2—m8k {log |:D€t ( gA2 A, + 2JCOS(I€ + Qkp) — ERI s (17)
B dk —A"—2J cos(k — 2kp) —gA? . 7
Wy = — j{ %5% {log [Det ( A2 A 42 cos(k) )~ ExI| ¢, (18)

where Er and E}, are two reference energies with open boundary condition(OBC) in real space. If we take the loop
from the whole Bloch zone, the total winding number is zero, but for each winding, we have W; 3 = £1. E and —E*
will give a positive winding number while the E* and —F give the negative one. As is marked in Figs. 8(b)-(f) with
red circles, all EPs are occurring at the pure imaginary energies. The eigenenergies that go around the left EPs can
give the winding 1 and —1 for the right EPs in Figs. 8(b)-(d). The total winding is always 0 for the vanishing of F
and E*.

CRITICAL POINTS OF THE TOPOLOGICAL TRANSITION

In this section, we will calculate the critical points of the topological phase transition. As is defined by Eqs. (17)-
(18), two EPs have opposite windings. Based on the winding number and the localization of the wavefunction, we
can define three phases: topological, intermediate, and trivial phase.

0.25 0.15
0.2
0.1
015
=
=
= 0 0.0s il
0.05 HRS
0= 05
sites sites
0.25 0.15 0.05
0.2 0.04 (f)
0.1
015 0.03
= 01 oos 0.02
0.05 0.01
0 0 : — 0
0 20 40 60
sites

Figure 9. The wavefuntions of u, (the first row) and v, (the second row) sites obtained by OBC. The parameters are used
A'=-20peV, gA?’=0.1meV, v¢=0.1meV, k,=7/6, and J=60ueV (the first column), 80ueV (the second column), 0.2meV (the
third column).

The HN model [51, 52] can be easily theoretically realized by H = J;e'** 4 Joe =% with J; and J, are asymmetric
hoppings between two nearest sites and the energy spectrum can be obtained by:

H = (Jl + JQ) Ccos (kl‘) — Z(JQ — Jl) sin (k‘l‘) . (19)

The skin modes will vanish for J, = J; and appear for Jo # J;. Actually, if the system has the same energy dispersion
like Eq. (19) where different directions of the momenta have gain and loss at the same time, the skin modes will
appear even with the same hopping by inducing other terms into the Hamiltonian.
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To realize the skin effect, the complex dispersion will be like
Ey, = Cysin(k + Cy), (20)

with C; must be complex numbers. The complex number of C; ensures the condensates have gain in one direction
and loss in another direction forming skin modes.
The derivative of Eq. (14) is

f'(k) = —4J cos(k,) sin(k — k) [A" + 2. cos(k,) cos(k — k)], (21)
with the zero points k = k, for the maximum and k = arcos(—ﬁ) + kp for the minimum. If Eq. (14) is a
purely imaginary number in the whole Bloch zone, all eigenstates are localized. The critical points for the topological
transition are J; = (9A? + A') sec(k,)/2 and J, = (gA% — A’) sec(k;)/2 which is corresponding with the numerical
results J; = 0.46 in Fig. 8 (a) and (c¢) and J = 0.69 in Figs. 8(a) and (e).

The phase can de defined in two ways, one is the appearance of the skin modes and the other one is the winding

2 ’
of the EPs energies. In the non-trivial phase, 0 < |J| < w all eigenstates are localized and the PBC

energies can encircle all the OBC energies including EPs as is shown in Fig. 8 (b). In the intermediate phase,

w < |J| < w parts of eigenstates are localized (see Figs.9 (a) and (d)) and the PBC

energies can encircle parts of the OBC energies concluding the EPs (see Fig. 8 (d)). In the trivial phase, J = 0 or

J > w, parts of (see Figs. 9 (b) and (e)) or no eigenstates (see Figs. 9 (c) and (f)) are localized and the
PBC energies can encircle parts of the OBC energies except the EPs (see Figs. 8 (e) and f). At the critical points
J ==+J; or J = +Js, the PBC energy will cross at Er = 0, and the modes —iy¢ arise as extended eigenstates that
can’t be encircled by the OBC energies.




