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KISSING NUMBERS OF REGULAR GRAPHS

We prove a sharp upper bound on the number of shortest cycles contained inside any connected graph in terms of its number of vertices, girth, and maximal degree. Equality holds only for Moore graphs, which gives a new characterization of these graphs. In the case of regular graphs, our result improves an inequality of Teo and Koh. We also show that a subsequence of the Ramanujan graphs of Lubotzky-Phillips-Sarnak have super-linear kissing numbers.

Introduction

We define the kissing number Kiss(G) of a graph G to be the number of distinct shortest oriented cycles in G, whose common length is called the girth of G. The kissing number can be similarly defined for any length metric space. Besides for graphs [START_REF] Teo | The number of shortest cycles and the chromatic uniqueness of a graph[END_REF][START_REF] Azarija | Moore graphs and cycles are extremal graphs for convex cycles[END_REF], this invariant has been studied for flat tori [START_REF] Conway | Sphere packings, lattices and groups, volume 290 of Grundlehren der Mathematischen Wissenschaften[END_REF][START_REF] Vlȃdut | Lattices with exponentially large kissing numbers[END_REF] and hyperbolic manifolds [Sch94, SS97, Par13, FP15, FBP19]. The name comes from the fact that to any flat torus corresponds a sphere packing of its universal cover, and the kissing number represents the number of spheres tangent to any given sphere in this packing. For inhomogeneous spaces like finite graphs or hyperbolic manifolds, this picture is no longer accurate, but the name is kept by analogy.

The Moore bound says that a d-regular graph of girth g has at least 1 + d (g-3)/2 j=0 (d -1) j or 2

(g-2)/2 j=0 (d -1) j vertices depending on whether g is odd or even, respectively. A graph achieving the Moore bound is called a Moore graph. Apart from cycles, all Moore graphs have girth in the set {1, 2, 3, 4, 5, 6, 8, 12} [START_REF] Biggs | Algebraic graph theory[END_REF]Chapter 23]. In particular, there are only finitely many Moore graphs in each degree d ≥ 3. All Moore graphs have been classified except for a hypothetical Moore graph of degree 57 and girth 5.

In this paper, we prove that graphs with large kissing numbers have large girth. The bound we prove is sharp, and becomes an equality precisely for Moore graphs.

Theorem 1.1. If G is a connected graph of maximal degree d and girth g on n vertices, then (1.1) Kiss(G) ≤ nd(d -1) g/2 g with equality if and only if G is a Moore graph.

Date: September 30, 2019. Equality can be interpreted to hold if G is a point or an edge (in which case g = ∞). These degenerate cases can be included in the definition of Moore graphs for accuracy.

In [START_REF] Teo | The number of shortest cycles and the chromatic uniqueness of a graph[END_REF], Teo and Koh proved the similar inequality (1.2) Kiss(G) ≤ 2n(mn + 1)/g if g is odd 2m(mn + 1)/g if g is even for all 2-connected graphs of girth g ≥ 3 on n vertices with m edges. The bound is also attained for Moore graphs, but it is still unknown whether any irregular graph of even girth g ≥ 6 and minimal degree at least 3 can achieve equality. The paper [START_REF] Teo | The number of shortest cycles and the chromatic uniqueness of a graph[END_REF] is closely related to earlier work of Homobono and Peyrat [START_REF] Homobono | Graphs such that every two edges are contained in a shortest cycle[END_REF] on graphs such that every two edges are contained in a shortest cycle. Apparently unaware of [START_REF] Teo | The number of shortest cycles and the chromatic uniqueness of a graph[END_REF], Azarija and Klavžar [START_REF] Azarija | Moore graphs and cycles are extremal graphs for convex cycles[END_REF] showed that the number of convex oriented cycles in any graph of girth g ≥ 3 with n vertices and m edges is at most 2n(mn + 1)/g, with equality if and only if G is a Moore graph of odd girth or an even cycle. Since shortest cycles of odd length are convex, their result implies the odd case of inequality (1.2).

If we restrict to regular graphs, then inequality (1.1) is stronger than (1.2) except for Moore graphs where they agree. It is also more general since it does not require G to be simple nor 2-connected. On the other hand, inequality (1.2) is better than (1.1) for some irregular graphs such as complete bipartite graphs K p,q with p = q.

The proof of Theorem 1.1 is both short and elementary. It essentially mimics Parlier's proof of an analogous inequality for hyperbolic surfaces [START_REF] Parlier | Kissing numbers for surfaces[END_REF] but in a simpler context.

Using the Moore bound, we can eliminate the girth from inequality (1.1) and obtain a quantity that depends only on the degree and the number of vertices of the graph.

Corollary 1.2. Let d ≥ 3. If G is a connected d-regular graph of girth g ≥ 3 on n vertices, then

(1.3) Kiss(G) ≤ n(n(d -2) + 2) 2 log d-1 n(d-2)+2 d + 1 if g is odd and (1.4) Kiss(G) ≤ nd(n(d -2) + 2) 4 log d-1 n(d-2)+2 2 if g is even,
with equality if and only if G is a Moore graph.

In particular, the kissing number of a regular graph is bounded by a sub-quadratic function of its number of edges (equal to nd/2). This should be compared with the fact that kissing numbers of closed hyperbolic manifolds grow at most sub-quadratically with their volume [START_REF] Parlier | Kissing numbers for surfaces[END_REF][START_REF] Bourque | Kissing numbers of closed hyperbolic manifolds[END_REF].

Note that there are infinite sequences of regular graphs achieving equality in Corollary 1.2, namely, Moore graphs, but their degree is necessarily unbounded. So an interesting question is: How close to the bound can large graphs get if their degree is fixed? For any d ≥ 3, it is easy to construct a sequence of d-regular graphs whose kissing numbers grow linearly with the number of vertices. For example, Cayley graphs have this property since they are vertex-transitive. It is much less obvious that super-linear growth rate can be achieved. Indeed, it follows from Theorem 1.1 that graphs with super-linear kissing numbers must have logarithmically large girth, and finding such graphs is a notoriously difficult problem [START_REF] Erdős | Reguläre Graphen gegebener Taillenweite mit minimaler Knotenzahl[END_REF][START_REF] Margulis | Explicit constructions of graphs without short cycles and low density codes[END_REF][START_REF] Imrich | Explicit construction of regular graphs without small cycles[END_REF][START_REF] Weiss | Girths of bipartite sextet graphs[END_REF][START_REF] Lubotzky | Ramanujan graphs[END_REF][START_REF] Margulis | Explicit group-theoretic constructions of combinatorial schemes and their applications in the construction of expanders and concentrators[END_REF][START_REF] Morgenstern | Existence and explicit constructions of q + 1 regular Ramanujan graphs for every prime power q[END_REF][START_REF] Biggs | Constructions for cubic graphs with large girth[END_REF]Dah14]. In no way does having large girth imply having large kissing number in general, but it turns out that a subsequence of the current record holders for girth, the Ramanujan graphs of Lubotzky-Phillips-Sarnak [START_REF] Lubotzky | Ramanujan graphs[END_REF], do have super-linear kissing numbers.

Theorem 1.3. For every prime number p ≡ 1 mod 4 there is a subsequence (X p,q k ) k of the (p + 1)-regular graphs X p,q of Lubotzky-Phillips-Sarnak such that

lim k→∞ log(Kiss(X p,q k )) log(n k ) = 4 3
where n k is the number of vertices of X p,q k .

The definition of the graphs X p,q will be given in Section 3 together with the proof of the above theorem. In Section 4, we gather some numerical data on all connected simple cubic graphs with at most 24 vertices. We compare their kissing number with their girth, diameter, and number of automorphisms. The data suggests that graphs with large kissing number have large girth, small diameter, and many automorphisms even when they are not Moore. We conclude the paper with some open questions in Section 5.

Proof of the kissing bound

We start with a bit of terminology. The graphs we consider are multigraphs, where loops and multiple edges are allowed. A walk in a graph is a finite sequence of oriented edges such that the initial vertex of each edge after the first is equal to the terminal vertex of the previous edge. A walk is closed if it starts and ends at the same vertex. Closed walks are considered up to cyclic permutations of their sequence of edges. A cycle is a closed walk which is embedded, i.e., in which each vertex is the initial vertex of at most one edge in the walk. A walk is geodesic if it does not backtrack, i.e., if it never traces an edge to immediately retrace it in the opposite direction. A closed geodesic is a closed walk which is locally geodesic. The girth of a graph G is equal to the smallest length that a closed geodesic in G can have. A shortest closed geodesic is necessarily a cycle.

Lemma 2.1. Let G be a graph of girth g. If two closed geodesics of length g in G share a subwalk of length g/2 + 1, then they coincide.

Proof. Suppose that α and β are closed geodesics of length g in G that share a maximal geodesic subwalk ω of length at least g/2 + 1 but less than g. By maximality of ω, the concatenation of the walks α \ ω and β \ ω is non-backtracking, hence is a closed geodesic. Furthermore, it has length at most 2(gg/2 -1) < g, which is a contradiction. Remark 2.2. For hyperbolic surfaces, the corresponding statement says that distinct shortest closed geodesics cannot intersect with too small an angle [Par13, Lemma 2.4].

We are now ready to prove our main result.

Proof of Theorem 1.1. By definition, g Kiss(G) is equal to the number of shortest closed oriented geodesics in G equipped with a starting point. From such a closed geodesic γ, we can obtain a geodesic walk p(γ) by retaining its first g/2 + 1 edges after the starting point. By Lemma 2.1, the map p is injective. The total number of geodesic walks of length g/2 + 1 in G is at most nd(d -1) g/2 since there are n choices for the starting vertex, at most d choices for the first edge, and at most (d -1) choices for each of the subsequent edges. This proves that g Kiss(G) ≤ nd(d -1) g/2 .

If equality holds, then all of these choices are available, which means that G is d-regular. The map p must also be surjective, so that every geodesic walk of length g/2 + 1 in G is contained in a closed geodesic of length g.

To prove that G is a Moore graph, consider an open ball B of radius g/2 centered at any vertex in G if g is odd, or at any midpoint of an edge if g is even. The ball is a tree, for otherwise we could find a closed geodesic of length less than g. We also claim that the closure of B is equal to G. Otherwise, there is some open half-edge e in the complement of B whose closure intersects ∂B (this uses the hypothesis that G is connected). By the previous paragraph, the geodesic walk of length g/2 + 1 that goes from the center of B to its boundary and continues through e can be extended to a closed geodesic of length g. This implies that all the points in e are within distance g/2 from the center of B, i.e., that e ⊂ B. This is a contradiction, from which we conclude that B = G, or equivalently that B contains all the vertices in G contains all the vertices in G. This means that G is a Moore graph (recall that the Moore bound is obtained by counting the vertices in B).

Conversely, suppose that G is a Moore graph. Then any geodesic walk of length g/2 +1 in G exits and re-enters the closed ball B of radius g/2 centered at its starting point since B = G. It can therefore be extended to a closed walk γ of length g by continuing towards the center of B. Since γ has at most one backtrack (at the center of B), it cannot be contracted to a point. It follows that γ is a closed geodesic, for otherwise the closed geodesic in its homotopy class has length strictly less than g. We have shown that every geodesic walk of length g/2 + 1 in G is contained in a closed geodesic of length g. This proves that the map p from the first paragraph is a surjection, hence that g Kiss(G) = nd(d-1) g/2 .

Let us compare our bound with the one from [START_REF] Teo | The number of shortest cycles and the chromatic uniqueness of a graph[END_REF] for regular graphs. Let G be a connected d-regular graph of girth g with n vertices and m = nd/2 edges. If d = 2, then G is a cycle (hence a Moore graph) and the two bounds coincide. Thus, we may assume that d > 2. If g is odd, then the Moore bound gives

n ≥ 1 + d (g-3)/2 j=0 (d -1) j = 1 + d (d -1) (g-1)/2 -1 d -2 or n(d -2) + 2 ≥ d(d -1) g/2
and hence 2n(mn + 1)

g = n(n(d -2) + 2) g ≥ nd(d -1) g/2 g with equality if and only if G is a Moore graph. Similarly, if g is even then the Moore bound gives n ≥ 2 (g-2)/2 j=0 (d -1) j = 2 (d -1) g/2 -1 d -2 or n(d -2) + 2 ≥ 2(d -1) g/2 so that 2m(m -n + 1) g = nd(n(d -2) + 2) 2g ≥ nd(d -1) g/2 g with equality if and only if G is a Moore graph.
We conclude that for regular graphs that are not Moore graphs, inequality (1.1) is better than (1.2), and the discrepancy is proportional to the excess in the Moore bound.

Next, we prove Corollary 1.2, which is essentially a calculation.

Proof of Corollary 1.2. Simple algebra shows that the Moore bound is equivalent to

(2.1) g ≤ 2 log d-1 n(d -2) + 2 d + 1 if g is odd and (2.2) g ≤ 2 log d-1 n(d -2) + 2 2
if g is even. Moreover, the functions x → (d -1) x /(2x + 1) and y → (d -1) y /(2y) are strictly increasing for x ≥ 1 and y ≥ 2. This means that we can replace the girth g in inequality (1.1) with the right-hand side of (2.1) or (2.2) (depending on parity) and still obtain a valid inequality. If either of the resulting weaker inequalities (1.3) or (1.4) becomes an equality, then so does the corresponding (2.1) or (2.2), and G is a Moore graph. The converse follows from Theorem 1.1 and algebra.

Regular graphs with super-linear kissing numbers

In this section we prove that there are infinite sequences (G k ) k of regular graphs G k of fixed degree on n k vertices whose kissing numbers grow faster than n 4/3-ε k for any ε > 0. The graphs we use form a subsequence of the Ramanujan graphs from [START_REF] Lubotzky | Ramanujan graphs[END_REF].

For each pair of unequal primes p ≡ q ≡ 1 mod 4, Lubotzky, Phillips, and Sarnak construct a (p + 1)-regular graph denoted X p,q . It turns out that if the Legendre symbol p q is equal to -1, which we will assume throughout, then X p,q is a bipartite Cayley graph for PGL(2, Z/qZ) [LPS88, Proposition 3.3]. In particular, the number of vertices |X p,q | of X p,q is equal to |PGL(2, Z/qZ)| = q(q 2 -1).

These graphs have many extremal properties. To name a few:

• Their spectral gap is essentially as large as possible

[Alo86][LPS88, Theorem 4.1] (a d-regular graph is Ramanujan if its spectral gap is at least 2 √ d -1).
• Their girth is very large. Indeed, their asymptotic girth ratio lim sup q→∞ g(X p,q ) log p (|X p,q |) = 4 3 [LPS88, Theorem 3.4] is the largest known so far. • Their diameter is very small [LPS88, Theorem 5.1], although not as small as possible [START_REF] Sardari | Diameter of Ramanujan graphs and random Cayley graphs[END_REF] (asymptotically, random regular graphs achieve the theoretical lower bound on diameter coming from (4.1) [START_REF] Bollobás | The diameter of random regular graphs[END_REF]).

Regarding the kissing numbers of the graphs X p,q , we will show the following upper and lower bounds.

Theorem 3.1. Let p ≡ 1 mod 4 be a prime number. Then (a) for every ε > 0 we have

Kiss(X p,q ) ≤ |X p,q | 4/3+ε
for all large enough prime numbers q ≡ 1 mod 4 such that p q = -1 and (b) there exists an infinite sequence of prime numbers (q k ) k satisfying q k ≡ 1 mod 4 and p q k = -1 for all k ∈ N such that for every ε > 0 we have

Kiss(X p,q k ) ≥ |X p,q k | 4/3-ε provided that k ∈ N is large enough.
Theorem 1.3 stated in the introduction is an immediate consequence of Theorem 3.1.

Remark 3.2. Since the girth of X p,q is known when p q = -1 (see Equation (3.5) below), we can compare the above result with what comes out of Theorem 1.1. After substituting the girth and simplifying, the latter predicts that Kiss(X p,q ) ≤ q(q 2 -1)pq 2 4 log p (q) ∼ 3p 4

|X p,q | 5/3 log(|X p,q |) as q → ∞
which is considerably larger than the actual asymptotic growth given in Theorem 1.3.

We will now describe the graphs X p,q and some of their properties in more details. After that, we will recall some classical facts about the number of integer solutions to certain quadratic equations and at the end of this section, we will combine these with some elementary modular arithmetic to obtain a proof of Theorem 3.1.

3.1. The graphs. We very briefly recall the construction from [START_REF] Lubotzky | Ramanujan graphs[END_REF] (see also [START_REF] Lubotzky | Discrete groups, expanding graphs and invariant measures[END_REF][START_REF] Sarnak | Some applications of modular forms[END_REF][START_REF] Davidoff | Elementary number theory, group theory, and Ramanujan graphs[END_REF]). The goal is to construct a graph X p,q for all unequal primes p, q congruent to 1 mod 4 such that p q = -1. These graphs can be defined more generally for primes q with p q = 1 [LPS88] and for non-primes q [Lub10], but the case we consider makes it easier to control the girth and the number of vertices.

Let

H(Z) = { x 0 + x 1 i + x 2 j + x 3 k : x 0 , x 1 , x 2 , x 3 ∈ Z } , i 2 = j 2 = k 2 = ijk = -1 denote the integral Hamiltonian quaternions. The norm of any x ∈ H(Z) is defined as N (x) = x 2 0 + x 2 1 + x 2 2 + x 2 3 . Now consider the set Λ(2) = x ∈ H(Z) : x ≡ 1 mod 2 and N (x) = p k for some k ∈ N ∼
where x ∼ y ⇐⇒ x = ±p k y for some k ∈ Z and N is the set of non-negative integers. Multiplication in the quaternions induces a group structure on Λ(2). Lubotzky, Phillips and Sarnak prove that Λ(2) is a free group with free symmetric generating set

S = { x = x 0 + x 1 i + x 2 j + x 3 k ∈ H(Z) : N (x) = p, x 0 > 0 and x 0 ≡ 1 mod 2 } / ∼ .
It follows from Jacobi's theorem on the number of representations of an integer as the sum of four squares that |S| = p + 1.

We write

Λ(2q) = { [x 0 + x 1 i + x 2 j + x 3 k] ∈ Λ(2) : 2q|x j , j = 1, 2, 3 } .
This is a normal subgroup of Λ(2). The graphs of Lubotzky-Phillips-Sarnak are defined to be the Cayley graphs X p,q = Cay(Λ(2)/Λ(2q), S).

We will also write

X p = Cay(Λ(2), S)
for the infinite (p + 1)-regular tree.

3.2. Closed geodesics. Since X p,q is a Cayley graph, it is vertex-transitive. So, in order to understand the closed geodesics in this graph, it suffices to study those based at our favorite vertex, the identity element in X p,q . A geodesic walk starting from [1] in X p projects to a closed geodesic in X p,q if and only if its endpoint lies in Λ(2q). Moreover, the length of a geodesic walk can be read out from the norm of an appropriate representative of its endpoint. Indeed, the norm on H(Z) is multiplicative and the generators in S all have representatives of norm p. Therefore, if the geodesic walk has length k and endpoint ξ ∈ Λ(2) then

N (x 0 + x 1 i + x 2 j + x 3 k) = p k where x 0 + x 1 i + x 2 j + x 3 k ∈ H(Z)
is the unique representative of ξ such that x 0 > 0 and p gcd(x 0 , x 1 , x 2 , x 3 ).

On the other hand, given an integer solution to the equation (3.1) y 2 0 + (2q) 2 (y 2 1 + y 2 2 + y 2 3 ) = p k , y 0 > 0, p gcd(y 0 , y 1 , y 2 , y 3 ) we obtain a closed geodesic of length k based at the identity in X p,q by projecting the unique geodesic walk from [1] to [y 0 + 2qy 0 i + 2qy 0 j + 2qy 0 k] in X p .

Thus, the number of closed geodesics of length k through the identity in X p,q is the number of integral solutions to Equation (3.1). Note that all closed geodesics in X p,q have even length since this graph is bipartite.

3.3. Quadratic forms. In order to control the number of shortest closed geodesics in the graphs X p,q , we need to bound the number of solutions to Equation (3.1). For this, we start by recalling some facts about the number of representations of an integer as the sum of three squares.

First of all, for any positive integer n, we set

r 3 (n) = (a, b, c) ∈ Z 3 : a 2 + b 2 + c 2 = n .
Legendre's theorem states that r 3 (n) > 0 if and only if n / ∈ 4 N (8N + 7), where N is again the set of non-negative integers. We will require the following more precise estimates. Lemma 3.3. For every ε > 0, there exists a constant C ε > 0 such that for every positive integer n we have

(3.2) r 3 (n) ≤ C ε n 1/2+ε .
If furthermore r 3 (n) = 0 and 16 n, then

(3.3) r 3 (n) ≥ 1 C ε n 1/2-ε .
Remark 3.4. The number 16 above could be replaced by any power of 4, but this particular statement will suffice for our needs.

Proof. Bateman [Bat51, Theorem B] (see also [Gro85, §4.10] for an exposition) proved the exact formula

r 3 (n) = 16 π √ n L 1, -4n • P (n) Q(n)
where the functions L, P and Q are defined as follows. First,

L s, -4n • = ∞ m=1 -4n m 1 m s
for all s ∈ C for which the right-hand side converges. This is the L-function associated to the Kronecker symbol -4n

• , a generalization of the Legendre symbol. Second,

P (n) = p 2 |n p an odd prime 1 + bp,n-1 j=1 p -j + p -bp,n • 1 - -p -2bp,n n p 1 p -1
where b p,n = max b ∈ N : p 2b | n . Finally, if we write n = 4 a n 1 such that 4 n 1 then

Q(n) =    0 if n 1 ≡ 7 mod 8, 2 -a if n 1 ≡ 3 mod 8, 3 • 2 -a-1 if n 1 ≡ 1, 2, 5, 6 mod 8.
Note that P (n) ≥ 1 and Q(n) ≤ 3/2 for all n ≥ 1. We also have P (n) ≤ C(log n) 2 for some constant C > 0. Indeed, where the first inequality is obtained by expanding the product and unique factorization, and the asymptotic is Mertens's third theorem (γ denotes the Euler-Mascheroni constant). If we further know that 16 n, then either r 3

P (n) ≤ p 2 |n p an odd prime bp,n-1 j=0 p -j + p -bp,n • 1 1 -1 p ≤ p 2
(n) = 0 or Q(n) ≥ 1/2.
Siegel [START_REF] Siegel | Gesammelte Abhandlungen. I. Springer Collected Works in Mathematics[END_REF] showed that for every ε > 0, there exists a constant

B ε > 0 such that 1 B ε n ε ≤ L 1, -4n • ≤ B ε n ε
for all n ≥ 1. Combining this with the above upper and lower bounds on P and Q yields the desired results (the logarithmic factors in the upper bound can be absorbed in n ε ).

The girth.

A key ingredient needed in the proof of Theorem 3.1 is the girth of X p,q , which was determined in [START_REF] Biggs | Note on the girth of Ramanujan graphs[END_REF]. In that paper, Biggs and Boshier proved that for every class ξ ∈ Λ(2q) at an even distance k from the identity in X p , there exists a representative x = x 0 + x 1 i + x 2 j + x 3 k such that

x 0 = |p k/2 -mq 2 |
for some positive even number m [BB90, Lemma 1]. Writing x = x 0 + 2qy 1 i + 2qy 2 j + 2qy 3 k as before, Equation (3.1) turns into (3.4) 2mp k/2 -m 2 q 2 = 4(y 2 1 + y 2 2 + y 2 3 ). By Legendre's three-square theorem, this equation has integer solutions if and only if

2mp k/2 -m 2 q 2 ≥ 0 and 2mp k/2 -m 2 q 2 / ∈ 4 N+1 (8N + 7).
On page 193 of [START_REF] Biggs | Note on the girth of Ramanujan graphs[END_REF], Biggs and Boshier show that there exists a non-trivial element ξ ∈ Λ(2q) closest to the identity in X p which has a representative as above with m = 2 or m = 4. Moreover, the girth of X p,q is equal to the smallest even number k such that p k/2 -q 2 ≥ 0 if Equation (3.4) a solution with m = 2, and to the smallest even number k such that 2p k/2 -4q 2 ≥ 0 otherwise. Concretely, the girth is given by (3.5) g = g(X p,q ) = 2 log p (q 2 ) if p log p (q 2 ) -q 2 / ∈ 4 N (8N + 7) 2 log p (2q 2 ) otherwise.

Fix m = 2 in the first case and m = 4 in the second case. If we assume that q > p, then p does not divide x 0 = |p g/2 -mq 2 | so that all the integer solutions (y 1 , y 2 , y 3 ) to Equation (3.4) with k = g(X p,q ) correspond to distinct non-trivial elements

[x 0 + 2qy 1 i + 2qy 2 j + 2qy 3 k] ∈ Λ(2q)
closest to the identity in X p . That is to say, the number of shortest closed geodesics through the identity in X p,q is at least

(3.6) r 3 (p g/2 -q 2 ) if p g/2 -q 2 / ∈ 4 N (8N + 7) r 3 (2p g/2 -4q 2 ) otherwise.
where g is the girth of X p,q .

3.5. The upper bound. The upper bound on the kissing number of the graphs X p,q follows from the discussion in the last two subsections.

Proof of Theorem 3.1 (a). Assume that q > p and let g be the girth of X p,q , given by Equation (3.5). We will again use the fact that any class ξ ∈ Λ(2q) corresponding to a shortest closed geodesic through the identity in X p,q can be represented by an integral quaternion x = x 0 + x 1 i + x 2 j + x 3 k with x 0 = |p g/2 -mq 2 | for some even number m. First, we want to bound the number of possibilities for m. Since g ≤ 2(log p (2q 2 ) + 1) and 2mp g/2 -m 2 q 2 ≥ 0 (see the previous subsection), this implies that (4mp -m 2 )q 2 ≥ 0 and hence that m ≤ 4p. So, we get that the number of shortest closed geodesics through the identity in X p,q is at most

4p • max 2≤m≤4p even r 3 2mp g/2 -m 2 q 2 ≤ 4p • max r 3 (n) : 0 ≤ n ≤ 7 4 p 2 q 2 ,
where we used that 4mp -m 2 ≤ 7p 2 /4. Now we use the upper bound (3.2) on the representation number and get that for every ε > 0 the number of shortest closed geodesics through the identity in X p,q is at most

q 1+ε
for all q large enough. Multiplying by the total number of vertices (cubic in q), we obtain the upper bound we were after.

3.6. The lower bound. Our goal is to find a sequence of primes (q k ) k that are equal to 1 mod 4 and render the expressions in (3.6) large. In view of Lemma 3.3, it suffices to make sure that the argument of r 3 in (3.6) is not in the set 4 N (8N + 7) nor is divisible by sixteen. The following lemma will do the trick.

Lemma 3.5. For every large enough number k, there exists a prime q k ≡ 1 mod 4 such that p q k = -1, q 2 k ≡ p mod 16 and p k < q k < 2p k .

Proof. We first claim that there exists a number m ∈ N such that m p = -1, m 2 ≡ p mod 16 and m ≡ 1 mod 4.

This can be argued as follows. As the group of invertible elements in Z/pZ is cyclic, half of its elements are squares and the other half are not, so we can fix a representative L ∈ N of a non-square mod p. Since p is invertible mod 16, for every residue class c ∈ Z/16Z there exists a number a ∈ N such that L + ap ∈ c. Our goal is to pick c ∈ Z/16Z in such a way that the number m = L + ap constructed in the previous sentence has the desired properties. For this, we need to choose c = [j] such that j ≡ 1 mod 4 but j 2 ≡ p mod 16. We can always find such a residue class: [9] or [13] is fine. So we fix c according to these rules, determine a as above, and set m = L + ap. This number is congruent to 1 mod 4, its square is different from p mod 16, and it is not a quadratic residue mod p. Note that these conditions are also satisfied for all members of the arithmetic progression (m + r • 16p) r∈N . Moreover, by the law of quadratic reciprocity, any prime number q in this progression satisfies p q = -1 as well. Since m and 16p are coprime, there are infinitely many such primes by Dirichlet's theorem. The Siegel-Walfisz theorem [START_REF] Walfisz | Zur additiven Zahlentheorie[END_REF] further states that the number of primes less than or equal to x in this arithmetic progression is

• if p ≡ 1 mod
Li(x) ϕ(16p) + O x exp -C(log x) 1/2 ,
where Li denotes the logarithmic integral, ϕ the Euler totient function and C > 0 is some constant depending on p only. This implies the existence of a prime q k in the progression (m + r • 16p) r∈N which is contained in the required interval if k is large enough.

The conditions on the sequence (q k ) k above also imply the following.

Lemma 3.6. Let p ≡ 1 mod 4 be a prime number, and let k and q k be as in Lemma 3.5 with k even. Then 16 p log p (q 2 k ) -q 2 k and 16 2p log p (2q 2 k ) -4q 2 k . Proof. Let us analyze the two expressions above separately. We have

p log p (q 2 k ) = p 2k+1 ≡ p mod 16,
where the first equality comes from the estimate on q k and the second from the fact that

[1] 4 = [5] 4 = [9] 4 = [13] 4 = [1]
in Z/16Z. This, by the assumption that q 2 k ≡ p mod 16, means that 16 p log p (q 2 k ) -q 2 k . For the second expression, we use the hypothesis that p ≡ q k ≡ 1 mod 4 to get 2p log p (2q 2 k ) -4q 2 k ≡ 2 mod 4 and hence 16 2p log p (2q 2 k ) -4q 2 k .

We are now ready to prove a lower bound on the kissing numbers of the graphs X p,q k . Proof of Theorem 3.1 (b). Let p, k and q k be as in Lemma 3.6. The bounds p k < q k < 2p k yield p log p (q 2 k ) -q 2 k = p 2k+1 -q 2 k > q 2 k /4 (where we use the fact that p ≥ 5) and

2p log p (2q 2 k ) -4q 2 k ≥ 2p 2k+1 -4q 2 k > 3q 2 k /2
. By combining formula 3.6, Lemma 3.6, and the lower bound in Lemma 3.3, we get that for every > 0 there exists a constant D ε > 0 such that the number of shortest closed geodesics through the identity in X p,q k is at least

D ε q 1-ε k ≥ D ε |X p,q k | (1-ε)/3 .
Table 1. Largest kissing number, girth, and order of automorphism group, and smallest diameter, among all cubic graphs on a given number of vertices. The multiplicity of values that are achieved more than once is written in parentheses. The sets of record holders are denoted by K, G, A, and D respectively and the inclusions and nonempty intersections among them are displayed in the column 'Relations'. The column 'Moore' indicates whether there is a cubic Moore graph with the given number of vertices.

From Table 1, we observe that among all cubic graphs on n vertices, there is often a unique one with largest kissing number (this fails for 20 vertices) and the graphs with largest kissing number often have the largest girth as well (this fails for 12 vertices). This happens even if there is no Moore graph on n vertices. For instance, the McGee graph of girth 7-the smallest cubic cage which is not a Moore graph-uniquely maximizes kissing number among all cubic graphs on 24 vertices (or less). Recall that a cage is a regular graph whose number of vertices is smallest possible given its degree and girth.

Figure 1 plots the different invariants against each other in pairs. In order to compare graphs of various sizes in a meaningful way, we define relative versions of each invariant taking values between 0 and 1. These measure the extent to which certain bounds are saturated. Specifically, the relative kissing number of a cubic graph G of girth g on n vertices is [START_REF] Van Opstall | Cubic graphs with most automorphisms[END_REF]. However, their inequality is more complicated (it depends on the binary expansion of n/2 + 1) and since we are dealing with small graphs anyway, we use the weaker bound.

Kiss(G) • 2 log 2 n+2 3 + 1 n(n + 2) if g
Here are some observations based on the plots produced. Corollary 1.2 states that if the relative girth or the relative kissing number of a graph is equal to 1, then so is the other. Its proof also shows that if the kissing bound is nearly saturated, then so is the Moore bound. Surprisingly, Figure 1a suggests a relationship in the other direction as well, that is, a relatively large girth seems to imply a relatively large kissing number. A similar but weaker correlation can be observed between the relative size of automorphism group and the relative kissing number in Figure 1b. Figure 1c shows that a graph with relatively large kissing number is forced to have relatively small diameter, but that the converse is false. From Figures 1d, 1e and1f, it appears that the correlation between the other pairs of variables is somewhat weaker. One might have expected the girth and inverse diameter to display a stronger correlation, given that the proofs of the corresponding bounds are almost identical.

Questions

We conclude with a list of questions. Define the depth of a graph G to be the largest integer δ such that every geodesic walk of length δ in G is contained in a shortest closed geodesic in G. Lemma 2.1 implies that the depth of a connected graph which is not a cycle is at most g/2 + 1 where g is the girth. Furthermore, the proof of Theorem 1.1 shows that graphs of large depth have large kissing number. More precisely, any graph G of girth g on n vertices with minimal degree d and depth δ ≥ 1 satisfies (5.1) Kiss(G) ≥ nd(d -1) δ-1 g .

The proof of Theorem 1.1 also shows that Moore graphs are precisely the connected regular graphs of depth g/2 + 1. Recall that apart from cycles, all Moore graphs have girth at most 12 and hence depth at most 7. As another example, s-arc-transitive graphs have depth at least s but Weiss [START_REF] Weiss | Über s-reguläre Graphen[END_REF] showed that the largest s can be is 7. This raises the following questions.

Question 1. Do there exist d-regular graphs of arbitrarily large depth for any d ≥ 3?

Question 2. Do there exist graphs of minimal degree at least 3 and arbitrarily large depth?

A similar question without the regularity or the minimal degree requirement was posed by Neumaier, who asked whether all connected graphs of sufficiently large depth were cycles or uniform subdivisions of other graphs. This was answered in the negative by Homobono and Peyrat [START_REF] Homobono | Graphs such that every two edges are contained in a shortest cycle[END_REF]. Their counterexamples have arbitrarily large depth, but still many vertices of degree 2 (they are subdivisions of other graphs, just not uniform).

If Question 1 has an affirmative answer, then one can ask the following stronger version.

Question 3. Does there exist a sequence of d-regular graphs of unbounded girth whose depth is a positive proportion of their girth, for any d ≥ 3?

By inequality (5.1), such graphs would have super-linear kissing numbers if their girth was logarithmically large. While some of the Ramanujan graphs of Lubotzky-Phillips-Sarnak have super-linear kissing numbers, it is not at all clear if their depth is proportional to their girth. All that is really needed to get large kissing number is that sufficiently many long walks can be extended to shortest closed geodesics, rather than all.

The discrepancy between Corollary 1.2 and Theorem 1.3 also begs the question of whether one can do better. Question 4. Does there exist, for any d ≥ 3, a sequence of d-regular graphs with kissing numbers growing like the number of vertices to some power a > 4/3? Another interesting question is whether super-linearity can be achieved in every degree.

Question 5. Does there exist, for every d ≥ 3, a sequence of d-regular graphs with kissing numbers growing like the number of vertices to some power a > 1? Such graphs necessarily have logarithmically large girth by Theorem 1.1. A theorem of Erdös and Sachs [START_REF] Erdős | Reguläre Graphen gegebener Taillenweite mit minimaler Knotenzahl[END_REF] says that logarithmic girth can be achieved in every degree, and there even exist explicit constructions in all degrees except 7 [Dah14]. Besides the graphs X p,q , the following families would be a good place to start for answering Question 5. Question 6. Does a subsequence of the (cubic) sextet graphs of Biggs and Hoare [START_REF] Biggs | The sextet construction for cubic graphs[END_REF] have super-linear kissing numbers? Question 7. Does a subsequence of the (m + 1)-regular graphs of Morgenstern [START_REF] Morgenstern | Existence and explicit constructions of q + 1 regular Ramanujan graphs for every prime power q[END_REF] have super-linear kissing numbers for every prime power m? Question 8. Does a subsequence of the (m + 1)-regular graphs of Dahan [Dah14] have super-linear kissing numbers for every m ≥ 10 which is not a prime power?

The last question is raised by the numerical data of Section 4. Question 9. If a d-regular graph maximizes the kissing number among all d-regular graphs on at most the same number of vertices, then is it a cage?
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  on the right is essentially bounded by log n since p 2 |n p an odd prime

  16 then both c = [5] and c = [13] work, • if p ≡ 9 mod 16 then we can pick c = [1] or c = [9], and • if p ≡ 5 or 13 mod 16 then any of [1], [5],

  coming from the fact that a connected d-regular graph of diameter D is contained in the ball of radius D about any vertex. Note that Moore graphs of odd girth saturate this bound while the Moore graphs of even girth do not. Incidentally, there are non-Moore cubic graphs of smallest diameter on 6 and 14 vertices in addition to the Moore graphs of girth 4 and 6. Finally, the relative size of automorphism group of a cubic graph is the order of its automorphism group divided by Wormald's upper bound of 3(n/2)2 n/2[START_REF] Wormald | On the number of automorphisms of a regular graph[END_REF]. Note that Wormald's bound is only attained for graphs on 4 or 6 vertices. For cubic graphs on at least 16 vertices, a sharp improvement was obtained by van Opstall and Veliche

				is odd
	or		
		Kiss(G) •	n+2 2 3n(n + 2) 4 log 2	if g is even
	based on Corollary 1.2. Its relative girth is (3 • 2 (g-1)/2 -2)/n if g is odd and 2(2 g/2 -1)/n
	if g is even, which measures the saturation of the Moore bound. Similarly, the relative
	inverse diameter of a cubic graph of diameter D is n/(3 • 2 D -2). This is in reference to
	the elementary bound		
			D-1
	(4.1)	n ≤ 1 + d	(d -1) j
			j=0

If we multiply this by the number of vertices and divide by the girth to compensate for overcounting, we obtain Kiss(X p,q k ) ≥ D ε |X p,q k | (4-ε)/3 log p (|X p,q k |)

which is bounded below by |X p,q k | 4/3-ε if k is large enough.

Kissing numbers of small cubic graphs

For the purpose of this section, a cubic graph is a connected 3-regular graph of girth at least 3. Using the program geng from the computer package nauty developed by Brendan McKay [START_REF] Mckay | Practical graph isomorphism[END_REF] (available in SageMath [The19]), we generated all 125,816,453 cubic graphs on at most 24 vertices and computed their kissing number, girth, diameter, and size of automorphism group. This data is compiled in Table 1 and Figure 1 (found in Appendix A). Note that the diameter of a graph is the maximal distance between two vertices, which is a priori different from its diameter as a metric space.