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DERIVED INTERSECTIONS AND FREE DG-LIE
ALGEBROIDS

JULIEN GRIVAUX

ABSTRACT. We study free dg-Lie algebroids over arbitrary derived
schemes, and compute their universal enveloping and jet algebras.
We also introduce derived twisted connections, and relate them
with lifts on twisted square zero extensions. This construction
allows us to provide new conceptual approaches of existing results
concerning the derived deformation theory of subschemes.
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2 JULIEN GRIVAUX

1. INTRODUCTION

Let k be a field of characteristic zero, let X and Y be two smooth
k-schemes, and assume that X is a closed subscheme of Y. The de-
rived self-intersection of X in Y is a derived k-scheme that can be
realized concretely as X endowed with a sheaf of dg-algebras whose
underlying object in the derived category of X is the derived tensor

L
product Ox ®p, Ox. Therefore, computing this object as well as its
dg structure on it is of high interest.

The case that has been the most studied at first is the case of the diag-
onal embedding. In that case the corresponding derived intersection is
called the derived loop space of X, and can be thought as the derived
algebraic version of the space of parametrized loops of a topological
space. It has the structure of a derived group scheme over X, and the
underlying derived scheme can be interpreted as the total space of the
derived bundle Tx[—1]. This is a geometric way to express the geo-
metric Hochschild-Kostant-Rosenberg isomorphism as an isomorphism

between Ox ‘%OXX + Ox and sym(Q%[1]). The derived group scheme
structure is encoded by a Lie algebra on T x[—1], that has been discov-
ered by Kapranov [10] and Markarian [14]. The Lie bracket turns out
to be the Atiyah class of the tangent bundle Ty. Besides, the univer-
sal enveloping algebra of this Lie algebra is isomorphic to the derived
Hoschild homology complex RHomoe,,  (Ox,Ox), as proven in [14],
[16], and more recently by a new method in [p].

Various attempts have been made by several authors in order to have
a grasp on more general situations, starting with [[l]: the authors prove
that the Hochschild-Kostant-Rosenberg doesn’t always hold in the case
of a general pair (X,Y): a necessary and sufficient condition for this
is that the conormal bundle N% iy extends to a locally free sheaf at
the first order. A particular case of this setting, namely the case of
quantized cycles, is developed in [[7], building on a 1992 unpublished
letter from Kashiwara to Schapira. However, even in the quantized
case, the ext algebra RHome, (Ox,Ox) is not easy to understand.
The recent work [5] allows to describe concretely this algebra for tame
quantized cycles, which is a special class of quantized cycles discovered
in [22].

Let us now focus on non-quantized cycles. This is a more difficult
task that has been _completed in the groundbreaking paper [4], and
independently in [21]. The main idea in [4] is that the self-derived
intersection of X in Y is an algebraic counterpart of the set of contin-
uous paths in Y whose beginning and end points lie in X. Hence, it
is no longer a derived group scheme, but there should be a groupoid
structure given by the composition of paths. This is indeed the case:
the shifted normal bundle Ny [—1] is naturally L., dg-Lie algebroid,
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the anchor map being given by the extension class of the normal ex-
act sequence of the pair (X,Y’). The enveloping algebra and the jet
algebra of this Lie algebroid are isomorphic to RHome, (Ox, Ox) and

Ox %OY Ox respectively. This result gives a full understanding of the
situation except that the homotopy-Lie algebroid structure is delicate
to compute practically. On the other hand, the self-intersection of X
into its first formal neighborhood is computed in [§].

Our goal is to provide among other things an alternative conceptual
approach of the main result_of [8] by developing the theory of free dg-
Lie algebroids initiated in [11] in a systematic way. In particular, we
describe explicitly their enveloping and jet algebras, which is new up
to the author’s knowledge. The strategy of studying free Lie algebroids
in order to understand the first order approximation of a subscheme
is totally in accordance with derived deformation theory and has been
highlighted in many recent contributions ([2], [6], [15]). It represents a
geometric extension of Lurie’s theory for formal moduli problems over
a field [13], [18] or over a ring [9].

Acknowledgments The author would like to express his thanks to
Edouard Balzin, Damien Calaque and Bernhard Keller for many dis-
cussions related to the topic of this paper, as well as the referee whose
work led to a substantial improvement of the manuscript.

2. RECOLLECTIONS

2.1. DG-modules. Let k be a field of characteristic zero, and let A
be a commutative differential graded algebra over k. We will always
assume that A is cohomologically concentrated in nonpositive degrees.
If nothing is specified, A-module will mean [eft differential graded A-
module.

The category of unbounded dg A-modules is a closed monoidal abelian
category C(A). Its derived category is denoted by D(A). For general
properties of D(A), we refer to [12, §3]. An A-module M is called h-
flat if the functor M ®4 x is exact and preserves acyclicity (and thus
quasi-isomorphisms).

An A-module is (strictly) perfect if it is in the smallest subcategory
of C(A) that contains A and is stable by shift (in both directions),
extensions, and direct summands. In this paper, perfect will always
mean strictly perfect. Perfect dg-modules have very nice properties:
they are dualizable in the monoidal category C(A), h-flat, and stable
under extensions.

An A-module V is reflexive 5 the natural map from V to its bidual
V** is an isomorphism.

1Some authors adopt the terminology weakly dualizable.
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2.2. Graded derivations and DG-Lie algebroids. We denote by
T4 the A-module of graded derivations of A: a homogeneous element
D in T4 satisfies

D(ad’) = D(a)d' + (—=1)'PHelaD(a)).

We also introduce the right A-module QY of Kéhler differentials of A.
It is generated over A by the symbols da, with the relations given by

d(ad') = da.a’ + (=1)1"Hdq’ a.

It is well-known that T, endowed with the graded commutator is a
dg-Lie algebra over k. Besides, T4 is the dual of QY. We will also
consider QY as a left A-module, by putting aw = (—1)l*H*lwa. Seeing
Q! as a bimodule (see §2.5) is nice because of the relation

d(ad') = da.a' + a.dd’.

Definition 2.1. A (k, A) dg-Lie algeblroidE is a pair (L, p) where
— L is a dg-Lie algebra over the ground field k, endowed with an
A-module structure.
— The morphism p: L. — T4, called the anchor map, is an A-
linear map of dg-Lie algebras.
— For any homogeneous elements a in A and ¢4, {5 in L,

(01, als) — (=1)1Ha [0y, 5] = p(01)(a) Lo

Note that the two structures (the k dg-Lie structure and the A-module
structure) are a priori non compatible, but their lack of compatibility
is controlled via the anchor map by the third axiom.

We denote by Liey, 4 the category of (k, A) dg-Lie algebroids.

There is a natural forgetful functor from Liey,4 to mod 4/, that forgets
the dg-Lie structure, and keeps track only on the anchor map. This
functor admits a left adjoint

free: mod 4/, — Liey, 4.

For any anchored A-module V', the dg-Lie algebroid free (V') can be
constructed from the free Lie algebra generated by V' modulo suitable
A-linearity relations, we refer to [[11, §2.1] for the explicit construction.

2.3. Universal enveloping algebra of a dg-Lie algebroid. For
this section, our main references are [3, §2|, [11, §1, 2] and [17]. How-
ever, we provide many details since this material is not classical.

Let us now recall the construction of the universal enveloping algebra
of a dg-Lie algebroid. We first define it by hand, and then gives the
universal property it satisfies.

>The original algebraic definition when A is a usual commutative k-algebra goes
back to [L7].
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If L is a (k, A) dg-Lic algebroid, we can endow L = A & L with a
structure of a dg-Lie algebra over k by putting

[a+£.a + 0] = p(0)(a') = (=11 p(e')(a) + [0, €].
We denote by U(Z) the enveloping algebra of L, and by U+(E) the
augmentation ideal of U(L).

Definition 2.2. If L is a (k, A) dg-Lie algebroid the universal en-
veloping algebra Uy, a(L) of L is the quotient Ut (L L) / P where P is the

two- 81ded 1dea1 generated by elements of the form a. {—alforain A

and ¢ in L. It carries a filtration induced by the natural grading of
U*(L).

We now give a more intrinsic characterization of the universal envelop-
ing algebra of a Lie algebroid using universal properties.

Definition 2.3. The category alg, gna,(4) Is defined as follows:

— Objects of the category alg, /g, (4) are pairs (R, o) such that
R is a unital A-algebra, and o: R — Endg(A) is a A-linear
algebra morphism (called anchor)

— Morphisms are morphisms of A-algebras commuting with the
anchors.

Lemma 2.4. Let L be a Lie algebroid. Then Uy a(L) is naturally an
object of the category alg 4 jpa,(a)-

Proof. We define an action of Lon A by the formula
(a+0).d =ad + p(l)(a).
First we check that the action is a Lie action.
(a1 + €1).[(az + £2).d'] = (a1 + £1).(a2a" + p(€2)(d))
= ayaza’ + a1p(lz)(a’) 4 p(£1)(aza’) + p(l1)p(L2)(a’)
= arazd’ + arp(bs)(a’) + (=1)1Magp(01)(d') + p(61)(az)d’
+ p(l1)p(L2)(a’)

Hence we get:

a1.(as.d') — (=1) M2l gy (ar.') = 0 = [ay, as).a
ar.(Ca. a) (—1)lHeley (ar.a')
1p(£) (@) — (=1)\ Ml ((—1)lm k%l p(£y) (a) + p(fa)(ar)a’)
= —(—1)‘“"'(2 p(t2)(a1) = las, Lo].d’
O (agd') — (—1)H2lgy (0, a')

= (—=D)l=tayp(er)(a’) + p(01)(az)a’ — (1)1 H2lay p(01) (o)
= p(l1)(az)a’ = [y, ag).d’
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0. (by.a") — (=1)lHelpy 0y 0"
= p(€)p(6s)(a') = (=1) M=l p(65) p(01) (') = p([fr, 6]) (')

~

Hence there is an induced algebra morphism o: Ut (L) — Endg(A).
Next we prove that o factors through the ideal P.

o(a.0)(d') —a(al)(d) = o(a)o(f)(d") — a(al)(d)

=a.(l.d') — (al).d" = ap(l)(a’) — p(al)(a’)
= 0.

This yields an algebra morphism o: Uy (L) — Endy(A). O

We can see the anchor ¢ in a slightly different way. Recall the following
definition:

Definition 2.5. The algebra Diffy(A) of differential operators of A is
defined by Diffk(A) = Uk/A<TA>.

Any (k, A) dg-Lie algebroid defines a Lie algebroid map p : L — Ta.
Then the map o is given by the composition

Uk/A(L) — Uk/A(TA) ~ Diffk(A) — Endk(A)

Definition 2.6. If R is an object of alg 4 /gyq, (1), We define the set P(R)
of primitive elements of R by

P(R) = {r € R,ra — (—1)*""ar = o(r)(a)}.

Lemma 2.7. For any object R of alg, /pua,(a), the A-module P(R) is
naturally a Lie algebroid, the bracket being given by

[7’1, 7”2] =Trireo — (_1)\r1\.|r2|r27,1'
and the anchor being the restriction of o.

Proof. We proceed in several steps.

P(R) is an A-submodule of R

If ris in P(R), and a,a’ in A,

(a'r)a — (=1)let0aH D (a/r)
= (=Dl ar + o (r)(a) — (1)1 FDgq/y

o(a'r)(a).
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P(R) is stable under the Lie bracket

[r1,ma)a — (_1)|a\-(|n|+lr2l)a[rl’ 7o)
= riroa — (=)l g — (= 1)lalUril+r2D g
(=1l g
= (=DMl ary 4+ ry0(ry) (a)
— (=)D, qpy — (—1)"iHlroo () (a)
— (=D)letrlp ary + (= 1)l eH2lo (7)) (@),
+ (=1)lmkrai+lal . g — (= 1)InkUr2lteD g (1)) (@)
= r0(ry)(a) — (=) Hab g () (a)ry

= (=) (a0 (1) (@) — (1)1l (7)) (a)ry)
= 0.

The restriction of o to P(R) is a derivation

If r is in P(R),
o(r)(aad’) = raa’ — (_1)(\a|+|a’|).|r|aa/7,
= (ra — (=D)larya’ + (=)l Mg (ra’ — (=1)19 M)
= o(r)(a)d’ + (=)o (r)(a).

’ Defect of A-linearity of the bmcket‘

[r1, ars] — (—1)‘“"‘”‘@ [r1,7]
— ryars — (=)D g (Zqyieinl gy,
L ()R,

= o(ry)(a)ry.

Remark 2.8. In [B, Remark 2.2], the module of primitive elements
of R is defined by P(R) = R Xgna,(a) Deri(A). This definition is not

adequate since P(R) is not always a Lie algebroid.

Proposition 2.9. There is an adjunction

Uk/A: Liek/A <:>algA/Endk(A) . P

Proof. Let L be a Lie algebroid, R an object of alg 4 /gnq, (), and assume
to be given a morphism ¢ of Lie algebroids from L to P(R). We can

consider the composite morphism

L —-PR)—=R
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Since P(R) contains A, we have a morphism L — R. We claim that
it is a morphism Lie algebras over k (if we endow R with the bracket
given by the commutator). Indeed, we have

d(ar + 0)(az + ) — (=) Ml g(as)p(ar) — (—1)11H216(05) p(ay)
— (=D)AHe2lg(01)p(az) — (—1)H=lg(65) (1)
= a1¢(f2) — (1)l g (ly)ay + (61)az — (1)1 =layg(0y)
+ p(lly) — (=) M=l (£)p(4y)
—(=1)lH2lo (G (6)) (ar) + o (¢(61)) (a2) + (61, £2])
— (=)l p(05) (a1) + p(61)(az) + B([01, La])

= p(—(=1)l el p(03) (ar) + p(01)(az) + [0, 6]
= ¢([a1 —+ 61, a9 + 62])

Hence we get a morphism of algebras ¢: U*(E) — R. It is immediate
to check that this morphisms factors through P. Hence it induces a
morphism ¢: Uy/a(L) = R.

Conversely, assume to be given an algebra morphism f: Uyx/a(L) — R.
We consider the composition

L—Ugal) L5 R
Let us proves that it factors through P(R). We compute:
FOa— (=D Waf () = f(6)f(a) — (=D f(a) f(0)
= f(t.a— (=1)""a.t) = f(p(0)(a)) = p(0)(a) = o(¢)(a).

It is straightforward that these construction are mutually inverse, and
give an isomorphism

Homyje, ,, (L, P(R)) =~ HomalgA/Endk(A)(Uk/A(L)’ R).
U

2.4. Coproduct and jets. The universal enveloping algebra Uy, 4(L)
carries a cocommutative coproduct. We follow the construction given
in [3, §2.1] but provide a slightly more conceptual framework.

Let us introduce some notation:

— I is the right ideal of Uy (L) ®x Uk a(L) generated by elements
a®1—-—1®a for a in A.

— N is the normalizer of the right ideal I of Uy (L) ®x Ux/a(L).

— Ry is the sub-algebra of Uy/a(L) ®x Uk a(L) generated by ele-
ments a® 1l and f®1+1® ¢ for ain A and £ in L.

— Ry is the image of Ry in Ug/a(L) ®a Ux/a(L), that is Ry, =
Ry/1.
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— 7 Uya(L) @k Ugya(L) = Ugja(L) ®k A is the map given by
r®y— x®o(y)(l), it is a morphism of k-algebras.

— 7: Ugja(L) ®x Uxja(L) — Endy(A) is the A-linear morphism i
defined by 7(x @ y)(a) = o(z)(a)o(y)(1).

Then we have the following result:
Lemma 2.10. Given a (k, A)-algebroid L, the following properties hold:

(i) Ry, is included in N, and Ry, carries a natural A-algebra struc-
ture.
(ii) m(R, N I)={0}.
(iii) The restriction of T to Ry factors through Ry and induces an
A-linear algebra morphism (that will still be denoted by T) from
RL to Endk(A)

Proof. (i) We compute
l14+1®/0).(a®1—-1®a)
—la®l —(@a+ (-1l -1o
= (=)@l @1 —-1®@al) + (p(0)(a) @1 — 1@ p(f)(a))
+ (=Dl © ¢ — ¢ @ a)
= (-D"M @1 -1®a).ll1+101)

+ (p(0)(a) @ 1 = 1® p(€)(a))
el

In the same way,
a®1.(d®1-1®d)
=ad’®1—a®d =01 -1®ad +1Rad —a®d
=(ad ®1-1®ad)+(1®a—a®1)1®d.
Since [ is the right ideal, we get the first point.

(ii) The algebra W(éL) lies inside the subalgebra Uy 4 of Uy/a @i A.
We have a diagram

Uk/A(L)(H Uk/A(L) Rk A
Uk/A(L) XA A

Since (/) lies in the kernel of the vertical arrow, we get

Uk/A ﬂﬂ'([) = {O}

3Notice that 7 is not an algebra morphism.
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(iii) Thanks to (ii), there is an algebra morphism from Ry to Uy a(L)
making the diagram below commutative:

T

/\

Ry > Uja(L) @k Upja(L) —> Upja(L) @x A — Endy(A)

| =

Ry = Uyja(L) ®4 Uy/a(L) Ux/a(L)
This finishes the proof since o is an A-linear algebra morphism. Il

The previous lemma allows to consider the algebra R as an object of
the category alg, gna,(4)-

Lemma 2.11. The map from L to Uyya(L) ®4 Ux/a(L) given by the
formula £ — £ ® 14+ 1® { factors through a Lie algebroid morphism
with values in the primitive elements P(RyL) of Ry.

Proof. The element / ® 1 + 1 ® ¢ is primitive because
UR14+100a21— ()M 1.lel+100)
= (la— (—Dl"Many @1 =pll)(a) @1 =7l ®14+1®{)(a)

We check that the morphism ¢ — ¢/ ® 1 + 1 ® ¢ is a Lie algebroid
morphism:

LR1T+1064).(e1+16)
— (=DMl @14+ 10 6).(L1+1@6)
= (il ®1— (-G @ 14+ 1@ (6t @ 1 — (=1)“1HEl0)
=01, 6] @1+ 16 [l 6]
O

As a corollary, using Proposition @, the map ¢ — (®1+1®/ from L to
P(Rr) extends uniquely to a morphism Uy a(L) — R in algy pu,(a)-
In particular we have a morphism

A Uk/A(L) — Uk/A(L) ®A Uk/A(L)

and it is a straightforward calculation to check that it endows Uy (L)
with a cocommutative coproduct in the category of A-modules, the
counit being given by the map x — o(z)(1).

Definition 2.12. The jet algebra Ji (L) of a (k, A) dg-Lie algebroid
is the A-module Hom4(Ux/a(L), A).

The dual (as left A-modules) of the coproduct on Uy/4(L) endows
Ji/a(L) with an algebra structure that turns it into a cdga in the cat-
egory of left A-modules.
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2.5. Generalities on bimodules.

Let corr, denote the category of (A, A)-bimodules, it is a monoidal
(but not symmetric!) category whose unit element is the algebra A,
considered as a bimodule over itself. If we forget the monoidal struc-
ture, it is the category of dg-modules over A ®y A°P, so it is abelian.

The category corr, has a natural duality functor, that we denote by
D, which is defined as follows: for any bimodule K, D(K) is the dual of
K considered as a left A-module, that is applications ¢: K — A such
that ¢(ak) = ap(k). The left and right actions are defined by

{<a x 9)(k) = o(ka)
(¢ a)(k) = o(k)a
Any object K of corr, defines an endofunctor of mod, defined by
M — K®s M
For any objects K; and K5 of corr,, we have of course
(K1 ®a Ko) @4 M~ Ky @4 (K2 ®4 M).

Any A-module M defines trivially an object of corr, with the right
action given by ma = (—1)"lelgm. In this case the associated functor
is nothing but the usual tensor product.

A\ If K is an object of corr, and M is an A-module, then M can be
considered as a bimodule as we just explained, so K ®4 M is also a
bimodule. On the other hand, since K ® 4 M is a left A-module, we
can also turn it in a bimodule, which is not the same as the previous
one. This implies that one should be careful in the calculations.

Any unital A-algebra R defines naturally an object of corr 4, since there
is a natural morphism from A to R. Here we do not require that A is
central in the algebra. This case is prototypical of universal enveloping
algebras of Lie algebroids: if L is in Liey/4 the relation

70— (~1)Mlag = p(z)(a)

for x in L shows that A is in general never central in Uy (L), except
when the anchor map is zero. The corresponding forgetful functor

alg, — corry
admits a left adjoint, simply given by the tensor algebra (in bimodules).

For any bimodule K and any a in A, we define the endomorphism 9,
of K by

Oa: k= ak — (—=1)lalFlEq,

Definition 2.13. An object K of corr, is nilpotent if for any k£ in K
there exists an integer n such that for any aq,...,a, in A,

0g, ©...00,,(k)=0.
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If the number n can be chosen independently of a, we say that K is
nilpotent of index < n — 1. We denote by corr}™® (resp. corr;") the

full subcategory of corr, consisting of nilpotent bimodules (resp. of
nilpotent bimodules of order < n).

Note that objects of corr are exactly bimodules associated to A-
modules. In the sequel, we will mainly deal with bimodules or order
<1

The category, corr 4 carries an involution: for any bimodule K, K°P is
defined as follows: as a k-vector space it is K, and the left and right
actions are defined by

aQk = (—1)lal* kg
kQa = (—1)lel* gk

A bimodule is called symmetric if it is isomorphic to its opposite.

/\ D(K)°P is not necessarily isomorphic to D(K°P). Indeed, if we
consider only the underlying k-vector spaces, the former is the left
dual of K, and the latter the right dual.

3. ATIYAH BIMODULES

3.1. Construction via anchored modules. One of the most impor-
tant bimodule is the algebra Diffi (A) of differential operators, which
is in fact Uy a(T4). Its filtered pieces are no longer algebras, but they

remain bimodules. For the first step of the filtration, Diffkgl(A) admits
the following description: the underlying k-vector space can be identi-
fied with A @ T4, the left action of A is the natural one, and the right
action is given by the formula

(a, Z).Cl/ = (aa’ + Zd, (— 1)|Z| |a/| /Z)
We provide for the reader a sanity check on the sign conventions:
((a,2).d").a" = (ad + Zd', (— 1)|Z\ |a’| dZ)d"
= (ad'a" + Za' x a" + (—1)|Z| g’ Za",
(_1)\ZHa |+(|Z|+|a\').|a"|a//a,Z)
= (ad'd" + Z(d'a"), (—1) /A" D g/ g 7
(a Z) ( / //)

There is an exact sequence of bimodules
0— A — Diff="(A) — T, — 0.

The dual of Diff =" (A) is QY @ A, the right action of A being the natural
one, and the left action being given by

a'.(w,a) = (dw+dd.a,da).
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The associated endofunctor of mod 4 attaches to any A-module its mod-
ule of 1-jets. Again, there is an exact sequence of bimodules

0 — Q) — D(Diff="(A)) - A — 0.

These two examples can be extended using base change to any anchored
A-module (V,p) in modar,: we put Sy = V xp, Diff,>'(A). The
explicit description of ¥y runs as follows: as a k-vector space it is
isomorphic to A & V. The left A-module structure is the naive one,
and the right A-module structure is given by the formula

(a,v).a' = (ad' + p(v)d’, (—1)1Hlg/v).
Besides, there is an exact sequence of bimodules
(1) 0=-A—=%y =V =0

The dual of Xy is V* @ A as k-vector space. The right A-module
structure is the naive one, and the left A-module structure is given by
the formula

a'.(0,a) = (a'0 + p*(da’)a,d’a).
where p*: QY — V* is the transpose of p. Besides, there is an exact
sequence

(2) 0—=-V"—=3, —>A—0.
Remark that ¥y and % lie in corr ;'

Lemma 3.1. If V is perfect, then so is ¥y considered as left or right
A-module.

Proof. This follows directly from (EI) and the fact that perfect dg-
modules are stable by extension. U

Lemma 3.2. For any anchored A-module V', the bimodule X3, is sym-
metric.

Proof. We define x: 3}, — (3},)°P as follows:
x(0,a) = (p"(da) = 0,a)
We check that y is a morphism of bimodules:
x(d'(0,a)) = x(a'0 + p*(da’)a, a'a)
= (p*(d(d’a)) — a'0 — p*(dd’.a),d a)
= (p*(d'da) — d'6,d'a)
((—=1)l9) 'l 9! — (—1)|a|'|a/‘p*(da)a/, (—1)‘“"‘“"@@’)

-
= (1)) (da). a)a’ (1) (8,0)a’
AO(p(da) a) — a'D(0,0)

)
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and
(x(0,a))Va’" = (p*(da) = 0,a)0a
= (=1)“Hld (p* (da), a) — (=1)"1d/(9,0)
— (—1)H (" (da) + p*(da')a, a'a) — (~1)M*)(a'6, 0)
= (p*(d(aa")) — ba’, ad’)
= x(0d’,ad’)
((6,a)a’)
Since x is an involution, it is an isomorphism. U

The symmetry of the Atiyah bimodules admits the following more in-
trinsic explanation: if I is the two sided ideal generated by elements
a®1—-1®ain ARy A, then (A®y A)/I? is a bimodule, we call it AM)
Then we have an exact sequence

0—=1I/1" =AM 5 A0

and I/I? is isomorphic to 2} via the map attaching da to a®1—1®a.
Then we claim the following:

Lemma 3.3. X}, is isomorphic to the pushout of the diagram QY —— AWM .
P l
vV
Proof. Recall that corr, is abelian. We have a cartesian diagram

Yy — Diff=" (A)

L

Vv—" Ty

Since the map Diff="(A) — T is surjective, the diagram is cocartesian
as well. Hence the dual diagram

QL —— D(Diff="'(A))
g i
v ¥

is cartesian. Since the morphism QY — D(Diff>'(A)) is injective, this
diagram is also cocartesian.

The only remaining thing to prove is the identification between the two
bimodules D(Diff="(A)) and A, We already have an explicit model
for D(Diff='(A)). We provide an isomorphism

0: AV — D(Diff='(A))
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by putting 6(a; ® az) = (daj.as, ajas). This maps obviously respects
the right action on A, but also the left since

0(aa; ® ay) = (da.ayas + aday.ay, aaiaz)

= a(day.ay, aras).

It is easy to prove that it is an isomorphism. Il

As a corollary, we see directly that X} is symmetric, since it is a
pushout of a diagram of symmetric correspondences.

3.2. Duality for Atiyah bimodules. In this section, we prove a tech-
nical compatibility result concerning the behavior of Atiyah bimodules
under duality.

Proposition 3.4. Let (V,p) be an anchored A-module, and assume
that V' is perfect. Then:

(1) The sequence 0 — (V ®4 M)* — (Xy @4 M)* — M* — 0 is
exact.

(2) The dual of Xy @4 M is canonically isomorphic to M* @4 X3,
and this isomorphism yields an isomorphism of exact sequences

0 ——M" @V ——M"®4 X} M* 0
| |
00— (Vs M) —= (Zy ®4 M)* M 0

Proof. We consider the map ©: M* ®4 3}, — (v ®4 M)* defined as
follows:

O(8 ® ¢)(s ® m) = (=1) D g(5)8(m) + d{p(my (5))(8(m))}.

In order to prove that this formula does make sense, we must check the
following list of properties:

O(¢p ® ¢) is well defined on Xy ®4 M

First we notice that on A, viewed as a submodule of ¥y, we have

¢(ad’) = (~1)H"lg(a)a’
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Then we compute:

O(d @ ¢)(sa ® m)
= (= )OHIHmD s50)5(m) + o plimy (5)) (5(m)) }
= (=) AEHmDG{(—1)Helas + p(ry (5))(a) }o(m)
+ (=DFHgap(my (5))(6(m))}
= (1)l OmDEEH g (5)5(m) + ¢{p(rv (5))(a)d(m)}
+ (1)l {ap(my (5))(8(m))}

= (—1)letiolHmitlel g 5)5(am) + ¢{p(mv(s))(5(am))}
=00 ® ¢)(a® sm).

O(6 ® ¢) is A-linear

This is obvious, since both 7y and p are.

’@ is well deﬁned‘

This is again a nice calculation:

O(da ® ¢)(s @ m)
= (=1 g(s)a(m)a + ¢{p(my (s)) (3(m)a)}
= (—1)UslFlab(slHmD+Isklal 4 ()5 (m)
+ (=)l {p(my (5)) (ad(m))}
— (_1)(I¢|+\a|)(|6|+|m|)¢(Sa)5(m)
— (=)){erieemD g fo(my (s)) (a) }o(m)
+ (=)Dl fp(my () (ad(m)) }
— (_1)(I¢|+\a|)(|5|+|m|)¢(Sa)5(m)
+ (=) G {p(my (5)) (ad(m) — p(mv(s))(@)d(m)}
— (_1)(|¢|+\a|)(|6|+|m|)¢(Sa)5(m)
+ (~) PG L (—1) el ap(my () (3(m))}
= (=) DT g sa)i(m) + o {my (s0)}3(m)
=000 ®ag)(s ©m).

© is right A—linear‘
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(©(0@¢)a)(s © m)
(0 ® ¢)(s ®@m)a

©
— (—1)H0HmD G (5)5(m)a + d{p(my (5))(3(m)) }a
— (-
C)

DDA o (s)ad(m) + ¢{p(my (5))(6(m))}a
(0 ® pa)(s @ m).

Next, we claim that the diagram below

0 ——M" @V ——=M"®4 X}, M~ 0

| 5

00— (V@s M) — (Sy @4 M) —= M*

commutes. For the left square, if ¢ belongs to V*, ¢ vanishes on A, so
O(6 ® ¢)(s @m) = (=1) 1P (5)5(m).

For the right square, we have 7y (1) = 0 so

08 ® ¢)(1 ® m) = (=1)PHIPHMG(1)5(m) = (6(1)0))(m).

We can conclude: the bottom sequence is also exact and the middle
vertical arrow is an isomorphism. O

3.3. Derived connections and the HKR class. Let V be an A-
module endowed with an anchor p: V' — T 4.

From now on, we will always assume that V is perfect.
Then, thanks to @), Yy and 3}, are also perfect, when considered as

left or right A-modules. In particular, all these modules are h-flat.

Definition 3.5. Let M be an A-module. A derived (V, p) connection
on M is a section in D(A) of the morphism 3}, ® 4 M — M.

Lemma 3.6. A derived (V, p) connection on an A-module M is given
by an equivalence class of triplet (M,q, V) where

- q: E—) M is a A-linear quasi-isomorphism.
- Vi M = V*®a M is a k-linear morphism such that for all a
i A and m in M respectively,

V(am) = aV(q(m)) + p*(da) @ q(1m)

where p* is the transpose of p.
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Besides, two derived connections V1 and Vy are identified if there is a
diagram

where M is a cofibrantl replacement of M (since all A-modules are
fibrant). As a k-vector space, X7, ® 4 M is isomorphic to M & (V*®@4 M)
so ® can be written as (¢, V). The condition that u is A-linear directly
gives Leibniz rule for V. O

Lastly we give the construction of the dual connection:

Lemma 3.7. If V is a derived connection on a module M, it induces
a natural connection V* on M*.

Proof. Let us consider the evaluation morphisms

ev: V*®AM®AM*—>V*
M®AV ®AM*—>V*

given by

ev(§ @ m® ¢) = 6 ® ¢(m)
ev (M ® 6 ® p) = (—1)PH¥lp(m)d.

Then we define
Vi M* = V@ M
by the formula
ev'(m ® V'¢) = p*(dp(m)) — ev(V(im) ® ¢)

“Here we use the projective model structure on A-modules.
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where we put g(m) = m to lighten notation. First we must verify that
this formula makes sense, that is, is A-linear in m.

ev'(am ® V*¢)
= p*(d¢(am)) — ev(V(am) ® ¢)
= ap”(dg(m)) + p*(da)p(m) — ev
— ap*(d(m)) — aev(V () © )
=aev'(m® Vo).
Then we check Leibniz rule:
ev' (1 ® V*(a9))
= (—D)IHp"(d(¢(m)a)) — ev(V(im) © ¢a)}
= (=1)PHg(m)p*(da) + (=1)H{p* (d(¢(m))) — ev(V (i) @ ¢)}a
)@ @) + (—1)¢Hlev* (1 @ V*¢)a
=ev'(m ® ¢" o p*(da) @ ¢) + m @ aV*g).

v(aV(m) ® ¢+ p*(da) @ m ® ¢)

=ev'(m®q* o p(da

U

Let (V,p) be an anchored perfect A-module . For any A-module M,
the A-module Xy, ® 4 M fits into an exact sequence

(3) 0= M —XyQuM = VoM — 0

Definition 3.8. The HKR class of M is the morphism
Oup: V[-1]®aM — M

in D(A) given by the extension class of (B)

Proposition 3.9. The HKR class of an A-module M wvanishes if and
only if M admits a derived (V, p)-connection.

Proof. We will give two different proofs of this result, which are some-
how dual. However, the second proof works only under the extra as-
sumption that M is reflexive (which will be almost always the case in
the applications).

Proof 1 AsV is perfect, we can see a derived (V, p) connection on M
as an A-linear map

V:VerM— M
such that Vv € V,Va € A,Vm € M,
Vo(am) = (=1)"av, (i) + p(v)(a)g(i).
Assume to be given such a connection. We claim that the map
Sy @a M — M
given by
(4) pf(a,v) @ m} = aq(m) + Vyim
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is well defined. We check:
ul(a,0)d @ m} = pl(ad’ + p(v)(a), va') @ i}
= (ad’ + p(v)(a’))q(m) + Ve
= (ad’ + p(v)(d))q(m) + (=1)"M"'ad'V i
= aq(a'm) + V,(a'm)
= p{(a,v) ® a'm}.

Now the diagram M—— Yy ® M commutes, so O, vanishes. Con-

<

versely, if ©,; vanishes, there exists a quasi-isomorphism ¢: M — M
and a map

o:V Xa M — EV Qa4 M
such that the diagram >y ®4 M vy XA M commutes.

TS s

VoiaM

Let us now consider the map V: V ®j M — Yy ®a M defined by the
formula

V(ivem)=duv®qim)) —(0,v) ®q(m).
The composition
VerM LYy @a M=V oM

vanishes, so V factors through M. Since V is obviously A-linear, it
remains to check that V satisfies Leibniz rule.

V(v ® aim) = §(v @ ag(m)) — (0, v) ® ag(m)
= d(va ® g(m)) — (p(v)(a),va) @ q(m)
= (=D)I"MaV (v @ m)(p(v)(a), 0) @ g(m).
Proof 2 This proof is closer in spirit to the construction of [10] but
for this approach it is needed that M be reflexive. Assuming this and

using Proposition (1), the sequence (a) splits if and only if and only
if the dual sequence

0= (Vs M) — (Zy@aM)* - M* — 0

splits. According to Proposition @ (2), this sequence is isomorphic
0> M @V = M ®435, > M — 0.

Lastly, using Lemma , this sequence is isomorphic to
0>V @M — 3, Qu M* — M"—0
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so it splits if and only if M* admits a derived (V, p) connection. Thanks
to Lemma and to the fact that M is reflexive, there is a one to one
correspondence between (V) p) connections on M and on M*. This
finishes the proof. Il

Proposition 3.10. For any A-modules My and M, we have

L L
S} = On, R4 idpy, +idpy, ®4 Oy,

L
Mi® 4 M2
Proof. We can assume that M; and M, are h-flat. We introduce an
automorphism s — s’ of Xy given by the formula (a,v)" = (4,v). Let

T My @4 Xy @4 My Xye ,meams, Mo @4 Xy @4 My
{m1 ® 1@ my, —(=1)Imbmlmy @ Lomi}

We claim that the map 7: £y ®4 M; ®4 My - T given by
T(s@mi1®@my) = ((—1)'5"|m1‘m1®§®m2, (—1)(|5|+‘m1‘)|m2‘m2®sf®m1>

is well defined. This claim follows from the following calculations,
where we put ¥ = M to lighten notation:

T(s @my ® a'my) — 7(s @ mya’ @ my)

T First component
(DBl @ 6t @ a'my — (=)D o @ st @ my
= (=D)lHmilm, @ (sta’ — (=)’ sPymy,
= 2(—1)|5|"m1|m1 QY @ my
= 2(=D)lHmlY my @ 1@ ms.

T Second component
(1) sHmD T m2D g/ @ st @ ay
(=) Dimel @ ot !
— (—1)lsbmabtbmalima e ma a6 () st gtar) @ my
(1) lsHmattimma e ma e @49 @,

= _2(_1)\m1|-\m2|+|a’\-|m1\19m2 ®1®m

T(sa' @ my @ ma) — 7(s ® a'my @ my)
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First we remark that if s = (a,v),

(sa)! = (ad’ + p(v)d,vd)! = (m va'>

g (10,

=sta — 0

Using this, we compute:

T First component
(—1)lsitaNimily, @ (sa')T @ my — (1) HmDg/m, @ s @ my
= (_1)(|5|+Ia’|)\mlIm1 ® (sta — (_1)|s|~\a’|a/ST —9) @ my
_ (_1)(|8|+|a’|)\m1Im1 @9 @ my
= 19m1 ® 1 ® ms.

T Second component
(=)l iy @ (s @y — a0 51 ')
- (_1)(|8|+|a’|+|ml\)Imlem2 ® ((sa)f = st ®d)om
= —(=1)UslHaHmimalpy ) & 9 @ my
= —(=1)mHmelgm, © 1@ m.

Now the Baer sum of the two exact sequences

0—>M1®AM2%M1®AZV®AM2—>V®AM1®AM2—>O
0—)M1®AM2—)M2®AZV®AM1—)V@AM1®AM2—)O

is

0—)M1®AM2—)T—>V®AM1®AM2—)O
where the first inclusion is given by m; ® m; — (m; ® 1 ® my,0) and
the second one is the natural one. We claim we have a commutative

diagram

00— My @y My ——= 3y @4 My @4 My ——V @4 My @4 My —0

|

00— M, ®4 My T V®&aM &4 My —0
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The commutativity of the right square is straightforward, and the com-
mutativity of the left square follows from

1
(1 ®my ® my) = B (ml ® 1 ® ma, (—1)|m1|'|m2|m2 ®1® m1)

1 jmal.fma|
= (m; ® 1 ® my,0) -3 (M1 ® 1 ® ma, —(=1)mHm2hm, @ 1@ my)
= (ml ®1 ®m2,0).
This finishes the proof. O

4. UNIVERSAL ENVELOPING ALGEBRA OF FREE LIE ALGEBROIDS

4.1. Structure theorem. We consider the two pairs of adjoint func-
tors
free Ux/a
mod 47, =——— Liey,4

al
Forgel € A/Endi(A)

Our goal is to describe explicitly the functor Uy 4 o free. For this we
need to introduce some notation: let V' be an object of mod,r,. For
any nonnegative integer n,

— We denote by E?}] the co-equalizer of the n maps from E@"’l
to 29" induced by the map 1 — A — Xy,

~ We denote by (%) the equalizer of the n maps from (X3,)%"
to (X3)®" ! induced by the map ¥}, — A.

Theorem 4.1. Let V' be an object of mod 4/, .
(a) There is a unique algebra structure on hﬂEw such that the

multiplication is induced by the algebra structure of TXy, .

(b) There is a canonical isomorphism @ZW ~ Uy a(free(V, p))

between algebra objects in corr;"”.

(c) The universal enveloping algebra Uy a(free(V, p)) carries a nat-
ural filtration such that for any positive integer n:

F"Usa(free(V. p)) ~ 2
Gr"Uyya(free(V, p)) = V.
Besides, F"Uy, a(free(V, p)) lies in corr ;™.
Remark 4.2. All these statements admit their counterpart for the jet
algebra Ji/a(free(V, p)). It is isomorphic to 1'&1(2’{/)["], and carries a

co-filtration whose graded pieces are T"V*. Here the ring structure we
put on T3, is the one given by the shuffle product (i.e. we use the
cocommutative coproduct of TXy ).
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Proof. (a) Let Z be the graded sub A-module of the tensor algebra
Ty defined as follows: Z™ is the span of all elements of the form

510...08-101R®s5)R®..®sH-1—510...085-1R01R5X...®8,1

for any integers p and ¢ with 1 < p, ¢ < n, where we see 1 as an element
of ¥y via the map A — Xy. Then Z is obviously a graded i two sided
ideal of TXy, so that there is a natural multiplicative morphism

Ty — Ty, / z
and graded pieces of TYy /7 are exactly the 2?}}.
diagrams

Now the following

wlend —sexy  sHeny! —sfleny

| l | i

2[‘1/74'(1—1] E%/I.] 2‘[1/74*]—1] EQZ]
commute, which gives the first point.

(b) Let (R,p) be an object in alg, pyuq,(4) and let ¢: V' — R be a map
that commutes with the anchors. Then, for any a in A,

¢(v)a— (=1)""lag(v) = p(¢(v))(a) = p(v)(a).

We can now define a map ® from Yy to R as follows: it maps a to
a (that is to a.1 where 1 is the unit of R), and maps Vto R via .
We claim that this map is a morphism in corr,. Indeed, for the left
A-linearity this is obvious, and for the right A-linearity, we have

®(a',v)a = da+ d(v)a

= d'a+ p(v)(a) + (=1)""ag(v)

= ®((d',v)a)
By the universal property of the tensor algebra, this defines a multi-
plicative map Ty — R. Since 1 (considered again as an element of
Yy ) is mapped to the unit of R, this map vanishes obviously on the
graded ideal Z, and furthermore, the diagram

n—1
i

N

R

i

SHere we take the natural gradation on the tensor algebra, so elements of Xy
are of degree one.
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commutes. Hence we can fill in the dotted arrow

liny 17
/F «
V—R

To prove the uniqueness of the lift, it suffices to prove that the algebra
liﬂZ&?] is generated by V. To do that, we take any element in this

a?gebra, say 1 ®...® s,. We write s; = a + v. Then
$10...08,=0R 2R ...5, TUVRSHK...R s,
=1®as9®...8, FVR®SHR...R s,
=089 ®...5 +V.(52® ... R s,)

Applying this algorithm repeatedly, we see that Z@] is the span of

elements of the form vy ® ... ® v,.
(c) We define the filtration on %n EW by setting the nth piece as Z@].

[ Y9 — V" given by the morphism

Yy — V. This map is obviously onto. Its kernel contains Eg} _1}, let us
prove this is an equality. We take an element of the form s; ® ... ® s,
in the kernel. Decomposing each s; as a; + v;, we see that s; ®...® s,
can be split as the sum of v; ® ... ® v,, and elements in which at least
one element in every pure tensor lies in A. Using the same trick as in
(b), these elements lie in Z&?_”. This finishes the proof. d

There is a natural map 25}

4.2. Derived construction. In this section, we explain how the pre-
vious construction fits in the setting of derived categories. We can
consider the derived category D(corr,s) of bimodules. As a triangu-
lated category, this is simply D(A ®x A) but the monoidal structure
differs: for instance the unit is A and not A ®y A.

Lemma 4.3. The functor

dual nilp
modyr, — corry,

(Vi p) = Uyya(free(V, p))
respects quasi-isomorphisms.

Proof. Let V; — V5 be a morphism between two perfect anchored A-
modules. The morphism

Uyya(free(Va, p1)) — Uxsa(free(Vz, p2))

is filtered, and the corresponding graded morphism is TV}, — TVs.
Since the V; are h-flat, this is a quasi-isomorphism. O

It follows from this lemma that the isomorphism class of Uy, 4 (free(V, p))
in D(corr’,") only depends of the class of the anchor map p in D(A).
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4.3. Formality. We fix again (V, p). For every A-module M, we can
consider the A-module

MV = Uk/A(f’f’€€ (‘/, p)) XA M.

Remark that Uy a(free (V, p)) is h-flat, so there is no need to take the
derived tensor product. The A-module My has a natural filtration,
induced by the filtration on the universal enveloping algebra. The
corresponding graded algebra is TV @4 M.

Theorem 4.4. Let M be an A-module. Then the following properties
are equivalent:

(a) The filtration on My splits in D(A).

(b) The filtration on F2My splits in D(A).

(¢) On and Oygar vanish.
Proof.
(a) = (b) obvious.
(b) = (c) the exact sequence

0 — FOMy — FIMy — Gr'My — 0
identifies with
0—-M =>4 M —V @4 M — 0.
Hence the HKR class of M vanish. Let us now investigate the map
F2My, — Gr* M.
Since Oy vanishes, thanks to Proposition @, there exists a derived
connection on M. If ¢: M — M is a corresponding quasi-isomorphism
attached to this derived connection and p is the map ({)) introduced in
the proof of loc. cit, the map
Sy @AM —M& (VM) ~Me,y
given by
s@m i (u(s @ m), w(s) @ g(m))

is a quasi-isomorphism. It is possible to do this construction two times,
that is to find a tower My — M; — M of quasi-isomorphisms, as well
as quasi-isomorphisms

N2 @4 My~ Sy @4 My @4 Sy ~ M @4 592,

Then we can consider the diagram

Sy @4 My =2 592 @4 M,

| |

M®AZV:>>M®AE§2
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which impliesE that there is a quasi-isomorphism
S @4 M~ Mo, 5P,
We have now a better grasp on what is going on: indeed we have a

diagram

DYy @ (Bv @4 V) S AOVe Sy eaV) —A® (By @4 V)

where the last horizontal map is (id, 1 ® (%), —id). Putting everything
together, the map 25} Q4 M — V& ®,4 M is isomorphic in D(A) to
the map

MM,y R@4V) = Mo,V

where the first component is zero. Hence this map admits a splitting
d only if idy; ® Oy vanishes. Then we conclude using Proposition
- 0.

(c) = (a) Using Proposition again, we see that for any integer k,
Oyergy vanishes. Then we construct a section of the morphism

Y @AM =V R4 M
by induction as follows:
VO Qu M~V @ (VO e, M)
— Yy @4 (VO 1@, M) since Open-1gpr = 0
— Yy @4 (T @4 M) by induction
=V @4 M.

This finishes the proof, since the required splitting is simply given by
the composition

V@A M =S80, M — S @, M.

5. SQUARE ZERO EXTENSIONS

5.1. Setting. Let (V,p) be a perfect anchored A-module, which is co-
homologically concentrated in positive degrees.

Definition 5.1. The A-augmented k-cdga Ay, is defined as follows:
the underlying module is A @ V*[—1] where V* denotes the derived

6This argument works in fact for any n: we have Zw QA M~MQeau Z&:f] as
A-modules.
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dual of V' over A, the product is the one of the usual split square
zero-extension on A by V*[—1], and the differential is

d(a, ¢) = (da(a), p*(da) — dy-(¢)).

Then Ay, is a cdga cohomologically concentrated in nonpositive de-
grees. The exact sequence given by the augmentation ideal is

(5) 05 V-1 — Ay, > A—0.

5.2. Extension theorem. We state and prove our main result linking
non split square zero extensions and derived (V, p)-connections.

Theorem 5.2. Let M be a A-module. Then M admits a derived (V, p)
connection if and only if it is the derived pullback of an Ay, ,-module.

Proof. Let M be an A-module that can be written as the pullback of
a flat Ay ,-module T'. Then there is an exact sequence of A-modules

0=V QuM-1]5T5 M =0

hence a morphism M — V*®@4M in D(Ay,,), which we want to underlie
a derived (V) p) connection on M. In order to achieve this, the crucial
step is to endow the mapping cone of y, whose underlying A-module
is T® (V*®4 M), with an A-module structure. We define it by a
morphism

¥: A ® cone(x) — cone(x)
a® (t,x) — (at,ax — p*(da) @ 7(t)).

where z isin V*® 4 M. Let us check that ¢ is a morphism of complexes.
We denote by 0 the differential of V* ® 4 M and ind the sequel, we will
consider y rather as a morphism from V* ®4 M to T of degree 1 that
satisfies x(az) = (—1)*x(x). Then for any x of V* ®4 M and any t in
T7

0 {da(a) ® (t,2) + (=1)"a ® (dr(t) + x(x),(x)) }
= {da(@)t + (1) (adr(t) + ax(x)),
da(a)r — p*(dlda(a)]) @ m(t) + (1) (ad(z) — p*(da) @ w(dr(t)) }
and
deone()V {a @ (t, )}
= {dr(at) + x(az — p*(da) @ 7(t)), 6(ax — p"(da) @ n(t))}

We compute separately the two components:

dr(at) + x(ax — p*(da) @ w(t))

= dp(a)t + (=1)"adr(t) + (=1)"x(z) — x(p"(da) @ 7 (t))

= da(a)t + (—1)"adr(t) + (—1)"ax(z)
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and
§(ax + p*(da) @ 7 (t)) = da(a)x + (=1)ad(x)
p(dda(a)]) @ w(t) = (=1)1"p* (da) @ m(dr(t)).

On the other hand, ¢ is obviously associative, hence we get that it
defines an A-action. Let us set M = cone(p). The morphism
M= M
is a quasi-isomorphism. We define
V:M =V ®4M

as the natural k-linear morphism of complexes given by the projection
on the first factor. Then we have

V{alt, )} = V(at, az — p*(da) © (1))
=ax — p*(da) @ 7(t)
= aV(t,z) + p’(da) © (=m)(t)
so V defines a derived (V, p)-connection on M.

Conversely, assumes that M admits a derived (V, p)-connection V. We
can write V as a k-linear morphism

V:M SV oM

where ¢: M — Misa quasi-isomorphism. We define an Ay, ,-structure

on the cone of —V[—1], whose underlying complex is V*@ 4 M[—1]@ M,
using the morphism

©: A ®g cone(—V[—1]) — cone(—V[-1])
(a,¢) @ (x,m) = (ax + ¢ ® q(m), am).
Here, contrarily to the first part of the proof, x will be an element of
V*® M[-1] and ¢ will be the differential of V* @ M[—1]. As we did
for y, it is better to see V as a morphism of of degree 1 from M to
V* ®4 M|[—1] satistying
V(ai) = (=1)aV (i) + p*(da) © q(in)

First we check the associativity:

(a1, ¢1)- {(az, ¢2).(z,m)}
= (a1, ¢1)-(azz + ¢2 @ q(1m), agmn)
= (ara27 + (a102 + Pr1a2) ® q(M), arazq(m))
= {(a1, ¢1)-(az, d2)} (2, m).
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Now we must check that © respects the differentials, which follows from
a direct calculation:

6 {dsla,0) @ (x, )+ (- D, (~1)1¢) @ d(z, 1)}
= ©{(da(a). p"(da) = dy-(6)) @ (&, )}
+0{((~1)a, (-1 >'¢'¢> ® (0(x) + Vi, dyz () }
= (da(@)a + (' (da) — dy-(#)) ® q() + (1) “a(6(z) + Vi)
+ (=1)%16 @ qldgg (), da(a)i + (~1)dgs (7))
= (8(az) + 8(6 © g(iw)) + 9" (da) @ q() + (~1)"la Vi, (i)
— (8(a) + 8(6 @ q(1m)) + V(@) dgz(arm))
= deone(—v[-1))(az + ¢ ® q(m), am)
deone(—v (-1 (©{(a:6) ® (2,77} ).

Let T be the cone of —V[—1] endowed with the Ay, ,-structure given
by ©. There is an exact sequence of Ay, ,-modules

0= VI [-1]®M—=T— M- 0.
O

5.3. Koszul duality. In all this section, we will make the following
hypotheses:

— A is a cofibrant cdga concentrated in nonpositive degrees.

— V is a perfect anchored A-module concentrated in positive de-
grees (in particular, the cdga Ay, is also concentrated in non-
positive degrees).

The derived tangent complex T 4,4, , classifies derived deformations of
A as an Ay ,-module. Explicitly, we have

TA/AV,,) = DerAvyp (Z, Av)

where A is a quasi-isomorphic replacement of the Ay ,-algebra A, such
that the map Ay, — A is a cofibration. A crucial observation made in
[4] is that T 4,4, , is naturally a derivedt (k, A) Lie algebroid, with the
bracket given by the usual bracket of derivations, and the anchor map
being

Der 4, (A, A) — Dery(A, A) =Tz,

The main result linking square zero extensions and anchored modules
is the following:

"We assumed at the beginning that A was a cofibrant cdga, so our dg-Lie alge-
broids are already derived.
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Proposition 5.3. Let (V,p) be a perfect anchored A-module, and as-
sume that A is a cofibrant cdga concentrated in nonpositive degrees.
Then there exists a natural quasi-isomorphism

free(V,p) = Tasa,,
of (k, A) dg-Lie algebroids.
Proof. This result follows from [6, Corollary 5.2.2], and is well known to
experts in derived deformation theory. For the sake of completeness,

we explain concretely where the morphism comes from. To lighten
notation, we put B = Ay,

We introduce the B-algebra AT which is the cone of the morphism
t: V*[-1 — B
endowed with the product
7[(b, ¢) @i (¥, ¢)] = (00, w(b)¢" + o (D).
We will consider ¢ as a morphism from V* to B of degree —1 satisfying

1(bp) = (—1)bu(¢). Let us check that 7 is a morphism of complexes.
We compute separately the two components of

T[(dp(0)+u(9), dv+()) @ (V, ()]
+7((=1)"b, (=1)"0) @ (dp (V) + 1(@), dv+ (¢))]
T First component
(ds(b) + (@) + (=1)'b(d5(V) + 1(9))
= dp(Db') + (D) + (=1)"bie(¢)
dg(bb') + (b + bo)

T Second component
w(dg ()¢’ + dy-¢r (V') + (=1)"x(b)dy-(¢') + (=1)“lom(dp(V))
= dy+(7(b)¢' + ¢m(V)).

Remark that the morphism A" — A is a B-linear quasi-isomorphism.
Let us now consider the morphism

0:V — Derp(AT, A)
given by 0,(b, ¢) = —¢(v). We have
{e WV (b,6)) = 0,0, 7(b)9) = —(b)o(v)
0,[(b, 9)(V, ¢')] = —( (b)¢" + ¢m (b)) (v) = —m(b)¢/ (v) — ¢(v)m (V)

so 0, is a B-linear derivation of AT. The algebra A' carries another
important feature: the quasi-isomorphism A" — A admits a k-linear

splitting o given by
o(a) = (a, —p*(da))
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We must check that o commutes with the differentials and is multi-
plicative.

We can assume that the cofibrant resolution A of A as a B-algebra
dominates A'. Let us consider the diagram

Derp(Af, A) —— Derp(A, A)

(
T

Vv Der (AT, A) Derp(A, A)
|

oo

Dery (A, A) —— Dery (A, A)

where for any morphism of cdgas D — C and any C-module M we put
Derc(D, M) = RHom¢(Le/p, M). The commutativity follows from
the fact that

6,(0(a)) = bu(a. —p"(da)) = p*(da) (v) = p(v)(a).

Hence, after replacing V' by a quasi-isomorphic g—module, we get a
commutative diagram

St

V Derg(A, A)

o~

Dery (A, A)

The right arrow is the anchor of the (k, A) Lie algebroid Dery(A, A),
so we get a morphism

free(V, p) — Derg(A, A).
O
Theorem 5.4. There are natural multiplicative quasi-isomorphisms
Uy/a(free(V, p)) — RHomy,, (A, A)
{A %Av,p A = Jiya(free(V, p))

of algebra objects in D(corr’,™).
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Proof. Let us construct the first morphism, the other one being dual.
We keep the same notation as in the previous proof, and we consider
the chain of morphisms

free(V, p) — Derg(A, A) — Homp(A, A).

The algebra Homp (A, A) is anchored over Endg(A) and we see that the
subspace Derg(A, A) is obviously inside the primitive part, so by the
universal property of the enveloping algebra of a Lie algebroid, we get
a morphism

(6)  W: Uy x(free(V,p)) = Uy z(Derp(A, A)) = Homp(A, A).

The last map is injective, its image is the B-module Diffz(A) of relative
differential operators over B with coefficients in A, which is an explicit
model for the universal enveloping algebra of Derg(A, A).

It is fairly easy to understand the left action of V' on Homg(ﬁ, le) at
the level of derived categories: it is simply given by the map

V ®4 RHom’% (A, A) ~ RHomb4(V*, A) — RHom',(A, A)

where the last arrow is obtained by precomposing by the connection
morphism A — V* in D(B) attached to (pB), and RHomY%(x, A) is
the derived functor of Hompg(*, A) which goes from B-modules to A-
modules. Using again (), there is an isomorphism

(V ®4 RHomY;(A, A)) ® A = RHom{ (4, A)
in D(A) which means that the map
(V ®3 Homp (A, Z)) @ A — Homp(A, A)
(v® f,a) = fob,+7a

is a quasi-isomorphism of right A-modules. Since V is concentrated in
positive degrees, this implies that for any integer p, there are quasi-
isomorphisms

TSPl (V ®; Homp(A, ﬁ)) ® A

|

TSPl (V ®z 7<PHomp (A4, ﬁ)) oA

<Pt Homp (A, A)

The very same property folds for free(V, p). This implies by induction
on p that for any p the truncated map 7=PW¥ is a quasi-isomorphism:
indeed, for negative p, the truncated map is zero since both members
are concentrated in nonnegative cohomological degree. U
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6. GEOMETRIC APPLICATIONS

6.1. Global results. The constructions of the previous sections can be
globalized over an arbitrary derived scheme, thanks to descent theory
for quasicoherent complexes on derived schemes (see [19] and [20, §2.2]).
Let X be a derived scheme over k and let V be a perfect object of
Lyeon(X), that is an object of Ly, f(X), cohomologically concentrated
in positive degrees, and endowed with an anchor map p: V — Tx,
where Ty is the tangent complex of X. Then all the results we prove
admit a global version:

| Structure theorem |

— The algebra U(free(V, p)) admits a filtration whose pieces of

level n is the co-equalizers EE? ], and the corresponding graded
algebra is the tensor algebra TV.

— The Jet algebra J(free(V, p)) admits a cofiltration whose pieces
of degree n are the equalizers (33)".

|HKR class and derived connections |

— Any object F of Lyeon(X) admits an HKR class ©, which is a
morphism from F to V*[1] ® F in D(X).

— The class ©x vanishes if and only if F admits a derived (V, p)
connection.

Formality theorem ‘

Let F be an object of Ljcon(X).

— The filtration on U(free(V, p)) ®o F splits in D(X) if and only
if ©7 and O &) vanish.

— The cofiltration on J(free(V, p)) ®o, F splits in D(X) if and
only if ©r and © zgy, vanish.

Square zero extensions ‘

— There is a natural derived scheme Xy ,, which is a square zero
extension of X.
— We have multiplicative isomorphisms

Uk/X (fr€€<v7 p)) = RHOH](’)XVHD (OX7 OX)
L
Ji/x (free(V, p)) =~ Ox ®oy,, Ox

in DA (X x X) and Dy (X x X) respectively.

| Extension theorem |

For any object F of Lyeon(X), the class ©x vanishes if and only
if F is the pullback of an object in Lyeon(Xv,,)-
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6.2. Geometric setting and quantized cycles. The first setting is
the one of [§]: S is a locally trivial first order thickening of a smooth
k-scheme X by a locally free sheaf Z. There is an associated exact
sequence

0=-Z—=&— Q% —0

where & = (Q})x, whose extension class 7 in Exty, (@, Z) determines
entirely S. Hence the sheaf

V = cone (Tx — &*)[—1]
is naturally endowed with an anchor given by the diagram

TXHS*

|

Tx

Note that V is quasi-isomorphic to Z*[—1]. This setting appears often
in the geometric situation, which is slightly more restrictive, where X
is a closed subscheme of an ambient scheme Y, and S is the first formal
neighborhood of X in V. In that case & = Q| so

V = cone (Tx — Ty x)[—1].

In this setting, the notion of quantized analytic cycle introduced in
(M becomes transparent: by definition, (X, o) is quantized in Y if the
conormal exact sequence of the pair (X,Y") splits globally, and o is
such a splitting. It follows that such a o determines a morphism from
(V,pr1) to the module Nx v [—1] endowed with the null anchor, and
this morphism is_a quasi-isomorphism. Therefore, the quantized HKR
isomorphism of [7] is induced by the canonical isomorphism

L
Ox ®og Ox =~ J(free(Nxy[—1])) =~ T(Ny v [1]).
Outside the quantized world, one of the only known result is the cal-

L
culation of the derived tensor product Ox ®p, Ox done in [§]. Un-
wrapping what it means, we see that the description of the truncations
obtained as equalizers can be interpreted as the isomorphisms

L
OX ®Os OX = Jk/X(fTEG(V?p)) = @(E;})[n]

neN

6.3. Deformation theory. In [l], the authors define the HKR class
of a vector bundle H on X as the morphism

ag: M — Q1@ H = Ny y[2 @ H

in D(X), where the first map is given by the Atiyah class of H and
the second one is the extension class attached to the conormal exact
sequence. Then they prove:
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— agy vanishes exactly when H extends to a locally free sheaf on
the first formal neighborhood S of X in Y.

L,r
~ Ox ®og H = T(NY ) [-1]) ® H if and only if the HKR classes
of H and Nx,y ® H vanishE.

This theorem can be recovered from our construction by considering
the anchored module (V,p) = (cone(Tx — Tyx)[—1],pr;). To see
this we argue as follows:

First we check that the dual of a4 is O«. Indeed, ay can be described
as the extension class associated with the exact sequence

0= N,y ®H — cone (Qyx ®H = Px(H)) = H =0

This sequence is quasi-isomorphic to

0 — cone (Q%/‘X@H%Q}(@H)

|

cone (Q%,p( ®QH— Pk(H)) ——H —0

which is
0=VOH=>E,0H —H —0.

Using Proposition @ as well as the fact that X3, is symmetric, the dual
of this sequence is

0O->H =>SpQH > H" ®V — 0
so the corresponding extension morphism is ©~. Hence
ay =050y =004 =0
because derived connections on H and H* are in bijection.

The next step is the explicit description of Xy, ,. The underlying set is
X, and the sheaf of rings is the total complex of

Ox
Ja
1 1
Qpx —Qx
and the ring structure is the same as the one on the square zero exten-

sion of Ox by complex given by the bottom line. There is a natural
ring quasi-isomorphism from S to Xy , given by

f— (df|Xaf|X>'

8The superscript “r” means that the tensor product is derived with respect to
the right variable.
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Hence Lgeon(S) = Lgcon(Xv,p), and the result follows from the extension

L
theorem. For the second point, it suffices to use that Ox ®p Ox is
isomorphic to the jet algebra of free(V, p). Then we apply the formality
theorem.
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