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THE COMPLETENESS OF THE GENERALIZED EIGENFUNCTIONS AND
AN UPPER BOUND FOR THE COUNTING FUNCTION OF THE
TRANSMISSION EIGENVALUE PROBLEM FOR MAXWELL EQUATIONS

JEAN FORNEROD AND HOAI-MINH NGUYEN

ABSTRACT. Cakoni and Nguyen recently proposed very general conditions on the coefficients
of Maxwell equations for which they established the discreteness of the set of eigenvalues of
the transmission eigenvalue problem and studied their locations. In this paper, we establish the
completeness of the generalized eigenfunctions and derive an optimal upper bound for the counting
function under these conditions, assuming additionally that the coefficients are twice continuously
differentiable. The approach is based on the spectral theory of Hilbert-Schmidt operators.

1. INTRODUCTION

Let © C R3 be a bounded domain of class C3. Let ¢, u, 1, & € [L>=(2)]>*3 be symmetric and
uniformly elliptic. A complex number w € C is called a transmission eigenvalue if there exists a
non-zero solution (E, H, E, H) € [L*(Q)]'2 of the following Cauchy problem:

1) V x E=iwpH in ), VxE=iwpH inQ,
1.1 R R
V x H=—iweE in ), V x H=—iwéE inQ,

(1.2) (E-~FE)xvr=00ndQ, and (H—-H)xv=0 ondQ.

Here and in what follows, v denotes the unit, outward, normal vector to 0f2.

The transmission eigenvalue problem, proposed by Kirsch [16] and Colton and Monk [I1], has
been an active research topic in the inverse scattering theory for inhomogeneous media. It has a
connection with the injectivity of the relative scattering operator. Transmission eigenvalues are
related to interrogating frequencies for which there is an incident field that is not scatterered by
the medium. We refer the reader to [6] for a recent and self-contained introduction to the topic.

Cakoni and Nguyen [9] have recently studied the transmission eigenvalue problem for Maxwell
equations in a very general setting. Under the assumption that e, p, &, fi are of class C! in a
neighborhood of the boundary, they proposed the following condition:

(1.3) g, I, €, 1 are isotropic on 0X), and € # &, pu# 1, €/pu#E/f on 0N

(see Remark H| for the convention used in ) Under this assumption, Cakoni and Nguyen
showed that the set of eigenvalues \; of system - is discrete. In studying the location of
the eigenvalues under this condition, they showed that, for every v > 0, there exists wg > 0 such
that if w € C with |$(w?)| > v|w|? and |w| > wp, then w is not a transmission eigenvalue. Their
analysis is inspired and guided by the famous work of Agmon, Douglis, and Nirenberg [2, [3] on
complementing boundary conditions.

In this paper, we further study spectral properties of the transmission eigenvalue problem under
assumption given above. More precisely, we establish the completeness of the generalized
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2 JEAN FORNEROD AND H.-M. NGUYEN

eigenfunctions and derive an optimal upper bound for the counting function of the transmission
eigenvalues.
Before stating our results, as in [9], we denote

(1.4) H(Q) := {(u,u,a,@) e [L2()]2 - div(eu) = div(uw) = div(2a) = div(a) = 0 in ©

and éﬂ-y—eu-yzﬂﬁ-y—uv'yzoon@Q}.

The functional space H(2), which plays a role in both the analysis in [9] as well as in this paper,
is a Hilbert space with the standard [L?(£2)]'2-scalar product. One of the motivations for the
definition of H(R) is the fact that if (E, H, E, H) € [L?(€)]'? is an eigenfunction of the transmission
eigenvalue problem, i.e., a solution of and for some w € C, then (E, H,E,H) € H(Q)
except for w = 0. The other motivation is on the compactness of Ty defined below.

The first main result of this paper is on the completeness of the generalized eigenfunctions. We
have

Theorem 1.1. Assume that ¢, u, &, i € [C*(Q)]>*3 and (1.3) holds. The space spanned by the
generalized eigenfunctions is complete in H(2), i.e., the space spanned by them is dense in H(2).

Remark 1. See also Remark [ for a discussion of another version of Theorem [T.1]

Remark 2. The space spanned by the generalized eigenfunctions corresponding to a given trans-
mission eigenvalue is of finite dimension. This follows from the compactness of the operator T
(see below). As a consequence of Theorem the number of transmission eigenvalues is
infinite and the space spanned by the transmission eigenfunctions is of infinite dimension.

The second main result of this paper is on an upper bound for the counting function A/. This
function is defined by, for ¢ > 0,

(1.5) N(t) = #{j L] gt}.
Concerning the behavior of N (¢) for a large value of ¢, we have

Theorem 1.2. Assume that €, pi, &, i € [C?(Q)]>*3 and (1.3)) holds. There exists a constant ¢ > 0
such that, fort > 1,

(1.6) N(t) < ct?.

Theorem complementary to Theorem gives an upper bound for the density of the
distribution of the transmission eigenvalues. This upper bound is optimal in the sense that it has
the same order as the standard Weyl laws for the Maxwell equations [35, [30].

Some comments on Theorem [I.1] and Theorem [I.2] are in order. The generalized eigenfunctions
associated with A;, considered in Theorem are understood as the generalized eigenfunctions
of the operator T, defined in below, corresponding to the eigenvalue (i\; — k)~ of Tg.
One can show that it is independent of &k as long as Ty is well-defined (and compact). In the
conclusion of Theorem the multiplicity of eigenvalues is taken into account. The meaning of
the multiplicity A; is understood as the multiplicity of the eigenvalue (i\; — k)~! of the operator
Tr. Again, this is independent of k. These points follow from [I, Theorem 12.4| after applying
Lemma on the modified resolvent of 7. The multiplicity and the generalized eigenfunctions
corresponding to A; are then understood as the multiplicity of (i\; — k)~ and the generalized
eigenfunctions corresponding to (i\; — k)~! both corresponding to T from now on.
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We recall here the definition of a generalized eigenfunction and the multiplicity of its corre-
sponding eigenvalue, see e.g. [Il Definition 12.5], for the convenience of the reader.

Definition 1.1. Let A: H — H be a linear and bounded operator on a Hilbert space H. Let X\ be
an eigenvalue of A. An element v € H \ {0} is a called a generalized eigenfunction of A if there
exists a positive integer m such that

(1.7) (A=A)"v =0.
The multiplicity of the eigenvalue X is defined as the dimension of the set |J,, oy, Ker(A — A)™.

The study of the transmission eigenvalue problem for Maxwell’s equations is not as complete
as for the scalar case, which is discussed briefly below. Before [9], the discreteness results could
be found in [I4] 8] (see also [10]) where the case of u = € = i = I, and € — I invertible in a
neighborhood 0f) was considered. Concerning the other aspects, Cakoni, Gintides, and Haddar
[7] studied the existence of real transmission eigenvalues, and Haddar and Meng [15] studied the
completeness of eigenfunctions for the setting related to the one in [8] mentioned above. In the
isotropic case, under the assumption u = f and ey # £, Vodev recently derived a parabolic
eigenvalue-free region [34].

The structure of the spectrum of the transmission eigenvalue problem is better understood in
the case of scalar inhomogeneous Helmholtz equations in € of R? with d > 2. Let A; and As be
two (d x d) symmetric, uniformly elliptic, matrix-valued functions and ¥; and 3 be two bounded
positive functions all defined in €2. The state-of-the-art results on the discreteness of transmission
eigenvalues are given in [24]. In particular, the authors showed that the transmission eigenvalue
problem corresponding to the pairs (A1, 31) and (Asg, ¥2) has a discrete spectrum if the coefficients
are smooth only near the boundary, and

i) Ai(x), As(z) satisfy the complementing boundary condition with respect to v(z) for all
x €09, ie., for all z € 9Q and for all £ € R?\ {0} with & - v = 0, we have

(Aov - v)(A2€ - €) — (Aav - €)% # (A, w)(Ai€ - €) — (A - €)%,
i) (Ajv-v)X) # (Agv - )X for all z € 09.
Assume i) and ii) and A1, A, X1, Yy are continuous in €, the Weyl laws for eigenvalues and the
completeness of the generalized eigenfunctions in [L?(€2)]? were recently established by Nguyen and
(Q. H.) Nguyen [25]. Previous results on discreteness can be found in [4, 17, [3I] and references
therein. Completeness of transmission eigenfunctions and estimates on the counting function were
studied by Robbiano [28, 29] for C*° boundary and coefficients, and for the case Ay = Ay = I.
Again in C'™ isotropic setting, Vodev [32], [33] proved the sharpest known results on eigenvalue
free zones and Weyl’s law with an estimate for the remainder.

The Cauchy problem also naturally appears in the context of negative-index materials after
using reflections as initiated in [I8] (see also [20]). The well-posedness and the limiting absorption
principle for the Helmholtz equation with sign-changing coefficients were developed by Nguyen
[19] using the Fourier and multiplier approach. Similar problems for the Maxwell equations were
studied by Nguyen and Sil [26]. Both papers [19], [26] deal with the stability question of negative
index materials, and are the starting point for the analysis of the transmission eigenvalue problems
in [24] 25, 9]. Other aspects and applications of negative-index materials as well as the stability and
instability the Cauchy problem and are discussed in [20, 22| 23] 21| and the references
therein.

The starting point and key feature of the analysis in [9] is the following result [0, Propositions
4.1 and 4.2|:
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Theorem 1.3 (Cakoni & Nguyen). Assume that e, p, €, fi € [CH(Q)]**® and (1.3)) holds, and let
v > 0. There exist two constants ko > 1 and C' > 0 such that for k € C with |3(k?)| > fy\k|2
and |k| > ko, for every (Jo, Jm, Je, Jm) € [L2(Q)]'2, there exists a unique solution (E,H,E, H) €
[L2()]*2 of

18) V x E =kuH + J, in Q, V x E=kpH+ J, in Q,
' V x H=—keE + Jy, in Q, V x H = —kéE + J, in Q,
(1.9) (E—E)xv=00n09Q, and (H—H)xv=0 ondQ.

Moreover, if (Jo, Jins Jey Jm) € [H(div, Q)]* with (Jo-v —Je- v, Jy-v — Jp -v) € [HY2(9Q))?, then

(110) ‘k| ”(E7H7 Ea I:I)HLQ(Q) + ”(E> H, Ea }AI)HHl(Q) < CH(‘]67 I, jev jm)HLQ(Q)
C . : L a s C - .
+ WH(dIV Je, div I, div Je, div i) || £2(0) + WH(JG V= de Vv = Ji V) 2090
We recall that the space H(div, () is defined by
H(div, Q) = {u € [L*(Q)]? : div(u) € L*(Q)}.

Remark 3. In [9], the coefficients are assumed to be of class C'* near the boundary, and a variant
of (L.10), where the || - | m1(q) is replaced by || - ||g1(pngy for some neighborhood D of 92 (see
[9, (4.4) of Proposition 4.1]), was established. Nevertheless, under the smoothness assumption
considered here, follows immediately by the same analysis.

Fix k € C such that the conclusions in Theorem hold. One can then define the operator Ty
as follows:

T : H(Q) — H(Q)
(1.11) . o
(je’jm,jejj'er) '_> (E7 H? E7 H)7
where (E, H, E, I:I ) is the unique solution of, with (Je, Jp, J., jm) = (uTms —eTer 0 Trm, —éje),
112 VxE=kuH+J, inQ, VxE=kiH+J, in,
' VxH=—keE+J, inQ, VxH=—kéE+J, inQ,
(1.13) (E—E)xv=00ndQ, and (H—H)xv=0 ondQ.

From and the compactness criterion related to the Maxwell equations, one can derive that
T is Compact. It is easy to check that w is an eigenvalue of the transmission eigenvalue problem if
and only if (iw—k)~1 is an eigenvalue of Tj. The discreteness of the eigenvalues of the transmission
eigenvalue problem then follows from the discreteness of the eigenvalues of 7.

In this paper, to derive further spectral properties of the transmission eigenvalue problem, we
develop the analysis in [9] in order to be able to apply the spectral theory of Hilbert-Schmidt
operators. This strategy was previously used in the acoustic setting [25]. To this end, we establish
a regularity result (see Theorem [2.1] - ) for solutions given in Theorem [1.3] . In addition to this, one
of the main ingredients in the proof of Theorem [I.1] is the denS.lty of the range of the map E in
H(Q) with respect to the [L?(€2)]'2-norm (see Proposition . The proof of Theorem [L.1]is also
given in a way which does not involve any extra topological property of Q) than its connectivity
(see Step 2 of the proof of Proposition .
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The paper is organized as follows. In Section [2] we establish the regularity result on the trans-
mission eigenvalue problem. The last two sections are devoted to the proof of Theorem [I.1] and
Theorem [I.2] respectively.

2. A REGULARITY RESULT FOR THE TRANSMISSION EIGENVALUE PROBLEM

The following regularity result for the Maxwell transmission eigenvalue problem is the main
result of this section (compare with Theorem [1.3)).

Theorem 2.1. Let e, pu, &, i € [C?(Q)]3*3 be symmetric, and let v > 0. Assume that there exist
A>1 and Ay > 0 such that

(2.1) At <epép<NinQ, (6,18 @)lloz@ <A,

(2.2) €, W, &€, [i are isotropic on Of),

and, for x € 012,

(2.3) le(z) —e(@)| = A1, (@) — ax)| = Ay, fe(@)/pu(z) — é(x)/f()] = As

There exist two constants kg > 1 and C > 0 such that, for k € C with |3(k?)| > v|k|? and \k:] > ko,
the conclusion of Theorem. holds for (Je, Ty Jey J m) € [LQ(Q)]12 Moreover, for Jeoy Iy Jes i €
[HY(Q)]? with div Je, div Jp,, div Je, div J,, € HY(Q) and Jo-v — Je - v, Jo -V — Jp - v € H32(0Q),
we have

(24) (B, H, E, H)| 20y + KB, H, E, H)|| g1 () + [k[* (B, H, E, H)|| 120

< C|k|||(=]ea I j€> jm)”L?(Q) + CH(Je» I jea jm)”Hl(Q)

C R .
+ —=[[(div Je, div Jm, div Je, div Ji) | 51 ()

+ C||(div Je, div T, div Jo, div Jn) || 12(q) 7

+C(Je v = Je Vo v — Ty - )|z o0) + Jo vV ="Je VI v — Jy, - )| sz o0

C
I
||
for some positive constant C' depending only on Q, A, A1, and .

Remark 4. The convention used in , and in are as follows. A 3 x 3 matrix-valued
function M defined in a subset O C R* is called isotropic at x € O if it is proportional to the
identity matrix at x, i.e., M(xz) = ml for some scalar m = m(z), where I denotes the 3 x 3
identity matrix. In this case, for notational ease, we also denote m(x) by M (x). If M is isotropic
for x € O, then M is said to be isotropic in O. Condition and are understood under
the convention m(z) = M(x).

Denote
]Ri = {x = (z1, 22, 73) € R3; 23 > 0}
and
R} = {x = (21, 29,23) € R3; 23 = 0}.

One of the main ingredients of the proof of Theorem is the following lemma, which is a variant
of |9, Corollary 3.1] (see also Remark [5).
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Lemma 2.1. Let v > 0, k € C with |3(k?)| > v|k|?, and |k| > 1, and let e, p, &, p € [CH(RY)]?*3
be symmetric, uniformly elliptic. Let A > 1 be such that

A! <e p, & p<AinbB ﬂRi’_ and ”(Evlua €, ﬂ)”Cl(RiﬂBl) <A

Assume that €(0), £(0), u(0), (0) are isotropic, and for some Ay >0
£(0) = (0)[ = A1, [u(0) = 4(0)] = A1, and  1e(0)/u(0) —£(0)/(0)] = Ay

Let Jo, Ju, Je, Jy € [L*(R3)]3, and assume that (E, H, E,I:I) € [L2(R3)]'? be a solution of the
syste

25 V x E =kuH + J. in RS, V x B =kiH + J. in R3,
2.5 N . R

V x H=—keE + Jp, in RY, V x H=—kéE + Jy, in R3,
(2.6) (E—FE)xes=0o0nR3, and (H—H)xe3=0onR3.

There exist 0 < rg < 1 and kg > 1 depending only on v, A, and Ay such that if the supports of
E, H, E, H are in B,y NR3, then, for |k| > ko,

i)
(2.7) K (B H. B, H)| 2ty < Cll (e Tms Jes Tl 2(a -

i) if Jey Iy Jey Jm € H(div,R2) and Je3 — Je 3, Jms — Jma € HY?(RY), then

(2.8) (B, H,E, H)| gy + [k (B, H, B, H)l|2z3) < C(H(JeaJm7jevjm)HL2(Ri)

L. . s s 1 A A
I ey div i e div o)) + (e = e, T = Jm,g)qu/z(Rg)).
iii) assume in addition that €, p, €, fi € [C*(R3)]13%3 and

H(57 s €, [j’)HCQ(]RiﬂBl) <A

Then, if Je, Jm, Je, Im € [HY(RE)3, div Jo, div Jp, div Je, div J,, € HY(RY), and Je3 —
je,37 I3 — jm,3 c H32(R3), we have

(29) H(E7 HaEAaﬁ)”H%Ri) + ‘km(Ea H, E? I_})HHl(Ri) + |k|2 H(E7 HaEA7ﬁ)”L2(R§L)

<Clkl[|(Je, Im, jea jm)||L2(R3+) + C|[(Je, Im, jea jm)HHl(Ri)

~ A C A A
+ C||(div Je, div Jp,, div Je, div JM)HL?(Ri) + m“(div Je, div Jp,, div J,, div Jm)HHl(Ri)

A A C A A
+ Ol (Jes = Je3s Im3 = Jm3)l gz sy + m”(e]e,s = Jess Jm3 = Jms)ll gsrzms)-

Here C denotes a positive constant depending only on ~v, A, and A;.

Remark 5. Parts i) and 4¢) are from [0, Corollary 3.1|, which are restated here for the convenience
of the reader. The new material is in part #ii).

IHere and in what follows es = (0,0, 1).
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Proof. We only prove iii) (see Remark [5). The idea of the proof is as follows. To derive (2.9),
we first differentiate the system with respect to x; for j = 1,2 and then derive the corresponding
estimates for (0, F, 0, H, 8ij, ax]fl) using ¢) and ¢7). After that, we use the system of (E, H) and
(E, H) to obtain similar estimates for (9, E, Oy H, Oy E, 85, H). This strategy is quite standard
at least in the regularity theory of second elliptic equations, see e.g. [5]. The main goal of the
process is to keep track of the dependence on |k|. The details are now given.

Fix kg and rg such that i) and i) hold. By i), we have

S .. . s
<C (H(Je, Iy Je, Jm)HL?(Ri) + m”(dlv e, div Jp, div Je, div Jm)HL?(Ri)

b il = o Tma = )l )
Let j = 1,2. Differentiating and with respect to x;, we obtain
V X 0y, E = kpdy, H + J. in R3, V X 0y, B = kfi0y, H + J. in R,
{ V X 8y, H = ~key, E + Iy in RY, { V X 8y, H = —ké0y, E + J,, in R3,
(0z;E — 0y, F) x e3 =0 on RS, and (8xjﬁ—8xjH) x e3 =0 on Ry,

where

Je =01, Je + k(Op;p)H,  Jm = Oz Jm — k(Or,6) E,
Jo = 0p,Je + k(0,0 H, Ty = Oy, i — k(01,6) E.
Applying ii) to (9, E, 0x, H, aij, Oz; f]), we deduce that

(2.11) ||(0x,E, 0y, H, aij,axjﬁ)qu(Ri) + |&|[|(0, B, 04, H, aij,axjﬁ)nLQ(Ri) < C(R; + Ry),

where
(2.12) Ry =D Tes By Tins Oy e Oy Ton) | 2t
+ “1' 1(div Oy, e, div Oy T, div Oy, e, div Dy T || 12 &)
1 o .
+ mﬂ(axj Jes = On;Je 3, Ou; Ims — On; Jm ) e (my)»
and
(2.13) Ry = |K||(B, H, B, H) | p2sy + (B, H, B, H) | gs ) + 1B, H, B H) | 172

Combing (2.10)), (2.12), and (2.13]), we derive from (2.11f) that

(2.14) [[(90; B, 03, H, 00, B, 03, H) | vy + 1K1 (O, B 0, H, 0, B, 0 H)| 283

< the RHS of (2.9)).
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On the other hand, from the system of (E, H), we have, in ]Ri,
(215) azSEQ = 8x2E3 — k?(/,LH)l — Je,la 8353E1 6x1E3 + k‘(,uH)g + Je 2 and

3 2 3
1.
Oy Zengj ==Y Zawgngj + 4 div(m).
j=1 /=1 j=1
Combining (2.10), (2.14), and (2.15)), and using the fact that 33 > A~!, one has
(2.16) Bl e + KBl s s + K12 | Ell 2oy < the RHS of (239).

Similarly, one obtains

(217) |(H. B E) | paqusy + Kl (H. B, B s s + KP2 (L B, D] 2gps) < the RHS of (Z3).

The conclusion of Lemma follows from , , and . O
We are ready to give

Proof of Theorem[2.1] Let K be a compact subset of Q. Fix ¢ € C?(2) such that ¢ = 1 in K.
Set
(E,, Hy, By, Hy) = o(E, H,E, H) in Q.
From the system of (E, H, E, ﬁ), we have
218 V x By = kpHy + Jp. in Q, V x By = kjiHy + Jy, in Q,
V x Hy, = —keEy,+ Jpm in Q, V x Hy = —kéE, + Jym in Q,

(2.19) (Ep —E,)xv=00n0Q, and (I;ﬂp — H,) x v =0 on 0.

Here, in €,

Joe =VoX E+¢Je, Jon=Vox H+ @Jp, Jpe=Vox E+@de, Jpm=Vox H+ @y
Differentiating the system of (EQO,HQO,EW,IEI@) with respect to x; (1 < j < 3) and applying

Theorem [I.3] we obtain, as in the proof of Lemma [2.1]

H(EgoaHstEwﬁ )HH2 <C‘MH( P,€r @maJtp,m wm)HLZ +CH( ©,er Lp,majw,eajcp,m)”Hl(Q)

C A A
+ == [(div g, diV Sy m, div Jip e, diV Jp m) [ 1)

HC|[(div Ty e, div T m, div Jpe, div Jpm) || 12(0) 7

This implies
(220) ”(Esm Hsov va IA{&D)HH%Q) < C““’H(Jea Im; jev jm)”L2(Q) + CH(Jev I jev an)HHl(Q)

C ~ ~
+ == [[(div Je, div Jm, div Je, div Jim) | 51 ()

+ C||(div Je, div T, div Je, div Jn) || 22(q) "

+C|/€!H(E H, B, H)|2) + Cl(E, H, E, H)| 11 ()
Applying Theorem again, we derive from ) that
(2.21) |(Eyp, Hy, By, Hy)| o) + |’f|||(Eso,H@,E@ff@)llm(ﬂ)

+ |k |[(Eyp, Hy, B, Hy)l| 20y < the RHS of [2:4).
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The conclusion of Theorem now follows from (2.21)) and Lemma via local charts. The
proof is complete. 0

3. COMPLETENESS OF THE GENERALIZED EIGENFUNCTIONS - PROOF OF THEOREM [ 1]

To establish the completeness of the generalized eigenfunctions, we use Theorem [2.1] and apply
the theory of Hilbert-Schmidt operators. To this end, we first recall

Definition 3.1. Let H be a separable Hilbert space, and let (¢r)3>, be an orthogonal basis. A
bounded, linear operator T : H — H is Hilbert-Schmidt if its finite double norm

00 1/2
I = (Z HT(%)H%> < +00.
k=1

Remark 6. The definition of || T|| does not depend on the choice of (¢r), see e.g. [I, Chapter 12].
Using Theorem we can establish the following result.

Proposition 3.1. Assume that ¢, i, &, i € [C*(Q)]>*3 and (1.3)) holds, and let v > 0. Let ko > 1
and C > 0 be constants such that for k € C with |3(k?)| > v|k|? and |k| > ko, the conclusions of
Theorem hold. Then, for such a complex number k,

3.1) ITE D mz@) + KITE D o) + EPITE (T 20

< CT 2@ YT = (Tes Ty Tey Tm) € H(Q).

Consequently,
i) T2 is a Hilbert-Schmidt operator defined in H(S); moreover,
C
2
<

for some positive constant C, independent of k.
ii) For 6 € R with |3(e*?)| > 0, € is a direction of minimal growth of the modified resolvent

ofﬂf.

For the convenience of the reader, we recall briefly here some notions associated to the concept
of the minimal growth. Let A be a continuous, linear transformation from a Hilbert space H
into itself. The modified resolvent set p,,(A) of A is the set of all A € C\ {0} such that I — \A
is bijective (and continuous). If A € p,,(A), then the map Ay := A(I — AA)~! is the modified
resolvent of A (see [I, Definition 12.3]). For 6 € R, ¢ is a direction of minimal growth of the
modified resolvent of A if for some a > 0, the following two facts hold for all r > a: 4) re' is in
the modified resolvent set p,,(A) of A and ii) || A, .| < C/r (see [1, Definition 12.6]).

Another key ingredient of the proof of Theorem is:

Proposition 3.2. Assume that €, u, é, i € [C*(Q)]>*3 and (1.3) holds. Let k € C be such that

the conclusion of Theorem [2_1] holds. We have
7112((2)

Te(H(92))

The rest of this section containing three subsections. In the first subsection, we give the proof
of Proposition [3.1 The proofs of Proposition and Theorem are given in the last two
subsections, respectively.

= H(0).



10 JEAN FORNEROD AND H.-M. NGUYEN

3.1. Proof of Proposition We first state and prove a lemma used in the proof of Proposi-
tion 3.1

Lemma 3.1. Let k, s € C be such that T, Tpts : H(Q2) — H(Q) are bounded. We have
i) If Tr is compact, then s € pp(Tx).
ii) Assume s € pp(Ti). Then

(3.3) Tl = sTi) L= (I = sTi) " " Th = Tirs-

Proof of Lemma[3.1 We begin with assertion 7). Since Ty is compact, it suffices to prove that
I — s7Ty is injective. Indeed, let (E,H,E,ﬁ) € H(Q) be a solution of the equation I — sT; = 0.
One can check that (E, H, E, H) = T;15(0) = 0. Assertion i) follows.

We next establish ii). Let J = (e, T, je, jm) € H(Q) be arbitrary. Set

(34> (E7H7 E? ﬁ) = 77€+S(j)7
(3.5) T = (T T T TN = - sTe) N (),
(3.6) (B H' E' H') = To(T").

We claim that
(B H'.E', H") = (E,H, E, H),
which implies 75 (I — s7) ' = Tg,s since J is arbitrary.
To prove the claim, we will show that (B!, H', E*, H') and (E, H, E, H) satisfy the same Cauchy
problem. We have

(3.7) Vx EE 4 o)ul + p 7,
v x 5@ pumt 471,

7' -7 1) @ s, 1 B A,
This implies
V x E' = (k+ s)uH + uJm,

(compare with (3.7)). Similarly, we can derive that (E', H!, E1, 1:11) and (E, H, E, H) satisfy the
same system since it is clear that, on 012,

(B1—E)xv=H -—H)xv=0=(E—E)xv=(H-H)xv.

The claim is proved.
Since

(I = ST (I — sTe) ™ = I = (I = sTo)™ (I = 5T,
and s # 0 by the definition of p,,(7x), we obtain
Tl = sTi) ™t = (I — sTy) ' Tr.
The proof is complete. O

We are ready to give
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Proof of Proposition[3.1 Assertion (3.1) is a consequence of Theorem and Theorem In-
deed, as a consequence of (3.1) and Gagliardo-Nirenberg’s inequality see [12, 27], we derive, for
J € H(Q), that T2(J) € [C()]'?, and

3 1 C
1T (Do) < CITE( I 2o | T f2qy < WHJHLQ(Q)~
It follows from the theory of Hilbert-Schmidt operators, see e.g. [25, Lemma 3| E|7 that 7;2 is a
Hilbert-Schmidt operator defined on H(2) and
SO
‘k|1/2’
We next check the assertion on the minimal growth of the modified resolvent of 7. We have

lim |S((k+7e)?)|/ |k +re|? = |S(e*?)| > 27,

r—+00

1720 <

for some v > 0. It follows, for a large enough, that &+ re’ satisfies the conclusion of Theorem
for r > a. On the other hand, let (E, H, E, H) € H(Q2). We first note that, for s € C,

(I —sTi)(E,H,E, H) = 0 if and only if (E, H, E, H) = T4 s(0) = 0,

provided that ;. is well-defined. Since Ty, is compact, it follows that re? € p,,(Tz) for r > a.
By Lemma we also have, with s = re®,

Tl — sTi) ™t = (I — sT) " Th = Thss-

Let s; = ir'/2e"/2 and sy = —ir'/2e/2. Thus, (t — s1)(t — s9) = t*> — s for t € C. One then can
check that

TR —sT2) ' = T2 —s1Th) (I —sTp) 7 P2 mﬂc(f—slﬂc)flﬂc(f—sﬂk)*l = Tvsy Trtsy-
It follows from Theorem that

172 (I = sT2) Mm@ »u©) = 1 Tets: Totse l10)>H©Q)

< | Tkrss @) —mOQ TRt s2 lHEOQ) - HE©Q)

11 C
T salfs2l sl
The assertion on the minimal growth of the modified resolvent of 7}3 follows. ([

3.2. Proof of Proposition We first state and prove the following technical result, which is
used in the proof of Proposition [3.2]

Lemma 3.2. Let M € [CY(Q)]**3 be symmetric and uniformly elliptic. Let U € [H*(Q)]® be such
that div(MU) = 0 in Q2. There exists a sequence (Uy), C [H*(Q)]® such that

(3.8) div(MU,) =0 in Q,

(3.9) MU, -v=MU-v ondQ, U,xv=0ondQ,
and

(3.10) Unp — U in [L2(Q)]® as n — +oo.

2In [25, Lemma 3], the statement is on [L?(€2)]™ for some m > 1, nevertheless, the proof also gives the result for
H(Q) since H(Q) is equipped with the [L*(Q)]**-norm.
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Proof of Lemma[3.4 Since  is connected, U € [H1(Q)]? and div(MU) = 0 in ©, by [13, lemma
2.2], there exists V € [H(£2)]? such that

(3.11) divV=0inQ and V= MU.VMI/ on 02.

Mv v
Set V=M~V in Q. One can casily check from the definition of V and (3.11)) that
(3.12) diviMV)=0inQ, MV -v=MU-vondQ and V xv =0 on 0.

Set U = U —V in Q. Since div(MU) = 0 in Q, we derive from (3.12) that le(MU) =01in  and

MU -v = 0 0n Q. It follows from [I3, Theorem 2.8] that there ex1sts a sequence (Uy), C [CHQ)]?
such that

(3.13) div(U,) = 0 in Q

and

(3.14) Up — MU in [L*(Q)]? as n — +o0
Set

Uy = MU, + V.
We claim that the sequence (U, ), has the required properties. Indeed,

div(MU,,) = div(U,) + div(MV) E12)( -
and, since U,, € [C1(Q)]?, we also have

MUn‘V— n v+ MV -MU on 0f),

and
Uﬁxu:N1%fxu+qunm0mMm
Moreover, since V' € [H!(Q)]3, it follows that U,, € [H!(Q)]?. By (3.14) we obtain
Uy, —=U+V =U in [L*(Q)] as n — +o0.
The proof is complete. O

We are ready to give

Proof of Proposition[3.9. Since Ty, is a map from H(Q) into H(S?), it suffices to prove the following
two facts

(3.15) Q)2 nH©) c TE©@)”
and
(3.16) [HY(Q)]'2 N H(Q) is dense in H(Q) with respect to [L?(Q)]'? — norm.

These will be proved in Steps 1 and 2 b§loyv.

Step 1: Proof of (3.15)). Let (E,H,E,H) € [H*(Q)]'2 N H(R). By applying Lemma with
(M, U) equal to (g, E), (u, H), (¢, F), and (ji, H), there exists a sequence ((E",H”,E”,H”))n -
[H1(Q)]'2 N H(Q) such that
(3.17) E'"xv=H"xv=FE"xv=H"xv=0on o,
and
(3.18) (E", H" E",H") — (E,H,E, H) in [L*(Q)]'? as n — +oc.
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Set, in €,
(3.19) J' =V x E" — kuH", J =V x H" + keH",
(3.20) JV =V x E" —kpH™,  JU =V x H" + kéH™,

and define (77, J2, J2 J2) in Q via (J2, J%, J0, J%) = (uT, —e T2 plJn, —EJ0).
It follows that (1.12]) holds with (E, H, E, H) and (J¢, Jin, Je, Jm) replaced by (E™, H™ E™ H™)
and (J7, J", J7, J0). Since (E™, H", E", H") € H(Q), it follows that

(3.21) div J? = div J? = div J? = divJ"” = 0 in Q.
On the other hand, from (3.19)) and (3.20)), we have, on 02,
(JP—J") v =(VXE"-VxE") v—k(aH" — pnH") - v.

This implies
(3.22) (JP—J") v =0 on dQ,
since (AH™ — pH™) - v = 0 on 9Q and divgg ((E” — E™) x 1/) =0 on 9 by (3.17). Similarly, we
have
(3.23) (J7 —J%) v =0 on dQ.

Combining (3.21), (3-22)), and yields that (J, T2, Ae", j,ﬁ) € H(Q2). Consequently,

(B H B ) € To(H(Q).

The conclusion of Step 1 now follows from .

Step 2: Proof of (3.16). Fix (E, H, E, H) € H(Q) arbitrary. There exist sequences (£™),,, (H")n C
[H?(2)]3 such that

(3.24) (e€™, uH™) — (¢E, pH) in [H(div,Q)]%
Since

div(éE — eE) =div(iH — pH) =0in Q and (éF —¢E)-v = (iH — pH) - v =0 on 99,
by [13, Theorem 2.8], there exist sequences (U%),, (U2), C [H?(£2)]? such that

(3.25) divU! =divU), =0in Q,

and

(3.26) (UM, UL = (E — eE, jH — pH) in [L2(Q)]® as n — +o0.
Define £, H" € [L*(Q)]? via

(3.27) EEM =U"+e£"in Q  and  AH" = U 4+ pH" in Q.

From , , and , we have

(3.28) (E", fH™) — (¢E, pH) in [H(div, Q)]%.

Using and , we derive from the trace theory that, as n — +oo,
(3.29)  (e€" —eE) v, (WH" — pH) v, (EE" —EE) v, (WH" — pH) - v — 0 in H'/2(69Q).
Since (éF — eE)-v = (iH — pH) - v = 0 on 952, we obtain
(3.30) (EE" — &™) v, (WH" — pH™) - v — 0, in HY2(89) as n — +oo.
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Set
1
3.31 ap = —— e v and o, = —— H" - v,
. 391 Joe 99 Joe"
where |0€2| denotes the 2-Hausdorff measure of 9§2. We derive that
s 1 / |
3.32 lim of = —= el -v=—— [ div(eE) = 0.
532 O 0] oo™ T o] Jo M)
Similarly, we obtain
(3.33) lim a, =0.
n——+0o

Denote
(@) = {ue H'(©): /Q“ ~ o).
Let €, €2, £, &, € H} (%) be a solution of
(3.34) { —div(eVed) = —div(=€®) in Q, { —div(uVEn) = — div(pH")  in Q,

eVE -v=af on 012, uVEr v =ap, on 01},
(3.35)
— div(eVED) = — div(éE™) in Q, —div(aVeén) = — div(aH™) in Q,
EVED .y = (€7 — €M) -v+al  on B9, AVED v = (AH" — pH™) -v + o, on IQ.

By the definition of o and o}, (3.31]), we have

(3.36) /div(eé‘”):/ al  and /div(u?—l"):/ an.
Q o0 Q o0

It follows that & and &}, are well-defined and uniquely determined. We also have
/ div(e€m) — / (€ —zem)-v+ar) B
Q i)

(13.31)

/Q div(iim) — /8 ) (G — ) v+ o) B0,

Hence ég and éﬁn are well-defined and uniquely determined as well. From the regularity theory of
elliptic equations it follows that

and

(3.37) (€0, 6m, 0, &) € [HP ()]
Using , , and , we derive that
(3.38) nOEn L EN €M 0 in HY(Q) as n — 4o0.
Set
(3.39) (En, Hy, B, Hy) = (E" — VEP, H" — VEN, EM — VEN, H™ — VER) in Q.
We have, by , and , and ,
(3.40) (Ew,Hyn, En, H,) — (E,H, E, H) in [L*(Q)]*2.

From the definition of €7, €7, €7, " we have

(3.41) div(eE") = div(¢E™) = div(pH") = div(iH™) = 0 in ©,
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and, on 012,
(3.42) (E™ —eE™) -v = (AH™ — uH™) - v = 0 on 0.
Combining , , and yields
(3.43) (E™ H™ E", H") € H(Q) N [H(Q)]'2.
The conclusion of Step 2 now follows from .
The proof is complete. O
Remark 7. One can rewrite and under the following form:
Vx (N VxE))—-w?E=0inQ,
Vx (i"YV xE)) —wE=0inQ,
Exv=ExuvondQ,
(i (V x E)) xv=(u"NV x E)) x von 0.

Then, a complex number w € C is called a transmission eigenvalue if there exists a non-zero
solution (E, E) € [L*(Q)]° of (3-44). Theorem [1.1| might be translated as follows:

Completeness: Assume that e, u, &, fi € [C?(2)]>*3 and holds. The space spanned by the
generalized eigenfunctions is complete in G(£2), i.e., the space spanned by them is dense in G(£2),
where

(3.45) G(Q) = {(u,’&) € [H(curl, Q)]%; div(eu) = div(éa) = 0 in 0,

(3.44)

(¢ —u) X v =0 on 0L, ([Fl(VXiL)) XI/—(,U,_I(VX’LL))XU:OOHaQ}

Remark 8. In [I5], the authors studied the completeness of generalized eigenfunctions in the
isotropic case under the assumption that
e=pu=p=11in Q,

€€ C™(Q) and € is constant different from 1 in a neighborhood of 9€2.

They considered the system under the form (3.44)). Since ¢ = p = I, their settings and ours are
different.

3.3. Proof of Theorem Applying Proposition [3.1] one has
- T2 : H(Q2) — H(Q) is a Hilbert-Schmidt operator.
- for § € R with |3(e??)| > 0, €' is a direction of minimal growth of the modified resolvent
of T2.
Applying the theory of Hilbert-Schmidt operators, see e.g. [I, Theorem 16.4], one derives that
1) the closure of the space spanned by all generalized eigenfunctions of 7,2 is equal to 7,2(H(2))
(the closures are taken with respect to the [L?(£2)]!2-norm).

On the other hand, we have
2) T2(H(Q)) = H(Q) since

H(Q) = T.(H(Q))  (by Proposition

= m (by Proposition

= T2(H(Q)) (by the continuity of Ty).
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3) The space spanned by the generalized eigenfunctions of 7;3 associated to the non-zero eigen-
values of 7;2 is equal to the space spanned by the generalized eigenfunctions of 7y associated to
the non-zero eigenvalues of 7. This can be done as in the last part of the proof of [1, Theorem
16.5]. Consequently, the space spanned by all generalized eigenfunctions of 7.2 is equal to the
space spanned by all generalized eigenfunctions of 7.

The conclusion now follows from 1), 2), and 3). O

4. AN UPPER BOUND FOR THE COUNTING FUNCTION - PROOF OF THEOREM

Let Xj be the non-zero eigenvalues of 7. Note that the non-zero eigenvalue values of 7',;2, counted

according to multiplicity, are X? (this can be proved as in the last part of the proof of [I, Theorem
16.5]). Applying the spectral theory of Hilbert-Schmidt operators, see e.g. [I, Theorem 12.14] to
7',;2, we have

(4.1) Do < ITER
J
Applying i) of Proposition we obtain
Y NIt <ok
J

Note that ); is an transmission eigenvalue if and only if (i\; — k)~! is an eigenvalue of T, and
they have the same multiplicity. It follows that

1
4.2 < Clk|7L.
Note that if |A;| < |k|, then |i\; — k| < 2]k|. We then derive from (4.2)) that
1
T 1< Okt
b X isom

VHRYINL]

This implies
N(lk]) < ClkP.
The proof is complete. ]
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