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Abstract We report a study of an elastic buckled beam

undergoing a contactless magnetic actuation of Laplace

type. The beam model is based on the elastica beam

theory including the beam extensibility. The Laplace

force is produced by an electric current travelling along

the beam placed in a magnetic induction. The mag-

nitude of the electric current is the control parameter

and by increasing the electric current the beam switches

from one stable state to the other one for a given beam

end-shortening.

The main purpose of the study is to investigate the

bistable response, more precisely, the diagram of the

electric current as function of the midpoint vertical dis-

placement of the beam according to the magnet loca-

tion along the elastic beam. The model equations are

established and they are numerically solved using an al-
gorithm developed for nonlinear boundary value prob-

lem.

A second part of the study is devoted to experimen-

tal validation of the model and comparisons with the

results extracted from the numerical solutions to the

model equations. Especially, the comparisons ascertain

with good accuracy the approach of the proposed bista-

ble beam model. In addition, the influence of the model

parameters on the bistable response is clearly identified.

Keywords Bistable mechanism · buckling · snap-

through · Laplace force · bifurcation · experimental

tests
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1 Introduction

In previous work the switching mechanism of an elastic

bistable beam due to the Laplace force actuation was

reported in [1]. In this work, the authors have presented

(i) a beam model based on the elastica theory for slen-

der beams, (ii) the actuation mechanism produced by

the Laplace force, (iii) the numerical solutions to the

model equations and (iv) the experimental validations

of the bistable response subject to the Laplace force.

In the study the magnetic induction produced by the

magnets are placed parallel to the whole length of the

beam. It means that the bistable beam was subject to

the lineic density of force upon the entire length of the

beam.

In the proposed study, we want to know what would

be the bistable response if the length of the pair of the

magnets is less than the total length of the beam. In

this situation, the lineic density of the Laplace force is

partly distributed over a section of the beam. Conse-

quently, new configurational parameters must be con-

sidered, namely, the magnet length and the position of

the magnet center. More precisely, a question may be

raised, is there an (or several) optimal location(s) of the

magnets for which the electric current traveling in the

beam is less than any other position?

One of the advantages of the bistable mechanism is

that it requires low energy during the switching pro-

cess from one stable configuration to the other one.

Another advantage in actuation application is that they

can be displayed in large strokes compared to straight

and monostable structures. Both buckled beams and

elastic arches possess this attractive property that al-

lows them to be used in a large variety of applications in

the area of micro and nano-electromechanical systems
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(MEMS/NEMS) [2–7].

Many applications in advanced technological devices

continue to attract the attention of engineering resear-

ches such as micro-positioners, switches, valves, relays

[8,9], tactile display [10,11], and mechanical memory for

data storage [12]. Most research works proposed in the

literature have been focused on the use of static forces

to produce the transition between the two stable states

involving the inherent instability of the buckled beams.

Those driving forces (extended to applied moments)

can be mechanical [4, 13–16], magnetic [17, 18], ther-

mal [19,20] including actuation using shape memory al-

loys [21] or electrostatic [22–25]. A bistable smart beam

model has been proposed by [26], the author examine

the snap-trough action of a bistable beam equipped

with piezoelectric actuators. An experimental valida-

tion is presented as well. Among the numerous applica-

tions of bistable beam, a special attention has been paid

to applications involving bistable mechanisms to micro-

robotics [27]. Some promising devices have been pro-

posed, for instance, bistable gripper [28]. An interest-

ing and comprehensive review of buckled structures has

been reported by [29], going from simple buckled beams

or shallow elastic arches to morphing structures such as

elastic shells, multistable cylinder lattices including the

combination of multiple bistable beams for deployable

structures. Some studies using electro-thermal actua-

tion has been considered to control the axial force of

bistable micro-beams [30] for application to flow ve-

locity sensors. Such an electro-thermal actuation has

been used for the snap-through of a pre-shaped dou-

ble beams with opposite curvatures [31]. To close the

present list of applications, we can quote the study of

a buckled beam equipped with piezoelectric sensors for

energy harvesting [32]. In the present work, we want

to analyze the complex and the rich response of the

buckled elastic beam under an electromagnetic actua-

tion. More precisely, the chosen actuation is the Laplace

force [33, 34] produced by an electric current traveling

along the beam (in conductive material, metal) placed

in magnetic induction.

The proposed model is based on the elastica theory

of elastic beams [35–38]. Such an approach is partic-

ularly rich because the kinematic description accounts

for large transformations of the beam (cross-section ro-

tation of large amplitudes). Many studies analyzed in

the literature have proposed alternative modeling for

kinematic description and for the nonlinear response of

the buckled beam in its post-buckling regime. Among

the different approaches found in literature some are

based on the modal projection, that is the solution to

the equations of the buckled beam expanded on the

base formed by the buckling modes. Vangbo [39] has

proposed interesting detailed analysis of the snap-through

effect of the bistable buckled beam. His model accounts

for the compressibility of the elastic beam for small de-

flections. Based on the modal projection model, a study

of the snap-through and bistability of beams with ar-

bitrarily pre-shaped deformation has been examined

by [40]. Stability and bifurcation conditions are dis-

cussed in details. In other respects, a weakly nonlinear

approach has been examined by [41]. The authors have

carried out a model in which the nonlinearity is due

to the coupling between deflection and beam stretch-

ing (geometrical nonlinear deformation). A study of the

behaviour of post-buckled beams has been conducted

by Jiao et al. [42] based on small (modal projection)

and large transformation (elastica) models. Extension

to shallow elastic arches has been considered using this

kind of approach [43, 44]. A more sophisticated model

has been conducted by [45], the authors consider the

strain gradient formulation of the elasticity to model

bistable beams or shallows arches under electrostatic

actuation.

The chosen beam model is presented in the next sec-

tion (Section 2). Especially, in this section, the beam

kinematics is described by two strain measures which

are the extensional strain along the beam axis and the

beam curvature. Both descriptions in the fixed frame
and local frame attached to the deformed beam are

given in the same section. The model is based on previ-

ous work [1] and is briefly recalled in Section 3. More-

over, the boundary conditions - clamped-clamped beam

- and continuity conditions at the magnet boundaries

are specified in the same section. Section 4 deals with

the numerical study of the nonlinear boundary value

problem. The numerical problem thus stated relies on

the model equations based on the shooting method as-

sociated with a numerical procedure to capture the un-

known shooting parameters. One of the main results

coming from the numerical investigations is the bistable

response, in other words, the actuating driving force

(or the electric current) as a function of the beam mid-

point displacement. The results are discussed according

to the chosen parameters (magnet position, the end-

shortening). A part of the work is devoted to the ex-

perimental validations of the proposed model reported

in Section 5, the results thus obtained are discussed and

compared with those deduced from the model.
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2 Description of the system and modeling

2.1 Deformation measures, resultants in force and

moment

We consider a clamped-clamped initially straight elastic

beam [AB] of length L0, width b, and thickness h. The

beam is isotropic and homogeneous. A fixed reference

frame R0 {A; e1, e2, e3} is attached to the fixed point A

of the beam and the basis vector e1 coincides with the

beam axis in its state of rest. The beam transformation

takes place in the {e1, e2} plane. Fig.1.a gives a sketch

of the beam in its configuration at rest. The left clamp

is fixed while the right clamp undergoes a small end-

shortening ∆L caused by an axial compressive force.

The distance between both clamps is now L = L0−∆L
(Fig.1.b). A material point G of the beam located at

the curvilinear abscissa s measured along the deformed

beam is considered. A local frame is attached at the

current point G (s) of the beam and it is defined by

{G; τ ,n, e3} where τ is the unit vector tangent to the

deformed beam, n is the unit vector perpendicular to

τ and e3 is identical to that of the fixed referential.

Accordingly, the position of the material point G is

given by

AG = q (s) = x(s)e1 + y(s)e2 , s ∈ [0, L0] , (1a)

= qT (s) τ + qN (s)n , (1b)

either in the fixed frame or the local frame. We are

able to compute the relationship between the coordi-

nate {x, y} and {qT , qN} using the rotation of the beam

cross-section θ = (e1, τ ). The beam kinematics are

reported in detail in [1]. The different frame vectors

and coordinates are shown in Fig.1.b. The rectangular

shaded in clear grey displayed in Fig.1.b is the magnet

that produces the magnetic induction in the e3 direc-

tion. Fig.1.c is the top view of the beam exhibiting both

magnets and the abscissa of their center and length.

The deformation measures describing the beam defor-

mation from its state at rest to the actual configuration

are the curvature κ = dθ
ds and the extensional strain

given by ε = Λ − 1 where Λ = ds̄
ds is the ratio of the

length of differential line element of the beam in the

deformed configuration to that of the undeformed one.

The actuation mechanism of the bistable beam is model-

led by a uniform density of lineic force which is nonethe-

less permanently perpendicular to the deformed beam.

Such an actuation is produced by Laplace force. In the

present study the magnetic induction is applied only on

a part of the beam length (see Fig.1.b and Fig.1.c).

We consider a density of electric current per volume

unit j running through an elementary volume dv of the

beam. The latter is placed in a magnetic induction field

B. According to the classical electrodynamics [34] the

infinitesimal Laplace force acting onto the elementary

volume of the beam takes on the form

dF = j ×B dv , (2)

We recall that the beam cross-section is rectangular,

its area is given by A = b h. The elementary volume

is then given by dv = Ad` (where d` is an elementary

length of the beam). On using now the electric current

per unit of length denoted by i such that iτ = Aj, the

elementary Laplace force reads as

dF = i d` τ ×B . (3)

The magnetic induction field B in the present situation

is produced by two identical magnets placed on both

side of the beam (see Fig.1.b and 1.c). Moreover, the

magnetic induction is supposed to be uniform in the

volume defined by the magnets.

The internal force within the beam cross-section is R =

(N,T ) where N is the axial force, and T is the shear

force, and the bending moment is Me3. The internal

actions (forces and moment) are depicted in Fig.1.d.

2.2 Model equations

The equations of the model are deduced from the prin-

ciple of virtual work accounting for the boundary con-

ditions at the ends of the beam. The set of the equilib-

rium equations in dimensionless notation takes on the

following form (the reader is welcome to refer to [1])

N′ − θ′T = 0 , (4a)

θ′N + T′ − f = 0 , (4b)

M′ + (1 + ε)T = 0 . (4c)

Along with the above equations, we must consider the

geometrical compatibility relationships deduced from

the definition of the tangent vector to the deformed

beam. These equations written in the local frame are

Q′T − θ′QN − (1 + ε) = 0 , (5a)

Q′N + θ′QT = 0 , (5b)

where QT and QN are the tangential and normal dis-

placements, respectively. We recall that Q = q/L0. At

last, we write down the constitutive equations for the

internal actions (in dimensionless notation)

θ′ −M = 0 , (6a)

ε− kN = 0 , (6b)
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L

L

Fig. 1 Bistable beam : (a) beam at rest in the reference configuration, (b) buckled beam and magnetic actuation and (c) top
view (d) internal and external actions on the beam.

where the prime is the derivative with respect to the

dimensionless curvilinear abscissa S defined by S = s
L0

and k characterizes the beam extensibility the latter

is given, in present case, by k = h2

12L2
0
. The dimen-

sionless variables have been used by introducing ap-

propriate characteristic force and moment (see [1]). For

sake of consistency, we briefly recall how the dimension-

less variables have been defined in the previous study

(f,N,T,M) = (fL0/F0, N/F0, T/F0,M/M0). The ref-

erence force and moment are given by F0 = EAk, and

M0 = EI/L0, respectively (E is the Young modulus

and I is the moment of inertia of the cross-section with

respect to e3 direction). We notice, here, that the force

f = f n is a lineic density of force with f = i.B de-

duced from Eqns. (3) (see Fig.1.d).

2.3 Boundary and continuity conditions

For sake of convenient, we introduce the following vec-

tor

ξ (S) =

 θ (S)

QN (S)

QT (S)

 . (7)

On using the above notation, the boundary conditions

associated to the beam equations take on the form (clamp

condition)

ξ (0) = 0 , ξ (1) =

 0

0

XB

 , (8)

where XB is the abscissa of the right point B after end-

shortening. The clamping actions are unknown.

The magnets are placed only on a part of the beam

length (see Fig. 1), the applied lineic force is defined on

three domains such as

f (S) = 0 S ∈ [0, SC [ ∪ ]SD, 1] , (9a)

f (S) = f n S ∈ [SC , SD] . (9b)

The abscissa SC and SD are defined as the intersection

of the deformed beam with vertical limits on the left

side and right side of the magnets referred as to their

abscissas XC and XD, respectively, and they are

X (SC) = XC and X (SD) = XD . (10)

Moreover, we have

XC = XM − LM and XD = XM + LM , (11)

where XM is the dimensionless abscissa of the middle

location of the pair of magnets and 2LM is their length.

In addition, some continuity conditions at the bound-

aries of the domain must be satisfied at SC and SD

Jξ (SC)K = 0 and Jξ (SD)K = 0 . (12)

In Eqns. (12), the double square braces hold for the

discontinuity defined by JξK = ξ+ − ξ− at the point

to be considered. On using the notations introduced in

(7), equations (12) amount to saying that the variables

θ, QN and QT are continuous at the material points SC
and SD.
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3 Computing bistable response under actuation

and results

Now, we have all the ingredients of the mechanical sys-

tem to investigate the response of the bistable beam

subject to the Laplace force. The latter is applied to a

localized zone of the beam length as depicted in Fig.1.b

and Fig.1.c. The first task is to solve the boundary value

problem described by the set of Eqns. (4,5 and 6), by

using a shooting method. The numerical simulations

for bistable beam equations are based on the algorithm

described in the previous study [1]. In this study the ac-

curacy of the model equation was validated by a finite

element computation on the 1D model. Accordingly,

the model equations given by Eqns. (4) will be consid-

ered in the forthcoming sections.

The main numerical problem to overcome is the exis-

tence of unstable branches in the bistable response. In

these zones we are faced with the divergence of the nu-

merical algorithm and the discrepancy of the results

could be arisen. In order to get around such a problem

an efficient way of solving correctly the model equation

is to control the displacement of a material point of the

beam. We control the crossing point of the beam and

a fixed vertical line located at the mid-point between

the beam ends A and B and such that QX (SJ) =

(1−∆L) /2 (in dimensionless unit), where SJ is the

curvilinear abscissa of the crossing point J (referred

to Fig.1). Therefore, the idea is to increment the ver-

tical coordinate of the mid-point QY (SJ) = YJ by a

very small amount at each iteration. Accordingly, the

numerical algorithm provides a unique deformed beam

while the beam is switching.

The numerical results are performed for an elastic thin

beam made of an amagnetic stainless steel A316L hav-

ing a Young modulus E = 207 GPa. The beam dimen-

sions are the length 200 mm, the width 10 mm, and

the thickness 0.2 mm. The magnetic induction between

both magnets is about 0.2 Tesla. The numerical method

allows us to compute the density of Laplace force due to

the magnetic induction and the electric current is then

computed from Eqn. (3) leading to i = ‖f‖
‖B‖ . The first

result is the response of the bistable beam, more pre-

cisely, the electric current as a function of the mid-point

displacement (referred as to J , see Fig.1.b) ym = YJL0

according to the magnet location.

Fig. 2 shows the numerical results for three magnet po-

sitions, (i) at 50% (magnets at the mid-point), (ii) at

38% from the fixed left end of the beam and (iii) at 24%

(no far from the left point). The solid line corresponds

to the stable zone while the dashed line refers to the un-

stable region of the switching process. We note that the

−2 −1 0 1 2
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Fig. 2 Bistable response : electric current as a function of the
beam mid-point displacement for three different values of the
magnet position for a given end-shortening set at ∆L = 0.04%
(in solid line : the elastica; points, triangles and squares :
experimental results).

behavior of the bistable beam response is very sensitive

to the magnet position. For the magnets at the middle

of the beam ends an N -shaped curve is clearly observed.

At first sight, the beam response for this symmetrical

actuation is mainly characterized by the combination

of the first three buckling modes. The bistable response

is somewhat different for off-center actuation. In Fig. 2,

for two different off-center actuations (0.24 and 0.38) we

observe round-off of the curve when passing the max-

imum or minimum of the electric current. The non-

symmetrical actuation promotes a bistable switching

involving the first two buckling modes and the third

mode playing substantially no role. For off-center ac-

tuation the maximum of electric current to produce

the snap-through is less than that of mid-span actua-

tion. Fig. 3 reports the variation of the electric current

0.2 0.3 0.4 0.5 0.6 0.7 0.8

XM [-]

3.0

3.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

i m
a
x

[A
]

Model

Experiment

Fig. 3 Variation of the electric current maximum versus the
position of the pair of magnets for ∆L = 0.04% (in solid line
: the elastica; points : experimental results).

needed to produce switching as a function of the mag-

net location. It is clear that the curve is symmetric with
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respect to the center. Nevertheless, there exists an op-

timal position of the magnets (the center of the pair of

magnets) for which the electric current is minimum, i.e.

around the off-center position 36.3%. However, once the

length of the magnets no longer allows their center to be

positioned in the vicinity of 36.3% (2LM > 72.6%), the

optimal configuration is such that the right or the left

edge of the pair of the magnets is placed at either end

of the beam. For 2LM = 80% for instance the optimal

position is Xopt
M = 40%. In addition, Fig. 4 shows that

two other parameters have an impact on the optimal

position of the magnets. Indeed, looking at Fig. 4, the

position corresponding to the minimum of the switching

electric currentXopt
M increases as the end-shortening∆L

and decreases as the slenderness L/h increases. The last

series of numerical results are obtained by keeping the

off-center actuation fixed and examining the influence

of the end-shortening on the bistable beam response.

The results are presented in Fig. 5 for three different

end-shortening values (0.02%, 0.04% and 0.06%) lead-

ing to different mid-point deflections of the beam and

maximums of the electric current.

4 Experimental validations

The present section reports a series of results extracted

from the experimental tests performed on the bistable

beam partly actuated by Laplace force. The experimen-

tal study is quite similar to that of the magnetic actua-

tion along the entire length of the beam [1]. The exper-

imental tests concern the results coming from the nu-

merical solution to the bistable beam model, especially
the electric current versus mid-point displacement ac-

cording to the location of the pair of magnets for dif-

ferent end-shortening values. Comparisons with the re-

sults derived from the modeling study are discussed in

details.

4.1 Technical details about the experimental set-up

4.1.1 Material

The thin elastic beams used for the experimental tests

are described in the previous section. Nevertheless, a

particular attention has been paid to obtain a high qual-

ity of planar beams with a minimum of residual stress.

The magnetic induction field is produced by a pair of

identical magnets of neodyme type (NdFeB alloy) their

dimensions are a length of 80 mm, a width of 17 mm,

and a thickness of 5 mm.

4.1.2 Experimental set-up

Different views (global test bench, instruments of mea-

surement) of the experimental set-up are shown in Fig.

6. The elastic thin beam is fixed at each of its end in

a clamp. One end of the beam is fixed, the other one

is placed on a travel translator stage equipped with a

micro-metric screw. On moving the translator we are

able to control the end-shorting of the beam with a

10 µm adjustment. In addition, the end-shortening is

measured correctly thanks to a digital comparator. The

beam is placed between the pair of magnets as described

above. The pair of magnets is allowed to move paral-

lel to the beam axis. A Gaussmeter equipped with Hall

effect probe allows measuring the magnetic induction

produced by the magnets, the magnetic induction found

is about 0.2 Tesla. An electric current supply device is

used to deliver a given stable current running through

the beam. A power resistor is connected in series to

secure the power supply. Nevertheless, we can ask our-

selves what is the impact of the Joule effect produced

by the electric current passing through the beam. The

temperature rise is about 0.0916◦C for a snap-through

time of 50ms. This variation of temperature gives rive

to a beam elongation of 0.3µm, which is small enough

so that the effect is not noticeable in comparison to

the beam imperfections and the accuracy of the mea-

suring equipment. The experimental measurement pro-

cess follows different steps : (i) the electric current is

increased step by step from zero to the value which

produces a strong enough Laplace force to trigger the

beam snapping. For this value, the beam switches and

gets the other stable position. (ii) The electric current

is switched off as soon as the snap-through has been de-

tected. (iii) The variation of the mid-point of the beam

is measured using a laser profilometer (a Keyence®

ultra-speed laser profilometer model LJ-V7060). (iv)

The profilometer signal is sent to the computer in or-

der to be analyzed and correlated to the input signal

for the electric current. (v) The signal is converted into

an analogical value for the displacement of the beam

center. (vi) The test is then repeated for switching in

the opposite direction.

4.2 Experimental results and analysis

Three main results are obtained and analyzed from the

experimental data. Among the first results are the mea-

surements of the bistable response for different posi-

tions of the pair of magnets for a given end-shortening.

The experimental results are shown in Fig. 2. In or-

der to make a comparison with the results coming from

the model, the experimental points are superposed to
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Fig. 4 The variations of the optimal actuating location Xopt
M for 2LM = 0.4 : (a) as a function of the end-shortening ∆L,

and (b) as a function of the slenderness L/h.
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Fig. 5 Bistable response : electric current as a function of
the beam mid-point displacement for three different values
of the end-shortening for a given position (38%) of the pair
of magnets (in solid line : the elastica; points, triangles and
squares : experimental results).

the solid lines corresponding to the numerical results.

The switching process has been performed in both di-

rections from one stable position to the other one and

vise versa. At first sight, we observe that the experi-

mental points are very close to those obtained with the

analytical study, the discrepancy is less than 3.4%. The

experimental study obviously does not allow to obtain

data in the unstable zone (dashed line for analytical

results). It is worthwhile noting that for the off-center

actuation the instability phenomena is shifted with re-

spect to that of the mid-point actuation. The off-set

increases as the location of the magnets is close to the

beam ends.

The second series of results are obtained for a given off-

set actuation when varying the end-shortening. Fig. 5

shows the experimental results (symbols in the figures)

superposed to the curves extracted from the numeri-

cal results. Once again, the experimental study yields a

clear validation of the numerical simulation performed

using the model equations. The discrepancy between

the experimental data and the results obtained with

the numerical simulations does not exceed 2%.

The last results of the experimental study are illus-

trated in Fig. 3 exhibiting the variation of the maximum

of electric current as a function of the position of the

pair of magnets. The experimental data are referred as

to the red points which are very close to the solid line for

the analytical results. The optimal position for the pair

of magnets is located at about 36.3% (XM = 0.363).

At this position, the maximum of the electric current is

less than any other maxima. The value of the electric

current is about 4 A. Nevertheless, the present result is

certainly dependent on the bistable parameters such as

the end-shortening as well as the magnet length. More-

over, it is noteworthy drawing a parallel between the

present results and those issued from a similar work

concerning the bistable beam actuation using a punc-

tual force. An identical result, but in the case of a

punctual force actuation, was already pointed out by

Cazottes et al. [16] but on using the modal expansion

method, and by Camescasse et al. [13] in the framework

of the elastica approach of the beam theory. The mini-

mum of the actuating force is not located at the beam

mid-point. The exact position is very dependent on the

beam slenderness and end-shortening (see Fig. 4).

5 Discussion and concluding remarks

The essential results of the present model of bistable

beam actuation using a distributed Laplace force lie

with the validation of the model by experimental tests.

The model thus adopted is based on the elastica theory

of elastic beams which accounts for displacements and

rotations of large amplitudes. Moreover, the model in-

cludes the beam extensibility which plays a crucial role

in the switching process. One of the originalities of the

study is the distributed Laplace force actuation on a fi-

nite zone of the beam which is permanently perpendic-
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Fig. 6 Photos of the experimental set-up : (a) view showing the beam placed between the both magnets (b) the global view
of the bistable buckled beam fixed with the clamps at each of its ends and different instruments and (c) the measurement of
the mid-point beam displacement owing the laser profilometer.

ular to the deformed beam. The bistable beam response

under Laplace force is investigated according to the po-

sition of the actuating zone (the center of the magnets)

with respect to the beam length. In particular, the off-

center actuation needs a maximum of electric current

to have the beam switched smaller than that of the

central position for a given end-shortening. The exper-

imental results reported in the present study ascertain

the numerical predictive results for the bistable beam

response and the influence of the magnet location.

An optimal position of the pair of magnets has been

placed in evidence. For an actuation localized at about

36.3% from the left or the right of the beam we have the

minimum of the electric current producing the Laplace

force for the beam switching. These results can be of rel-

evant interest in engineering applications such as micro-

switches, micro-robotics, tactile interfaces, or MEMS.

A natural extension of the present work and forthcom-

ing work would be to study the vibration of the bistable

beam in the post-buckling regime, for instance, vibra-

tions of small amplitudes around the buckled state, in

first time. However, one of the most interesting stud-

ies would be the nonlinear dynamical response of the

bistable system under time-dependent excitation of the

Laplace force type. Especially, the latter can be easily

controlled by varying in time the electric current run-

ning through the beam [41, 44, 46]. The experimental

validations of the vibrating behaviors of the buckled

beam will be considered as well.
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