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Abstract

This paper addresses the question of the homogenization of fracture properties for three-dimensional
disordered brittle solids. The effective toughness, identified as the minimum elastic energy re-
lease rate required to ensure crack growth, is predicted from a semi-analytical framework in-
spired by both micromechanics and statistical physics that encompasses the decisive influences
of both the material disorder and the mechanisms of interaction between a crack and hetero-
geneities. Theoretical predictions are compared to numerical values of the effective toughness
that are computed with the fracture mechanics based semi-analytical method of Lebihain et al.
(2020). Based on a perturbative approach of Linear Elastic Fracture Mechanics, this method
allows for the efficient computation of crack propagation under tensile Mode I loading in com-
posite material containing several millions of inclusions, where the crack interacts with them
through two mechanisms : crossing, wherein the crack penetrates the inclusion, and by-pass,
wherein the crack wanders out-of-plane and follows the inclusion/matrix interface. We show
that our homogenization procedure provides an accurate prediction of the homogenized fracture
properties for a broad range of microstructural parameters such as the inclusions toughness, their
density or their shape. This original theoretical framework constitutes a powerful mean to bridge
the microstructural parameters of materials with their crack growth resistance, beyond the par-
ticular cases considered in the performed simulations. As a result, it provides new strategies for
the rational design of optimized brittle composites with tailored fracture properties.

Keywords: Brittle fracture, homogenization theory, disordered materials, effective toughness,
large-scale simulations, rational design

1. Introduction

Crack propagation is the dominant mode of failure of materials under traction. However, our
understanding of the impact of microstructural parameters on the resistance to crack growth is
still largely incomplete. Recently, the boom of additive manufacturing techniques, and the emer-
gence of bio-source and recycled composite materials driven by urging environmental concerns,
have increased further the need for rationalizing the failure properties of micro-structured solids
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(Reis, 2006; Dimas et al., 2013; Mirkhalaf et al., 2014; Chandler et al., 2016; Wang and Xia,
2017).

Beyond fracture problems, predicting the macroscopic properties of materials from the knowl-
edge of its constituents at a microscopic or mesoscopic scale has always been the Holy Grail pur-
sued by materials science (Torquato, 2002), for it provides building bricks for the understanding
of complex material behaviors as well as for the development of tailor-made optimized materi-
als. A powerful theoretical framework has been developed within the mechanics community to
estimate the overall response of composite materials from their microstructure, for elastic media
(Hashin and Shtrikman, 1963; Hill, 1963; Herve and Zaoui, 1993; Ponte-Castafieda and Willis,
1995; Milton, 2002) as well as cracked ones (Ponte-Castafieda and Willis, 1995; Pensée V. et al.,
2002; Deudé V. et al., 2002; Dormieux et al., 2006). Yet, such approaches fail to predict the
toughness of materials that emerges from the propagation of a crack. Brittle fracture is indeed
a very peculiar problem that exhibits unique features : it is (i) a dissipative evolution problem
that (ii) localizes at the crack tip and (iii) is coupled with a structural one so that the definition
of intrinsic effective fracture properties independent of the embedding structure is challenged. A
comprehensive theoretical framework for the homogenization of brittle fracture properties should
thus provide (i) tools to quantitatively model crack propagation in disordered materials as well
as (ii) an accurate description of the dissipative processes involved at the crack tip during the
interaction of a crack with material heterogeneities. One should finally estimate homogenized
fracture properties from (iii) the resolution of the structural problem. The stress singularity at
the crack tip enhances at the large scale the local mechanisms of interaction between a crack
and inclusions, which have been extensively studied in the past few decades (e.g. crack trapping
(Gao and Rice, 1989; Bower and Ortiz, 1990; Vasoya et al., 2016), crack deflection (Faber and
Evans, 1983; He and Hutchinson, 1989; Clayton and Knap, 2014; Brach et al., 2019; Lebihain
et al., 2020), crack shielding by micro-cracking (Evans and Faber, 1981; Ortiz, 1987), crack de-
nucleation/renucleation (Leguillon et al., 2006; Hossain et al., 2014; Wang and Xia, 2017) and
crack bridging (Bower and Ortiz, 1991; Mirkhalaf et al., 2014)). These pioneering works provide
a detailed description of the conditions under which one mechanism prevails over one another
as well as its ultimate contribution to the material reinforcement. Yet, they are generally re-
stricted to a two-dimensional or periodic setting, neglecting thus the decisive impact of material
disorder. As the proposed study will show, disordered arrangements of inlusions give rise to col-
lective phenomena that cannot be captured by a single inclusion problem (see also (Alava et al.,
2006), (Bonamy and Bouchaud, 2011) and (Ponson, 2016)). Roux et al. (2003), Roux and Hild
(2008) and Patinet et al. (2013b) proposed a semi-analytical self-consistent approach that takes
into account the influence of material disorder on the effective toughness in a three-dimensional
setting. Démery et al. (2014a) and Démery et al. (2014b) addressed the same problem with
tools borrowed from statistical physics (Larkin and Ovchinnikov, 1979) to develop a theoretical
framework, which allows for analytical predictions of the homogenized fracture properties from
the resolution of the structural problem. If these works constitute major advances in the field of
homogenization of brittle fracture properties, they are nonetheless restricted to coplanar crack
propagation and can only account for the crossing mechanism of interaction between a crack and
tough inclusions.

In the present study, we propose a comprehensive theoretical homogenization framework
that allows for the definition of intrinsic effective fracture properties. Based on concepts bor-
rowed from statistical physics, this framework fully encompasses the influence of the interaction
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mechanisms localized at the crack tip and the collective effects controlling crack propagation
in three-dimensional disordered materials. Theoretical predictions of the proposed model are
successfully compared to numerical results extracted from simulations of crack propagation in
large-scale disordered materials containing millions of tough inclusions, where the crack inter-
acts either through a crossing or a by-pass mechanism (Lebihain et al., 2020). The proposed
approach allows for an accurate prediction of the homogenized fracture properties for a broad
range of microstructural parameters such as the inclusion toughness, its density, and its shape.
Beyond the particular cases considered in the performed simulations, we explain why this origi-
nal theoretical framework constitutes a powerful and versatile mean to bridge the microstructural
parameters of materials with their crack growth resistance.

The paper is organized as follows : in Section 2, we briefly recall the main ingredients be-
hind the perturbative approach proposed by Lebihain et al. (2020) that allows for large-scale
simulations of crack propagation in brittle composites with spatial toughness heterogeneities.
Section 3 is devoted to the effective toughness of heterogeneous materials. We first challenge
the competing definitions of the effective fracture properties and highlight a scale-separation
condition under which they all converge to an intrinsic value, defined as the effective toughness.
We then investigate numerically the impact of the inclusion toughness on the effective fracture
properties, stressing out the decisive influences of the material disorder as well as the interaction
mechanisms. To capture theoretically both effects, we develop in Section 4 a homogenization
framework that predicts the intrinsic effective toughness of disordered materials for the compet-
ing trapping and deflection mechanisms. Finally, in Section 5, the performances of the proposed
homogenization model are assessed through the comparison with numerical results obtained over
a broad range of microstructural parameters (inclusion toughness, density and shape).

2. LEFM-based perturbative approach for simulations of large-scale crack propagation

When a crack propagates in a heterogeneous material, one must envisage all possible geo-
metric extensions before selecting the path followed during the subsequent propagation event.
This specificity provides a natural advantage to perturbative approaches of Linear Elastic Frac-
ture Mechanics. Based on Bueckner-Rice weight function theory (Bueckner, 1970; Rice, 1985),
they provide local stress intensity factor variations arising from any small crack front
geometrical perturbations from a reference crack without having to solve the whole elasticity
problem. The numerical method recently proposed by Lebihain et al. (2020) builds on this
powerful framework to model crack propagation in composite materials containing millions of
inclusions. We briefly recall in this section the main ingredients of the approach.

2.1. Heterogeneous microstructure and toughness field

We consider a semi-infinite crack ¥ embedded in an infinite periodic body. In the following,
we adopt the usual convention of LEFM and note x, the direction of crack propagation, y, the
direction orthogonal to the crack plane, z, the direction parallel to the crack front ¥, and L., the
period in the z-direction. At a given time t, the position of the crack front is noted x () (Fig. 1.(a)).

The material is made of two phases: a homogeneous matrix and tough spherical or cubical
inclusions. The inclusions are considered to be distributed isotropically and share the same di-
ameter (or edge length) d. Two main assumptions are made regarding the mechanical behavior of
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Figure 1: (a) Semi-infinite crack facing a polydisperse inclusion distribution with varying toughness; (b) Fracture prop-
erties of the inclusion, the matrix and their interface.

each phase. First, the matrix and the inclusions are assumed to be isotropically and linearly elas-
tic and share the same Young’s modulus £ and Poisson’s ratio v. Second, the phases are assumed
to be brittle but differ in their fracture properties: the inclusions may be tougher and/or weakly
bonded to the matrix. These properties are characterized by an inclusion toughness G"® and an
interfacial toughness G (see Fig. 1.(b)). The assumptions underlying the proposed approach
are thoroughly discussed in Lebihain et al. (2020). The description of a typical microstructure of
a heterogeneous brittle solid leads to a three-dimensional toughness field G, (z, x, y).

2.2. Calculation of the SIFs along the crack front

Macroscopic tensile loading.

We consider a semi-infinite plane crack in a fracture specimen loaded under tension (Mode
I) at a constant opening rate é (see Fig. 1). The effect of both the loading conditions § and
the sample geometry are included in the proposed model via the evolution of the macroscopic
Energy Release Rate (ERR) G with the time ¢ and the crack position x (f). Following (Ponson
and Bonamy, 2010), G* reads at first-order :

(D

G°°(t)=G0(l+%x(t))

where Gy = G™ (09, x = 0) is the loading for an initial opening 8y at x = 0 and ¢ = 0. The
structural length £ and the driving velocity vy, are defined by:
0G*™

L =-Gy/ wr

0G™
60,0 ﬁx

4G

5Vm = Yy
50,0 0o

. 2
60,0
Both £ and vy, are prescribed parameters in the performed simulations. The structural length
scale L is related to the specimen geometry and the loading conditions', and controls the evolu-
tion of the macroscopic ERR G* as the crack advances, while vy, corresponds to the average (in
time) crack velocity.

1£ is often found on the order of the specimen size.



Perturbed stress intensity factors.

In a homogeneous material, the semi-infinite crack would undergo stable coplanar propaga-
tion at the speed vy, and the crack front # would remain straight at the instantaneous position
x(f) = vyt. But material heterogeneities distort the crack front both within the mean fracture
plane (crack trapping) and out of it (crack deflection). In the following, we note f, (z,) the
in-plane perturbation of the crack front, and f; (z, 1) its out-of-plane perturbation. The in-plane
perturbation is defined from the reference crack position x (¢) (see Fig. 2) so that it satisfies the
condition (f (z, 1)), = 0.

Assuming quasi-static crack propagation, one can use the formula of Gao and Rice (1986)
(for the in-plane perturbation of the crack front) and those of Movchan et al. (1998) (for the out-
of-plane perturbation of the crack surface) to compute the perturbed SIFs (K ”)peu ) from the

reference geometry. At first order in f; and f;, the expressions of the perturbed SIFs read:

KI (Za t) _1_ fx (Z’ t) _ i +0o fx (Za t) _fx (Z/’t) ’
Kr () ! 2L 2n PV (z-7)* dz
Ky (z, 1) _ l% 2 - 3Vi +00 fy (z,0) — f\ ()] ,
K@ 2ax TR e Ty & )
Ku(z0) _ 2(1-v)7’dfy @D
Ke@ — 2-v 0z 7

1-»2

geometry and the symbol PV a Cauchy principal value.

where K{° (1) = ,/ E_ G* (¢) denotes the macroscopic mode I SIF related to the unperturbed

Figure 2: Geometrical perturbations of a semi-infinite planar crack located at x (). fx (z,#) and f; (z, f) represent its
in-plane and out-of-plane perturbations, respectively.

Formule (3) permit to compute the SIFs, and thus the ERR G at any location M along the
crack front. Since the toughness values along the front and in its vicinity are determined from
the position (z, x(@®)+ f (2,0, £, t)), there remains only one missing piece in the puzzle, the
propagation criterion, which is detailed hereafter.
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2.3. Propagation criterion

The proposed propagation criterion combines a direction criterion, the Generalized Maxi-
mum Energy Release Rate criterion, and a kinetic law that consists in a viscous regularization of
Griffith’s criterion, that are detailed below.

Direction criterion.

Crack propagation is generally considered to occur within the plane orthogonal to the local
tangent to the crack front. Here, we consider instead that each point M on the crack front prop-
agates within the (xMy) plane. The errors introduced are of second-order and thus negligible
within the proposed first-order perturbation model.

The propagation direction 6 selected by the crack within the (xMy) plane (see Fig. 3.(a))
is predicted by the Generalized Maximum Energy Release Rate (GMERR) criterion (He and
Hutchinson, 1989; Gurtin and Podio-Guidugli, 1998).

Propagation occurs in the direction 6 such that (G — G.) (f) be maximal. @

This criterion has been shown to successfully predict crack trajectories in tearing tests of brit-
tle polymeric thin sheets with weakly (Ibarra et al., 2016) and strongly (Takei et al., 2013)
anisotropic fracture properties.

Note that the GMERR criterion reduces to the standard MERR criterion when the crack is
propagating in a homogeneous phase, i.e. in the matrix or the inclusions. When the crack is on
the interface between the matrix and an inclusion (see Fig. 3.(a)), the knowledge of the angular
distributions of G, and G is required to predict the subsequent propagation direction 8. While the
former is given by the knowledge of the microstructure introduced in Section 2.1, the latter can
be computed from the perturbed stress intensity factors of Eq. (3).

Let us first consider a point M on a crack front which has just landed on an inclusion with an
attack angle 6iy; at a landing height yjanding corresponding to a tangent angle 6., as depicted in
Fig. 3.(a). The angular distribution of G can be deduced combining Amestoy-Leblond’s formule
(Amestoy and Leblond, 1992; Leblond, 1999), that link local stress intensity factors just after an
arbitrary kink to those just before it, with Irwin’s formula (Irwin, 1962). It reads:

1-v2

G = 7

(K12 0 + K}y (9)) , where K1 (0) = Fri(@) Ki(z, 1) + Fin (@) Ku(z, 1)
Ku(6) = Frp(a) K1 (z, 1) + Frn (@) Kn(z, 1) (5)

where the (F i j) are universal functions which depend only on the kink angle @ = 6 — 6;;. In the
numerical procedure, only first-order terms of Eq. 5 are accounted for.

An example of the GMERR criterion is plotted in Fig. 3.(b). The GMERR criterion allows
to predict if the crack will propagate in the tangent direction 6, and by-pass the inclusion, or
along the direction 8, predicted by the classical MERR criterion, and cross the inclusion.

Kinetic law.
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Figure 3: Application of the GMERR criterion for (a) a crack landing at a height yjanging = 0.25d with an angle 6;y; on
an inclusion characterized by its toughness GI" and the interface toughness GI™. (b) Associated angular distribution of
G — G which displays two preferential directions Op,x for the crossing of the inclusion and 6,y for its by-pass.

The last missing ingredient is the kinetic law that relates the local crack velocity v to G
and G.. For brittle materials, this kinetic law can be derived from Griffith (1921)’s criterion
by accounting for the variations of the toughness with crack speed (Kolvin et al., 2015; Chopin
et al., 2018). It reads :

_ G_Gc(vm)Jr
) (forv>0) & v= vm+vom (6)

V=V

G=G.(v) =G, (Vm)(l +

0G| . . . o
where vog = G. (vin) / B_C is a characteristic velocity of the material tied to the rate-dependency
\

of its toughness, and [-]* the positive part function. This equation of motion has been largely
used in the literature (see for example (Gao and Rice, 1989; Ramanathan et al., 1997; Ponson
and Bonamy, 2010)) and was recently shown to capture quantitatively the relaxation dynamics
of a crack depinning from a single obstacle (Chopin et al., 2018).

2.4. From periodic to disordered systems

The numerical method is summarized briefly in Appendix A. It builds on analytical expres-
sions of the SIFs, allowing an efficient computation of quantities of interest like the ERR from
the discretization of the front only. As a result, crack propagation in heterogeneous media in-
cluding as many as several million inclusions can be computed in only a few hours using a single
core computer. With such performances, 3D fracture simulations of very large specimens can be
achieved, as illustrated in Fig. 4. It allows for the description of the interaction of a crack with
heterogeneities through two mechanisms : crack trapping, where the crack is pinned by tough
inclusions and bows in-plane between the heterogeneities, and crack deflection, where the crack
by-passes tough inclusions by propagating out-of-plane (see Fig. 4.(a)). We observe in Fig. 4.(b)
out-of-plane excursions of the crack that develop at a scale far larger than the heterogeneity size.
Since the pioneering work of Mandelbrot et al. (1984), it is well-known that fracture surfaces
display a unique scaling behavior referred to as self-affinity. The careful study of the multiscale
structure of the surface roughness is left for future work.

In this study, we focus on the effective fracture properties of brittle composite.Lebihain et al.
(2020) investigated the influence of the fracture properties of the inclusions and their shape on
7



the mechanism selection and its ultimate impact on the effective toughness, considering periodic
arrangements of tough inclusions. We tackle here the difficult question of the effective toughness
of disordered brittle solids both numerically in Section 3 and theoretically in Section 4.

x/d

—0.05

—0.10

. —0.15
Crossing

® By-pass 400 200
z/d

(@ (b)

Figure 4: 3D fracture simulations of large specimens with disordered microstructures illustrating the computational
performance of the newly developed numerical method: (a) propagation through a matrix containing randomly distributed
tough inclusions that have been either by-passed (dark grey) or crossed (light grey); (b) fracture surface topography A(x, y)
normalized by the inclusion diameter d, resulting from the interaction of the crack with about 10° tough inclusions. The
computation takes less than one hour on a single core computer.

3. Intrinsic fracture properties of three-dimensional heterogeneous materials

When a crack propagates in a composite material, it interacts with material heterogeneities.
These heterogeneities may pin the crack front, thus requiring the macroscopic loading to increase
to permit further crack propagation. The prediction of this increased crack growth resistance is
far from being trivial for a coplanar crack interacting with a disordered distribution of tough
heterogeneities (Roux et al., 2003; Roux and Hild, 2008; Patinet et al., 2013b; Démery et al.,
2014a,b). In this case, the crack front may indeed interact with a large number of obstacles si-
multaneously, obliging the front to collectively escape from them to ensure propagation. While
these works provide valuable insights into the influence of the material disorder on fracture prop-
erties, they have overlooked the strong impact of the local interaction mechanisms between the
crack front and the heterogenities on the homogenized fracture properties. On the contrary Gao
and Rice (1989), Bower and Ortiz (1991), Hossain et al. (2014) and Brach et al. (2019) have
studied these mechanisms in great details, and show how they could impact the overall crack
growth resistance. But their study was limited to two-dimensional or periodic microstructures
so that they did not address the role of collective depinning of the crack from obstacles on the
macroscopic toughness. Here, we show that both effects are relevant and should be carefully
captured to predict the effective fracture properties of disordered solids. To illustrate this idea,
we study crack growth in three-dimensional materials embedding a random distribution of tough
inclusions for which a competition between crossing and by-pass mechanisms take place. To
define an effective toughness, we first explore in Section 3.1 the various definitions found in
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the literature. We then describe in Section 3.2 the scale-separation condition under which those
definitions converge to a unique value that can be considered as the intrinsic effective toughness
of the composite material. The influence of the inclusion toughness on the effective toughness
is finally investigated numerically in Section 3.3, stressing out the decisive influence of both the
material disorder and the local interaction mechanisms on the effective fracture properties.

3.1. The effective toughness : three possible definitions for a single material property

Three possible definitions of the effective toughness G can be found in the literature:

00

1. The maximum energy release rate imposed by the loading during crack propagation Gy, .
This definition was adopted by Hossain et al. (2014) and Brach et al. (2019) in two-
dimensional phase-field simulations of the interaction of a crack with elastic and toughness
heterogeneities. It was also used by Vasoya et al. (2016) to characterize the reinforcement
of weak interfaces by a periodic array of tough obstacles. The loading has to be increased
up to G, to break the whole specimen.

2. The average energy release rate imposed by the loading during crack propagation Gy,
This definition was adopted by Patinet et al. (2013b) in numerical simulations of three-
dimensional coplanar crack propagation in disordered systems and Li and Zhou (2013)
in cohesive zone model simulations of two-dimensional crack propagation in composite
ceramics. It quantifies the loading level G;..,, at which crack propagation occurs, without
necessarily leading to total failure of the structure.

3. The effective fracture energy <G£ra°> defined as the average energy dissipated per unit sur-
face during crack propagation. This definition is also explored in this work.

The numerical method presented in Section 2 allows to track the crack front position at each time

step, and thus the evolution of the macroscopic ERR G* over time following Eq. (1), from
which it is possible to measure both its average G..,, and maximum G,,, values (see Fig. 5.(a)).
In Fig. 5.(a), we observe that crack propagation in disordered materials is highly intermittent
(Bonamy, 2009; Barés et al., 2014), and is characterized by two different phases : pinning phases,
during which the crack does not progress and the macroscopic loading increases, are separated
by phases of sudden propagation, during which the loading decreases at a rate % = —% (see
Eq. (1)). The maximum value of the macroscopic ERR Gy, is set by the strongest pinning
configuration, while its average value Gy,.,, is determined from all configurations the crack visits
during its propagation. The latter is thus expected to strongly depend on the structural length
scale £, which controls the loading evolution during crack propagation.

It is also possible to track the energy locally dissipated by the fracture processes during nu-
merical simulations. Indeed, local maps of dissipated surface energy G (z, x) can be computed
from the procedure described in Appendix B. An example of such a map is shown in Fig. 5.(b),
where circular domains are characteristic of the crossing mechanism, while moon-shaped pat-
terns can be ascribed to by-pass events. The larger surface energy patterns with a lower dis-
sipated energy density are the results of kinetic effects during the relaxation of the crack front
perturbation after leaving an inclusion (Chopin et al., 201 8).

We observe in Fig. 7 that the effective fracture energy< G£”°>, defined as the spatial average of

00

G (z, x), is equal to the average energy release rate G%,,, although they stem from markedly
different statistics (see Appendix C). This observation is far from trivial since <G£ra°> is defined

as the average of the field G™° of dissipated surface energy, which is a local quantity set by the

instantaneous ERR G (z, t, 6) (see Eq. 29) that varies along the distorted crack front, while G%ean
9
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Figure 5: Definitions of the effective toughness : (a) G, (in dashed line) and Gy, (in dash-dotted line) defined

max
respectively as the average and the maximum values of the macroscopic ERR G* imposed by the tensile loading during

crack propagation. (b)< G£m> defined as the spatial average of the fracture energy G (z, x) dissipated during crack
propagation, computed from the methodology described in Appendix B.

is determined from G*, which is a macroscopic quantity related to the far-field loading. Recent
works suggest that this observation remain valid in presence of elastic heterogeneities (Dal Maso
and Toader, 2002; Cagnetti et al., 2019; Schneider, 2020)>.

If <G£““C> and Gy, are equal, they do not always coincide with the maximum energy release
rate Go,,.. In particular, the discrepancy between the average energy release rate G,.,, and
the maximum energy release rate G,,, seems to strongly depend on the structural length £ that
controls the evolution of G* (see Fig. 5).

3.2. Towards a unified value of the effective toughness : the decisive impact of the loading
conditions

3.2.1. Impact of the structural length L on the effective toughness

In this section, we investigate the impact of the structural length £ on the maximum energy
release rate G, , the average energy release rate Gy, and the effective fracture energy <G£“‘°>
to determine a scale-separation condition under which an intrinsic value for the effective tough-
ness G can be measured by decoupling the material problem related to GS from the structural
one related to G™.

We run numerical simulations of quasi-static crack propagation at a driving speed v,, =
10~%v, on large disordered systems of size L, X L, x L, = 256d x 288d x 16d containing hundreds
of thousands of inclusions. We consider a distribution of monodisperse spherical inclusions of
diameter d at an inclusion density pj,c = 25% for three different inclusion toughness levels:
G = 1.5GMt, GI"* = 2 G™ and GI™ = 3 G™, The interface toughness is chosen equal to that
of the matrix G = G™, Finally, the structural length £, characteristic of the loading variations,
is varied from 107! d to 10° d. The crack front is discretized with a fine mesh Az = d/16. The
results are averaged over five inclusion distribution realizations®.

2Note that our result is valid in the quasi-static regime, when the driving velocity v,, and the velocity vy characteristic
of the rate-dependent fracture energy is smaller than the Rayleigh wave speed cr. Indeed, it is assumed here that all the

energy available at the crack tip is dissipated through fracture processes due to the rate-dependency of the fracture energy
(see Section 2.3), and not radiated within the bulk through elastic waves.

3 An average over five realizations of the inclusion distribution is performed for all the numerical results presented in
the following.
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Figure 6: Impact of the structural length £ on the evolution of the macroscopic ERR G* during crack propagation :
evolution of the macroscopic ERR G* imposed by the loading while the crack is interacting through the crossing and
by-pass mechanisms with a distribution of tougher inclusions of density pj,c = 25% and toughness G = 2 G,

We plot the evolution of the macroscopic ERR G* imposed by the loading for various struc-
tural length values £ in Fig. 6. The larger the structural length £, the slower the decrease of
G> when the crack propagates (see Eq. (1)). Thus, a large structural length £ ~ 10° d induces a
screening of almost all the subsequent stable pinning configurations. The macroscopic ERR
reduces to a constant function, and G® coincides with G%ean . For an intermediate structural
length £ =~ 10?d, the crack visits a larger number of pinning configurations due to the rapid
decrease of G* during crack propagation: the average value of the macroscopic loading G,
is lowered while its maximum value Gy, remains unchanged since it is determined from the
toughest configuration visited by the crack. When L approaches the size of the inclusion d,
we observe a shift of behavior and both the average value Gq,.,, and the maximum Gy,,, of the
macroscopic ERR are reduced. The interaction between a crack and the inclusions is no more
governed by long-range elastic interactions but rather by local restoring forces encapsulated in
the term —% of Eq. (3). The macroscopic loading required to make the crack propagate is low-
ered due to the dominant contribution of the restoring forces. It must be emphasized that this
effect is purely three-dimensional since it is due to in-plane perturbations along the crack front.
Thus G, is not expected to decay as L decreases in a two-dimensional setting.

The impact of the structural length £ on the effective toughness G is presented in Fig. 7.
Note that for £ = 10°d the three possible definitions for the effective toughness converge towards
a unique value, which can then be unambiguously referred to as the effective toughness G of
the composite. Such a condition is relatively standard in the homogenization theory. However,
the macroscopic length scale £ is here set by the size of the fracture specimen and is affected by
the imposed loading conditions, a feature that highlights the specificity of brittle fracture.

As foreseen by Hossain et al. (2014), the maximum energy release rate G,,, appears to be,
in practice, the most suitable choice to measure the intrinsic homogenized fracture properties of
heterogeneous materials, as it requires smaller specimens. Indeed significant variations start to

appear for £ < 10? - 10° d G2, while they appear for £ < 10* — 10° d for G2, and <G£ra°>

max
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(see Fig. 7). As a result, using G, to measure the effective toughness G induces an error of
about 20% on the reinforcement for £ ~ 103 d, while the error ranges between 30% and 40% for
L£L=~10%d.
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Figure 7: Impact of the structural length £ on the possible definitions of the effective toughness G, , Gy, G2,

max? mean?
Note that they all converge to a same value for a sufficiently large structural length £ < 10°d.

3.2.2. Implications on numerical simulations and experimental set-ups

Our findings raise the question of the choice of the boundary conditions and specimen size
in numerical simulations. In the proposed numerical method, the structural length £ is a pa-
rameter of the model and can be set at will. In FEM-based computational methods, £ is often
set by loading conditions. Recent forefront numerical studies computed the effective toughness
of two-dimensional heterogeneous materials from phase-field simulations using a well-thought
surfing boundary condition (Hossain et al., 2014; Brach et al., 2019). This condition appears to
set L ~ L,, where L, is the height of the simulation domain in the direction perpendicular to
crack propagation. L, is typically no more than one order of magnitude larger than the defect
size, due to computational costs. This leaves no choice but to measure the effective toughness
from the maximum energy release rate Gy,,,, an option that was indeed chosen by Hossain et al.
(2014). It actually allows to predict accurately the effective toughness in two-dimensional cases
since the decrease of G, for £ < 103 d only occurs in three-dimensional settings. However, it
is worth noticing that such boundary conditions might lead to an underestimation of the effective
toughness of disordered materials when transposed into three-dimensions.

From an experimental point of view, the average energy release rate G.,.,,, is the easiest vari-
able to measure since it can be estimated from the total energy released during crack propagation
and thus extracted from the force-displacement curve. Estimating the maximum energy release
rate G, requires to track the evolution of the macroscopic elastic energy release rate during
crack propagation. The procedure is naturally more complex but can be achieved through the
compliance method (Wang and Xia, 2017; Vasudevan et al., 2019) or DIC computations (Roux
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and Hild, 2006; Grabois et al., 2018). The estimation of the local map of dissipated fracture en-
ergy G™ happens to represent a particular conundrum since it requires to track in real-time the
local ERR along the crack front G (z, ¢) as well as the crack trajectory and dynamics, which allow
for the estimation of the local velocity v (z,#). In the case of three-dimensional crack propaga-
tion, this might be possible but nonetheless costly since observing three-dimensional crack front
configurations requires powerful imaging techniques such as in-situ micro-tomography (Renard
et al., 2017; Chateau et al., 2018). Moreover, complex digital volume correlation (DVC) proce-
dures have to be developed in order to estimate the local ERR distribution from the data brought
by the imaging techniques (Lachambre et al., 2015). Finally, Eq. (B-27) supposes to be able to
get all this information at very fine temporal and spatial scales. While recent progress in imag-
ing techniques allows to get such “4D” data sets, it is unlikely that such methods will become
systematic. It ultimately enforces conditions on the specimen geometry that sets the structural
length £, which is usually of the order of the specimen size (Pallares et al., 2009; Vasudevan
et al., 2019). One could either ensure that the structural length is large enough £ ~ 10*d and
measure Gp,.,, from the force-displacement curve or deploy more advanced experimental tech-
niques and extract the effective toughness from G, for £ ~ 10%d. In fracture experiments of
brittle rocks, where the heterogeneity size is typically d = 100 um (Nasseri and Mohanty, 2008;
Chandler et al., 2016), the latter order of magnitude is easily satisfied for a standard 10 cm-size
sample while the former is often violated since it would require a 3 m large specimen®. This re-
mark drives the need for the spreading of advanced experimental methods for fracture properties
measurements such as DIC techniques. Otherwise, experimental measurements might lead to an
underestimation of the effective fracture properties and to size-effect.

3.3. Effective toughness of disordered composite materials

In the remainder of this study, we set the structural length £ = 10°4 to fully decouple the
effective toughness measurements from the structural problem. Crack propagation is made to
occur over a distance L, = L, to ensure that the toughest pinning configuration is visited Kolton
et al. (2013). Variables of interest (front position, local maps of effective fracture energy, etc.)
are recorded after a propagation length L* = \/Lz_d to reach a stationary regime independent
of the initial planar configuration (Patinet et al., 2013b). Under these assumptions, the effective
toughness G can be measured through the evaluation of the maximum value of the macroscopic
ERR imposed by the loading G, :

max*

G = max G*(x) (7)
xe[0,L,]

We now investigate the impact of microstructural features on effective fracture properties and
start by studying the influence of the inclusion toughness on the effective toughness. We con-
sider the case of a single crack propagating in large disordered systems of size L, X Ly X L, =
256d x 288d x 16d, which is large enough to ensure convergence of the results with the system
size (see Appendix D).

Monodisperse distributions of spherical inclusions of diameter d are considered for an inclu-
sion density pinc = 25%. The inclusion toughness varies from GI™ = G™ to GI'® = 4.5 GMa5,

“4For a TDCB specimen, the structural length scale £ is on the order of one third of the specimen size.

SNote that only tougher inclusions are considered in order to promote both the crossing and the by-pass mechanisms
of interaction. Weaker inclusions are always crossed, and the problem reduces to the well-understood case of coplanar

crack propagation.
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which remains within the range of validity of the perturbative approach (Gao and Rice, 1989;
Lebihain et al., 2020). The interface shares the fracture properties of the matrix Gt = GMat,
Examples of the distributions considered are given in Fig. 8.(a-c).
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Figure 8: Impact of the inclusion toughness GI™ on the effective toughness G : (a-c) the crack interacts with large
distributions of spherical inclusions with varying toughness. (d) The effective toughness is estimated from the crack
evolution following Eq. (7). Numerical estimates (in solid line) are compared to numerical results of coplanar
simulations where the crack can interact through the sole crossing mechanism (in dash-dotted line) and periodic
simulations of (Lebihain et al., 2020) taking into account both inclusion crossing and by-pass (in dashed line).

The evolution of the effective toughness with the inclusion toughness is predicted follow-
ing Eq. (7) from 135 simulations in which the crack front interacts through the crossing and
by-pass mechanisms with hundreds of thousands of tough inclusions. The results are plotted in
Fig. 8, where averaged results are plotted in solid lines while individual simulation points are
plotted with cross markers. Numerical results of three-dimensional crack propagation in disor-
dered materials are compared to the ones of coplanar propagation, where the crack interacts with
a disordered distribution of tough inclusions through the sole crossing mechanism, as well as
periodic ones, where both mechanisms are modeled®. A convergence study with the front mesh
size Az is reported in Appendix E.

From Fig. 8, we notice that:

o first, the introduction of inclusion by-pass appears to significantly limit material reinforce-
ment by tough inclusions. Such features have already been highlighted in the periodic case
(Lebihain et al., 2020) and stress out the major influence of the interaction mechanisms on
the effective fracture properties;

e second, the periodic problem does not provide a proper estimate of the effective toughness
of disordered materials. The material disorder seems to play a decisive role in the ultimate
material reinforcement.

Designing brittle composites with optimized fracture properties requires develop a homoge-
nization framework that rationalizes the influence of microstructural parameters such as the in-
clusion toughness on the effective toughness. This framework must take into account the strong

5The periodic results on the effective toughness are inferred from the work of Lebihain et al. (2020) as the average
dissipation for multiple landing heights yianding-
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impact of both the material disorder and the interaction mechanisms on the ultimate material
reinforcement. Section 4 is dedicated to the construction of such a theoretical framework.

4. Homogenization framework for the fracture properties of disordered brittle materials

This section is dedicated to the construction of a semi-analytical framework for the homog-
enization of the effective fracture properties, accounting for the competition between several
mechanisms of interaction between a crack and randomly distributed of tough inclusions. It
builds on the results of Démery et al. (2014b) who developed a theoretical framework for the
homogenization of fracture properties in the case of coplanar propagation, where the toughness
field the crack effectively visits corresponds to the local toughness properties of the material.
The method developed here generalizes this framework by taking into account the respective
contributions of each interaction mechanism on the overall toughness. The proposed homoge-
nization method is applied to three-dimensional disordered composites where two types of local
interaction mechanisms are in competition, namely crossing and by-pass. The efficiency of the
approach is then tested through its ability to capture the impact of the inclusion toughness on the
effective toughness that has been computed through direct simulations in Fig. 8.

4.1. Outline of the homogenization procedure
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Figure 9: Three-step homogenization technique developed to predict effective toughness properties in a
three-dimensional non-coplanar setting.

Démery et al. (2014b) developed a theoretical framework to predict the effective toughness
from the statistical features of the local toughness field G, (z, x), namely its average toughness
(G.), its standard deviation o, and its correlation lengths &;, &;. This framework has been de-
veloped in the case of coplanar crack propagation where the crack can only interact with the
material disorder through the crossing mechanism. Yet, we notice in Fig. 4 that the out-of-plane
deviations of the crack remain relatively small so that crack propagation is not far from planar.
A homogenization scheme is then adapted from Démery et al. (2014b) to tackle the case of non-
coplanar propagation through an equivalent coplanar problem.

Yet, the statistical features of the equivalent coplanar distribution of toughness G¢ " (z, x) can-
not be directly inferred from the three-dimensional distribution of toughness G. (z, x, y). Indeed,
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the interaction mechanism selected by the crack governs the local toughness the crack effectively
visits during propagation: if the inclusion is crossed, the crack visits the inclusion toughness
whereas if the inclusion is by-passed it sees that of the interface. The determination of the equiv-
alent coplanar problem should then derive from the actual crack-tip interaction mechanisms at
play in the original fully three-dimensional problem.

Inspired by standard micromechanical models, we propose a three-step homogenization scheme:

1. First, we break down the full problem of the propagation of a crack in a disordered dis-
tribution of inclusions into multiple simpler problems, referred to as fractured elementary
volumes (FEVs) problems, considering all the possible ways a crack can interact with a
single inclusion and their respective probabilities. This decomposition relies on the ab-
sence of interaction during the out-of-plane by-pass of neighboring inclusions. We refer to
this as the non-collective mechanisms hypothesis.

2. Second, the three-dimensional cell problems provide equivalent coplanar ones, called
equivalent coplanar elements (ECEs), which derive from the way the crack interacts with
the inclusion (crossing or by-pass).

3. Third, the assemblage of all the coplanar cell problems allows to get back to an equivalent
coplanar toughness distribution, from which the statistical features ((G.), o, &, &) can
be inferred under the ergodic assumption. It ultimately allows to estimate the effective
toughness of three-dimensional heterogeneous brittle materials using the coplanar theory
of Démery et al. (2014b).

The procedure is summarized in Fig. 9.

4.2. The influence of material disorder: an insight from statistical physics

We first recall the results of Démery et al. (2014a) and Démery et al. (2014b) on coplanar
crack propagation in heterogeneous materials exhibiting toughness heterogeneities. Let us con-
sider a heterogeneous plane described by its toughness field:

Ge(z,%) =(Ge) + 078 (2, %) ®)

where (G.) is its spatial average, o its standard deviation and g (z, x), the disorder function, a
dimensionless spatial field of unit variance and zero mean value.

At first-order the coplanar equation of motion reads (Démery et al., 2014b):

Vofe .y vm G™( 1 1 - f(Z ),
% ot (Z, t) _VO " <Gc> (1 fo (Z’ t) 7TPV o (Z— Z/)Z dz (9)
o
B TeACTICR I ALY

Démery et al. (2014a) solved Eq.(9) building on an approach inspired by statistical physics
(Larkin and Ovchinnikov, 1979) to predict the effective toughness of disordered material in the
case of coplanar crack propagation. They proved that the effective toughness G relates to the
statistical features of the toughness field G (z, x) through the following equation (Démery et al.,
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2014b):

2
G‘C"ff ={(G.) + (Z >§? if ¢, < L. < L, (Collective pinning regime)
Cc X
Ggﬁ > (G, + 0o if L. < &, (Individual pinning regime) (10)
Ggﬁ ={(G¢) + 0 4 f% if L. > L, (Size-dependent regime)
r4

where &, and &, are the correlation lengths of the local toughness in the front direction (Oz) and

G\ &
(Ge) f—x is the so-called Larkin length that

the propagation direction (Ox), respectively. L. =
Z
relates to the amplitude of the in-plane perturbation through the relation Af, (Az = L.) = &,

where Afi(Az) = <[fx (z+Az,x) - fi (2, x)]2>1/2 is the correlation function of the in-plane front
perturbation. It then provides the characteristic length scale along the front direction over which
the front perturbations become comparable to the inclusion size (Larkin and Ovchinnikov, 1979).
From a mathematical standpoint, the disorder term g, (z, x = f, (z, 1)) in the equation of motion
of the crack (Eq. (9)) then cannot be linearized anymore, and the problem becomes strongly non-
linear.

Equation (10) relates the effective toughness to the statistical features of the toughness field
for three different regimes of propagation:

e when &, < L. < L, the crack propagates in a collective pinning regime. The effective
toughness is governed by the distribution of toughness visited by portions of the crack
front of size L., called “Larkin domains”. An additional toughening %f— then emerges

from the material disorder oo when compared to the periodic situation Ggﬁ = (G,) (Gao

and Rice, 1989). This toughening arises from the competition between the elasticity of the
crack that tends to maintain the front as smooth as possible and the material disorder that
on the contrary tends to roughen it. Roughly speaking, the crack front ends up to get stuck
by the toughest inclusions so it effectively visits regions of the local toughness field that
are tougher than the average value (G.);

e when L. < &, the crack propagates in an individual pinning regime. A Larkin domain
only “sees” one defect and the effective toughness is set by the toughest inclusions so that
(G.) + o only represents a lower bound of G¢';

e when L, > L, the effective toughness depends on the size of the system and an addi-
tional toughening emerges from finite size effects. This effect is thoroughly investigated in
Appendix D.

The effective toughness displays a soft cross-over between the collective regime L, > &, and
the individual pinning regime L. < &,. Thus, in the following, the effective toughness is not
strictly predicted from Eq. (10) but also takes into account the cross-over regime by interpolating
the numerical data of Démery et al. (2014b). Such a soft cross-over also separates the collective
regime from the size-dependent one (see Appendix D) but we do not take it into account in this
study, given that the system sizes L, considered are systematically larger than the Larkin length
L.
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Note that in Eq.(8), G. (z, x) corresponds to the toughness field of the fracture plane that, in
coplanar problems, corresponds to the toughness field actually visited by the crack. For three-
dimensionnal fracture problems where the crack is able to wander out-of-plane and alternatively
visits the toughness of the matrix, the inclusion or the matrix/inclusion interface, the visited
fracture field G¢™* (z, x) does not correspond anymore to any material plane. A comprehen-
sive homogenization framework should then contain appropriate tools to estimate the toughness
distribution actually visited by the crack, from which one can infer the statistical parameters
(Ge), o, &, &, required to predict the effective toughness. The next to sections are devoted to
this issue.

4.3. The influence of the microstructural features: the fractured elementary volume

The first step of the proposed method consists in breaking down the original non-coplanar
problem into multiple cell problems called fractured elementary volumes (FEVs), where a crack
interacts with a single inclusion only.

In the most general case, the composite material is made of a homogeneous matrix and an
isotropic distribution of spherical inclusions S = (S;) of density pi,.. The diameter (i, ;) of the
inclusions (S;), follows a distribution characterized by its probability density function p,. In the
same manner, the toughness (G“‘C) of the inclusions and the toughness (G”“) of their interface
follow distributions described by the respective probability density functions pj,. and pjne. Such
distributions can either be prescribed as assumed here, or result from a statistical analysis based
on experimental measurements.

We call elementary volume (EV) the _cell w containing a single inclusion of diameter di,,
toughness GI", and interface toughness G" embedded at the center of a cube made of the matrix
material, whose edge length L, is given by:

1

T 3

L,=|— dinc (11)
v (6pinc)

so that the inclusion density inside the spherical EV is equal to pjpc.

Q is the statistical ensemble of possible realizations of such EVs. To the ensemble Q is
associated a probability density function pg,. Given that the inclusion diameter and fracture
properties are assumed to be independent variables, it reads:

Pev (@) = pg (dine) * Pinc ( ) Pint (Gmt) (12)

The interaction of the microstructural elementary volume with an incoming half-plane crack
represents a realization wg of a fractured elementary volume (FEV) (see Fig. 10.(a)). This inter-
action is described by the height y, at which the crack penetrates the EV. Given that the inclusions
are isotropically distributed, the distribution of y is uniform in [—%, 7] Its probability density
function p, then reads:

1
m®=z (13)

There are three possibilities for the interaction between the crack and the FEV:
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1. the crack does not meet the inclusion and propagates in the matrix;
2. the crack meets the inclusion and by-passes it;
3. the crack meets the inclusion and crosses it.

Lebihain et al. (2020) described the conditions under which the by-pass mechanism prevail
over the crossing one through a two-dimensional model based on Amestoy-Leblond’s formule
(Amestoy and Leblond, 1992; Leblond, 1999). It has been shown to reproduce accurately the
crossing to by-pass transition on three-dimensional simulations where a crack interacts with
spherical inclusions. The transition between both regimes is given by the following equation:

G 1
G F, (0 + Fuy (0>

where 0 = arcsin(

- ) (14)
mc

For a given toughness ratio GI"/G", the inclusion is crossed for landing heights y close to the
equatorial plane of the spherical inclusion, where the by-pass angle 6, is larger. It is however
by-passed when the crack lands near the top where the tangent angle is low, making the by-pass
easier. If the crack does not encounter the inclusion for [y| > diyc/2, it propagates in the matrix.
This behavior can be summarized within a transition diagram plotted in Fig. 10.(b).
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Figure 10: (a) Elementary volume (EV) of size L, constituted by a single spherical inclusion embedded within a cubical
matrix of size L,. (b) A crack landing at a height y on the inclusion of diameter dj,, toughness Gi“c and interface
toughness G™ can interact through one of three mechanisms (matrix cracking, inclusion crossing, or by-pass), which is
inferred from Eq. (14). This interaction gives birth to a fractured elementary volume (FEV).

The microstructural properties of the inclusion and the landing height being independent
variables, the probability density function reads:

Prev (@) = Py () pa(dine) - Pine (GI™°) - pint (G™) (15)

We note Qp the statistical ensemble of possible realizations of FEV. The assemblage of all
the FEV in QF is representative of the interaction between a crack and a disordered distribution
of tough inclusions in the non-collective limit, when the mechanism selection in one FEV is
independent of that in a neighboring FEV. One thus expects the proposed homogenization model
to work well for small toughness contrast, for which the probability of by-pass is small. Indeed,
we will see later that the out-of-plane front perturbations resulting from by-pass in a FEV can
affect the mechanism selection in neighboring FEVs.

4.4. The influence of the mechanisms of interaction: the equivalent coplanar element

We now have to translate the three-dimensional FEV problem into a coplanar one. G¢ " (z, x)
denotes the toughness field that the crack front actually visits during crack propagation in a given
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WF = (y, dine, GI™, Gicm) € Qp. Matrix cracking and inclusion crossing corresponding to coplanar
propagation, computing G, " is rather straightforward in that case.

For matrix cracking, it is given by:
G (z,x;w) = G™ (16)

For inclusion crossing, G¢ " reads:

. \2
G (z,x;0) = GMif 22 + x* > (d'—z"C) —? (17
G:" (z, x; w) = GI™ otherwise
We now have to translate the impact of inclusion by-pass into an equivalent coplanar defect.
Analytical results cannot be derived given the complexity of the non-linear equation of motion
of Eq. (9). Yet it is possible to compute it numerically from efficient simulations on periodic
arrangements of spherical inclusions.

In-plane distortions of the crack front and its dynamics are the local mirror images of the
toughness field visited by the crack during propagation (Chopin et al., 2011; Patinet et al., 2013a).
The equivalent coplanar toughness field G¢ " (z, x) can thus be inferred from the in-plane defor-
mation of the crack front observed in periodic simulations of inclusion by-pass (see Fig. 11.(a-b)).
We define then G°P as the distribution of ERR along the distorted crack front if its propagation
was coplanar. Combining Eq. (3) with Eq. (5) in the limit where f;, = 0 and 8 = 0, G°P reads at
first-order in the perturbation :

GP(z,1) = G™ () (1 +2 IO G (|1 fo (z,1) p PV N s dz
(18)
Like the field G of dissipated energy (see Appendix B), G°°P can be tracked during crack
propagation (see Fig. 11) and stored in a grid, each value G°°? (z, x) corresponding to the average
of the equivalent coplanar ERR G in this cell.
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Figure 11: Construction of the equivalent coplanar element (ECE): (a) the in-plane deformations of the crack front
during crack-inclusion interaction are linked to (b) an equivalent coplanar ERR G®°P (associated to the crack front profile
marked in red). Tracking the front distortions allows to construct (c) the field G°P, which is then decomposed in a
kinetic part that related to the depinning dynamics from the defect, and a static part that correspond to the equivalent
coplanar element.

We first test this method on the in-plane crossing of an inclusion twice tougher than the
matrix G = 2 G™ interacting with a crack landing at Yianding = 0. The results are plotted
in Fig. 11.(c). It turns out that such a definition of the equivalent coplanar toughness does not
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provide the expected toughness field of Eq. (17). Indeed, the proposed method does not take
account of the rate-dependency G°P (z,f) = G.[v(z,1)] of the fracture energy so that it is not
able to distinguish the dissipation resulting from the raw toughness G (z, x) of the material from
the one resulting from the micro-instabilities taking place during depinning from a defect (see
(Chopin et al., 2018)). Thus G°P corresponds to the kinetic equivalent coplanar toughness field.

In order to remove the impact of kinetic effects that are already embedded in Démery et al.
(2014b)’s coplanar theory, we estimate the average crack velocity v (z, x) on a grid and invert the

kinetic law in Eq. (6). We have then access to the static equivalent coplanar toughness field G

Ggop (Zj, xi) _ Gcop (Zj’ Xi) _ Génal (W] (19)

Note that for a crack speed v equal to the driving speed v,,, both quantities are the same. As
pictured in Fig. 11.(c), G¢** corresponds now to the expected equivalent coplanar toughness field
for inclusion crossing. Besides, such a static field G¢™ (z, x) happens to be independent of the

inclusion spacing L,, as verified from simulations on periodic arrangements of tough inclusions.

The equivalent defect is plotted in Fig. 12 for each of the three mechanisms considered in
the present study. We notice that a slight change in the inclusion toughness modifies drastically
the equivalent coplanar defect shape and its intensity, as the propagation mechanism shifts from
in-plane to out-of-plane. In turn, it will also affect the effective toughness, as explained in the
next part.
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Figure 12: Fracture elementary volumes (FEVs) and equivalent coplanar elements (ECEs) associated with the three
mechanisms considered in the study: (a) matrix cracking, (b) crossing and (c) by-pass at the transition

G icnc = 3.854 GMat from one mechanism to another for a crack landing on the equatorial plane y = 0.

4.5. Estimating the effective toughness of disordered composites: the reconstructed toughness
distribution

Thanks to the procedure described before combined with the interaction diagram of Fig. 10.(b),
we can determine an equivalent coplanar element (ECE) for each FEV realization w; € Qp. Un-
der the ergodic assumption, the spatial average of an observable f on L, X L,, is equal to the
ensemble average on both the surface of the ECEs L, X L, and the realizations Qg. This assump-
tion writes as:

(f (z, x»zE[O,LZ],xE[(),LX] ={f(zx wF)>ze[o,Lp],xe[O,Lp],erQF (20)

Thus, the four parameters (G.), o, &, and &, required to predict G‘C"ff can be inferred from the
assemblage of all the ECEs associated with each FEV realization wg € Qg from the following
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expressions:

1
@)=z ]
& =
0 Jwg

7 (Ge)* =(G?) - (Ge)

Wr, X2

1
& (W) Prey (W) dwg and €, = 12

0

1 Co|
(Ge) = Efff Gc P (2, x; wy) Prev (wp) dz dx dws
‘0 Wy, X, T

G (2, X; we)? Prey (Wp) dzdx de,

(2D
‘fx (wr) Prev (wr) dwy

Wy

where the symbol fw fx fz denotes the integrals over w; € Qp, z € [O, Lp] and x € [O, Lp].

Examples of the equivalent distribution of toughness G
blage of all ECE realizations computed through the homogenization procedure are plotted in
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Fig. 13.

g E g
£ 10'4 i ' £ .
g I g
S Pl S
g [ N k-
2 Eu . 2 Eu
z O 10714 h N B O
c < I . s oo~
9 & i att 3 &
R i : R
E ~~"10-3 ' A Geop i, . = —"10-3] i Av ‘ Geop S
F o~ - Vemg€< P) At ALt T o ---- Average (G¢ >
s s Crossing and by-pass 4ome g s Crossing and by-pass ‘.
E »  Crossing only E »  Crossing only

1075 ———— T T 10754 — T T

1.0 15 2.0 25 3.0 1 2 3 4
Equivalent ccgglanar toughness Equivalent cc(gglanar toughness
t t

(a) <P/ Gma (b) <P /G

Figure 13: Equivalent coplanar toughness distribution accounting for the competing crossing and by-pass mechanisms :

the toughness distribution is extracted from the procedure described in Section 4.4 for an inclusion density pjpc = 25%

and inclusion toughness GI"® = 2 G™ (a) and GI™ = 4 G™ (b). Red square markers correspond to the case where the

sole crossing mechanism is accounted for while black triangular markers combine the competing effect of both crossing
and by-pass mechanisms.

By combining Eq. (10) with Eq. (21), it is possible to predict the effective toughness in the
case of non-coplanar propagation. Section 4.6 is dedicated to the validation of the proposed
approach through the influence of the inclusion toughness on the effective toughness studied in
Section 3.3.

4.6. Model predictions for increasing inclusion toughness

We first use the homogenization framework to investigate the influence of the inclusion
toughness on the effective toughness and compare the predictions to the numerical results plotted
in Fig. 8.

In Section 3.3, we considered a composite with only one type of inclusions of size 4 and
toughnesses G and G™. The probability density function p, of a FEV realization wg € Qg
then reads:

1 o A A A
Prev (W) = L_ 5 (dipe — d) - 6(G1Cnclu51on _ Glcnc) . 6(Glcnterface _ Glcnt) (22)
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where ¢ is the Dirac function.

We then go through each step of the homogenization procedure described in Section 4.1 and
compare the homogenization-based predictions to the simulations results in Fig. 14.

We observe that the homogenization framework allows not only to predict the overall fracture
properties of composite materials but also to quantify the influence of microstructural parameters
on the effective toughness. When the inclusions get tougher, by-pass interactions progressively
prevail over inclusion crossing and two mechanisms are at play:

o First, the toughening contribution of by-passed inclusions does not increase with the inclu-
sion toughness (Lebihain et al., 2020), while that of the crossed inclusion keeps increasing
(Gao and Rice, 1989). Indeed, when the inclusion is by-passed, the crack propagates along
the interface between the inclusion and the matrix so that the toughness of the inclusion is
no more relevant in the process. The toughening contribution of by-passed inclusions is
then frozen.

e Second, when the mechanism shifts from crossing to by-pass, the equivalent coplanar
defect the crack actually experiences becomes weaker (see Fig. 12). By-passed inclusions
then effectively weakens the material.
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Figure 14: Impact of the inclusion toughness GI™ on the effective toughness G for the coupling of crack trapping and
crack deflection : the averaged effective toughness measured from numerical simulations following Eq. (7) (in solid
black line) is compared to theoretical predictions of the homogenization framework (in dashed black line). Cross
markers represent individual simulation points.

The first effect accounts for the progressive loss of toughening rate Zg—i The second ef-
fect explains the decrease of the effective toughness with the toughness inclusion after the peak.
Within our homogenization procedure, this effect results from the decrease of both the average
value (G.) and the standard deviation o of the equivalent coplanar distribution (see Fig. 13).
Combining both effects, this explains why the effective toughness reaches a maximum for Gi"® ~
2.7 G™" and then decreases for larger inclusion toughness levels. This decrease in overall tough-
ening of the composite could be promoted in presence of weak interfaces (GI"® < GM) that
promote inclusion by-pass. These results are not shown in the present paper for clarity and
brevity reasons, but can be found in Lebihain (2019).
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We notice that the homogenization-based predictions are in excellent agreement with numeri-
cal results up to G ~ 3 G™, This shows that the proposed framework contains the fundamental
ingredients for the homogenization of fracture properties in disordered media. The homogeniza-
tion framework reproduces with great accuracy the loss of toughening rate as well as the position
and the value of the maximum effective toughness. Above this inclusion toughness level, the
proposed model predicts a subsequent decrease of the effective toughness but over-estimates it
substantially.

Such a discrepancy can have multiple origins, which can be related to each step of the ho-
mogenization procedure: the non-collective hypothesis for the FEV’s mechanism selection, the
determination of the equivalent coplanar defect, or the homogenization framework for coplanar
propagation. In particular, the non-collective hypothesis might be questionable for large inclu-
sion toughness ratios GI"/G™ since more frequent by-pass events occur. It may challenge the
assumption that the crack is perfectly plane when it lands on an inclusion and thus modify the
way crack and inclusions interact with each other. In Fig. 15, we plot the respective probabilities
of the occurrence of the crossing and by-pass mechanisms during the computed interaction of a
crack with a large distribution of inclusions. We see that theoretical predictions from Eq. (14)
are only valid at a low toughness ratio GI"/G™ = 2 (Fig. 15.(a)) while they differ from numer-
ically observed interactions at high toughness ratio GI"/G™ = 4 (Fig. 15.(b)). In particular, a
larger portion of inclusion is crossed, which accounts for the mismatch in the plateau value of
the effective toughness curve in Fig. 14.
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Figure 15: Probability of the crossing and by-pass mechanisms as a function of the crack landing position Yjanding : the
probability is calculated via numerical simulation of a crack interacting with an inclusion distribution of density
Pinc = 25% and toughness Gic“C =2GM" (a) and Gic"C =4 GM™" (b). Numerical results in solid lines are compared with
theoretical predictions from Eq. (14) in dashed lines.

This discrepancy results from the landing on an inclusion with a non-zero angle, as a result
of its interaction with another inclusion met previously. This illustrates the need for future ex-
tensions of the proposed model to take into account possible interferences between neighboring
inclusions. Such an extension has been proposed in Lebihain (2019) and has been shown to
significantly improve model predictions.
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5. Towards tailored composite with increased fracture toughness

The objective of this last section is twofold: (i) to investigate the impact of microstructural
properties on the effective toughness of disordered materials; (ii) to validate our homogeniza-
tion model by comparing numerical results to analytical homogenization-based predictions. The
homogenization model proposed in Section 4 provides physical insights on the effect of mi-
crostructural parameters on GST. Tt consequently provides new design strategies to improve the
material toughness by varying either the material disorder (and consequently (G.), o, &;, &) or
the interaction mechanisms (and consequently the equivalent coplanar element of Section 4.4).
These two different strategies are illustrated by investigating respectively the influences of the
inclusion density in Section 5.1 and the inclusion shape in Section 5.2.

5.1. Toughening from material disorder: the influence of the inclusion density

We first explore how to toughen a brittle material by tuning the microstructural disorder. As
a result, we focus first on the influence of the inclusion density on the effective toughness of
heterogeneous materials. We consider crack propagation in large monodisperse distributions of
spherical inclusions of diameter d at varying density levels p;,. € {10%,50%}. The inclusion
distributions are generated using the procedures detailed in Appendix A. As before, the inclu-
sion toughness varies from Gi"® = G to GI™ = 4.5 G™, while the interface shares the fracture
properties of the matrix GI™ = G™. Some examples of the considered distributions are given in
Fig. 16.(a-c).
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Figure 16: Impact of the inclusion density pjnc on the effective toughness GSE: (a-c) the crack interacts with large
distributions of spherical inclusions with varying toughness and density. (d) The effective toughness is estimated from
the crack evolution following Eq. (7). Numerical results (in solid lines) are compared to theoretical predictions of the

homogenization model (in dashed lines).

As could be anticipated, a denser distribution of inclusions induces an additional toughen-
ing of the composite material through the increase of the average (G.) of the visited toughness
distribution and its standard variation o-. Interestingly, the position of the maximum of G¢ at
G™® ~ 2.7G™ does not vary with the inclusion density. Indeed, the position of the maximum
results from the crossing to by-pass transition, which is not affected by the inclusion density
(Lebihain et al., 2020). We see that the homogenization framework gives quantitative predic-
tions up to GI"® ~ 3 G™*, which accounts for a precise determination of the maximum position.
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We can nonetheless notice some mismatch for both high inclusion densities, where strong out-
of-plane perturbations challenge our hypothesis of zero landing angle, and for low inclusion
densities, due to finite-size effects’. Above 3 G the model predictions are no more quantita-
tive due to collective effects on the interaction mechanism selection as explained before.

We now seek to determine an analytical expression linking the inclusion density and the
effective toughness. For each realization wg € Qp of a FEV, we first define an equivalent coplanar
defect of area S gefecy and toughness contrast cgefecy SO that the toughness field of the ECE G

reads:
Ge™ (7, %) = GM™U[1 + Cgefect (2, X)] inside the defect

(23)
G (z, x) = G™ outside of it
Examples of such a coplanar toughness field and contrast defect cgefect are given in Fig. 12.
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Figure 17: Impact of the inclusion density on the effective toughness: (a) scaling between (Gﬁff - G"““) /G™ and the
inclusion density pinc and comparison with the theoretical prediction of Eq. (25); (b) rescaling®f the curves of
Fig. 17.(a) using the relation (25)

We then use the homogenization procedure of Eq. (21) to compute the parameters:

1
(Go) /Glcnat =1+ E {CdefectS defect)

1 ! 1 , (24)
2 _ 2
o= Iz ((Cdefects defect> = 2{CdefectS defecl>) + 7 (CdefectS defect)

where S gefect and Cefect are the area and the toughness contrast characterizing the equivalent pla-
nar toughness field. (-) denotes the average on both the surface L, x L, of the ECEs and the
realizations Qf.

Using these expressions, Eq. (10) provides at the lowest order in pjyc:

eff mat
Gc _Gc o 2/3
Gmat P inc
c

(25)

"The crack is then only pinned by rare defects and propagates in the weak pinning regime. The associated Larkin
length is then larger than the system size, L. < L., a regime that is included in our theoretical model.
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This scaling, which corresponds to the projection of a volumetric density onto an area density,
is compared with numerical simulations in Fig. 17.(a). The rescaling based on Eq. (25) is shown
in Fig. 17.(b).

5.2. Toughening by tuning the interaction mechanisms: the impact of the inclusion shape

We now want to improve the material toughness by tuning the mechanisms selected by the
crack during its interaction with tough inclusions. Lebihain et al. (2020) showed that the mech-
anism selection and the subsequent toughening contribution were largely governed by the in-
clusion geometry. We show here that changing the inclusion shape from sphere to a cube can
strongly increase the inclusion-induced reinforcement, a feature that is grasped quantitatively by
the homogenization framework proposed in Section 4.

We consider monodisperse distributions of cubical inclusions at a density pj,c = 20%, as
depicted in Fig.18.(a). Each cubical inclusion is described by its edge length d and its inclination
Binc, defining its rotation in a clockwise direction around the z-axis (see Fig. 19.(a-b)). The in-
clusion toughness varies from G = G™ to GI™ = 4.5 G™, while the interfaces share the same
fracture properties as the matrix. The results of 90 simulations are plotted in Fig.18.(d) and com-
pared to three-dimensional crack propagation in disordered materials with spherical inclusions
(Fig.18.(b)) as well as coplanar crack propagation in disordered fiber composites (Fig.18.(c)).
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Figure 18: Impact of the inclusion shape on the effective toughness GS : the crack interacts with randomly distributed

of (a) cubical inclusions, (b) spherical inclusions, or (c) fibers with varying toughness but constant density pinc = 20%.

(d) The effective toughness is estimated from the crack evolution following Eq. (7). Numerical results (in black lines)
are compared to theoretical predictions of the homogenization model (in red lines).

First, we observe that the reinforcement induced by cubical inclusions is three times larger
than the one triggered by spherical inclusions. Such a shift in behavior emphasizes the strong
dependence of the macroscopic fracture properties on the material features at a microstructural
scale. Second, we notice that, up to GI"/G™ ~ 2.5, the effective toughness emerging from mi-
crostructures with cubical inclusions remains close to the effective toughness of fiber-reinforced
composites, for which crack propagation is planar. This suggests that the by-pass of inclusions
that controls the weakening observed at large inclusion toughness, is much rarer for cubic inclu-
sions than for spherical ones.
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The cubical geometry of the inclusions presents indeed an interesting property with respect
to the spherical inclusion: the deflection angle 6,,, remains constant during by-pass. This feature
prevents the crack from realigning with the direction (Ox) imposed by the macroscopic Mode 1
loading. As the crack goes out-of-plane and by-passes the inclusion, it is dragged back to the
main fracture plane by an increasing long-range Mode II contribution (see Eq.3), leading it to
leave the matrix/inclusion interface and ultimately cross the inclusion. The crack-inclusion in-
teraction then involves not two, but three mechanisms: a crossing one where the crack penetrates
the inclusion, a by-pass one where it propagates along the interface, and a repenetration one that
constitutes a mix between the two previous ones during which the crack crosses the inclusion af-
ter an initial by-passing phase. Mechanism selection is controlled by the height yjanding at which
the cracks lands on the inclusion, its inclination S;,., which controls the deflection angle 6.y, as
well as its fracture properties GI™. It can be summarized in the transition diagram of Fig. 19,
which has been computed from 22,000 periodic simulations.
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Figure 19: Crack interacting with a cubical inclusion of edge length d and inclination Sj,c: (a) three-dimensional view

and projection in the (x M y) plane. (b) Transition diagram obtained from 22,000 simulations with various toughness

ratios G ic“c /G™ inclusion inclinations SBiyc, and landing heights Ylanding/d. Three interaction mechanisms are observed:

the (c) crossing and (d) by-pass mechanisms are separated by a transient phase of (c) repenetration, where the crack
starts to by-pass the inclusion before crossing it.

We then go through the homogenization procedure developed in Section 4 that is adopted here
to predict the reinforcement of a material by disordered distributions of cubical inclusions. For
each FEV (yland,-ng, dinc, Binc> Gic“c, Gicm, y) € Qr (see Fig. 20.(a-c)), one can infer the interaction
mechanism selected by the crack from the transition diagram of Fig. 19.(b) and the associated
ECE (see Fig. 20.(a-c)) computed from thousands of efficient periodic simulations. The assem-
blage of the ECE:s for all possible realizations finally allows for the determination of the average
(G,), standard deviation o (G.), and correlation lengths &, and &, of the equivalent coplanar
distribution under the ergodic assumption. Equation (10) finally leads to the prediction of the
effective toughness. Such predictions are plotted in red lines in Fig. 18. We observe that the
proposed model reproduces the additional toughening triggered by the change in the geometry
up to G ~ 3G™M After that, the selected mechanisms start to depend on interactions with
neighboring particles.

The homogenization framework provides rich insights into the physical mechanisms lying
behind the predicted toughening. First, we observe on Fig. 19.(b) that the crossing to by-pass
transition is no more sharp, as was the case for spherical inclusions, but involves a transient
repenetration phase, where the crack explores both the toughness of the interface during the
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initial by-pass and that of the inclusion during its subsequent crossing. The repenetration mecha-
nism then generates a contribution to the ultimate material toughening that is similar to inclusion
crossing, as it can be seen from the respective ECEs plotted in Fig. 20.(a-c). It extends the
regime over which the composite is reinforced by crack trapping, accounting for the increased
toughening observed up to GI"® ~ 3 G™, Second, the cubical geometry improves the toughening
potential of crack deflection by preventing the crack to realign with the direction of propagation
(Ox), as can be observed by comparing ECEs for the by-pass of a spherical inclusion (Fig. 12.(b))
and a cubical one (Fig. 20.(c)). This effect accounts for the higher effective toughness plateau
which appears from G ~ 3.7 G™" as well as the absence of a local maximum on G,
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Figure 20: Homogenization scheme for the prediction of effective fracture properties of a composite material with
cubical inclusions: fractured elementary volumes (FEVs) and associated equivalent coplanar elements (ECEs) are
inferred for each three mechanisms of interaction — (a) crossing, (b) repenetration, and (c) by-pass.

Thus, a slight change in the inclusion geometry can have dramatic consequences on the ef-
fective fracture properties by modifying the mechanisms of interaction occurring at the crack tip
as well as their individual toughening potential. Their ultimate contribution to the overall mate-
rial toughening can be grasped in a disordered setting through the homogenization framework of
Section 4.

5.3. Extension of the proposed approach to a broader class of material microstructures

The LEFM-based numerical method proposed in Section 2 allows to model crack interac-
tion with large disordered distributions of tough inclusions through both crossing and by-pass
mechanisms. Its unprecedented numerical performances represent a prerequisite to address the
question of the homogenization of brittle fracture properties from a numerical point of view.
Such performances are dependent on strong assumptions that limits its domain of applicability,
namely the inclusions and the matrix are assumed to share the same elastic properties, and in-
clusion debonding or micro-cracking processes ahead of the crack tip are absent. However, the
numerical simulations of Section 2 should be considered as a case study to challenge and validate
the homogenization framework proposed in Section 4 that aims at a much wider scope. Indeed,
it provides the core ingredients to predict the effective toughness of disordered materials for a
broader class of heterogeneities and interaction mechanisms, as is detailed below.

First, the perturbative approach of Section 2 is restricted to spatial variations of toughness
only. To overcome this limitation, the interaction between a crack and a single inclusion could
be addressed with more general computational tools (e.g. phase-field models (Clayton and Knap,
2014; Nguyen, 2015; Nguyen et al., 2017a)) to identify the mechanisms involved during crack
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propagation and the conditions under which one mechanism prevail over the others 3. From these
simulations, one could follow the very same approach as proposed in Section 4.3 and construct
a catalog of fractured elementary volumes wg to each of which would be ascribed a given mech-
anism and an associated probability pyzy (wp). Second, the individual contribution of each FEV
to material toughening could be estimated by looking at the in-plane deformation of the crack
front during the crack-inclusion interaction, following the approach developed in Section 4.4.
Third, one could reconstruct the toughness field that the crack actually experiences during crack
propagation from the assemblage of all FEVs under the ergodic assumption, and predict the ef-
fective toughness of disordered materials using tools borrowed from statistical physics like in
Section 4.5.

This approach could be used to explore the impact of microstructural features (e.g. fracture
properties and geometry of the inclusions) on the effective fracture properties and design new
strategies to improve the overall toughness of composite materials by tuning either the mate-
rial disorder, or directly the mechanisms occurring at the crack-tip during the crack-inclusion
interaction.

6. Conclusion

This study aimed at building a comprehensive homogenization framework that predicts in-
trinsic effective fracture properties, taking into account the decisive impact of both the material
disorder and the crack-tip mechanisms of interaction of a crack with microstructural hetero-
geneities. Our approach builds on the specificities of brittle fracture : (i) an evolution problem
that (ii) is related to a structural problem as required by Griffith’s theory and (iii) involves dissi-
pative processes localized at the crack tip.

First, one has to model crack propagation in heterogeneous materials to predict effective
fracture properties. Use was made for this purpose of the semi-analytical method developed in
(Lebihain et al., 2020), whose core ingredients were recalled in Section 2. Based on the perturba-
tive approach of Linear Elastic Fracture Mechanics (Gao and Rice, 1986; Movchan et al., 1998),
it allows to efficiently compute the Stress Intensity Factors during the interaction of a crack with
spatial heterogeneities of material toughness. The combination of the discontinuity of toughness
at the inclusion/matrix interface and the Generalized Maximum Energy Release Rate criterion
(GMERR) (He and Hutchinson, 1989; Gurtin and Podio-Guidugli, 1998) allows to model the
competition between the in-plane crossing of a tough inclusion and its out-of-plane by-pass. The
three-dimensional crack propagation in large disordered distributions of tough inclusions can be
computed with remarkable computational efficiency, a feature that provides the basic tools to
address the question of the homogenization of brittle fracture properties.

Second, intrinsic effective fracture properties can be defined by decoupling the material prob-
lem from the structural one through the choice of suitable boundary conditions. In Section 3, we
revisited the concept of effective toughness G, and unified the three definitions proposed so far,
namely :

8Three-dimensional simulations of a crack interacting with a single inclusion have already been computed with phase-
field models at acceptable computational times (Nguyen et al., 2017b).
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o the effective toughness as the averaged fracture energy dissipated by the fracture process
<G£rac>;

o the average value G, of the ERR during crack propagation, taking advantage of the
coupling between the material problem and the structural one;

o the maximum value G,

of the ERR during crack propagation.

In particular, we showed that these three definitions converge to a single value under the scale-
separation condition :

00

L= —G""/ai > d (26)
ox

where the structural length L is related to the boundary conditions and the specimen geometry
and d is the heterogeneity size. This condition enforces further restrictions on the experimental
set-ups designed to measure effective fracture properties, as well as on the boundary conditions
used in numerical simulations of crack propagation in composite materials.

Third, the influence of the material disorder and the interaction mechanisms on the effective
toughness can be grasped within a comprehensive homogenization framework. Inspired by mi-
cromechanics and statistical physics, it relies on an accurate description of the conditions (e.g.
mechanical and morphological properties of the inclusions) under which an interaction mech-
anism prevails over the others and its individual contribution to material toughening. These
contributions are then added up thanks to the framework developed by Démery et al. (2014b)
that accounts for the toughening induced by the collective pinning of a planar crack by an as-
sembly of randomly distributed obstacles. This approach has been validated through systematic
comparisons between homogenization-based predictions and numerical results produced by the
perturbative model. It successfully predicts the impact of the competing crossing and by-pass
mechanisms triggered by toughness heterogeneities on the effective toughness of heterogeneous
brittle materials. It has been shown to yield quantitative predictions for spherical and cubical
inclusions up to 3 times tougher than the matrix GI™ = 3 G™ | at densities up to pj,c = 50% in
a non-collective situation, where the mechanism selection is not influenced by previous interac-
tions. A collective scheme has been proposed in Lebihain (2019) to extend the predictive range
of the proposed homogenization framework.

Both numerical and theoretical results highlight the substantial impact of a wide range of
microstructural parameters on material reinforcement, from which one can infer guidelines for
microstructural design :

e no matter the toughening mechanism involved, the toughness increase has been shown to

scale with the inclusion density as plzn/f "

o the by-pass mechanism is detrimental to material reinforcement, since it activates crack
deflection whose contribution to material toughening is often lesser than that of crack
trapping ;

e one can vary the inclusion geometry to delay inclusion by-pass by promoting inclusion

repenetration. One can use cubical inclusions or alternatively pellets to promote such a
mechanism.
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Finally, if the proposed homogenization method has been applied here to inclusion cross-
ing and inclusion by-pass, it aims at predicting effective brittle fracture properties in a much
wider scope. Much richer crack-inclusion mechanisms of interaction (e.g. inclusion debonding
or crack denucleation/renucleation at the interface of an elastic heterogeneity) can be addressed
through powerful computational methods (e.g. phase-field models (Hossain et al., 2014; Clayton
and Knap, 2014; Nguyen, 2015; Nguyen et al., 2017a; Brach et al., 2019) of crack propagation
in heterogeneous materials). The individual contribution of the competing toughening mecha-
nisms can be inferred by looking at the resulting in-plane deformations of the crack front that
mirrors the toughness the crack actually experiences during its propagation. These contributions
are then used to predict the effective toughness of disordered materials, following the method
proposed in Section 4. Such an approach paves the way for the rational design of composites
with unprecedented failure properties.
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Appendix A Numerical implementation of the theoretical model

Microstructure generation.

Random isotropic non-overlapping microstructures are built using the so-called random se-
quential addition algorithm proposed by Widom (1966) which consists in placing randomly and
sequentially non-overlapping spheres in a fixed volume. This procedure works efficiently for
low densities (up to 30%) or highly polydisperse microstructures. For higher densities and low
diameter dispersion levels, we use the algorithm proposed by Delarue and Jeulin (2011) that con-
sists in starting from a dense ordered cubic close-packing of inclusions, and then randomizing
it by deleting or moving some of them. These efficient methods permit to generate large-scale
isotropic disordered microstructures (typically 10° inclusions) within short computation times.
Some examples of the generated microstructures are shown in Fig. 8, Fig. 16, and Fig. 18.

Explicit scheme for crack propagation in heterogeneous brittle materials.

The computation of the crack evolution employs an explicit scheme that predicts the configu-
ration of the front at time ¢+ A¢ from its configuration at time ¢. The crack front is discretized into
N points (M;)e[; ) separated by a uniform distance Az = % First, the angular distribution of
the local ERR G’ (0) is inferred from the instantaneous macroscopic loading G* () after Eq. (1)
and the pertubed SIF (K;,), computed by a Fast Fourier Transform (FFT) from the current front

position (x + fi \’, zi) using Eq.(3). It is then compared to the angular distribution of the local
toughness G' (0) to infer the local velocity V' in the direction & in the (xM,y)-plane from the
kinetic law of Eq. (6) and the GMERR criterion of Eq. (4). The time step At is finally estimated
from a Courant-Friedrichs-Lewy condition combined with an acceleration procedure based on
the physics of depinning Lebihain et al. (2020).

Appendix B Estimation of the dissipated energy during crack propagation

The proposed numerical method allows us to determine the density field G (z, x) of dis-
sipated energy from the rate of energy released during propagation. As pictured in Fig. 21, we
first discretize the mean fracture plane (zOx) with cells of size A¢. For a grid cell located in
(x[, z j), we note f;, and ., the time at which the crack front respectively enters and exits the cell
(Fig. 21.(a)). Using Griffith’s criterion G = G, valid during crack propagation (v > 0), the energy
dissipated by fracture during propagation reads:

w2 HAC)2
ER = f G (z,0)v(z, 1) dzdt 27
’ e Jz—AL/2

where v (z, t) is the instantaneous crack speed along the local crack propagation direction.

We have to normalize this dissipated energy by the cracked surface area. Due to out-of-plane
excursions of the crack front, a crack does not propagate over a distance A¢ but instead over a
distance:

As(z) = fﬂmv(z,t)dt (28)

in
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Figure 21: Effective fracture energy density, defined as the energy per unit surface required to crack an elementary
surface in the (zOx) plane (a) taking into account the out-of-plane excursions (b).

due to the tortuosity of the crack (see Fig. 21). However, we chose to normalize the local dissi-
pated energy Elf’;‘c by A¢? rather than Af - As. The field of dissipated energy then reads:

[Gim]i, = AL{;ZEI'J =

1 Tout
),

2+AL/2
LA[/Z

Gz, )v(z, t)dzdt

(29)

This procedure is used to to construct local maps of dissipated energy G (z, x) such as the
one pictured in Fig. 5.

Appendix C Statistics of the fracture energy and the macroscopic loading

As stated in Section 3.1, the field G of dissipated surface energy, which is a local quantity
set by the instantaneous ERR G (z, t, 6), while G* is a macroscopic quantity related to the far-
field loading. Their instantaneous values are thus expected to be significantly different. This is
confirmed in Fig. 22, where are plotted the probability density functions of G and G*.
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Figure 22: Probability density function of (a) the macroscopic loading and of (b) the effective fracture energy for a
crack interacting with a large number of randomly distributed inclusions of density pinc = 25% and toughness
Gicnc =2 G, Note that this markedly different statistics have the same average values < G?a°> =G

Crack propagation in disordered materials is highly intermittent (Bonamy, 2009; Barés et al.,

2014) and composed of pinning phases separated by phases of sudden propagation, called “avalanches”.
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During these avalanches, the crack visits multiple pinning configurations, which might not be
strong enough to arrest the crack for a given macroscopic loading G* (x). As shown by Roux and
Hild (2008), this peculiar dynamics leads to a Gaussian probability of G™(x) centered in Gpy,na
feature that is observed in our numerical simulations (see Fig. 22.(a)).

The probability density function of the field G of dissipated energy, which is plotted in
Fig. 22.(b), shows a behavior markedly different from that of the macroscopic loading G*in Fig.
22.(a). We can observe two peaks, one centered around the matrix toughness G™* and an-

other one around the inclusion toughness GI". These two peaks are surrounded by two regimes
corresponding to the relaxationo f the crack front perturbation out of the defects. The fact that
their respective averages of the ,< G£m°> and G}, » are found equal is then far from trivial, espe-
cially in our numerical experiments where out-of-plane excursions of the crack are considered.

Appendix D Impact of the system size L, on the effective toughness of disordered mate-
rials

The intrinsic homogenized toughness of Section 3 is estimated here from numerical simula-
tions performed on finite-size systems that may not be representative of the macroscopic response
of the structure as a whole. The decoupling of the homogenization problem from the loading con-
ditions as well as the size L, of the system in the propagation direction (Ox) have been explored
in Section 3.2. We investigate here the impact of the system size L, on the effective toughness.

We consider a semi-infinite crack propagating in a heterogeneous medium consisting in a
homogeneous matrix and a monodisperse distribution of spherical inclusions of diameter d and
density pipc = 25%. The width of the system in the (Oz) direction varies from L, = 16d to
L, = 512d. The crack propagates along a distance L, = 588d to allow small-scale systems
to visit enough pinning configurations. Moreover, we consider three inclusion toughness levels
GiC“C/GQ1at € {1.5,2,3}, while the interface toughness remains equal to the one of the matrix
Gt = Gt Results are plotted in Fig. 23.
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Figure 23: Impact of the system size L. on the effective toughness Ggﬁ for the coupling of crack trapping and crack
deflection: (a-c) the crack interacts with large-scale distributions of spherical inclusions with varying system size. (d)
The effective toughness is estimated from the crack evolution following Eq. (7).

We notice that the effective toughness increases for small L, but converges toward a constant
value for large system size, which corresponds to the intrinsic effective toughness of the disor-
dered material. The initial toughening for small system size can be rationalized using the work
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of Démery et al. (2014b): size-dependent effects arise when the system size L, is of the order of

2
the Larkin length L, ~ (%) ‘f—z, which controls the effective toughness of disordered materials.
Eq. (10) predicts that the effective toughness can be renormalized following:

eff _
Ge ~(Go) = max{ (30)

&

TNL
To confirm this prediction, we run simulations of coplanar propagation® of a crack interacting
with an inclusion distribution of toughness GI"* = 1.5 G™" and density pi,c = 25%. This sets the

Larkin length to L. ~ 75d. We consider system size ranging from L, = 8d up to L, = 4096d.
Results are plotted in Fig. 24.(a) and renormalization of Eq. (30) is performed in Fig. 24.(b). We

observe that the normalized toughness (G§ff - (GC)) Jo \/ii shows indeed a dependence in é—
when L, < L..
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Figure 24: (a) Impact of the system size L, on the effective toughness Giﬁ for coplanar crack propagation. (b) The
effective toughness is normalized following Eq. (10).

The presence of a soft transition between the size-dependent L, < L. and collective regimes
L. > L. is nonetheless likely to induce errors in theoretical predictions of the effective toughness
for L, ~ L.. In the remainder of this paper, we set L, = 256 d to ensure that the crack propagates
in the collective regime. Note that a large Larkin length implies that the material disorder o is
small or that the typical size &, of the defects in the propagation direction is large. In that case,
(G.) constitutes a reasonable estimate of the effective toughness (Patinet et al., 2013b).

Appendix E Impact of the mesh size Az on the effective toughness of disordered materials

We reproduce the study described in Section 3.3 for various mesh size ranging from Az = d/4
to Az = d/32. Numerical results are plotted in Fig. 25.

A coarser discretization overestimates the effective toughness, especially at high inclusion
toughness levels where by-pass events are predominant. It is due to the fact that a coarser mesh
may lead to an overestimation of the deflection angle for inclusion by-pass (see Fig. 25.(b-e)),

9Coplanar simulations are computationally more efficient, allowing thus to explore larger system sizes.
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which controls the effective toughness of heterogeneous materials (Brach et al., 2019; Lebihain
et al., 2020). As soon as Az < d/8 the effective toughness estimates converge towards the same
value. We thus adopt a fine mesh Az < d/16 for the remainder of this paper, which constitutes a
reasonable compromise between computational cost and numerical accuracy.
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Figure 25: (a) Impact of the front mesh size Az on the effective toughness G for the coupling of crack trapping and
crack deflection: (b-e) the front is discretized at a varying mesh size Az leading to different inclusion geometries.
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