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GRADED QUIVER VARIETIES AND SINGULARITIES OF
NORMALIZED R-MATRICES FOR FUNDAMENTAL MODULES

RYO FUJITA

ABSTRACT. We present a simple unified formula expressing the denominators
of the normalized R-matrices between the fundamental modules over the quan-
tum loop algebras of type ADE. It has an interpretation in terms of represen-
tations of Dynkin quivers and can be proved in a unified way using geometry
of the graded quiver varieties. As a by-product, we obtain a geometric in-
terpretation of Kang-Kashiwara-Kim’s generalized quantum affine Schur-Weyl
duality functor when it arises from a family of the fundamental modules. We
also study several cases when the graded quiver varieties are isomorphic to
unions of the graded nilpotent orbits of type A.

CONTENTS
1. Introduction 1
2. A unified denominator formula 5
3. An interpretation by quiver representations 10
4. Graded quiver varieties 15
5. A geometric proof of the denominator formula 21
6. Generalized quantum affine Schur-Weyl duality 26
References 35

1. INTRODUCTION

1.1. For a complex finite-dimensional simple Lie algebra g, we can consider its (un-
twisted) quantum loop algebra U, (Lg) as a certain quantum affinization of the uni-
versal enveloping algebra U(g). It is a Hopf algebra defined over the field k = @,
where ¢ is the generic quantum parameter. The structure of the monoidal abelian
category C of finite-dimensional U,(Lg)-modules is much more complicated than
that of U(g). Indeed, the category C is neither semisimple as an abelian category,
nor braided as a monoidal category. It has been studied by many researchers in
connection with various research topics such as quantum integrable systems, com-
binatorics and cluster algebras.

The normalized R-matrices are constructed as intertwining operators between
tensor products of (relatively generic) simple objects of the category C, satisfying
the quantum Yang-Baxter equation. They can be seen as matrix-valued rational
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functions in the spectral parameters, whose singularities strongly reflect the struc-
ture of tensor product modules (cf. [1, 24]). Thus, the singularities of normalized
R-matrices carry some important information on the monoidal structure of C.

1.2. A unified denominator formula. In this paper, we focus on the normalized
R-matrices between the fundamental modules over U, (Lg) associated with g of type
ADE. Note that every simple object of C is obtained as a head of a suitably ordered
tensor product of the fundamental modules. Thus, studying tensor products of the
fundamental modules can be thought of a first step toward a better understanding
of the monoidal structure of the whole category C.

From now on, we assume that g is of type ADE. Let I be the set of Dynkin
indices and (¢;;);,jer the Cartan matrix of g. For each ¢ € I, the i-th fundamental
module V;(a) is a simple object of C, which has a canonical highest weight vector v;
and depends on a non-zero scalar a € k* called the spectral parameter. Making the
spectral parameters formal, for each (i, j) € I, the normalized R-matrix R;;(z2/21)
is defined to be the unique U,(Lg) ® k(z1, 22)-linear isomorphism

Rij(z2/21): Vi(21) ® Vj(22) = Vj(22) ®@ Vi(21)

satisfying the condition R;;(22/71)(v; ® v;) = v; ® v;. Since the normalized R-
matrix R;;(22/71) only rationally depends on the ratio u = 23/z1 of the spectral
parameters, one can consider its denominator d;;(u) € klu]. Explicit computations
of these denominators d;;(u) have been accomplished in the separate works by
Date-Okado [8] for type A, by Kang-Kashiwara-Kim [19] for type D, and by Oh-
Scrimshaw [36, 37] for type E. Note that these computations relied on case-by-case
arguments, which also required a use of computer particularly for type E.

The main theorem of this paper asserts that these denominators d;;(u) can be
expressed in a simple unified formula.

Theorem 1.1 (= Theorem 2.10). For each (i,7) € 1%, we have
h—1

dij(u) = [T (w= g1,

{=1

where h is the Coxeter number of g and ¢;;({) is the coefficient of 2% in the formal
expansion at z = 0 of the (i, j)-entry of the inverse of the quantum Cartan matriz

(ZCU _27Cij )
T T .
-z i,jel

Note that the quantum Cartan matrix has appeared several times as a key combi-
natorial ingredient in the study of the category C. For example, it already appeared
in the work of Frenkel-Reshetikhin [10], which introduced the notion of ¢g-characters
for finite-dimensional Uy, (Lg)-modules.

1.3. An interpretation by quiver representations. An advantage of our de-
nominator formula is that it admits an interpretation in terms of representations
of a Dynkin quiver @ of type g. To describe it, we need additional notation. Let
us choose an I-tuple (¢;);c; € {0,1}! such that €; # ¢; whenever ¢;; = —1. Then
we define an infinite quiver A = (Ag, A1) by

AO :{(lap)GIXZ|p_GZ€2Z}7
Ay =A{(i,p) = (G,p+1) [ (4,p),(J,p+1) € Ay, cij = —1}.
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For instance, when g is of type D5, the quiver A looks like:

It was shown by Happel [16, 17] that the quiver A is isomorphic to the Auslander-
Reiten quiver of the bounded derived category Dg := D?(CQ-mod) of representa-
tions of the Dynkin quiver ). In particular, there is a nice bijection Hg from the
vertex set Ag to the set of isomorphism classes of indecomposable objects of Dg,.

An intimate connection between the Auslander-Reiten quiver of Dy and the
category C was originally observed by Hernandez-Leclerc [18]. In that paper, it was
shown that the integers ¢;;(£) can be expressed as Euler-Poincaré characteristics of
suitable pairs of indecomposable objects of Dg. Using this interpretation, one can
see that the following assertion is equivalent to Theorem 1.1.

Theorem 1.2 (= Theorem 3.9). For any (i,p), (j,r) € Ao, the pole order of the
normalized R-matriz R;j(u) at u = q"/¢? is equal to dim ExtIDQ (Ho(4,7),Ho (4, p)).

This yields the following interesting corollary.

Corollary 1.3 (= Corollary 3.10). For any (i,p), (j, ) € Ao, the following condi-
tions are mutually equivalent:

o The tensor product Vi(¢?) @ V;(q") is irreducible;
o Vi(¢g?) @ Vi(¢") = V;(¢") ® Vi(q?) as Uy(Lg)-modules;
o Extp, (Hq(i,p),Ho(j,r)) = 0 and Extp,, (Ho(j,7), Ho(i,p)) = 0.

1.4. Graded quiver varieties. In this paper, we give a unified proof of The-
orem 1.2 (and hence Theorem 1.1) without using a computer. Instead, we use
geometry of the graded quiver varieties.

The graded quiver varieties were originally defined by Nakajima [32] as suitable
torus fixed loci of the usual Nakajima quiver varieties, which provide a useful geo-
metric setting to study finite-dimensional Uy (Lg)-modules when g is of type ADE.
Given a finite-dimensional Ag-graded C-vector space W = EBme Ao W,, one can
associate the graded quiver variety 93 (W), which is an affine complex algebraic
variety equipped with an action of the group Gw = [[,ca, GL(Wz).

Our proof of Theorem 1.2 is based on the following beautiful result obtained
by Keller-Scherotzke [29] in their categorical study of the graded quiver varieties.
It also generalizes an important result by Hernandez-Leclerc [18, Section 9]. Let
I' = (T'y, I'1) be another infinite quiver with the vertex set I'g := A, whose arrow set
Iy is given by the following condition: for each x,y € Ag the number of arrows from
Z to y is equal to dim Extpo (Hg(z),Ho(y)). With this notation, Keller-Scherotzke’s
theorem tells us that, for each Ag-graded vector space W, there exists a Gyy-
equivariant closed embedding of varieties

(1.1) MG(W) — repyy (I),
where repy, (I') denotes the affine space parametrizing representations of the quiver
I" realized on W.

In the special case when W = W(; ,y @ W(; ) for some (i,p), (j,7) € Ao with

p < r and dim W; ;) = dim W,y = 1, the above embedding (1.1) becomes an
isomorphism. Namely, the graded quiver variety 9t3(W) in this case is just an
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affine space whose dimension is equal to dim ExtJ, o Ho(j,7),Hg (i, p)). This simple
situation enables us to prove Theorem 1.2 by using Nakajima’s theory [32] and a
standard technique in geometric representation theory.

1.5. Generalized quantum affine Schur-Weyl duality. In the paper [20], Kang-
Kashiwara-Kim gave a general construction of a monoidal functor .%;, called the
generalized quantum affine Schur-Weyl duality functor, associated with a given
family {V;};es of real simple objects of C. It connects the category C with a cat-
egory of modules over the symmetric quiver Hecke algebra H; associated with a
quiver I'; determined by the singularities of normalized R-matrices between the
simple objects in {V;};cs. The quiver Hecke algebras are Z-graded algebras intro-
duced by Khovanov-Lauda [30] and by Rouquier [38] independently to establish a
categorification of the half of the quantized enveloping algebra associated with a
general symmetrizable Kac-Moody algebra. In this sense, the quiver Hecke algebra
Hj is a generalization of the affine Hecke algebra of type A, and Kang-Kashiwara-
Kim’s construction can be thought of a generalization of the usual quantum affine
Schur-Weyl duality between U,(Lsl,) and the affine Hecke algebra of type A.

In the subsequent works by Kang, Kashiwara, Kim, Oh, Park and Scrimshaw
[19, 21, 22, 25, 27, 36, 26], many interesting examples of the functor .%; are
constructed. In these nice examples, the functor .%; induces an isomorphism of
Grothendieck rings between a category of finite-dimensional H j-modules (or its
suitable modification), and a certain monoidal subcategory C; of C.

In this paper, we give a geometric interpretation of the functor .%; whenever it
arises from a family {V;};c of fundamental modules of type ADE. More precisely,
we realize the bimodule corresponding to the functor .#; via the equivariant K-
theory of the graded quiver varieties, mimicking Ginzburg-Reshetikhin-Vasserot’s
geometric realization of the usual quantum affine Schur-Weyl duality [15]. This is
a generalization of the author’s previous result [12]. A key fact in our construction
is that the quiver I'; defining the quiver Hecke algebra H; is identical to a full
subquiver of the quiver I' that appeared in Keller-Scherotzke’s theorem above. This
is a direct consequence of Theorem 1.2 and explains the appearance of the quiver
Hecke algebra H; from a geometric point of view.

1.6. Type A subquivers and graded nilpotent orbits. As an example of the
above construction, with a given subquiver @’ of a Dynkin quiver () which is iso-
morphic to a quiver of type A with monotone orientation, we associate a specific
family {V,},ez of fundamental modules labeled by the set of integers Z. We prove
that the associated quiver I'; is of type A, with monotone orientation, and the
corresponding graded quiver varieties are isomorphic to unions of graded nilpotent
orbits of type A. Moreover, we show that the associated functor .#; induces an
isomorphism of Grothendieck rings between a certain localization Ty of the module
category of H; constructed in [20] and the monoidal full subcategory Cp o Of C gen-
erated by the fundamental modules V;(¢?) such that Hg (4, p) € Do C Dg. In some
special cases of type AD, the associated functors .%; coincide with the ones studied
in [20, 25, 26]. Recently, Kashiwara-Kim-Oh-Park [26] proved that the localized
category Ty gives a monoidal categorification of a certain cluster algebra of infinite
rank. Therefore, we conclude that our monoidal category Cp - always inherits the
same cluster structure from the category 7y via the monoidal functor % ;.
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1.7. Remark. Note that explicit computations of the denominators d;;(u) for the
other non-symmetric affine types have been also accomplished in the separate works
by Akasaka-Kashiwara [1] for type C, by Oh [35] for type B and for doubly-twisted
type AD, and by Oh-Scrimshaw [36, 37| for all the remaining cases. Unfortunately,
our geometric approach using the graded quiver varieties is applicable only to the
cases of untwisted type ADE (i.e. symmetric affine types). At this moment, it is
unclear whether there is an analogous geometric approach to compute the denom-
inators d;;(u) for the non-symmetric types.

1.8. Organization. This paper is organized as follows. In Section 2, we recall some
known facts about the representation theory of the quantum loop algebras U, (Lg)
of type ADE and state our main theorem. In Section 3, we present an interpretation
of our denominator formula in terms of representations of Dynkin quivers. After
reviewing the graded quiver varieties in Section 4, we give a geometric proof of
our denominator formula in Section 5.1. In Section 5.2, we add a remark on the
case when the normalized R-matrix has a simple pole. Section 6 is devoted to a
study of the generalized quantum affine Schur-Weyl duality. In Section 6.2, we
give a geometric interpretation of the functor .%; when it arises from a family of
fundamental modules. Finally, we study some examples where the graded quiver
varieties are isomorphic to unions of graded nilpotent orbits of type A in Section 6.3.

1.9. Acknowledgments. The author is grateful to Se-jin Oh for his interest in
this paper and for answering the author’s questions on his papers. The author was
supported by Grant-in-Aid for JSPS Research Fellow (No. 18J10669), and by JSPS
Overseas Research Fellowships during the revision.

1.10. Overall convention. Working over a base field F, we often write ® (resp. Hom,
dim) instead of @ (resp. Homy, dimp) suppressing the symbol I for simplicity. For
an algebra A over a field F, we denote by A-mod the category of left A-modules
which are finite-dimensional over F. We denote by A°P (resp. A*) the opposite
algebra (resp. the multiplicative group of invertible elements) of A.

2. A UNIFIED DENOMINATOR FORMULA

In this section, we recall some known facts on representation theory of the quan-
tum loop algebras of type ADE and state our main theorem.

2.1. Notation. Throughout this paper, we fix a finite-dimensional complex simple
Lie algebra g of type A, (n € Z>1), Dy, (n € Zs4), or E, (n = 6,7,8). Let I :=
{1,2,...,n} be the set of Dynkin indices. The Cartan matrix of g is denoted by
(Cij)i,jeL We write ¢ ~ ] if Cij = —1.

Let PY = @, Zh; be the coroot lattice of g. The fundamental weights {z; }icr
form a basis of the weight lattice P = Homgz(PY,Z) which is dual to {h;};cs. Let
@i = ) ;e ciywj be the i-th simple root and Q = ), Za; C P be the root lattice.
Weput P =3, Z>ow; and QT = >, ., Z>o;. Denote by (—, —) the symmetric
bilinear form on P®zQ given by (o, @;) = d;5, or equivalently (o, ;) = ¢;5. Let W
be the Weyl group of g. It is a finite group of linear transformations on P generated
by the simple reflections {r;};c; defined by r;(\) := A — A(h;)a; for A € P. The set
R of positive roots is defined by Rt = (W{a;}icr) NQT. Let h := 2|RT|/n be the
Coxeter number of g.
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We fix an I-tuple € = (¢;)ier € {0,1} such that ¢; # ¢; whenever i ~ j. We
refer to such an € as a parity function. Note that we have only two possible choices
of € and the difference does not affect the main results of this paper.

2.2. Quantum loop algebra. Let ¢ be an indeterminate and k := Q(q) be the
algebraic closure of the field Q(g) of rational functions in ¢ with rational coefficients
inside the ambient field |J,,cz_, Q(g'/™).

Definition 2.1. The quantum loop algebra U,(Lg) associated with g is defined as
a k-algebra with the generators:

{x”, v liel,reZyU{q" |y e P YU {him |icI,meZ\{0}}
satisfying the following relations:
=1 ¢"¢" =¢"*, [¢" him] = lhim hj)) =0, ¢'af,q7Y = gFWaF,
(z = ¢ W) g5 (2)af (w) = (45 2 — w)a (2)¢5 (w),
(z = g Tw)a (2)z} (w) = (¢"z — )l‘»i(w)l“'i(Z)?

o oy (0] = 2 (6 (%) o (w) = 8 (2) 67.)

(o () ()t () — (g + )t (a)rt (w)a (22) + ot (w)rt ()2 (22))
+{21<—>22}:0 leNj,

where € € {4, —} and §(z), 2 (2), ¢ (2) are the formal series defined as follows:

(o) o0
Z 21 aE(z) = Z xfrz_r,

r=—00 rTr=—00

¢ (2) == ¢ exp ( (¢4—q~ Z hi :th:':m) :

m=1
In the last relation, the second term {z; <> 22} means the exchange of z; with 25
in the first term.

Let g be the (untwisted) affine Lie algebra associated with g. It is realized as
g=Lg® CcaCd

with a suitable Lie algebra structure, where Lg := g®C[z%1] is the loop algebra of g,
c is a central element and d := z% is the degree operator. The derived subalgebra
9 = [9,9] = Lg ® Cc is a central extension of the loop algebra Lg. Let U,(g) be
the quantized enveloping algebra of g. This is a Hopf algebra over k presented by
the Chevalley type generators {e;, f; | i € IU{0}}U{¢¥ | y € PY & Zc & Zd} and
the well-known relations. The coproduct A: U,(g) = U,(g) ® Uy(g) is given by:
Ae)=ei@q " +1®e, Af)=fiol+d" e fi, D)= ®¢"

fori € TU{0},y € PY@®Zc®Zd. The subalgebra U, (9) generated by the generators
{ei, fi,q™ | i € TU{0}} is a Hopf subalgebra of U,(g), which is regarded as a
g-deformation of the universal enveloping algebra of §’. By Beck [3], we have a k-
algebra isomorphism U, (Lg) = U/ (g)/(q° — 1), via which the quantum loop algebra
U,(Lg) inherits a structure of Hopf algebra. Actually this isomorphism depends on
the choice of a function o: I — {41} satisfying o(i) = —o(j) if i ~ j. In this paper,
we set 0(i) := (—1)¢ by using the parity function € we fixed in the last subsection.
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2.3. Simple and fundamental modules. A U,(Lg)-module is said to be of type
1 if, for each i € I, the element ¢ acts on it as a semisimple linear operator
whose eigenvalues belong to ¢”. Let C denote the category of finite-dimensional
U, (Lg)-modules of type 1. The category C is a k-linear abelian monoidal category.
It is well-known that the simple modules of the category C are parametrized by
so-called Drinfeld polynomials [5], or equivalently by the dominant monomials [10],
which we recall here. Let M be the abelian (multiplicative) group freely generated
by the symbols {Y;a}(ia)erxxx and M* be the submonoid of M generated by
{Yia}(i,a)erxix - We refer to an element of M* as a dominant monomial.

Theorem 2.2 (Chari-Pressley [5, Theorem 3.3]). For each dominant monomial
m = T Y, there exists a simple module L(m) € C with a non-zero vector

,a
Lt
I (4 I U T
1—az1 m

ackX

vm € L(m) satisfying
z (2)vm =0, qbgt(z)vm = (

for each i € I, where (—)* denotes the formal expansion at 2T = 0. Such a vector
Um € L(m) is unique up to k*. Moreover, the correspondence m — L(m) gives a
bijection between the set MT of dominant monomials and the set of isomorphism
classes of simple modules of C.

For each (i,a) € I x k*, we define an element A; , € M by

— —1
Aiya = Yvi,qay;,',qfla : H Y}',a .
Jri

For m,m’ € M, we write m < m’ if m'm~" is a monomial in {Ai.a}(i,a)erxix - This

defines a partial ordering on the set M™ of dominant monomials.

The simple modules L(Y; ,) corresponding to the degree 1 dominant monomials
Yia € MT, (i,a) € I xk*, are called the fundamental modules. The next theorem
shows their importance in the monoidal category C.

Theorem 2.3 (Frenkel-Reshetikhin [10], Frenkel-Mukhin [9], Nakajima [32]). Let
K(C) denote the Grothendieck ring of the monoidal abelian category C.

(1) The ring K(C) is isomorphic to the polynomial ring Z[t; o | (i,a) € I x k*]

in infinitely many variables, where the variable t; , corresponds to the class

of the fundamental module L(Y; ,). In particular, K(C) is commutative;
(2) For each dominant monomial m =[], , Yln;“ € M™, we have

[TEaarms =L+ 35 ctmm)[Lem')]
i,a m'eMt ,m'<m
in the Grothendieck ring K(C), where c(m,m') € Z>o.

Proof. (1) is [10, Corollary 2]. (2) was originally conjectured by [10] and proved by
[9, Theorem 4.1] and [32, Proposition 5.2] independently. O

2.4. Normalized R-matrices and their denominators.

Definition 2.4. Let M be a Uy(Lg)-module and z be a formal parameter. We
equip the free k[z*1]-module M[zF!] := M @y k[zF!] with a left U,(Lg)-module
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structure by

xfr (v f(z)) = mi[rv ® 2" f(2),

¢’ (v® f(2)) == ¢"v @ f(2),
him - (v ® f(2)) := himv ® 2™ f(2),

where v € M, f(z) € k[z*!]. We refer to the resulting U(Lg) ®x k[z*!]-module
M[z*] as the affinization of M.

To simplify the notation, we denote the affinized fundamental module and its
generating vector by

Vile™!] = LYi) [z, vi= (vy,) @1
for each 7 € I. In addition, for any non-zero scalar a € k*, we set
Vi(a) := Vi[z*]/(z — a)Vi[*]
and denote by v;(a) the image of the vector v; under the canonical quotient map

Vi[z*'] — Vi(a). With this notation, we have an isomorphism V;(a) = L(Y;,) of
Uy(Lg)-modules via which the vector v;(a) corresponds to the vector vy, , .

Remark 2.5. The affinized fundamental module V;[z%] is known to be isomorphic
to the following modules:
e the level zero extremal weight module of extremal weight w; introduced by
Kashiwara [23, 24];
e the global Weyl module of highest weight w; introduced by Chari-Pressley [6];
e the standard module associated with w;, realized via the equivariant K-
theory of quiver varieties by Nakajima [32] (see Section 4.5 below).
For a proof, see [24, Section 5] and [34, Remark 2.15].

For each pair (i, ) € I2, there is a unique U, (Lg) @y k2!, 23]
called the normalized R-matriz

Rij: Vil @ Vilza '] = k(22/21) @iz (Vilea 1@ Vilei])
satisfying the condition R;;(v; ® v;) = v; ® v; (see [1, Appendix A] or [24, Section
8]). The denominator of the normalized R-matrix R;; is a unique monic polynomial
di;j(u) € klu] of the smallest degree among polynomials satisfying

dij(z2/z1) Ri; (Vilz1'] @ Vilp ) € 1@ (Vilag ') @ Vilar™)) -

-homomorphism

Remark 2.6. In the same way, we can define the normalized R-matrix
Rarr s M2E] @ M'[251] — k(22/21) ®kf(zn)20)+1] (M [2351] @ M[25))
and its denominator das av(u) € k[u] for any simple modules M, M’ € C.

In the rest of this subsection, we recall some properties of the normalized R-
matrices R;; and their denominators d;;(u) for future use. Let a,b € k™ be non-zero
scalars such that d;;(b/a) # 0. Then the normalized R-matrix R;; can be specialized
to yield a non-zero U, (Lg)-homomorphism R;;(b/a): Vi(a) ® V;(b) — V;(b) ® Vi(a)
which sends the vector v;(a) ® v;(b) to the vector v;(b) ® v;(a).

ln [24], the affinization is defined in terms of the Chevalley type generators of the algebra
Ué(ﬁ) One can easily see that it coincides with our affinization in Definition 2.4 under the
isomorphism Uq(Lg) = U} (g)/{(¢° — 1) in [3].
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Theorem 2.7 ([1, 4, 9, 24, 39]). Leti,j € I and a,b € k*.

(1) As a Uy(Lg)-module, V;(a) ® V;(b) is generated by the vector v;(a) ® v;(b)
if and only if d;;(b/a) # 0. If this is the case, the module V;(a) @ V;(b) has
a simple head Im(R;;(b/a)).

(2) Any non-zero Uy(Lg)-submodule of Vi(a) ®V;(b) contains the vector v;(a)®
v;(b) if and only if dj;(a/b) # 0. If this is the case, the module V;(b) ®V;(a)
has a simple socle Im(R;;(a/b)).

In particular, the following conditions are mutually equivalent:

e The tensor product Vi(a) ® V;(b) is irreducible;

o Vi(a) @ V;(b) 2 V;(b) @ Vi(a) as Uy(Lg)-modules;

L] d”(b/a) 7’5 0 and dﬂ(a/b) 7é 0.
Proof. This is a special case of Akasaka-Kashiwara’s conjecture [1], which was
proved by Chari [4], Kashiwara [24] and Varagnolo-Vasserot [39] independently.
The irreducibility of Im(R;;(b/a)) and Im(R,;(a/b)) was proved in [1, Corollary
2.3]. Note that Frenkel-Mukhin [9] also proved the last assertion. O

Theorem 2.8 (Chari [4], Kashiwara [24]). Leti,j € I and a € k. If d;j(a) = 0,
we have a € {¢* € k* | k+ ¢ +¢; € 2Z,k > 0}.

Proof. Assume that d;;j(a) = 0. By [4, Theorem 4.4] and Theorem 2.7 (1) above,
we see that a = ¢* for some integer k satisfying k+¢; +¢; € 2Z. On the other hand,
[24, Proposition 9.3] implies that a € Um€Z>o ql/m@[ql/m]. Therefore k should be
positive. O

Remark 2.9. In [4, Section 6], Chari further computed all the zeros of d;;(u) by
a type-by-type argument. However, we do not use this fact in this paper.

2.5. Main theorem. Let z be a formal parameter. The quantum Cartan matriz
C(z) = (Csj(2))ijer of g is defined by

2427t (1=
Cij(z) = (i
Cij (i #J
We regard C'(z) as an element of the group GLy(Z((2))) and denote its inverse by
C(z) = (Cs§(2))ijer- The (4, j)-entry CZ]( z) € Z((z)) can be written as

2) =Y @02
/=1

In this way, we get a collection of integers {¢;;(£)}: jere>1-
Now we can state the main theorem of this paper.

7);
)-

Theorem 2.10. For each pair (i,j) € 12, the denominator d;j(u) € k[u] of the
normalized R-matriz R;; is given by the following formula:

h—1

(2.1) dij(u) = [[(w— g+,

=1
where h is the Cozeter number of g.

Theorem 2.10 is equivalent to Theorem 3.9 below, whose proof is given later in
Section 5.1 using geometry of the graded quiver varieties.
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Remark 2.11. The RHS of the formula (2.1) is actually a polynomial because we
have ¢;;(¢) € Z>g for 1 <¢ < h —1 by Lemma 3.7 (7) below.

Remark 2.12. Note that our denominator d;;(u) is different from the denominator
dv (w,),V(ew,)(u), which has been written by the same symbol d;;(u) in the works
of Kashiwara and his collaborators (e.g. [1, 24, 20]). Here V(c;) denotes the i-th
fundamental module in the sense of Kashiwara [23], which has a global crystal basis.
It was shown by Nakajima [34] that Kashiwara’s fundamental module V(w;) is
isomorphic to our fundamental module V;(a;) with a; := (—=1)%(—¢)!~". Moreover,
we see in Proposition 3.5 below that ¢;;(¢) # 0 only if /+¢;+¢€;+1 € 2Z. Therefore,
our denominator formula (2.1) is equivalent to the formula

h—1

(22) dV(Wi),V(Wj)(U) = H(u _ (_q)f-i-l)aj(f).
(=1

By making the values ¢;;(¢) explicit, we can check that the formula (2.2) certainly
recovers the known type-by-type denominator formulas obtained in [8, 20, 36, 37].
However we do not use this fact in this paper.

3. AN INTERPRETATION BY QUIVER REPRESENTATIONS

In this section, we give an interpretation of our denominator formula (2.1) in
terms of homological properties of representations of a Dynkin quiver of type g.
We keep the notation from the previous section.

3.1. Convention. First, we fix our convention on quivers and their representa-
tions. A quiver @ = (Qo,Q1) is an oriented graph, consisting of the set Qo of
vertices and the set Q1 of arrows. Here the sets Qg and Q1 can be infinite. For an
arrow a € @1, let a/,a” € @y denote its origin and goal respectively. We always
assume that the set {a € Q1 | «’ = x,a"” = y} is finite for each z,y € Qo.

We equip the vector space CQq := EBwer Ce, with a structure of C-algebra
by e, - ey = 0gyez. This is non-unital if Qg is infinite. We equip the vector space
CQ. = ®aeQ1 Ca with a structure of CQg-bimodule by setting a - e, = do/ za and
er - a = 0z qra for © € Qo,a € Q1. The path algebra CQ of @ is defined to be
the tensor algebra Trg, (CQ1) := @D 5o (CQ1)®¢, where tensor products are taken
over CQo. Given a quotient algebra A = CQ/Z by an ideal Z C @~ ,(CQ1)®?,
we denote by A-mod the C-linear abelian category of finite-dimensional left A-
modules M satisfying M = EBzeQO e, M. For each vertex x € Qy, we denote by
S the simple object of A-mod associated with z, i.e. satisfying dim(eyS;) = dzy.
For a finite-dimensional Qy-graded C-vector space V = @ero V., we denote by
repy (A) the variety of representations of the algebra A realized on V. By definition,
this is the closed subvariety of the affine space repy (Q) = [[,cq, Homc(Var, Var)
consisting of points (fq)eecq, such that all the polynomials in the linear maps f,
corresponding to elements in Z vanish.

3.2. Dynkin quiver. In this subsection, we fix a Dynkin quiver @ = (Qo, Q1)
of type g, i.e. Qo := I = {1,...n} and the arrow set Q; satisfies the condition
cij = 20;; —#{a € Q1 | {d',a"} = {i,j}} for each i,5 € I. We write i — j if
there is an arrow a € Q1 such that o’ =i,a” = j. For M € CQ-mod, we define its

dimension vector by dim (M) := 7, dim(e;M)o; € Q*.
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By Gabriel’s theorem [13], for each o € R™T, there exists an indecomposable
object M, € CQ-mod such that dim (M,,) = « uniquely up to isomorphism. The
correspondence o +— M, gives a bijection between the set RT of positive roots and
the set of isomorphism classes of indecomposable objects of CQ-mod. In particular,
we have S; = M,, for each i € I.

Let Dg denote the bounded derived category D°(CQ-mod) of the abelian cat-
egory C@Q-mod. The category Dg is a C-linear triangulated category with Krull-
Schmidt property. The category CQ-mod is naturally identified with a full subcat-
egory of Dg consisting of complexes concentrated on the cohomological degree 0.
We denote by X[k] the cohomological degree shift of X € Dg by k € Z. Then the
set {M,[k] | « € RT,k € Z} forms a complete collection of indecomposable objects
of Dg (see [16, Lemma 4.1]). Extending the definition of dim, for each X € Dg,
we define its dimension vector dim (X) € Q by

dim (X) =Y " (—1)*dim H*(X),
kEZ

where H*(X) € CQ-mod denotes the k-th cohomology of X. For X,Y € Dg, we
define the Euler-Poincaré characteristic (X,Y) € Z by

(X,Y) =) (~1)" dim Extp, (X,Y),
keZ

where Exth, (X,Y) := Homp,, (X, Y[k]).

3.3. Happel’s equivalence. Let () be a Dynkin quiver of type g. In this subsec-
tion, we recall the description of the full subcategory ind(Dg) C Dg consisting of
indecomposable objects in D¢ due to Happel [16, 17] .

Let £ = (&)ier € Z' be an I-tuple of integers such that & — ¢; € 2Z and
& =& +1if 4 — j. Such an I-tuple ¢ is called a height function of Q) and
determined up to a simultaneous shift by an even integer. Choose a total ordering
I ={iy,ia,...,in} satisfying &, > &, > -+ > &, and consider the Coxeter element
T =71y T, - 75, € W. The element 7 depends only on @ (independent from the
choice of the above total ordering of I). By an abuse of notation, we use the same
symbol 7 for the corresponding Coxeter functor, which is an auto-equivalence of
Dg. Under this convention, we have dim (7X) = 7dim (X) for any X € Dg. For
an indecomposable object X € ind(Dg), its Coxeter transformation 7.X coincides
with the Auslander-Reiten translation of X (see [2, Lemma VIIL.5.8] for example).

For each i € I, we define a positive root y; to be the sum of simple roots o; labeled
by the vertices j such that there exists an oriented path in @ from j to . Then the
corresponding indecomposable representation I; := M., is an injective hull of the
simple representation S; in CQ-mod. Note that we have (X, ;) = (dim (X), w;)
for any X € Dg and i € .

Definition 3.1. We define an infinite quiver A = (A, A1) by
Ao :={(i,p) €I XZ|p—e €27},
Ar={(p) = G+ 1) | (i,p), Gip+1) € Ao, i~ j}

Let C(A) denote the C-linear category whose set of objects is A¢ and whose
morphisms are generated by A satisfying the so-called mesh relations, i.e. the sum
of all paths from (¢,p) to (i,p + 2) vanishes for each (i,p) € Ay. Note that the
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quiver A and the category C(A) are independent from the choice of the Dynkin
quiver @ (depends only on g).

Theorem 3.2 (Happel [16, 17]). For a Dynkin quiver Q of type g with a height
function £, there is an equivalence of C-linear categories

Hg: C(A) ~ ind(’DQ)
satisfying Ho (i, p) = & P/2(I,) for each (i,p) € Ay.
Proof. See [16, Proposition 4.6] or [17, Theorem 5.6]. O
Remark 3.3. Although the equivalence Hg depends on the choice of the height
function &, this choice does not affect on the results in the present paper essentially
and hence we suppress it from the notation. In addition, the Euler-Poincaré char-
acteristic (Hg(4,p),Hg(4,7)) does not depend on the choice of the Dynkin quiver

QQ because, for any two Dynkin quivers @ and Q' of type g, we have a natural
isomorphism

(31) EXt%Q (HQ (i7p)7 Hgo (.]7 T)) = EXt%Q/ (HQ' (i7p)7 Hey (.]7 T))
for any (i,p), (4,7) € Ag and k € Z.

Remark 3.4. As explained in [14, Section 6.5], we have

(32) HQ(ivp)[l] = HQ(i*vp + h)

for any (i,p) € Ag. Here ¢ — i* is the involution on I given by wp(a;) = —ay+,
where wq denotes the longest element of the Weyl group W.

3.4. Quiver interpretation of quantum Cartan matrix. In this subsection,
we give an interpretation of the integers {¢;;(¢)}; jere¢>1 defined in Section 2.5
in terms of representations of a Dynkin quiver. Our discussion is based on the
following observation due to Hernandez-Leclerc.

Proposition 3.5 (Hernandez-Leclerc [18]). Take a Dynkin quiver Q of type g
together with a height function & as in the previous subsection. Then, for any
i, €1 and £ € Z>1, we have

_ (TG0 2(y)) ) if b4 €+ e+ 1 € 2Z;
ci(0) = .
0 otherwise.

Proof. This is [18, Proposition 2.1]. Note that the condition £ +¢; +¢€; + 1 € 2Z
here is equivalent to the condition £+ & — & — 1 € 2Z therein. (]

Thanks to Proposition 3.5, once we depict the Auslander-Reiten quiver of Dy,
we can easily compute the explicit values of the integers {¢;;(€)}i jere>1. See [18,
Example 2.2] for an example of such a computation.

Corollary 3.6. For (i,p),(j,r) € Ag with r > p, we have
<HQ(va)7HQ(.77 T)> = Eij(r —-p + ]-)

for any Dynkin quiver Q of type g.
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Proof. We compute as:
(Bo(i,p) Ho G m)) = (& P/2(1), 7 =0/2(1;) )
— <T<<rfp+1>+sﬁerl>/2( L), Ij>
- (T((T*pﬂ)%i75_7'*1)/2(%,)7wj) .

Since r —p+1 > 1 by assumption, the RHS is equal to ¢;;(r — p + 1) by Proposi-
tion 3.5. (]

Here we record some basic properties of the integers {¢;;(€)}ijere>1.

Lemma 3.7. The integers {¢;;j(£)}i jere>1 satisfy the following properties:

(1) ci5(€) = cji(0);

(2) €ij(€) = Co(i),0(5)(£) for any automorphism o of the Dynkin diagram;
(3) ij(£) = ¢y (£ + 2h);

(4) Ey(0) =~ (2h— ) for 1 < €< 2h—1;

(5) €ij(0) =Cjix(h—0) for 1 <€ <h—1;

(6) ¢ij(kh) =0 for any k € Z>1;

(8) EU(E) <0 th+1 < ¢ <2h-—1.

Proof. (1) and (2) are immediate from the definition.

Let us take @ and & as in Proposition 3.5. (3) is a direct consequence of Propo-
sition 3.5 and the well-known fact 7% = 1.

To prove (4), we may assume {+¢;+¢€; +1 € 2Z. Then we can pick (4, p), (j,7) €
Ay such that £ =7 — p+ 1. By Corollary 3.6 and (3.2), we have

aj(g) = <HQ(Z.vp)>HQ(j7T)> - <HQ(iap)7HQ(ja r—= 2h)>
for any Dynkin quiver ). Using the Auslander-Reiten duality (X,Y) = — (Y, 7X),
X,Y € Dg, the RHS is further computed as:

<HQ(i,p),HQ(j,’/‘ - 2h)> = —<HQ(j,7‘ - Qh),THQ(i,p»
= 7<HQ(]‘3T - 2h)7HQ(Zap - 2)>

Since (p—2)—(r—2h) = 2h—1—¢ > 0 by assumption, the RHS of the last equation
is equal to —¢;;(2h — £) again by Corollary 3.6. This proves (4).

Let us prove (5). As before, we may assume ¢+ ¢; +¢; + 1 € 2Z. For a Dynkin
quiver @ and (¢,p), (j, ) € Ag with r—p—+1 = ¢, we have ¢;;(¢) = (Ho (4, p), Ho(4, 7))
by Corollary 3.6. Using (X,Y) = —(Y,7X) = (Y,7X][1]) and (3.2), we further
compute as:

(Hq(i,p),Ho(j, 7)) = (Ho (4, ), THq (i, p)[1]) = (Ho(j,7), Ho(i",p + h — 2)).
Since (p+h —2) —r = (h—1) — £ > 0 by assumption, we get (Ho(j,7),Ho(¢*,p +
h —2)) = ¢j;«(h — £) again by Corollary 3.6. This proves (5).

To prove (6), it suffices to check that ¢;;(h) = ¢;;(2h) = 0 thanks to (3). Spe-
cializing £ = h in (4), we get ¢;;(h) = —¢;;(h) and hence ¢;;(h) = 0. Let us verify
¢ij(2h) = 0. When €; = ¢, the number 2h + ¢; + €; + 1 is always odd. Therefore
we have ¢;;(2h) = 0 by Proposition 3.5. When ¢; # €;, let us choose @ with the
sink-source orientation such that ¢ is a source and j is a sink. Namely, we choose )
and its height function & so that we have §;, = &; + 1, and & = &; (resp. & = &) if
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€ = €; (resp. €, = €;). With such a choice, we have y; = o; and 2h+¢§;,—§;—1 = 2h.
Therefore, by Proposition 3.5, we get
@i (2h) = (T2 (i), @) = (i, ;) = 0.
Let us prove (7). Assume ¢;;(¢) # 0. First we consider the case €¢; = ¢;. In this
case, Proposition 3.5 implies that ¢ is odd. Let us take a Dynkin quiver @ with a

sink-source orientation. In particular, we have §; = {;. By the description of the
Auslander-Reiten quiver of Dg in [14, Proposition 6.5], we see that the set

{T(e—l)/z(%) |1<¢<h-1, ¢isodd} = {v,7(y),.. .,TL(h_Q)/QJ (vi)}

consists of positive roots. Therefore we have ¢;;(¢) = (T(Z_l)/2 (vi),@;) = 0 for any
1 < ¢ < h—1. For the other case ¢; # ¢;, Proposition 3.5 implies that ¢ is even.
Let us take @ with a sink-source orientation with ¢ being a sink. Then j is a source
and hence ¢ + & — & — 1 = ¢ — 2. Again we can see that the set

(T2 |1 <0< h =1, Liseven} = {7, 7(7), ..., 7T/ (39))
consists of positive roots. Therefore we get ¢;;(¢) = (T(Z*Q)/Q(%), wj) > 0.

The last item (8) follows from (4) and (7). O

Thanks to the above lemma, we can recover all the integers {¢;;(¢) | £ > 1} for
each (i,7) € I? from the first h — 1 integers {¢;;(¢) | 1 < ¢ < h — 1}, for which we
have the following simple representation-theoretic interpretation.

Proposition 3.8. Let Q be a Dynkin quiver of type g. For any (j,7), (i,p) € Ao,

we have
. . . Ciir—p—1) if1<r—p—-1<h-—1;
dim Exth, (Ho(j, ), H (i, p)) = { ¢ ) |
0 otherwise.

Proof. Using (3.2), we have
(33)  dimExtp, (Hg(j.r), Ho(i,p)) = dim Homp,, (Ho(j, 7). Ho(i, p)[1])
= dim Homp,, (Hg(j, ), Ho(#*, p + h)).
On the other hand, using the Auslander-Reiten duality, we have
(3.4) dim Ext%)Q (Hq(j,7),Hq(i,p)) = dim Homp,, (Hg (4, p), THg (4, 7))
= dim Homp,, (Hq (4, p), Ho (4,7 — 2)).
Now we assume that Ext1DQ (Ho(j,7),Hg(4,p)) # 0. Then we have
Homp,, (Ho(j, ), Ho(i",p + 1)) # 0,  Homp, (Hq (i, p), Ho(j,r — 2)) # 0
by the above equations (3.3) and (3.4) respectively. In view of Theorem 3.2, they

imply that r <p+h and p <r — 2, or equivalently 1 <r—p—-1<h—1.
Conversely, let us assume 1 <7 —p—1<h — 1. We continue (3.4) as:

dim Homp,, (Ho(i, p), Ho(j, 7 — 2)) = dim Homp,, (7 7P)/2(;), 76 —+2)72(1))
= dim Homp,, (7(("=P=D+&=8=D/2 (1) ).

Because of (3.1), we may assume that our Dynkin quiver @) has the sink-source ori-
entation with the vertex i being a source. Then the object 7(("=P=D+&=8&-1)/2([)
remains inside CQ-mod C Dg. Therefore we have

dimHomDQ (T((T‘—p—l)"r&i_gj—1)/2(11;)7Ij) _ <T((T—p—1)+§i—fj—l)/Q(Ii)7Ij> )
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The RHS is equal to ¢;;(r —p — 1) by Corollary 3.6. O

3.5. Quiver interpretation of the denominator formula. Thanks to Theo-
rem 2.8 and Proposition 3.8, we see that the following assertion is equivalent to our
main theorem (=Theorem 2.10).

Theorem 3.9. Let QQ be a Dynkin quiver of type g. For any (i,p), (4,7) € Ay, the
pole order of the normalized R-matricz R;; at zo/z1 = q"/qP (i.e. the zero order of
dij(u) at u=q"/qP) is equal to dim Ext%)Q (Ho(4,7),Ho(4,p)).

A proof of Theorem 3.9 is given in Section 5.1 below.
In what follows, for each (i,p) € I x Z, we simplify the notation by setting

Yiip) = Yigr
Recall that we have an identification L(Y{;)) = V;i(¢?) for each (i,p) € I x Z.

Corollary 3.10. Let Q be a Dynkin quiver of type g. For any x,y € Ag, the
following conditions are mutually equivalent:

o The tensor product L(Yy) ® L(Y,) is irreducible;
o L(Y,)® L(Y,) = L(Y,) ® L(Y,) as Uy(Lg)-modules;
. Extpo (Ho(z),Ho(y)) = 0 and Extpo (Ho(y),Ho(z)) = 0.

Proof. This follows from Theorem 2.7 and Theorem 3.9. (I

4. GRADED QUIVER VARIETIES

In this section, we collect some known facts about the graded quiver varieties
which we need in this paper. We keep the notation from the previous sections.

4.1. Notation on the equivariant K-theory. Let G be a complex linear alge-

braic group. In the present paper, a G-variety X always means a quasi-projective

complex algebraic variety equipped with an algebraic action of the group G. We set

pt := Spec C with the trivial G-action. The equivariant K-group K%(X) is defined

to be the Grothendieck group of the abelian category of G-equivariant coherent

sheaves on X, which is a module over the representation ring R(G) = K% (pt).
Let F be a field of characteristic zero. We put

K¢ X)p:=K9X)®zF, R(G)r:=R(G)®zF.

Let a C R(G)r be the augmentation ideal, i.e. the ideal consisting of virtual repre-
sentations of dimension 0. We define the a-adic completions by
KY(X)p :=lim K9(X)p/a" K9(X)e, R(G)r := lim R(G)z/a".
k

—
k

The completed K-group K¢ (X)r is a module over the algebra R(G)g.

4.2. Convolution product. We recall the definition of the convolution product for
the equivariant K-groups (see [7, Chapter 5] and [32, Section 6, 8] for details). Let
M; be a non-singular G-variety for i = 1,2,3. We denote by p;;: My x My x Mz —
M, x M, the natural projection for (i,7) = (1,2),(2,3),(1,3). Let Z1o C M; X
My and Zs3 C My x M3 be G-stable closed subvarieties such that the morphism
P13: Pra (Z12) N pag (Zas) — Zas := pis(pia (Z12) N pag (Z23)) is proper. Then we
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define the convolution product *: K% (Z13) @ gy K¢ (Za3) — K% (Z13) relative to
Mla MQ; M3 by

(4.1) ¢ 1= p13«(p1a€ ®HJT/11xM2ng P337),

where ¢ € K9 (Z12),m € K%(Za3). This naturally induces the convolution product
on the completed G-equivariant K-groups KG(Zlg)[F®§(G)FKG(Z23)[F — K% (Z13)F.

Note that the convolution product * depends on the ambient smooth spaces M7, Ms, Ms3.

4.3. Quiver varieties. In this subsection, we recall the definition of the (usual)
Nakajima quiver varieties. A basic reference is [32].

We fix I-graded finite-dimensional complex vector spaces V = Dicr Vi,W =
DBicr W; and consider the following space of linear maps:

MV, W) : @Hom (Vi, V) @(@Hom(W ) <@Hom‘7 W) )
i~j el el

On the C-vector space M(V, W), the groups Gy := [[,o; GL(V;), Gy = [1,c; GL(W,

act by conjugation and the 1-dimensional torus C* acts by the scalar multiplication.

We write an element of M(V, W) as a triple (B, a,b) of linear maps B = @ Bjj,

a=@a; and b= @b;. Let p=@,c;pi: M(V,W) = @,; 9U(V;) be the map
given by
wi(B,a,b) = ab; + ZBiiji~
jrvi
A point (B, a,b) € p~*(0) is said to be stable if there exists no non-zero I-graded
subspace V' C V such that B(V') C V' and V' C Kerb. Let ~1(0)** be the set of
stable points, on which Gy acts freely. Then we consider a set-theoretic quotient

MV, W) := 1~ (0)* /Gy

It is known that this quotient has a structure of a non-singular quasi-projective
variety which is isomorphic to a quotient in the geometric invariant theory. We
also consider the categorical quotient

Mo(V, W) := = (0)//Gy = SpecClu"(0)]7,

together with a canonical projective morphism 9(V, W) — My(V,W). These
quotients M(V, W), My(V, W) naturally inherit the actions of the group Gy =
Gy x C*, which makes the canonical projective morphism Gy -equivariant.

For any two I-graded vector spaces V, V' such that dimV; < dim V] for each
i € I, there is a natural closed embedding 9, (V, W) — 9, (V’, W). With respect
to these embeddings, the family {9 (V, W)}y forms an inductive system, which
stabilizes at some large V. We consider the union (inductive limit) and obtain the
following combined Gy -equivariant morphism:

|_|zm ) = Mo(W) == Mo (V, W),
%
We refer to these varieties (W), Mo(W) as the quiver varieties. Note that the

component M(0, W) consists of a single point, which we denote by 0. We call its
image 7(0) = 0 the origin of 9y (W).

i)
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4.4. Graded quiver varieties. Next we define the graded quiver varieties. Recall
the infinite set Ag = {(i,p) € I X Z | p — ¢ € 2Z} in Definition 3.1. We fix
a Ap-graded finite-dimensional complex vector space W = ®(i,p)€ Ao Wiip)- Let
W = Pic: W; be the underlying I-graded vector space of W, i.e. W; := @p Wi p
for each i € I. We define a 1-dimensional algebraic subtorus Ty C Gy by

(4.2) Tw {( ©  tidw,, ),t> EGW‘tECX}.
(i,p)€Ao P

Note that the centralizer of Ty inside Gy is Gw = Gw x C*, where Gy =

[ pen, GLW(ip)) C Gy We consider the Ty -fixed loci:

7 =W MW = MW) T — MG(W) = Mo(W) ",

and refer to these varieties 9M*(W), MY (W) as the graded quiver varieties. The
centralizer Gy naturally acts on the varieties 9® (W), IMM(W) and the proper
morphism 7°® is Gy -equivariant.

4.5. Nakajima’s homomorphism. Take a finite-dimensional I-graded C-vector

space W and consider the quiver varieties 7: (W) — Mo(W). We define
Z(W) := MW) Xony ) MW),  LW) 1= 771(0) = M(W) Xony () {0}-

Applying the convolution construction in Section 4.2, we obtain an R(Gyy )-algebra
KC®w (Z(W)) and a left module K®w (£(W)) over it.

We set A := R(C*) and regard K®W(—) as an A-module via the inclusion
A = R(C*) — R(Gyy) arising from the second projection Gy = Gy x C* —
C*. Also, we regard the field k = Q(g) as an A-algebra via the homomorphism
A = R(C*) — k sending the class of the 1-dimensional natural C*-module to the
parameter q. After the base change, we obtain the k-algebra K®w (Z(W)) ®4 k
and the left module K®w (£(W)) ®4 k over it.

Theorem 4.1 (Nakajima [32]). There exists a k-algebra homomorphism
Wiy Uyl(La) = K5 (Z()) .4k
via which the K€W (Z(W))® ak-module KEW) (£(W))@ Ak is regarded as a U,(Lg)-

module and isomorphic to the level-zero extremal weight module of extremal weight

> e (dim W), in the sense of Kashiwara [23].
Proof. See [32, Section 9] and [34, Theorem 2]. O

Let us describe some more details in the special case when W =W, and dim W, =
1 for some ¢ € I. In this case, the extremal weight module of extremal weight w; is
isomorphic to the affinized fundamental module V;[2*!]. By Theorem 4.1, we have
a U, (Lg)-isomorphism
(4.3) KCw (g(W)) @4 k = V;[2*1].
Under this isomorphism, the vector v; € V;[z%!] corresponds to the class [Oy5y]
of the structure sheaf of M(0, W) = {0}. The action of R(Gy )i on the LHS is
identified with the action of k[z*'] on the RHS via the isomorphism t;: R(Gyy) ®4

k — k[2*!] which sends the class [W;] of the natural representation given by the

first projection Gy = GL(W;) x C* — GL(W;) to the formal parameter z.
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4.6. Completion. As in Section 4.4, we fix a finite-dimensional Ay-graded vector
space W = D, cn, W and denote by W= Dicr W; its underlying I-graded vector
space. Recall the 1-dimensional subtorus Ty C Gy, and its centralizer Gy =
Gw x C* C Gy,. Note that the multiplication induces a group isomorphism

(44) GW X Tw = Gw, (g,t) — gt.
Let vy be the kernel of the restriction R(Gw ) @4k — R(Tw) ®4k = k. Note that
the decomposition (4.4) yields an isomorphism

Ko (X) @4k = KW (X)),

for any Gy -variety X with a trivial Ty -action. In particular, we have an iso-
morphism R(Gw) ®4 k = R(Gw )k of k-algebras, via which the maximal ideal
tw C R(Gw) ®4 k corresponds to the augmentation ideal a C R(Gw )k. Therefore
we have an isomorphism

(4.5) (K% (X)@ak]] =K% (X),

A
tw
where [—]*  denotes the ryr-adic completion.

We consider the fiber product

Z* (W) := M (W) Xans () M (W) = Z(W)™W.

The completed equivariant K-group KW (Z*(W))x becomes a k-algebra via the
convolution product. We define the k-algebra homomorphism Wy : Uy(Lg) —
KGw (Z*(W))k to be the following composition:

Uy(Lg) = K% (Z(W)) ®4 k
— KW (Z(W)) @4 k

(Nakajima’s homomorphism ¥y)

) (

— [KE" (Z(W)) @4 k] i\w (tw-adic completion)
(

(

restriction to Gy C Gyy)

= [K®W(Z*(W)) @4 k]
= KOW (2% (W)

i\w localization theorem)
isomorphism (4.5))
We refer to the homomorphism \T'W as the completed Nakajima homomorphism.
Let us describe the special case when W = W, and dim W, = 1 for some
x = (i,p) € Ag. In this case, we have M8 (W) = {0} and hence M* (W) = &(W)Tw.
Note that the composition of R(Gw )k = R(Gw) ®4k = R(Gyy) ®4 k arising from
(4.4) and v; in the previous subsection yields an isomorphism v, : R(Gw )k =
k[z*1]. Since the group homomorphism Gy = Gy x Ty — Gw obtained by
composing the inverse of (4.4) and the natural projection is given by (g,t) —
gt™P for (g,t) € Gy = (C*)?, the isomorphism 1), sends the class [W,] of the
natural representation of Gy to the element ¢ Pz. After the completion, we get
an isomorphism ¥y : ﬁ(GW)k >~ k[z — ¢?]. In the sequel, we identify them via V.
By completing the isomorphism (4.3) ty-adically, we obtain the following.

Lemma 4.2. We have an isomorphism of Uy(Lg) Qi k[z — ¢P]-modules
RO (e (W) 2 Vi) @ugo0) K[z — @71,

under which the vector v; ® 1 in the RHS corresponds to the class [O{()}] of the
structure sheaf of {0} in the LHS.
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4.7. Keller-Scherotzke’s theorem. In this subsection, we recall a description of
the affine graded quiver variety 9§ (W) due to Keller-Scherotzke [29], which plays
a crucial role in this paper. Recall the notation on quivers in Section 3.1.

Definition 4.3. We define an infinite quiver A = (Ao, A;) whose set of vertex is
Ag:=1x7Z. Let AS‘ denote the complement of the subset Ag of Ag:

Ao =00 UAT, Af={G,p+1)eIxZ](i,p)€ Ao}

The arrow set 31 consists of the following three kinds of arrows:
L4 ai(p): (Zap) - (Zap - 1) for each (Z7p) € AO;
e bi(p): (i,p) = (i,p — 1) for each (i,p) € Af;
e Bji(p): (i,p) = (j,p — 1) for each (i,p) € Af and j € I with j ~ i.
Let J be a two sided ideal of the path algebra CA generated by the elements
ai(p — 1)bi(p) + Z B;j(p —1)Bji(p)
jovi

for (i,p) € Aj. Then, we define the (non-unital) C-algebras A and A by

A:=CA/3, A= P eule,.
ERTISVAN
For a Ag-graded finite-dimensional C-vector space W = @, Ay Wa, we can
consider the variety repy, (A) of representations of the algebra A realized on W. We
have the natural conjugation action of the group Gy on the variety repy, (A).

Proposition 4.4 (Leclerc-Plamondon [31]). There is an isomorphism of Gy -
varieties:

MG (W) = repy, (A).

Proof. This is [31, Theorem 2.4]. Note that the graded quiver variety 98(WW)
defined therein is naturally isomorphic to our graded quiver variety defined as the
Tw-fixed locus of My(W) (see [32, Section 4.1] for details). O

Let C be a subset of the vertex set Ag. We denote by Ac the quotient of the
algebra A by the ideal generated by all the idempotents e, with x ¢ C. We consider
the following condition (R) on the subset C":

(R) For each vertex © € Ay, there is a vertex ¢ € C such that the space
Homg(a)(z, ¢) of morphisms in the category C(A) does not vanish.

Theorem 4.5 (Keller-Scherotzke [29, Corollary 3.10]). Assume that our subset
C C Ay satisfies the above condition (R). Then we have a canonical isomorphism

Exty,, (Sa, Sy) = Exth, (Hg(x),Hg(y))
for any Dynkin quiver @ of type g, vertices x,y € C and k € Z>;.
Remark 4.6. The condition (R) is obviously satisfied when C = A.

Definition 4.7. We define an infinite quiver I" with I'g = Ay whose arrow set I'y
is determined by the following condition:

#{a €l |d =x,d =y} = dimExt%)Q (Hg(z),Hg(y)) for each z,y € Ao,
where @ is a Dynkin quiver of type g.
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Note that, by Proposition 3.8, there is no arrow from (i, p) to (j,7) in the quiver
I" unless p > r. In particular, the quiver I' has neither loops nor oriented cycles.

Corollary 4.8. For any Ag-graded finite-dimensional complex vector space W,
there is a Gy -equivariant closed embedding

MG (W) < repy, (T).

Moreover, if W is supported on just two vertices (i,p), (j,r) € Ao, i.e. W = W(; 1, @
Wy withr > p, the graded quiver variety MG(W) is Gw -equivariantly isomorphic
to the affine space

HomC(W(j,r)7 W(i,p)) & EthDQ (HQ (.]a 7‘), HQ (va))a
where Gy acts trivially on the second tensor factor.

Proof. By a general theory (see [2, Theorem 3.7] for example), the algebra A can
be written as a quotient of the path algebra of a quiver Q4 by an admissible ideal
J € CQa. By Theorem 4.5 (in the case C = Ag), we have Q5 = I' and hence the
variety repy, (A) is a closed subvariety of the affine space

repy (T') = H Homg (W, W)
acl’y

= 11 Homc (W), Wi ) ©c Extp,, (B (5, 7). Ho (i, p))
(4,p),(4,r)€D0,m>p

Combining with Proposition 4.4, we obtain a Gy-equivariant closed embedding
MG (W) = repyy (A) = repyy(I').
W = W) © W,y with 7 > p, we have

repy, (F) = HomC(W(j,r)7 W('L,p)) ® EthDQ (HQ (.]7 T)a HQ (Z7 p))

In addition, all the polynomials corresponding to elements of J vanish because
J C P,>,(Cr1)® C CI. Therefore the closed embedding is an isomorphism in
this case. O

Remark 4.9. By the same argument, we can show the following more general as-
sertion. If a Ag-graded vector space W is supported on a subset C' C A satisfying
the condition (R), the graded quiver variety 98 (W) is identical to the space of rep-
resentations of the full subquiver I'|¢ C T satisfying some relations corresponding
to elements of an admissible ideal J¢ of the path algebra CI'|¢.

4.8. Stratification. Let W be a Ag-graded vector space as above and V be a
AS‘ -graded vector space. We set

YW — H deime) A—V — H Ay—dimVy’

z€AQ yeasd

where Y(; ) =Y g0, Ai p) i= Aigp € M for (i,p) € I x Z.

Let repW@V(K) be the space of representations of the algebra A on the Ag-
graded vector space W @ V. We have a natural Gy -equivariant forgetful morphism
repWEBV(/N\) — repy (A) = MY(W). We consider the subvariety of repW@V(K)
consisting of modules M whose stabilizer in the group Gy is trivial, and denote
its image under the forgetful morphism by 9§™¢(V, W) C M&(W). Note that
M8 (V, W) can be empty.
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Theorem 4.10 (Nakajima [32]). The collection {9 ®(V, W)}y of locally closed
smooth Gy -subvarieties gives a stratification of the variety MY (W) with finitely
many (non-empty) strata, satisfying the following properties:

(1) M (V, W) # @ if and only if YWA™YV € MT and c(YW, YWA™V) #£0
(see Theorem 2.3 (2) for the notation). If this is the case, we have
(YW, YWA™YY) = dim /' TC(ONG (V, W), k),

where IC(OMy"#(V, W), k) denotes the intersection cohomology complex as-
sociated with the constant k-sheaf on MG ¢(V,W) and v: {0} — MY(W)
denotes the inclusion of the origin;

(2) Let Lw be the (derived) push-forward of the constant sheaf kone ) along
the proper morphism 7®: M* (W) — MY (W). Then it has a decomposition:

Ly = P ICOMGEV, W), k) @ LY,
\4

where LY, € Db(k-mod) is a finite-dimensional Z-graded k-vector space.
Moreover, LY, # 0 if and only if M # (V. W) # &;

(3) The closure inclusion MG E(V,W) C M8 (V/, W) between non-empty
strata implies YW A=V > yWaA-V,

Proof. See [32, Section 14.3] for (1), (2), and [32, Section 3.3] for (3). O

The next theorem describes the stratification {95 °®(V, W)}y in terms of the
algebra A.

Theorem 4.11 (Keller-Scherotzke [29]). Let Q be a Dynkin quiver of type g. There
exists a canonical 6-functor ®g: A-mod — Dg such that ®o(S;) = Hg(x) € Dg
for each x € Ay and satisfies the following properties:

(1) Two representations My, My € repy (A) = MY(W) belong to a common
stratum Oy 8(V, W) if and only if we have (M) = &g (Ms);

(2) If we write ®q(M) = @, cp, Ho(2)®™ for M € MGF*(V, W), we have
YWA-YV =] Y € Mt

TEAg T T
Proof. See [29, Theorem 2.7] for (1), and [29, Lemma 4.14] for (2). O

We refer to the above d-functor ®g: A-mod — Dg as the stratification functor.
For a concrete construction of ®¢, see [29, Sections 4 and 5].
5. A GEOMETRIC PROOF OF THE DENOMINATOR FORMULA

In this section, we give a proof of Theorem 3.9, which is equivalent to our main
theorem (= Theorem 2.10). We also describe a structure of the tensor product
module Vj(a) ® V;(b) when R;; has a simple pole at z2/z; = b/a in Section 5.2 .
5.1. Proof of Theorem 3.9. For z = (i,p),y = (j,r) € Ao, we set

Viz,y) = Vi(¢") @ Vi(¢") = L(Yz) ® L(Yy),

V% . 1+l rElL

V(I,y) =0 ®k[zlil,zét1] (Vz[2'1 ] ® VJ[Z2 ]) s
where O := k[z; — ¢%, 2 — ¢"]. We have V(z,y) = V(z,y)/mV (z,y) as Uq(Lg)-
modules, where m C O is the maximal ideal. Since the module V;[255!] @ V;[25]
is free over lk[zlil, zQil], the module V(z,y) is free over Q. We denote the image of
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the vector v; ® v; under the natural homomorphism V;[2£!] ® V;[25'] — V(z, )
(resp. Vi[z1"] @ Vi[5 '] = V(@,9)) by vsy (vesp. dyy).
Let K be the fraction field of O. We set

V(@ gk =Ko V(z,y) = K@y, a0 (V[ @ Vlz5).

We can naturally regard ‘A/(:C,y) as a submodule of ?(m,y)K. The normalized R-
matrix Ry;: Vi[zi'] @ Vi[25] — k(22/21) ®Ok[(22/21)1] (VJ[ZQil] ® Vz[zfd]) induces
a unique U, (Lg) ® K-homomorphism

ey Vi, y)e = VY, 2)x

~

characterized by the property Ry ,(0gy) = 0y. Since the Uy(Lg) ® K-modules
V(z,y)x and V(y,x)g are irreducible (see [24, Lemma 8.1] for example), the ho-
momorphism R, , is an isomorphism, and we have
(51) HOHqu (Lg)®K (‘7(37? y)K7 "/\Y(y? :C)K) = Kﬁa:,'q

Let dy  := dim ExtIDQ (Ho(y),Ho(z)), where @ is a Dynkin quiver of type g. If
r < p, we have d;, = 0 by Proposition 3.8. On the other hand, we know that
di;j(¢"/qP) # 0 for r < p by Theorem 2.8. Therefore, to prove Theorem 3.9, we may
assume that r > p. Then, it suffices to verify the following two properties:

(5.2) (22/21 — 4" /)% ¥ Ry (‘7(96711)) C V(y, ),

(5.3 (a1 = 4 [ Ry (V(2o0)) & mV (y,).

We prove these properties by using geometry of the graded quiver varieties.

Let W = W, & W, be the Ag-graded vector space supported on {z,y} C Ag
satisfying dim W, = dim Wy, = 1. In this case, we have Gy = GL(W,)xGL(W,) =
(C*)2. In what follows, we identify the completed representation ring }A%(Gw)k with
the ring O by the isomorphism
(5.4) R(Gw)k =20, [W,] <+ q Pz, W] < q "2,
where [W,] and [W,] denote the classes of the natural 1-dimensional representations
of Gy = GL(W,) x GL(W,). By Corollary 4.8, the graded quiver variety 9§ (W) is
identified with the affine space E = C%v of dimension ds.y as a Gy-variety. Here
the action of the group Gy = (C*)? on F is given by (s1,52) - € = 5155 ‘e, where
(51,82) € (C*)? and e € E. Let ¢: {0} < E denote the inclusion of the origin.
From the morphisms 7*: M*(W) — MH(W) = E, id: E — E and ¢: {0} — E,
we make the fiber products M* (W) xg E C M*(W) x E and M*(W) xg {0} C
M (W) x{0}. The convolution product makes the completed equivariant K-groups
KW (M (W) x g E) and KW (IM*(W) x {0}y into left KEW (Z*(W)),-modules.
Via the completed Nakajima homomorphism Uy : U,(Lg) — KCw (Z*(W))y, they
are regarded as left U,(Lg)-modules.

Lemma 5.1. There are isomorphisms of Uy(Lg) ® O-modules
(5.5) KW (0 (W) xp B)e = V(2,y),
(5.6) KO (e (W) x5 {0})x = V(y, 2),

under which the class [O4,] of the structure sheaf of {0} c M (W) corresponds to
the vectors ¥y, and Dy, Tespectively.
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Proof. Define the 1-parameter subgroups A; ,: C* — Gw and Ay ,: C* = Gw
by Az y(t) == (¢,1) and A, .(t) := (1,%) respectively. Since A\ ,(t) - e = te and
Ayo(t) - e =t te for any point e € E = IMMY(W), we have

M (W) xp E = {m € M (W)

lim Ay (£)7* (m) = 0},

lim Ay (£)7* (m) = o} .

t—

M* (W) x5 {0} = {m € M* (W)

From these descriptions, we see that they coincide with the Ty -fixed loci of the
tensor product varieties introduced by Nakajima [33]. More precisely, they are
E(ng; W) and E(Wy, W)™ respectively in the notation loc. cit. Therefore,
we can proceed the similar argument as the proof of [33, Theorem 6.12] in the
ty-adically completed setting to obtain the following isomorphisms of Uy(Lg) ® O-
modules:

K% (M*(W) x g E)y 2 KEWs (I (W)@ KW (M (W) )i,

KW (90 (W) x5 {0}) = KW (I (W) )@ K e (I (W) ),
where KQK' (ienotes the completion of K @, K’. On the ot}ler hand, there are
isomorphisms K “we (M (W) )y = i[zf1]®k[zli1]k[[z1 —qP] and KWy (M* (W) )i =

V23 O] k[z2 — ¢"] by Lemma 4.2. Thus we obtain the desired isomorphisms
(5.5) and (5.6). O

Now we consider the completed equivariant K-group KW (E x {0})k. Since
E xg {0} = {0}, this is a free @-module of rank 1 generated by the class [O(g;] of
the structure sheaf. The convolution product with the class [Oy¢y] from the right

(=) # [Ooy]: KOW (M (W) x g E)ie = KW (N (W) x iz {0})s
is identified via the isomorphisms (5.5) and (5.6) with a U, (Lg) ® O-homomorphism
r: V(a@y) — V(y,z).

By the base change O — K (resp. O — k), the homomorphism r gives rise to

~

rg € Homy, (1) (V (2, y)x, V(y, 2)k) (resp. T € Homy, () (V(z,y),V (y,2))).
The following two lemmas prove the properties (5.2) and (5.3) respectively, and
hence complete the proof of Theorem 3.9.

Lemma 5.2. Up to k™ -multiplication, the homomorphism ri is equal to the ho-
momorphism (za/21 — q"/q°)% v R, ,,. In particular, the property (5.2) holds.

Proof. In this proof, we identify 17(30, y) and 17(y, x) with the completed equivariant
K-groups via the isomorphisms (5.5) and (5.6) respectively. Let us compute the
operator r = (—) * [Oy¢y] following the definition of the convolution product (4.1).
For any ¢ € KGw (M* (W) xg E), we have

r(¢) = p13+ (P12l ®H93z-(W)xEx{0} p;B[O{O}D
= p/l*((: ®H5J?'(W)XE p/2* [O{O}])’
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where pj: M* (W) x E — M*(W) and ph: M*(W) x E — E are the natural
projections. By the Koszul resolution, we have

da,y

* —r — da,y
Oy = [ D_(—1F [AMTE] | [05] = (1 — ¢ "22/q P21) " (O],

k=1
where we regard [A\FT;E] = [A\*E*] € R(Gw) and used the identification (5.4).
Thus we obtain r(¢) = (1 — q_rzg/q_pzl)dx’y P1.(C)- In the special case ¢ = [O05,] =
0.y, we have pi,[05)] = [O5y] and hence r(b,) = (1— ¢ "22/q P21)"" by.0.
Thanks to (5.1), we conclude that rx = (1 — q_TzQ/q_pzl)d“”’y ﬁzy O

Lemma 5.3. The homomorphism T is non-zero. In particular, the property (5.3)
holds.

Proof. Applying the base change @ — k to the isomorphisms (5.5) and (5.6) in
Lemma 5.1, we obtain

K*(W) xp Bk = V(z,y), KOUW)xg {0}k =V(y,z).

Here we used the freeness of the equivariant K-groups of the quiver varieties (see [32,
Theorem 7.3.5]). Under these isomorphisms, the homomorphism r: V(z,y) —
V(y, z) is identified with the convolution operation

(=) * [Oqoy]: K(M*(W) X E)e = K(MM*(W) xg {0})x.
Here the class [Og03] # 0 is regarded as an element of K (E xg {0})x = K (pt)x.
Let DY(E) denote the bounded derived category of constructible complexes of
k-vector spaces on E. For .#,9 € DY(E), we denote by Ext*(.#,%) the direct sum
of the spaces Hompy (g (#,9[k]) over k € Z. By the Chern character map (with a

certain modification, see [7, Section 5.11]) and a standard isomorphism explained
in [7, Section 8.6], we obtain the following commutative diagram:

KON (W) xg E)i @ K(E xg {0})x — K(O*(W) x5 {0})x

lu iu

Ext*(kp, Z%) © Ext* (k(oy, k) ——— Ext*(k(o},-Z%);

where £}, denotes the (derived) proper push-forward along 7® of the constant sheaf
on M*(W). The lower horizontal arrow denotes the Yoneda product (¢1,¢2) —
1 0 2. The vertical arrows are isomorphisms thanks to [32, Theorem 7.4.1]. Note
that the k-vector space Ext*(k{o},kE) = Hompy (g (L;L!kE,kE) is 1-dimensional
and spanned by the adjoint morphism 7: t1t'ky — k. Under the vertical isomor-
phism K(E x g {0})x = Ext” (k. kg), the class [Oyq;] corresponds to the adjoint
morphism 7 up to k*. Since E = M§(W) is an affine space, there exists a unique
open dense stratum 95 °¢(V,W) C E and the corresponding intersection coho-
mology complex IC(OMJ"8(V,W),k) is just a shift of the constant sheaf kg. By
Theorem 4.10 (2), we see that .23}, contains a certain shift of the constant sheaf kp,
as a direct summand. This implies that the Yoneda product

(=) on: Ext® (kg, L) — Ext™(kioy, L)

is non-zero because idy,_ o n =1 # 0. Thus the homomorphism r = (—) * [O(g;] is
also non-zero.



GRADED QUIVER VARIETIES AND NORMALIZED R-MATRICES 25

5.2. A remark on the case of simple pole. Let x = (i,p),y = (j,r) € Ap and
assume that the normalized R-matrix R;; has a simple pole at z2/21 = ¢"/¢?. By
Theorem 3.9, this assumption is equivalent to the condition dim ExtIDQ (Ho(y),Hg(z)) =
1 for a Dynkin quiver @ of type g. Therefore there exists the following non-split
exact triangle in Dg:

+1
Ho(x) = @ Ho(w)® = Ho(y) =,
weAg
where the multiplicities (g )wea, are uniquely determined by the pair (x,y) and
independent from the choice of ). Then we define a dominant monomial mj, ,; €

MT by

(57) Miy,z] *= H Yiﬁw.
wEAg

Proposition 5.4. Let x = (i,p),y = (j,r) € Ay and assume that the normalized
R-matriz R;; has a simple pole at za/z1 = q"/qP. With the above notation, we have
the following non-split short exact sequences in C:

0— L(Y,Y,) = L(Yz) @ L(Y,) = L(mpy4) — 0,
0 — L(mpyq) — L(Yy) ® L(Yy) — L(Y,Y,) = 0.

Proof. As in Section 5.1 above, we consider the graded quiver variety E := 93(W)
associated with a Ag-graded vector space W = W, @ W, such that dim W, =
dim W, = 1. By Corollary 4.8, our assumption implies that E is just a 1-dimensional
affine space. Since the action of (s1,s2) € Gy = (C*)? on E is given by the multi-
plication of s1s5 1 € C*, there are only two Gyy-orbits {0} and E\{0}. On the other
hand, E = 9§ (W) is stratified by the Gyy-stable subvarieties M5 °¢(V, W) and we
know that {0} coincides with the stratum 915"°®(0, W). Therefore there exists a
unique V such that E\ {0} = MM (V, W). Since IC(IM5 8 (V,W),k) = kg[1], we
have ¢(Y,Y,,Y,Y,A~™V) = dim ¢ (kg[1]) = 1 by Theorem 4.10 (1) and hence

[L(Yz) ® L(Y,)] = [L(Y,Y)] + [L(Y; Y, A7Y)]
in the Grothendieck ring K(C). Then, in view of Theorem 2.7, we have
0 — L(Y,Y,) = L(Y;) ® L(Y,) — L(Y,Y,A™") =0,
0— L(Y,Y,A™) = L(Y,) ® L(Y,) = L(Y,Y,) — 0,
which are exact and non-split. It remains to show Y, Y, A=V = mpy..- Recall that

E = repy, (A) and pick a A-module M corresponding to a point of E \ {0}. Then
there exists a non-split short exact sequence in A-mod:

0—=+S;—+M—=S,—0.
By applying the stratifying functor ®g: A-mod — Dg in Theorem 4.11, we obtain
an exact triangle in Dg:

(5.8) Ho(z) — ®o(M) — Ho(y) = .

By Theorem 4.11 (1), we see that the isomorphism class of ®o (M) does not depend
on the choice of M € E \ {0} and the exact triangle (5.8) does not split. Thus we
get Y, Y, A=Y =my, ; by Theorem 4.11 (2) and the definition (5.7). O
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6. GENERALIZED QUANTUM AFFINE SCHUR-WEYL DUALITY

In this section, as an application of our discussion so far, we give a geometric
interpretation of the generalized quantum affine Schur-Weyl duality functor when
it arises from a family of fundamental modules.

6.1. KKK-functors. First, we shall outline the original construction by Kang-
Kashiwara-Kim. Let {(V;,a;)},es be a family indexed by an arbitrary set J, con-
sisting of pairs of a real simple module V; € C (i.e. a simple object in C whose tensor
square remains simple) and a non-zero scalar a; € k™. Recall that we have the nor-
malized R-matrix Ry, v, and its denominator dy, v, (u) € klu] for each (i, ) € J?
(cf. Remark 2.6).

Definition 6.1. Given a family {(V;,a;)};cs as above, we define a quiver I' ; with
(T)o := J whose arrow set (I'y); is determined by the following condition:

#{a € (Ty)1|ad =j,a" =i} = (zero order of dy, v, (u) at u = a;/a;),
for each (i, ) € J2.

The quiver I'; has no loops since each V; is real. Let g; be the Kac-Moody
algebra associated with the underlying graph of I'; and {a}’ }ies its set of sim-
ple roots. We put Q}' = ZjEJZzooz‘j]. For each 8 € Q}', we denote by H;(5)
the corresponding quiver Hecke algebra. This is a Z-graded k-algebra defined by
generators and relations (see [20, Section 1.2] for instance). Let H;(f)-gmod de-
note the category of finite-dimensional graded H;(f)-modules. The direct sum
H j-gmod := @Beq}r H;(B)-gmod carries a structure of a k-linear monoidal cate-
gory with respect to the so-called convolution product, which is an analogue of the
parabolic induction for the affine Hecke algebras.

In the above setting, Kang-Kashiwara-Kim [20] constructed a bimodule

(6.1) UJLg) ~ V2 A Hyp)

with some good properties. Here H 7(8) denotes the completion of H;(3) along
the Z-grading. As a left U,(Lg)-module, V@ is a direct sum of suitable tensor
products of the completed modules V;[zF!] ®p[.+11 k[z —a;] for various j € J. The
right action of H J(B) is given by an explicit formula involving the normalized R-
matrices Ry, v,. See [20, Section 3] for details. The assignment M — VB g M

combined with the forgetful functor H,;(8)-gmod — H;(8)-mod yields a k-lincar
functor H;(B)-gmod — C. Summing up over 3 € Qj, we obtain a k-linear monoidal
functor

F5: Hj-gmod — C,
which we refer to as the generalized quantum affine Schur-Weyl duality functor, or
simply the KKK-functor associated with the family {(V;,a;)};e.

6.2. A geometric interpretation. In this subsection, we give a geometric inter-
pretation of the KKK-functor when it arises from a family of fundamental modules.
Namely, we restrict ourselves to the case when V; € {V;(1) | i € I'} for every j € J.
Furthermore, we focus on the case when the associated quiver I'; is connected.
Then, in view of our denominator formula (2.2), we may assume that there exists
an injective map x: J < Ag which determines the family {(V;,a;)};jes by

(Vi 25) = (Ve (1), ¢29)
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for every j € J, where we write x(j) = (x1(j),x2(j)) € I x Z.
The next lemma is a key for our construction. Recall the quiver I' from Defini-
tion 4.7.

Lemma 6.2. Under the above assumption, the quiver 1"y in Definition 6.1 is iden-
tical to the full subquiver |5y of the quiver I' whose vertex set is the image x(J)
of the injective map x: J — Ag =T.

Proof. This is a consequence of Theorem 3.9. O

In what follows, we often identify a J-graded vector space D = €
the Ag-graded vector space @, . A, Do defined by

D - D; if z=x(j) with j € J;
¢ 0 ifz¢&x(J).

ieJ Dj Wlth

Under this convention, we have repp(I') = repp(I";) by Lemma 6.2 above.

Now we fix 8 = Zjedeo@] € Q}' and a J-graded complex vector space Dg =
@®,cs(Ds); such that dim(Dg); = d; for each j € J. To simplify the notation,
we set Gg := Gp, and Eg := repp, (T'y). Let us consider the following two non-
singular G g-varieties:

Bs={F*=(Ds=F'2F'2..-2 F"=0)| F*is a J-graded subspace of Ds},
Fs={(F*,X) € Bs x Eg | X(F*) c F¥ for any 1 < k < d},

where d := ZjeJ d; = dim Dg. We denote by p: Fg — Ejg the second projection
u(F*,X) = X. This is a Gg-equivariant proper morphism since Bg is a projective
variety. Combined with Corollary 4.8, we have obtained the following diagram
(6.2) M*(Dy) T M(Ds) < By & Fy

consisting of G g-equivariant proper morphisms. Applying the convolution construc-
tion, we get a bimodule

(6.3) KC(Z*(Dg))e  ~ K“(M*(Dg) xp, Fple K9(Zp),
where we set Z*(Dg) 1= M*(Dg) X g, M*(Dp) and Z5 := Fg xg, Fs.

For each 8 € Q'}', we denote by Ext’éﬂ (Z,9) the k-th Ext-space in the Gg-
equivariant bounded derived category of complexes of k-sheaves on Eg and define
Extgﬁ(—, —) = @ Extlg;ﬁ(—7 -), Ext*G[i(—, )N = H Ext’éﬁ (—,—).

kEZ k€EZ

Let Z5 denote the push-forward of the constant perverse k-sheaf on the smooth
variety Fj along the Gg-equivariant proper morphism ug: F3 — Eg. The following
theorem establishes a geometric realization of the quiver Hecke algebra H(5).

Theorem 6.3 (Varagnolo-Vasserot [40, Theorem 3.6]). There is an isomorphism
(6.4) H;(B) = Extg, (£5, Z5)
of Z-graded k-algebras.

After completing the above isomorphism (6.4), we obtain

(6.5) Hy(B) = Bxty (L5, Lp)" = K (Zp),
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where the second isomorphism is given by the equivariant Chern character map
(see [12, Corollary 3.9] for details).
Now we give a geometric interpretation of the bimodule V®5.

Theorem 6.4. With the above notation, there exists an isomorphism
\7®B >~ I?Gﬁ (S)JT‘(DB) X Eg .Fg)]k

which makes the following diagram commute

U,(Lg) End (\7®ﬁ) Hy(8)or

l@Dﬁ l (6.5)l~

K92 (2*(Dg))e — End (K% (W*(Dy) x i, Fy) ) <— KO ()P,

IR

where the first and second rows denote the structure homomorphisms of the bimod-
ules (6.1) and (6.3) respectively.

We omit a proof because one can prove the assertion along the same lines as the
proof of [12, Theorem 1.1], which is a spacial case (see Example 6.5 below).

Example 6.5. Let Q be a Dynkin quiver of type g. We take J = I and define
an injective map x: J = I — Ay by x(i) := H(z)l(Si) for each ¢ € I. This is the
case Kang-Kashiwara-Kim considered in [19]. Then, we have I'j = @ and hence
g7 = g. Moreover the embedding M§(D) — repp(Q) in Corollary 4.8 becomes
an isomorphism for any I-graded vector space D (see [18, Theorem 9.11]). Theo-
rem 6.4 for this special case was established in [12]. In this case, we can further
prove (see [11, 12]) that the corresponding KKK-functor .%#; induces an equiva-
lence of monoidal categories P gcq+ H ;(B)-mod ~ Co, where Cg is the monoidal
full subcategory of C introduced by Hernandez-Leclerc [18], consisting of modules
whose composition factors are isomorphic to L(m) for some dominant monomial m
in variables Y, labeled by = € Ag such that Hg(z) € CQ-mod C Dg.

6.3. Type A subquivers and graded nilpotent orbits. In this subsection, we
study some examples of the KKK-functors when the corresponding graded quiver
varieties MY (Dg) are isomorphic to graded nilpotent orbits of type A.

Let Q be a Dynkin quiver of type g and fix an integer N such that 1 < N —1 <
n. We assume that the full subquiver @’ of @ supported on the subset I’ :=
{1,2,...,N—=1} c I ={1,2,...,n} is of type Ax_1 with a monotone orientation,
ie.

Q/: ( c1>—>c2)—>(%—>‘]>vo_1 > C Q.

Note that we have a natural fully faithful embedding e: D — Dg of triangulated
categories. We fix a height function £ as in Section 3.2. The restriction of £ to the
subset I’ gives a height function for Q'. With these choices, we have the equivalences
Hgp: C(A) >~ ind(Dg) and Hg/: C(A’) =~ ind(Dg-) in Theorem 3.2, where A’ denotes
the counterpart of A for the subquiver @’.

Let J := Z. With the above notation, we define an injective map x: J < Aq by
x(4) = (Hg)1 ogoHg)(1,6 — 25 +2) for each j € J, or equivalently, we define

~JHG (Si[—2k)) if j=i+kN,1<i<N,keZ;

(6.6) () = {Hél (My[—2k +1]) if j=EkN,k € Z,
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where 0 := Zf\;_ll a; € RT.

Lemma 6.6. The quiver Iy associated with the injective map x: J < Aqg given by
(6.6) is equal to the quiver of type Ao, with a monotone orientation, namely

Proof. By Lemma 6.2, it suffices to prove that

1 ifj/ =j+1;

(67) dim Exth,, (o (x(7)). Ho(x(7) = {O O

Using the fully faithful embedding ¢: D¢y — Dg, we can reduce the situation to the
special case @' = Q. In this case, we can easily check (6.7) since the CQ-module
My is a projective cover of the simple module S; and at the same time it is an
injective hull of the simple module Sy _1. [l

By Lemma 6.6, the Kac-Moody algebra g is of type A,. Let Rj denote the set
of positive roots of gy, which is given by

Rj:{a(j;é)eQJJr|jeJ,€eZZl}, where a(j; £) Za3+k

We also consider the subsets
Rin={a(iiN)|jeJ}, Riy:={a(j0)|j€J1<E< N}

For a fixed element 8 =" dja]J € Q}', we define a finite set

jeJ
KP(8) i= {v = (va) € (Z20)%) | Toens var =B} .

An element v of KP(8) is called a Kostant partition of 8. We also consider the
subset
KP<n(B) :={rv € KP(8) | vo =0 unless a € RISN}'

Let Dg = @,c;(Ds); be a J-graded vector space such that dim(Dg); = d; for
each j € J as in the previous subsection. We set

Eg :=repp, (Ty) = HHOIH(C (Dg)j, (Dp)j+1)
jeJ

and regard it as a Gg-stable closed subvariety of gl(Dg). A Gg-orbit in Eg can be
realized as a component of a certain C*-fixed locus of a nilpotent orbit of gl(Dg)
and hence called a graded nilpotent orbit. By Gabriel’s theorem [13], the set of
Gg-orbits in Ej is in bijection with the set KP(/). For an element v € KP(/3), the
corresponding Gg-orbit 9, contains the CI' ;-module @aeR}r (M])®ve | where M/

denotes the unique indecomposable CI' j;-module of dimension vector o € R'}.
Let A’ be the quotient of the path algebra CI'; by the ideal generated by all the
paths of length > N. We consider the Gg-stable closed subvariety of Ej

Ej = repDB(A/) ={XeE;| XV =0}

We can naturally regard the category A’-mod as the full subcategory of CI';-mod
consisting of modules isomorphic to direct sums of M for various o € RJJr’ <n- Thus
the variety £} is a union of Gig-orbits O, with v € KP<n ().
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As explained in [17, Chapter 11.2.6(a)], the algebra A’ coincides with the repet-
itive algebra of CQ'. Since it is self-injective, the category A’-mod is a Frobenius
category and the set {M; | o € R} } forms a complete collection of indecomposable
projective A’-modules. We denote by A’-mod the stable category of A’-mod.

Theorem 6.7 (Happel [17]). There exists a §-functor ®': A’-mod — D which
satisfies
v )= (BBl =2 +2) F1<I<N,
“UH7 70 ift=N
for each j € J and 1 < ¢ < N, and induces a triangle equivalence A'-mod ~ Dey.
Proof. Apply the general theory [17, Theorem I1.4.9] of the repetitive algebras. O
To each a € R;ng we assign an element x(«) € Ag U {0} by
X(a) = (Hg' o2 0 ©')(M).

Note that we have x(a;f) = x(j) for each j € J by definition.
Now we state the main theorem of this subsection.

Theorem 6.8. For any 8 € Qj, the following assertions hold:
(1) The closed embedding M§(Dg) — Eg of Corollary 4.8 induces an isomor-
phism of Gg-varieties
(6.8) MG (D) = Ej.

ereg

(2) Under the isomorphism (6.8), each non-empty stratum 9y"(V, Dg) co-
incides with o single Gg-orbit O, associated with the Kostant partition
v € KP<n(B) determined by the relation

(6.9) YPoA™V =m,:= [[ v

(@)’

+
aeRJ,SN

where we set Yy o) = Yo =1 for a € RIN.
For a proof of Theorem 6.8 (1), we need the following lemma.
Lemma 6.9. We define a subset C C Agy by
(6.10) C:=x(J)U{H, (Si[k]) | i € I\ T,k € Z}.
Then the following assertions hold.
(1) The subset C satisfies the condition (R) in Theorem 4.5.
(2) For anyi,j € J, we have
1 i> 5
6.11 dim (e - CT|c - exiy) = =D
(6.11) im (ex(i) - CTle - ex(j)) {o i<

Proof. Let I\I' = L U---UI, (b € Z>p) be a decomposition such that the full
subquiver Q|z, is a connected component of Q|p ;- for each 1 < k < b. Since the
Dynkin graph is a tree, there exist unique iy € I’ and j € Iy satisfying iy ~ Jjg
for each 1 < k < b. After reordering if necessary, we may assume that there exists
0 < b; < b such that we have i « ji for 1 < k < by and i, — jg for by < k < b.
We put I°:=| |, pcp, Ix and I®:=[ |, ;o Lk
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To verify the assertion (1), it suffices to prove that for any K € ind Dg there
exists L € Ho(C) such that Homp,, (K, L) # 0. Since the set Hg(C) is stable under
even degree shifts, we may assume that K = M, or K = M,[1] for some o € R™.
When K = M, we just take a simple quotient M, — S; and find Homp,, (K, L) # 0
with L = 5; € Ho(C). When K = M,[1], we encounter the following two cases.

Case 1: (a,w;) # 0 for some j € I°. In this case, the subspace M’ :=
@z‘epul- e; M, is a submodule of M,, and the quotient M, /M’ is non-zero. There-
fore thereis j € I° such that Homeg (Mo /M’, S;) # 0. This implies that Homp,, (K, L) #
0 with L = ;[1] € Hg(C).

Case 2: (a,w;) = 0 for all j € I°. In this case, M, can be regarded as a
representation of the full subquiver Q|;/ye. First, we assume (o, wy_1) # 0.
Then we have Homcg (M, My) # 0 because My is an injective hull of the simple
module Sy_ in the category (CQ|;/ure)-mod. Thus we obtain Homp,, (K, L) # 0
with L = Mpy[l] € Hg(C). Next, we assume (o, wy-_1) = 0 and (o, ;) # 0
for some 1 < i < N — 1. Let us take such an ¢ as large as possible. Then we
see that ¢ := a + ;11 is a positive root and there is a non-trivial extension
0— Siy1 > My — M, — 0. Therefore we obtain EX‘L}CQ(MQ, Si+1) # 0. Noting
that i + 1 € I’, we get Homp, (K,L) # 0 with L = S;11[2] € Hp(C). Finally,
we assume («,c;) = 0 for all ¢ € I'’. Then M, is supported on I*® and hence
Homop,, (K, L) # 0 with L = S;[1] for some j € I°.

Next we shall prove the assertion (2). We note that the LHS of (6.11) is equal
to the number of (oriented) paths from x(j) to x(¢) in the quiver I'|¢. Since 'y =
Ilyry C T|c, there is at least one path from x(j) to x(i) when ¢ > j. On the
other hand, we know that the quiver I' has neither loops nor oriented cycles by
Proposition 3.8. In particular, there are no paths from x(j) to x(i) in I'|¢ when
i < j. Thus, we only have to prove that there are no two different paths from x(j)
to x(i) when j < i. To see this, we divide the arrows of the quiver I'|¢ into the
following seven types:

(i) the arrows of the subquiver 'y =Ty CTle;
(i) HQ 1(S;,[126)) — HQ 1(8;,.[24]) for any 1 < k < by, £ € Z;
(iif) Hg L(S;,.[124)) — Hg 1(S;,[2€)) for any by < k < b,0 € Z;
(iv) Hg (S;[4) — Hél(Sj[E— 1)) for any j € I\ I', L € Z;
(v) Hél(SJ[ ) — Hél(Sj/[K]) for some j,j’' € I};,1 < k <b,l € 7,
i) Q (
H

[=h

11
1

(vi) Ho'(S), 20+ 1]) — HG' (Mg[20 + 1)) for any 1 < k < by, € Z;
(vii) Hy' (M[2€ +1]) — Hy' (55, [2¢ + 1)) for any by < k < b, £ € Z.

A path in I'|¢ going out from x(.J) should contain an arrow of type (iii) or (vii), and
hence go through a vertex belonging to the set S® := {HQ (S;[) | j eI e}
On the other hand, a path in I'|¢ coming into x(J) should contain an arrow of type
(ii) or (vi), and hence go through a vertex belonging to the set S° := {Hél(Sj [ |
j € I°, 4 € Z}. However, there are no paths in I'|¢ from a vertex of S® to a vertex
of S°. Therefore there are no paths in I'|¢ connecting two different vertices of x(J)
other than the paths in I';. O

Proof of Theorem 6.8 (1). Thanks to Lemma 6.9 (1), we can apply Theorem 4.5
and Remark 4.9 to the algebra Ao associated with the subset C' C Ag given by
(6.10). Thus, there exists an admissible ideal Jo of the path algebra CI'|¢ such
that Ac = (CI'|¢)/Jc and hence M{(Dg) = repp,(Ac) = repp, ((CT(c)/Io)-
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Now, we need to prove repp ((CT'|c)/Jc) = Ej. Thanks to Lemma 6.9 (2), it
suffices to show that e, ;1) (Jco)exy 7# 0 and eyjpiy(Jc)ex) = 0 for any j € J
and 1 < i < N. By Theorem 4.5, these conditions can be verified by checking the
following two homological properties:

(6.12) Extp,, (Ho(x(j)): Ho(x(j + N))) # 0,
(6.13) Ext, (Ho(x(j)), Ho(x(j + 1)) = 0
for all j € Jand 1 < 4 < N. The property (6.12) follows because we have
Ho(x(j + N)) = Hg(x(j))[—2] by definition. We can prove the property (6.13)

easily by using the fact that My is both projective and injective in the subcategory
CQ’-mod C CQ-mod. O

For a proof of Theorem 6.8 (2), we need the following lemma.

Lemma 6.10. Let ¢/, ¢" be two positive integers such that £ := ' + 0" < N. Fix
jeJ and set o == a(j;0),a" i=a(j +0;0"),a:=a(f; ! + ") =o' +a". Then,
there is an injective Uy(Lg)-homomorphism

L(Yi(a)) = L(Yx(ar)) ® L(Yyarr))-

Proof. Under the assumption, the functor € o ®: A’-mod — Dg sends a non-split
short exact sequence 0 — M&]// - M — M(i, — 0 in A’-mod to a non-split exact
triangle Ho(x(a”")) — Hg(x(c)) — Ho(x(a')) *L in Dg, where we understand
Ho(x(a)) = 0 when a € R; N Or equivalently £ = N. Moreover, it induces an

isomorphism of 1-dimensional vector spaces:
Exth, (Mg, M) = Exth, (Ho(x(a)), Ho(x(a”))).
Applying Proposition 5.4, we obtain a short exact sequence in C:
0 = L(mx(a)xa))) = L(¥xar)) © L(Yxar) = L(Yyan Yyary) = 0
with Mix(ar) x(ar) = ¥x(a)- -

Proof of Theorem 6.8 (2). First, we note that the assignment KP<y(8) 3 v —
m, € MT is injective for each fixed element 8 € QJJF.

Since a non-empty stratum 95 °8(V, Dj) is Gg-stable, it is a union of Gg-orbits.
In particular, the number of non-empty strata 9ty “*(V, Dg) is less than or equal
to the number of Gg-orbits in Ej, which is #KP<x(3). On the other hand, we
apply Lemma 6.10 repeatedly to find that c¢(YP#,m,) # 0 for all v € KP<y(B).
By Theorem 4.10 (1), this implies that the number of non-empty strata is not less
than #KP<n(8). Therefore each non-empty stratum consists of a single Gg-orbit.

We shall prove the relation (6.9). Recall the stratifying functor ®¢: A-mod —
Dg in Theorem 4.11. Thanks to Theorem 6.8 (1), we can identify the category
A’-mod with the full subcategory of A-mod consisting of modules supported on the
subset x(J) C Ag. By Theorem 4.11 (2), the relation (6.9) holds if and only if there
is an isomorphism

P o)== @ (co®)(M).

+ +
O‘ERJ,SN aeRJ,SN

Thus, it suffices to prove the relation (6.9) for the special case when f is a pos-
itive root @ € RY_y and v is the Kostant partition §(a) € KP<n(a) given by
() = g, for each o € R;<N. Now we concentrate on this special case. As
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in the previous paragraph, we have c(YD”,YX(a)) # 0 and hence there is a non-
empty stratum 9§ % (V, D,) such that YP=A~Y = Y,(,). Note that Yy, is a
minimal element of M™ with respect to the partial ordering <, which implies that
M8 (V, D,) is a maximal stratum with respect to the closure ordering by The-
orem 4.10 (3). On the other hand, E}, is an affine space and D, is the unique
open dense Go-orbit of E,. Therefore we have 95"%(V, Do) = Os(a)- O

Let Zs be the push-forward of the constant perverse k-sheaf along the proper
morphism pg: Fg — Eg as in the previous subsection. By the decomposition
theorem, we have

(6.14) Ly P IC(9,,k) @ Ly,
veKP(B)

where each L, € D°(k-mod) is a finite-dimensional Z-graded k-vector space which

is self-dual. Via the isomorphism (6.4), each vector space L, is equipped with

a structure of graded H;(f)-module. It is known that we have L, # 0 for all

v € KP(B) and the set {L, | v € KP(8)} forms a complete collection of self-dual

simple objects in the category H ;(8)-gmod (see [28, Corollary 2.8] for instance).
On the U, (Lg)-side, we have the following homomorphisms of k-algebras

\I/D A~
Uy(Lg) —= K*(Z°(Dp)) = Extg, (£5,23)",

where Z3 is the push-forward of the constant k-sheaf on 9M*(Dg) along the G-

equivariant proper morphism 7*: 9M*(Dg) — M{(Dp) = Ej (see [12, Corollary
3.16]). By Theorem 4.10 (2) and Theorem 6.8 (2), the complex £ decomposes as:

B 100,k e L,
vEKP< N (8)

where each L? is a non-zero finite-dimensional Z-graded k-vector space, which has a
natural structure of a simple module over the algebra Ext, 5 (.,2”5' , XB’)/\ Moreover,

by [32, Theorem 14.3.2(3)] and the relation (6.9), we have (\TIDB)*(L;) >~ L(m,) as
U, (Lg)-modules.
Let us consider a natural bimodule given by the Yoneda products:

(6.16) Extg, (Z5,25) ~ Extg (% 25) ~  Extg, (s %)
Comparing the decompositions (6.14) and (6.15), we see that the functor
Extg, (Z5, Z3)-gmod — Extg, (£5, £5)-gmod

(6.15) £

1%

induced from the bimodule (6.16) sends the simple module L, to the simple module
L} if v € KP<n(f), or zero otherwise (see [15, Theorem 6.8] for a detailed expla-
nation). Moreover, after the completion, the bimodule (6.16) gets identified with
the bimodule (6.3), i.e. we have the following commutative diagram

K94 (2*(Dg))e — End (K (M*(Dg) x g, Fo)e ) ~——— KO (Z5)F

o iu o

Extg, (£3, 43)" —— End (Exth (s, zg)A) <~ Ext}y, (%, Zp) P

Combining the above discussion with Theorem 6.4, we obtain the following.
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Corollary 6.11. The KKK-functor %;: H j-gmod — C associated with the injec-
tive map x: J < Ay given by (6.6)satisfies

L(m,) ifveKP<n(B);

0 otherwise,

Fy(Ly) = {

for each B € Q}r and v € KP(5).

We define a category Cp,, as the full subcategory of C consisting of modules
whose composition factors are isomorphic to L(m) for some dominant monomial
m in variables Y, labeled by z € A such that Ho(z) € Dy C Dg. Note that
the above KKK-functor % is exact by [20, Theorem 3.8]. By Corollary 6.11, the
image of the functor .%; is contained in the category Cp e

In [20, Section 4], Kang-Kashiwara-Kim introduced a certain localization Ty
of the category Hj-gmod for each N € Zx;. This is a Z-graded k-linear abelian
monoidal category equipped with a canonical quotient functor Q: H j-gmod — Ty
characterized by the following universal property. Suppose that A is a k-linear
abelian monoidal category and F': Hj-gmod — A is a k-linear exact monoidal
functor such that

() F(L,) =0 for any v € KP(8) \ KP<x (8);
(ii) F(Ls(a)) = 14 for any a € RIN. Here 1 4 denotes the unit object of A;

(iii) F satisfies a certain commutativity condition on the tensoring operations

with the modules {Ls) | a € RIN} as in [20, Proposition A.12].

Then there exists a unique k-linear exact monoidal functor F: Tn — A such that
we have F ~ F o Q.

Since the category Ty is Z-graded, its Grothendieck ring K (7y) has a structure
of Z[v*1]-algebra, where the multiplication of v is given by the grading shift functor.
We denote by K (Tn)|v=1 the specialization K (Tx)/(v — 1)K (Ty)-

Corollary 6.12. After a suitable modification of the isomorphism (6.5) for each
B e Q}, the above KKK-functor %;: Hj-gmod — Cp,, factors through the localized
category Ty and yields a ring isomorphism

K(Tn)lv=1 = K(Cpy, ).

Sketch of proof. The functor .%;: H j-gmod — Cp,,, satisfies the above conditions
(i) and (ii) by Corollary 6.11. By the similar argument as in [25, Theorem 2.6.8],
we can modify the isomorphism ﬁ](ﬁ) ~ [Cs (25)k for each 8 € QF to make the
functor .%; satisfy the condition (iii) as well. Thus, by the universal property, the
functor .#; factors through the localization Ty. By [20, Proposition 4.31], the set
{QL,) | v € KP<y_1(B),8 € Q}} forms a complete collection of self-dual simple
objects of Ty and hence their classes give a Z-basis of K(7n)|y=1. On the other
hand, the set {L(m,) | v € KP<n_1(8),8 € QF} forms a complete collection of
simple modules of Cp o and hence their classes give a Z-basis of K(Cp Q,). Now
the desired ring isomorphism follows because the functor .%; induces a bijection
between these two bases again by Corollary 6.11. O

Remark 6.13. In the recent paper [26] by Kashiwara-Kim-Oh-Park, it was shown
that the category Ty gives a monoidal categorification of a cluster algebra associated
with a certain infinite quiver. Combined with Corollary 6.12, we conclude that the
category Cp o also gives a monoidal categorification of the same cluster algebra.
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We finish this subsection with exhibiting a couple of examples of subquivers
Q' C Q and the corresponding injective maps x: J < Ag.

Example 6.14 (Type A,,). Consider the following case with N =n + 1:
O = < 1 2 3 n ) _0.

For simplicity, we choose the height function & with £&; = —2. Then the correspond-
ing injective map x: J = Z — Ay is explicitly given by
x(7) = (1,-24) for each j € Z.

In this case, the associated functor .#; has been studied in detail by [20, 25, 26].
Moreover, it can be seen as a suitable completion of the usual quantum affine Schur-
Weyl duality between the quantum loop algebra U, (Lsl,+1) and the affine Hecke
algebras of GL’s. Moreover, our geometric interpretation can be obtained from
Ginzburg-Reshetikhin-Vasserot’s geometric interpretation [15].

Example 6.15 (Type D,,). Consider the following case with N = n:

Q/:(l 2 n2n1>CQ:<1 9 J>02<;O)n1>

For simplicity, we choose the height function £ with £&; = —2. Then the correspond-
ing injective map x: J = Z — Ay is explicitly given by
x(i+kn)=(1,-2i —2kh) ifl1<i<n-—2
x(n—14+kn)=((n—1)",—3n+4 — 2kh),
x(kn) = ((n—1)",n — 2 — 2kh)
where k € Z, and h = 2n — 2 is the Coxeter number. Note that (n —1)* =n —1

when n is even, and (n —1)* = n when n is odd. The associated functor .%; in this
case coincides with the one studied in [26, Section 6.2.4].

Example 6.16 (Type E,). For n = 6,7, 8, consider the following case with N = n:

1 2 3 n—1 1 2 3 n—1

- (e ) con (e

For simplicity, we choose the height function & with £&; = —2. Then the correspond-
ing injective map x: J = Z — A is explicitly given by

) 1, —2i — 2kh if0<i<3;
(i + kn)
x(i + kn) =
(n=1)*n—h—2i—2kh) if4<i<n-—1,

where k € Z, and h = 12, 18,30 is the Coxeter number of type Eg 7 s respectively.
Note that (n —1)* =1 when n =6, and (n —1)* =n —1 when n = 7,8.
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