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On uniform controllability of 1D transport equations in the
vanishing viscosity limit

Camille Laurent*and Matthieu Léautaud?

Abstract

We consider a one dimensional transport equation with varying vector field and a small viscosity
coefficient, controlled by one endpoint of the interval. We give upper and lower bounds on the minimal
time needed to control to zero, uniformly in the vanishing viscosity limit.

We assume that the vector field varies on the whole interval except at one point. The upper/lower
estimates we obtain depend on geometric quantities such as an Agmon distance and the spectral gap of
an associated semiclassical Schrodinger operator. They improve, in this particular situation, the results
obtained in the companion paper [LL21].

The proofs rely on a reformulation of the problem as a uniform observability question for the semi-
classical heat equation together with a fine analysis of localization of eigenfunctions both in the semiclas-
sically allowed and forbidden regions [LL22b], together with estimates on the spectral gap [HS84, Al198].
Along the proofs, we provide with a construction of biorthogonal families with fine explicit bounds,
which we believe is of independent interest.
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1 Introduction and main results

We consider the one dimensional diffusive-transport equation, controlled from the left endpoint of the inter-
val:
(O +0ad, +b—ed2)y=0, (t,z)€(0,T)x(0,L),
y(t,0) =h(t), y(t L)=0, te(0,T), (1.1)
y(0,2) = yo(z), =€ (0,L).

Here L > 0 is the length of the spatial domain, 7' > 0 the time horizon, and € > 0 a viscosity parameter. The
functions a, b : [0, L] — R are real-valued and sufficiently regular. We shall later on rewrite this equation as

(0 +§'0p +§" —q—c0)y =0,

that is to say write a = f' and b = §/ — ¢ for simplicity of the dual equation and consistency with the
companion article [LL21].

For an initial datum yo € L?(0, L) and a control function h € L?(0,T), it is known that (1.1) has a unique
solution in CY(0,7T; L?(0, L)) in the sense of transposition (see [FR71] or [CG05]). The usual question of
null-controllability is whether, the parameters T, L, € being fixed, one can drive any initial datum yg to rest
(i.e. the null function) in time T' by means of the action on the equation through the function h(t).

Definition 1.1 (Controllability and cost). Given (g,T), we say that (1.1) is null-controllable if for any
yo € L?(0, L), there is h = h(T,e,yo) € L*(0,T) such that the associated solution to (1.1) satisfies y(T) = 0.
We define for yo € L%(0, L) the (possibly empty, closed convex) set U(yo) of all such controls h € L?(0,T),
and the cost function

Co(T,¢) := sup { inf ||| } € [0, 4o00].
YoeL2(0,0) lloll g2 0.5y <1 LhE€UGa) O

We have Cy(T, &) < +oo if (1.1) is null-controllable, and Cy(T, &) = +oo if not.

It is known (see [FR71], or [F196, LR95, Léal0] in higher dimension) that for fixed £ > 0, the equa-
tion (1.1) is null-controllable in any positive time 7' > 0. That is to say, T,e > 0 = Co(T,¢) < +o0.
This is linked to the infinite speed of propagation for the heat dissipation. Here, we address the question of
uniform controllability in the vanishing viscosity limit € — 0T, that is: how does Co(T,¢) behave for fixed
T > 0 in the limit € — 0%7 This question has first been addressed by Coron and Guerrero [CG05| in the



case a(z) = M (that is to say f(z) = Mz) and b = 0, for M € R*, and different behaviors are observed,
depending on the sign of M. In that paper, the authors make a conjecture on the minimal time needed to
achieve uniform controllability, i.e.

Tunit({0}) := min{T > 0, there is K > 0 such that Co(T,¢) < K for all ¢ € (0,1)}.

Then, the estimates on this minimal time have been improved in [Glal0, Lis12, Lis14, Lis15, DE19, AM19b,
AM19a] with different methods. The result of [CG05] was also generalized in several space dimensions and
for non-constant transport speed in [GL07]. In that paper however, no estimates on the minimal time are
given. The first estimates on the minimal time needed for having Co(T', ¢) uniformly bounded as € — 0% are
proved in [LL21], in a setting close to that of the present article. In particular, we exhibited in [LL21] higher
dimensional situations in which Tq‘:—;‘/‘f can be as large as desired, where Ty denotes the minimal time for the

controllability of the limit transport equation obtained by formally taking ¢ = 0 in (1.1) (see Proposition 2.6
below for a more precise definition in our 1D context).

Such uniform control properties in singular limits are also addressed for vanishing dispersion in [GGO0§]
and for vanishing dispersion and viscosity in [GG09]. Controllability problems for nonlinear conservation
laws with vanishing viscosity have also been studied in [GG07]| and [Léal2]. Motivation for studying the
vanishing viscosity limit comes from different fields of mathematics:

e conservation laws, for which the vanishing viscosity criterium is a selection principle for the physical
(called entropy) solution, see [Kru70] or [Daf00, Chapter 6].

e control theory, where the study of singular limits sometimes allows to prove controllability properties
for the perturbated system itself. See e.g. the papers [Cor96, CF96, Cha09, CMS20], where the authors
investigate the Navier-Stokes system with Navier slip boundary conditions, relying on results for the
Euler equation.

e theoretical physics and differential topology, through the Witten-Helffer-Sjostrand theory [Wit82,
HS85].

e molecular dynamics and statistical physics, via the study of the so-called overdamped Langevin pro-
cess [Chad3, SMT79].

We refer to [LL21, Section 1.2] for more details on motivation. Our main results in the present article (namely
Theorems 1.5, 1.6 and 1.7 below) formulate as explicit (in geometric terms, under some assumptions on the
parameters) lower and upper bounds on the cost function Co(7T,e) and the minimal time Typir of uniform
controllability. We now give a list of geometric assumptions and related definitions in order to state our
main results.

1.1 Definitions and assumptions

All along the paper, we make intensive use of the effective potential

JJ2 /JJ2
Vi) = 40P _ PGP

In the results presented below, we make (at least part of) the following assumptions, essentially saying that
V forms a single non-degenerate well and does not vanish. This assumption is illustrated in Figure 1.

Assumption 1.2. With V(z) = %1)2 = W for x €0, L],
1. V>0 on [0,L];
2. the only x € [0, L] such that V'(z) = 0 is x = x¢ € (0, L) and V(xo) = ming ) V;
3. V(L) £ V(0) ;
4. V" (x0) > 0.

Assumption 1.2, formulated for simplicity on the potential V' = a(ff = P@F can be formulated

1
equivalently as (the equivalence is not one to one; however 1-i above is equivalent to 1-i below, for all
i€ {1, 4}




1. a(x) #0 on [0, L] (resp. § # 0 on [0, L]);

2. the only z € [0, L] such that a'(z) = 0is x = x¢ € (0, L) and |a(x¢)| = minp ) |a]
(resp. the only x € [0, L] such that §/(x) = 0is = x¢ € (0, L) and |f'(x0)| = minp ) [{']);

3. a(0) # a(L) (resp. f'(L) # §(0));
4. a”(xo) # 0.

Figure 1: Geometric setting of Assumption 1.2

Remark 1.3. Notice that Assumption 1.2 does not cover the classical constant speed case, which is largely
considered in the literature, see e.g. [CG05, Glal0, Lis12, Lis14, Lis15, DE19, AM19b, AM19a]. The latter
corresponds to f(x) = Mz and thus to the “flat potential” V = MTz. However, a formal asymptotics will
be considered in Section 4.4, starting with a family of potentials satisfying Assumption 1.2 converging to
the flat potential. This allows to compare our situation to the “flat” one and shows that our results formally
recover (sometimes with slightly less accurate constants) the previously known results for this example. Our
purpose in the present paper (together with [LL21]) is not to revisit or consider a perturbation of the usual
“flat” setting, but rather to reveal effects that are not present in the “flat” case.

Indeed, the class of vector fields (or functions §) presented here (see Section 4 for more concrete examples
and calculations) will allow to stress the fact that the convexity is responsible for a concentration of some
eigenfunctions close to the minimum, which is not the case for the more studied case f(z) = +Mz.

Note finally that the result of Guerrero-Lebeau applies in our context, as soon as f does not vanish on
[0, L], and implies that Tynis({0}) < +00. The goal of the present article is to give a more precise estimate

on the quantity Tynit({0}) (under the additional Assumption 1.2 on {').

We also denote by Ej the ground state energy, that is to say

. a(xo)? _ |f'(x0)[”
Eo:zg%(l){i](V(I)):V(xO): 40 = 40 :

(1.2)
Let us finally describe geometric and spectral quantities appearing in the statements below. The classically
allowed region at energy E for the potential V is defined by:

We may then define the Agmon distance (see e.g. [Hel88, Chapter 3|) to the set Kg at the energy level E

by
/j \/(V(s) = E), ds

dap(z) = inf

b
yEKE




that is, the distance to the set K for the (pseudo-)metric (V —FE) where (V(z) — E), = max (V(z) — E,0).
Note that da g vanishes identically on Kg (and only on this set). Under Assumption 1.2 Item 2, we have
for £ > EO

dae(x) = /m (V(s) — E) ds|, (1.3)
y
where y is any point in Kg. Another important function in the estimates below is given by
Wg(z) :dAﬁE(:r)+@. (1.4)
The following classical quantities of the Hamiltonian
pa.6) =€ 4 Vi =g+ LD (15)

enter into play in the spectral analysis of the operators involved (and are defined assuming Item 2 in
Assumption 1.2):

z4(E)
O(E): / VE —=V(s)ds, for E € [minV,+c0) (1.6)
z_(E) [0,1]

z4(E)
T,:= sup T(E), with T(F):= 2/ Ld& (L.7)
E>V (x0) e (B) VE-=V(s)

In these expressions, for E > Ey, the points x4 (E) are such that Kg = [x_(FE), 24+ (F)]. Namely, x_(FE)
denotes the solution to V(x_(F)) = E which is < x¢ for £ < V(0), and x_(E) = 0 for E > V(0). Similarly,
x4 (E) is the solution to V(x4 (E)) = E which is > xq for E < V(L), and z4(F) = L for E > V(L) (with
xo = _(Fo) = 24 (Ep) if E = Ey). The geometric content of these quantities, as well as links between
them are discussed in Section 1.3.4 below (in particular, T} is not homogeneous to a time, but we keep this
notation issued from [Al198]).

1.2 Results

In the statements below, we recall that a = f' or that f(z) = [ a(s)ds (all results stated with the function
f are invariant by f — f + ¢ for ¢ € R). Also, we have b = §/ — ¢ or equivalently ¢ = o’ — b. A first lower
bound is as follows. Recall that the control cost Co(T’, ¢) is introduced in Definition 1.1.

Proposition 1.4. Assuming a € C1([0, L]) (resp. § € C?([0,L))) and setting T, := Lods fL ds_ ¢
(0, +00], we have
T<T, == JliminfCy(T,¢e) = +o0.
e—0+

This result is a direct consequence of the weak convergence of solutions to (1.1) to those of a limit
problem with ¢ = 0 (proof of this weak convergence follows [Cor07, Proposition 2.94] and the limit equation
is studied in Section 2.3 below)®.

It simply translates the fact that if the “limit transport equation” with ¢ = 0 is non-controllable, then
there is no hope to obtain uniform controllability as ¢ — 0.

After this simple non-constructive result, we now provide with two explicit lower bounds on Cy(T, €) and
an upper bound under stronger assumptions on f (namely parts of Assumption 1.2). These three results are
commented and compared in Section 1.3 below.

Our first explicit lower bound on the control cost Co(T, ) is as follows.

ndeed, assuming Co(T,en) < Co with e, — 0, then, for any yo € L?(0, L), we can extract a sequence of controls wun,
converging in in R and of solutions y,, converging weakly in L2((0,T) x (0, L)). By [Cor07, Proposition 2.94], the weak limit
of yn, is a solution of the transport equation studied in Section 2.3 below, controlled to zero in time 7'. Since this holds for any
Yo, we necessarily deduce T' > Ty (see Lemma 2.6).



Theorem 1.5. Assume that a € C'([0,L]) (i.e. f € C*([0,L])), and that Item 2 in Assumption 1.2 is
satisfied. Then, for all E € V([0,L]) and all § > 0, there is g > 0 such that we have for all e < gg

1
CQ(T,E) Zexpg (WE(O)—f(IJllII/}WE—ET—5> , WE: %—FdA)E.

In particular, we have

1
Tunif({0}) > sup — [W 0) — min W, } .
(10}) EeV([0,L]) E 2(0) [0,L] g

Theorem 1.5 states a result based on single energy levels (called E in the statement). Our next result
provides with a lower bound containing a nonlocal quantity defined on the “limit spectrum”, namely Tk p
n (1.8) defined on [V (xg),+00). As shown by the proof, this term may be interpreted as an interaction
term between the different energy levels. Recall that & is defined in (1.6) and set

We(s) = @ —dag(s), forsel0,L]

(which is to be compared with Wg defined in (1.4)).

Theorem 1.6. Assume that a € C*([0,L]) (i.e. f € C™([0,L])), that Items 14 in Assumption 1.2 are
satisfied, and that b = %/ (i.e. ¢ = %) Foranyd >0, E€V([0,L]), B>0,C >0 and for0 < e < &y(d, B)
and 0 < T < C, we have

1 __
Co(T,e) > exp - (WE(O) —supWg — (E+B)T +Tgp— 5)

[0,L]
with
1 [t E +2B
Tpp— —/ log w' & (x)da. (1.8)
i V(xo) xr — E
In particular, we have
1 .
Tunit({0}) > sup —— | We(0) —sup Wg +Tg B | .
Eev(o,L)),B>0 £+ B [0,L]

A few remarks are in order
e We prove in Section 1.3.4 that ® is globally Lipschitz-continuous, and (1.8) makes sense;

e Note that Tr p increases if B increases while —B7T decrease, so there might be an optimal choice of
B (hard to determine in general; see Section 4 for explicit computations on specific examples).

Finally, our last result provides with an upper bound on Cy(T,¢). Recall that T} is defined in (1.7) and
EO in (1.2).

Theorem 1.7. Assume that a € C([0,L]) (i.e. §f € C([0,L])), that Items 1-4 in Assumption 1.2 are
satisfied, and that b = %/ (i.e. ¢ = %) For all T,6 >0, m € (0,1), there is eg = eo(T, 0, m) > 0 such that
the control cost for the control problem (1.1) satisfies for 0 < e < gg

1
Co(T,¢e) < exp - (G(T,m,0) +9), (1.9)
with
G(T,m,d) 721112 + s Wg(0) in W, (1-6)ET
M, 0) = up — min —m(l— .
(1-=m)T  gev(o,L) F .0



Moreover, if

Ty
T>2V/2—— sup [W 0) — min W, } , 1.10
VE Eo Eev([0,L]) =(0) 0.0 (1.10)

then we have min,,cjo.1y G(T,m,d) < 0 for ¢ sufficiently small. In particular, we have

Eo \ Eev(p,L))

Tonit({0)) < — < sup {WE(O) —%BWE} +2\/NE>T1> . (111)

Notice that (1.11) is a consequence of (1.10), and that, in case (1.10) holds, the optimal control converges
exponentially to zero.

Note that it may seem surprising that the sign of the vector field a = § does not appear explicitly in the
statements of Theorems 1.5-1.6-1.7. It does play a role (as stressed by Lemma 1.12 below) and some of the
quantities involved in the statements above actually simplify in case a > 0 or a < 0.

Corollary 1.8. Under the assumptions of Theorems 1.5—1.6—1.7, we have

o cither a > 0 (f is increasing) on [0, L], and

Tuie({0}) > sup !

da p(0) +da (L) +
EGV([OL])B>0E+B( £(0) (L)

<0

s
a(xo)

e ora <0 (fis decreasing) on [0, L], and

unli({o}) Tl;

Tunie({0}) > sup [WE(O) - Wg(L)],
sevior) E

1
Tomit ({0 sup 2d4 5(0) + Tp.5) |
(10} 2 Eev([0,L)]), B>0E+B( 2(0) z.5)

Tomit({0}) < — < sup  [Wg(0) — Wg(L)] + 2x/5\/E_oT1> :

0 \ EeV([0,L])

This result is a direct consequence of Theorems 1.5-1.6-1.7 combined with Lemma 1.12 below. We
remark on the one hand that in case a > 0 (in which the limit equation is a proper control problem), then
the lower bound of Theorem 1.5 is trivial and the upper bound in Theorem 1.7 only involves the spectral
gap quantity 77. On the other hand, we notice that if @ < 0 (in which case the limit equation is not a proper
control problem), geometric quantities involving the Agmon distance enter into play. As already remarked
in [LL21] this allows, in this situation, to have Tynir very large compared to the minimal flushing time of the
limit problem € = 0. See also Section 4 below for explicit computations on an example. This is consistent
with the results in [CGO05], in which the sign of the vector field is of key importance.

1.3 Remarks and comments
1.3.1 Remarks about the proofs

The first step of our proofs consists in conjugating in Section 2.2 the control/observation equations by

the weight . Taking advantage of the fact that, in dimension one, every vector field is a gradient, this
reformulates the (seemingly non-selfadjoint) transport equation with vanishing viscosity as a semiclassical
heat equation 0w — P.w = 0, involving the following semiclassical Schrédinger operator

/12
P. = —c%0* + |f| +eq = —€202 +V +¢egq;. (1.12)

see (2.4). All results of the article then rely on fine spectral properties of the operator P., that is to say



e a precise knowledge of the spatial localization of eigenfunctions of P.; this is the object of the companion
paper [LL22Db] (see also Section 3.1 where the results are recalled). Roughly speaking, we use that a

dA,E(z)

solution to P.t) = E1p behaves like |1h(z)| ~ e~ =% — (up to some loss e¢) in the sense of L2 density.
Here d4 g is the Agmon distance for the potential V' at energy F defined in (1.3).

e a precise knowledge of the distribution of eigenvalues of Pr; and in particular the gap between (square
roots of ) two successive eigenvalues in the limit e — 07. We extract the results we need from the article
of Allibert [A1198] (itself relying on [HS84]) which provides with a precise asymptotics (as € — 07, as
a function of the energy level E) of the distribution and the gap, see Appendix A.

Note that properties of the classical Hamiltonian p defined in (1.5) (which is the principal symbol of P.)
naturally arise in the description of spectral properties of the quantum Hamiltonian P, the semiclassical
limit ¢ — 0. This is why the functions ® and T defined in (1.6)(1.7) enter into play (see also Section 1.3.4).

The proof of Theorem 1.5 is rather direct once the results of localization of eigenfunctions are obtained
in Section 3.1. Indeed, we only test the observability estimate on solutions of the semiclassical heat equation
issued from eigenfunctions of P.

The proof of Theorem 1.6 follows the spirit of Coron-Guerrero [CGO05] and thus uses interactions between
eigenfunctions. It seems more precise than the lower bound of Theorem 1.5 which only considers a single
eigenfunction. Indeed, the final estimate contains one part of harmonic analysis related to the spectrum and
one part more geometric related to the concentration of eigenfunctions. Unfortunately, the geometric part
related to the concentration of eigenfunctions seems less precise than that in Theorem 1.5. This is why we
have chosen to keep both results. Here, we use the spectral gap estimates of Allibert [A1198], which require
q; = constant.

The proof of Theorem 1.7 uses the moment method which is classical for 1D control problems. Yet, in
this context, we need precise information about the localization of both the spectrum and the eigenfunctions.
We thus rely on both items above. Moreover, in order to obtain estimates uniform in ¢, we need to have
a “quantitative” moment method, that is with explicit constants, at least uniform in ¢. This is obtained in
Proposition B.1 that provides a result of moment for heat type equation with an assumption on the spectral
gap. The main advantage of this construction, which is of independent interest, is that we can follow (almost)
explicitly the constants with respect to the parameters, which will be crucial to have estimates uniform in
e. The proof relies on Ingham estimates and a transmutation method of [EZ11a).

1.3.2 Reformulation of the problem with a constant vectorfield

We here notice that the control problem (1.1) can be reformulated as a problem with a constant vectorfield
+0,, but with a varying viscosity. This uses Item 1 of Assumption (1.2), stating that the vectorfield is
nondegenerate. To straighten the vectorfield '(2)d,, we introduce its flow Y, (s) defined by

85Y§0 (S) = f/(}/so (S))a Y, (O) = 50-

We also introduce its inverse J,(y) = [ ffé—i), so that we have

J(Yz(s)) = s.

De(rllo‘iling v(z) = u(Yo(x)), we have 0,v(z) = f' (Yo(x))(0yu)(Yo(x)). Equivalently, we have v(Jo(y)) = u(y)
and thus
Ayu(y) = Jo(y)(92v)(Jo(y)) = Jo(Yo(x))(0rv)(x) = m@v)(m)a z = Jo(y)-

As a consequence, if u satisfies the equation
(% +F ()9 +1"(y) — aly) — ed7)u(t,y) = 0,
then v(z) = u(Yo(x)) satisfies the equation

1 1
P P ") =0

<at + 0, + 7' (Yo(x) — a(Yo(a)) — ¢



The latter is a linear transport equation by the constant coeflicient vector field 0, with a variable coefficient
viscous perturbation operator & 7 (Y;(w)) Oy f’(Yi(w)) Oz. Theorems 1.5-1.6—1.7 can all be translated as estimates
on the minimal time of uniform null-controllability in this context.

Note that the fact that, given a fixed vectorfield, the choice of the viscous perturbation changes the
minimal uniform control time Tynis was already observed in [LL21].

1.3.3 Remarks about the assumptions

The assumptions we make on the vector field a (resp. on f or on V) are issued from the analysis of the
limit problem and from the two tools we use here as a black box in the analysis (namely localization of
eigenfunctions [LL22b]|, and spectral gap estimates [A1198]).

Item 1 of Assumption 1.2 is necessary for the transport equation with ¢ = 0 to be controlable (see Section
2.3) and is therefore quite natural.

Then, the essential assumption in both references [LL22b, All98] is Assumption 1.2 Item 2, namely that
the potential forms a single well. Removing this would be an interesting problem, but would require a careful
study of the interaction between the different wells and the tunneling effect, see [HS84]. This is however
beyond the scope of the present article.

The remaining assumptions: f € C°°([0, L]), Items 3 and 4 in Assumption 1.2 and b = %, (ie. ¢ = %,
which amounts to g; = 0 in (1.12)) come from the paper of Allibert [All98]. The assumption b = %, (i.e.
q = ‘%/ is technical and we believe that it can be removed (this would however require to reprove most
of the spectral gap estimates in [All98] with an additional lower order term). Item 4 of Assumption 1.2
concerns the non degeneracy of the minimum of the potential. It could probably be weakened (as long as
the potential is not too “flat” at the minimum), at the cost of several complications in the proofs (because
of the associated degeneracy of the spectral gap near the potential minimum).

1.3.4 Interpretation of the spectral quantities

Here, we provide with some comments on the classical/spectral quantities ®(E) and T'(E) (defined in (1.6)
and (1.7) respectively) entering into play in the above results, under Assumption 1.2 Item 2. They are
linked with properties of the classical Hamiltonian p defined in (1.5). First notice that ®(F) is related to
the following phase-space volume of the set {p < E}, that is

®(E) = Vol ({(z,g) €l0,L]xR, V(z)<Eand0<¢<\/E— V(:z:)})
= SVOl({(5.6) €D L] xR, p(s,8) < BY).

As such, it is linked via the Weyl law to the asymptotic number of eigenvalues of P. = —292 + V (x) + O(e)
in the semiclassical limit ¢ — 0T as

HOE € Sp(P.), X, < B} = 5 — (Vol({p < B}) + 06(1) = — (2(E) + 0 (1))

e

(see e.g. [DS99] in the boundaryless case or Theorem A.l in the present setting). Notice also that, for
E > maxV = max{V(0),V (L)}, we have ®(F) = fOL VE —V(s)ds and in particular ®(E) ~ LVE as
E — 4o00. We use a more precise version of this formula (due to [HR84, All98]) stating that

A, ~ & !(erk), uniformly in both e — 0%,k € N, (1.13)

where the meaning of =~ is made precise in Theorem A.1.

Concerning the quantity T'(F) in (1.7), we now explain how it is linked to the period of trajectories of the
Hamiltonian vector field Hy, associated to the Hamiltonian p (defined in (1.5)), in the energy level p(z,§) = E.
More precisely, the Hamiltonian flow of p(z, &) = €2 + V(x) is defined by i(s) = 2£(s),E(s) = =V’ (z(s)),
and the Hamiltonian p(z, ) is preserved by the flow. Hence, under Assumption 1.2 Items 1-2, if a curves
has p = E, then in any time interval such that £(t) > 0 and z_(F) < 2(0) < 2(T) < z4(F), we have

T z(T) dx z(T) dx
0 z(0) 2¢(x) «(0) 2v/E =V (x)



Hence, in the energy level {p = E'}, the Hamiltonian flow of p (consists in two different trajectories and) is

periodic with period
x4 (E) d z4(E) d
T(E) =2 / I / @
e (B) 2E-V(z) Jomy VE-V(2)
As a consequence, we deduce that the quantity T'(F) (defined in (1.7)) verifies
T(E) = 2VET(E). (1.14)

Note that for large energies, T(E) ~g— 400 % and T(FE) ~g— 100 2L.

Lemma 1.9. The quantities ®(E) and T(FE) defined in (1.6) and (1.7) are linked by the following: ® €
Wt ([Ep,00)) and
= LT(E) = 1T(E) ie. (®(E?) = 1T(EZ’)

4WE 2 ’ o 2 '

This lemma is proved in Appendix C.

o'(E)

We now give a spectral interpretation of T'(F) and T (FE), explaining how these classical quantities enter
into the description of spectral properties of P.. Precise statements and proofs are provided in Appendix A,
based on results obtained by Allibert in [All98] (themselves relying on [HS84, HR84]).

Denoting N(3) := ®(3?), we have according to (1.13) that ®(\;) ~ emk. Writing 85 = /A for the
square root of the eigenvalues, we thus have erk ~ ®(\5) = ®((55)?) = N(B:). Hence, denoting by

Gj. = Bet1 — Br = /A — VAL

the local spectral gap for the square roots of eigenvalues (spacing of square roots of eigenvalues), we obtain
en(k+1) —emk ~ N(Bryy) — N(Bp) = GLN' (7).
We finally obtain

- em 2em
GL~ i) = ToeY
N'(Bp)  T(A)
As a consequence, the quantity T'(E) measures the local spectral gap for the square roots of eigenvalues at
energy F, and hence T1 = supg> g, T(F) yields a uniform lower bound for the spectral gap for the square
roots of eigenvalues. This is actually stronger than a uniform lower bound for the spectral gap of eigenvalues
themselves, for

2N, 2em

S — ) = ﬁa +ﬁ8 ﬁa _Ba %238(}8%2871' k= —,
k+1 k ( k+1 k)( k+1 k) EME T()‘k) T()\k)

where we have used (1.14) in the last equality.

1.3.5 Comparing the minimal times appearing in Theorems 1.5, 1.6, and 1.7

In the estimates we obtain on Tyt (we write Tyunis = Tunif({0}) in this section for short) in Theorems 1.5, 1.6
and 1.7, two parameters enter into play:

e first a “Spectral” parameter, related to the localization of the spectrum, or, more precisely, to the size
of the spectral gap at energy F;

e and second a “Geometrical” parameter, related to the localization of the eigenfunctions at energy F.

In order to compare these parameters, we are led to define the following spectral/geometric constants (the
index of the constant refers to the theorem where it appears)

S1.5 =0, G1.5,p = We(0) —ming 1) W,
Sl.6,E,B =TE B, G1.6,E = Wg(0) - SuPjo,r] Wg, (1.15)
S1.7=2V2VET,  Gi7p=Wg(0)—ming ) Wp =G 55,
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where, recall, Ey = V(xg) = W = minp, )V > 0. With these definitions in hand, the critical times
appearing in Theorems 1.5, 1.6 and 1.7 respectively are

1 1
Ti5= sup & (G1.5,E + 51.5) = sup =G5, (1.16)
EeV([0,L]) EeV([0,L])
1
T ¢ = sup (G + 54 ) , 1.17
1.6 Eev([o,L]),BzoE+B 1.6,E 1.6,E,B ( )
1 1
Tzg=5| sw Girpt+S7]= sup - (G1.7,E+S1.7)’
0 \ EcVv([0,L]) Eev([0,L]) =0

and the associated result formulates (sometimes assuming ¢ = f;) as
T 5 < Tunir, T 6 < Tunir, Tunit < T 7.
We now try to compare the different quantities involved in (1.15). We first need to compare T p and T.

Lemma 1.10. The quantities Tg, g and Ty are linked by

VvV Ey |E+2B | E
< —
Tes<h 2m Lo Eo 'V E )’

+oo 2 2
/ log
1
B+1

Yyt o
2 1 2
=rma —log(l+ o) — 2carctan | — | +log(8° — 1)+ Blog | =—— ] ,
o

where, fora > 1,8 >1,

Fo(a,ﬂ) d’y

y2_ 2

B—1
extends as a continuous function on {(a, ) € R?,1 < 3 < a}.
This lemma is proved in Appendix C

Lemma 1.11. The above quantities are linked by

for al B> Eo, G15p=G1752G168 (1.18)
1 1 1
fOT’ all B Z Eo,B Z 0, EOG17’E Z EG15’E Z mG167E~,

and for oll E > Ey, B >0,

516,68 S17 1 To(a, B)
. N N < . Ath — 9
E+B ~ g, W T B asho1 o + 52

This lemma is proved in Appendix C. From this lemma, we draw the following conclusions:

0= 51.5 < < 400. (1.19)

e The geometric quantity G| 75 = G155 = Wg(0) — minp, ) Wg seems to be the appropriate one
to describe the localization of eigenfunctions. In this particular 1D situation, we indeed know very
precisely where eigenfunctions are localized, see Section 3.1 below or [LL22b|. Theorems 1.7 and 1.5
are thus accurate in this respect, whereas Theorem 1.6 is not. Note that the quantity ELOGL?, g instead

of %Glj p makes however Theorem 1.7 less accurate than Theorem 1.5. This can be summarized as
Theorem 1.5 > Theorem 1.7 > Theorem 1.6,

where > stands for “more accurate as far as the geometric quantity is involved”. Note however that if
one rather compares

S ! S ! G ith ! S G
up — = sup — ,wi — sup :
Eev(o,L)),B>0 F+ B 1.6, eev(o,r) F 1.6, 0 EcV([0,L]) 1.7.6

then Theorems 1.7 and Theorem 1.6 are no longer comparable.
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e Now, as far as the spectral quantity is concerned, Theorem 1.5 does not say anything, Theorem 1.6
yields a seemingly fine lower bound (comparable to that obtained in [CGO05]), whereas Theorem 1.7
seems to provide with a relatively rough upper bound. This can be summarized as

Theorem 1.6 > Theorem 1.7 > Theorem 1.5,

where >> stands for “more accurate as far as the spectral quantity is involved”.

In particular, the lower bound of Theorem 1.5 is better than the one of Theorem 1.6 from the geometrical
point of view, while the latter is better from the spectral point of view.

The following lemma allows to better understand the importance of the direction of the vector field §/,
i.e. to distinguish properties of ¥ > 0 from f' < 0 (recall that the asymmetry comes from the fact that the
control acts only on left boundary).

Lemma 1.12. Assume that Items 1 and 2 in Assumption 1.2 are satisfied. Then one of the following two
statements hold:

o cither § is increasing: then for any E > Ey, the functions x — Wg(x) and %(I) are increasing, and
the constants defined in (1.15) satisfy
Gi5p=0, and

) = 5() _

G16.p=dae(0)+dae(L)+ 5 <

e orf is decreasing: then for any E > Ey, the functions x — Wg(x) and 1/1/7;(90) are decreasing, and the
constants defined in (1.15) satisfy

G155 =We(0) —We(L) >0,
G165 =2da,p(0) = 0.
In both cases, E — G g g 5 a nonincreasing function.

If we assume additionally that f is an odd function with respect to xo = L/2, that is to say, f(L/2+x) =
—f(L/2 — x) for all z € [0, L/2], then we have the following simplifications: if f is increasing, then

Gis5p=0, and Gjigp=2dap(L)—f(L)=2dagr(0)+f0),

while if § is decreasing, we have

G155 =10)=—f(L), and Gy p=2dar(L)=2daE0)
In particular, G1.57E is independent on E in both cases.

This lemma is proved in Appendix C. It is also very useful to compute the value of the different constants
on explicit examples.

Our results lead us to conjecture that, under Assumption 1.2 Items 1-2 and 4, there is a distribution
kernel K(x, E') such that

1
Tunif = sup

[e ] 1 o0
- (G1 —_— SE) . with Sp :/ K(z, B)®' (z)dx = —/ K(z, E)T (x)dx.
E€[Ey,+o0) E o

Eo 2 EO

However, we do not have a precise idea of what the kernel K should be, but K(z, E') = log

2+ E+2B ‘ would
r—F

look to be a good candidate for some B.
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1.3.6 Explicit computations on an example

In section 4 below, we compute explicitly and further compare all upper/lower bounds for the functions

fMa / Va2s? + M2ds,  that is to say a*(z) = (Fy,,) () = £V a%2? + M?,

defined on the shifted interval (—L/2, L/2) (instead of (0,L)). The latter are associated to the harmonic

2
potential V(z) = s 1(1)‘ = “%?Mz, and our results apply for M > 0 and a > 0. For a = 0 (to which our

results do not apply), the vector fields correspond to the case studied in [CGO05, Glal0, Lis12, Lis14, Lis15,
DE19, AM19b, AM19a]. For large values of a, the potential is very convex and far from the situation a = 0.
We draw in particular the following consequences:
e in case — (that is, for f,, ), then T, ({—L/2}) " 0" (the flushing time associated to the limit
’ M,a a—+00

equation ¢ = 0, see Section 2.3) whereas Tunit({—L/2}) e +o00. In particular, we recover [LL21,

Section 3.3], stating that % —+> +00. We obtam actually the stronger statement that if
/= a— 400
M a

a — 0%, the limit problem is controllable in a time Tfi/ ({—L/2}) — 0 whereas uniform controllability
M,a
holds for a time Tynir({—L/2}) — +o00. This is a refinement of [LL21, Section 3.3]. See Section 4.3.

e In the formal limit a — 0%, we obtain the lower bounds

L
lim mf Tunit,a > hm mf T 64277 (Case +), (1.20)
a—0 M’

2v2L
hmlnfTumf > hm(lJnle 6.a EL, (Case —). (1.21)

As a consequence, the formal limit ¢ — 0T coincides with the known lower bounds for the Coron-
Guerrero problem a = 0, appearing in the literature. The first one was obtained by Coron-Guerrero [CGO05]
while the second was obtained by Lissy [Lis15, Theorem 1.3] (using a variant of method of [CGO05]).
See Section 4.4.

e In the formal limit a — 0T, the upper bound of Theorem 1.7 degenerates since 1} -, 400. This
a—0

suggest that the quantity 7 is not the appropriate one (at least in this regime). A variation of our
approach however applies to the case a = 0, but yields slightly less accurate constants than those
available in the literature [CGO05, Glal0, Lis12, Lis14, Lis15, DE19], see Section 4.4 for a discussion.

1.3.7 Comparison with the results in [LL21]

The result in Theorem 1.5 is a one-dimensional refinement of [L1.21, Theorems 1.5 and 3.1], which instead
states (in a much more general setting of a compact manifold with boundary, with essentially no assumptions
on for V)

1
Co(T,e) > exp B (WE(O) - II}(&XWE — ET — 6) , forall E € V([0,L]),d>0.
E
and in particular

1 1
Tunit({0}) > sup = <WE(O) - maxWE) = — <WE0 (0) — M) , Ep=minV = V(xo).
EeV([0,L]) Kg EO 2 [0,L]

This last equality is explained in [LL21, remark following Theorem 3.1]. In Theorem 1.5, we are able to
replace — maxy, Wg by —miny ;) Wg. This improvement comes from two additional knowledge we have on
the eigenfunctions of a conjugated operator P. (see (2.4) below) in this very particular 1D single well problem
(see Section 3.1 below o [LL22b]): an eigenfunction ). associated to an eigenvalue E. of P., converging to
Ease— 07:

e spreads over the whole classically allowed region Kg (propagation estimates);
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e vanishes at most like e~ <942 in the classically forbidden region (Allibert estimates).

In higher dimension, the first result is false (and the issue of understanding the asymptotic distribution of
the distribution |1/ |?dz is extremely intricate, even for a given energy E) in general; and to our knowledge,
the second result does not seem to be well-understood.

Along the proof of the present paper, we could state an analogue of Theorem 1.5 for the internal uniform
controllability /observability question by an open set w C [0, L]. The latter problem is not considered in the
main part of the paper but is the main focus in [LL21].

1.3.8 Uniform controllability of the semiclassical heat equation

As already mentioned, all results proved in Theorems 1.5, 1.6 and 1.7 may be reformulated in terms of
uniform (resp. non-) observability /controllability results for the semiclassical heat equation

(e0y — 202+ V(= ))v_o (t,z) € (0,T) x (0, L),
v(t,0) = h(t), wv(t,L)= te(0,7), (1.22)
v(0,z) = (:v) z e (0,L

in the semiclassical limit ¢ — 0+ and in weighted L2-spaces of type e3= L2(0, L) = L2((0, L), e"*dz). Note
that in that setting, we do not need that f and V' be linked one to the other (and then have to change the
definitions of W, W accordingly). We do not state these results for the sake of brevity.

Remark 1.13. The semiclassical heat equation (1.22) can be rewritten as
(710, -2 +e?V(z))v=0
on a fixed time interval [0, T]. Rescaling in time, this amounts to study
(0, — 92 +e2V(z))v =0, (1.23)

on a time interval [0,eT7], that is, the heat equation with a large potential in small time. If we are interested
in the controllability of the same equation (1.23) in fixed time (independent of ¢), the techniques described
in the present paper (see in particular Section 3.4) allow to obtain uniform estimates as well, and recover
for instance the results of [BDE20, Proposition 1.5.] (proved by different techniques, namely Carleman
estimates). In that reference, it is used to control the Grushin equation. More precisely, the techniques
above imply the following Proposition (analogue of [BDE20, Proposition 1.5.]).

Proposition 1.14. Let V € C*([0, L)) satisfy Items 1-4 in Assumption 1.2. Let T > 0 and fiz § > 0.
Then, there exists €9 and C > 0 so that for any 0 < € < g9 and vo € L*(0,L), there evists a control
h € L*(0,T) to zero of

(0 =2+ ZV(x)v=0, (t,z)e (0,7)x(0,L),
v(t,0) = h(t), v(t,L)=0, te(0,7),
v(0,2) = vo(z), =€ (0,L).
with the control cost
A( )46
17172007 < Ce lvoll 7 - (1.24)

Note that the equation can also be rewritten as (¢20; + P-)v = 0 (compare with the semiclassical heat
equation (1.22) where we have €9;).

2 General facts about transport equation and vanishing viscosity
limit
2.1 Duality between boundary control and observation problems

In the present one dimensional setting recall the control problem under consideration is (1.1) (and is written
in a “gradient field” way, which is always possible in dimension one). The associated (forward in time)
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observation problem is

0y —§'0r —q—e0*)u=0
u(t,0)=wu(t,L)=0, t
u(0,2) =uo(z), =

=
8
~—
m
=
S
~—
X
=
h
>

c(0.7), (2.1)
S L

with § = f(z) and ¢ = ¢(z). The solution y of the controlled equation (1.1) and the solution w of free
equation (2.1) are linked by the following duality equation:

T
(w(T), 40) 20,1 — (10, 4(T)) 2 0.1 + / ed,u(t, 0)h(T — t)dt = 0, (2.2)

The boundary observability problem for (2.1) can be formulated as follows. Does there exist a constant
C > 0 such that

T
02/ ledzu(t,0)>dt > Hu(T)||%2(07L), for all ug € L*(0, L) and u solution of (2.1). (2.3)
0
We define accordingly
Co(T,e) := inf{C € RT such that (2.3) holds}.
Classical duality arguments (see [DR77] or [Cor07, Chapter 2.3]) yield the following statement.

Lemma 2.1 (Observability constant = control cost). Given (¢,T), Equation (1.1) is null-controllable if
and only if the observability inequality (2.3) holds. Moreover, we then have Co(T,e) = Co(T,¢).

As usual, this allows us to mainly focus on the observability inequality (2.3).

2.2 Gradient flows, conjugation and reformulation

As in [LL21], we first proceed with the following conjugation:

— L a2 L 2, 1y |f/|2 i’
2e 0%e2e = O —§0, + — + —.
e e .+ Ef + 122 + 9z
712 1
We denote by E%Pa =-0%+ ‘15‘2 + J;—E — 4, that is to say
7'[? i’
P. = —%9? + e +eg;, with ¢ = 5 ¢ (2.4)
The above computation implies that
1 1
6_% (;Pg)e% = —85 — gflam — g, (25)

the last operator being that appearing in the observation/free evolution problem (2.1) multiplied by €. The
operator P is selfadjoint in L?(0, L) endowed with domain D(P.) = H?(0, L)NH}(0, L). Hence, the operator
02— 1¥9, — 1 is also formally selfadjoint, but in the weighted space L?((0, L), eédx). We reformulate the
uniform observability problem (2.1) in terms of the heat equation involving the operator P defined in (2.4)
(see [LL21, Lemma 2.9]).

Lemma 2.2 (Observation problem: equivalent reformulation). Given T, Cy, e > 0, the following statements
are equivalent.

1. The function u solves

(O — fOru—q—e02)u=0, (t,z)€(0,T)x(0,L), (2.6)
u(t,0) = u(t,L) =0, te (0,7T), '
) T
resp. |[u(T)|72¢0,1) < CS/O led u(t,0)|%dt. (2.7)
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2. The function ((t,z) = ef®)/25y(t, 2) solves

Eatc + PEC = 07 (t,I) € (OaT) X (OvL)v 28

((£.0) = ¢(t.L) = 0, te(0.7), 28)

resp. e F (@) e /T %2 0.ct,0) at (2.9)
P 2o~ Jo A ' '

A similar conjugation result also holds in the controllability side, using conjugation with the opposite
sign. More precisely, still with P. defined in (2.4), we now have (instead of (2.5))

1

i - 2 1 / q f”
€2 (E—QPE)G 2e = —81 + gf 8w — g + —.

€

This time, the conjugation of P., which is selfadjoint on L?((0, L), dz) with domain H} N H?(0, L), yields the
operator —92 + 1§89, — 4 + %” (which thus becomes formally selfadjoint in L2((0, L), e~ *dx) with Dirichlet
boundary conditions). We can then obtain a similar version of Lemma 2.2 from the control point of view to
relate the control problem (1.1) to a control problem with P.

Lemma 2.3 (Control problem: equivalent reformulation). Given T,e > 0, the following statements are
equivalent.

1. The function y(t,x) solves the control problem (1.1) (with initial datum yo(x) and control h(t))
2. The function v(t,z) = e 1@/ 22y (t, x) solves

edw+ Pv=0, (t,z)€(0,T)x(0,L),
v(t,0) = e 1O/ 22 p () w(t,L) =0, te(0,T), (2.10)
0(0,2) = e 1@/ 2y (a), 3 €
Note that in this lemma, “solving” the equation is meant in the classical sense for regular solutions but

has to be taken in the transposition sense for “rough solutions”. The conjugation works the same way in this
weak sense according to the duality (2.2). The latter now rewrites

T
(C(T),v(0)) 20,1y — (€(0),v(T)) 20,y + /0 €0,C(t,0)v(T —t,0)dt =0, that is to say,

- (ef/zsuo, v(T))

with v solving (2.10) and ¢ solving (2.8).

T
(g(T), e*f/%yo) + / £0,C(t,0)e O/ (T — t)dt = 0. (2.11)
0

L2(0,L) L2(0,L)

2.3 Controllability of the limit equation ¢ =0

In this section, we consider the observability question for the formal control problem obtained from (1.1) in
the limit e = 0. It is a transport equation of hyperbolic type and the number of boundary conditions to be
imposed for well-posedness is different from its parabolic counterpart. The limit equation that we expect
on the control side is the following

{ (O +f0., +f" —qy=0, (t,2)€

(
y(0,2) = yo(z), =€ (0,L (2.12)

3

0,7) x (0,L),
)

where, again, the transport equation can be written equivalently as (9; + ad, +b)y = 0. We assume §'(0) # 0
and §'(L) # 0 for simplicity. The expected boundary conditions actually depend on the sign of f'(0) and
f(L). Namely, the expected relevant boundary conditions in view of the parabolic control problem (1.1) for
e >0 are, for t € (0,7),

1. y(t,0) = h(t) and y(¢t, L) = 0, if f/(0) > 0 and (L) < 0,
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2. y(t,0) = h(t), if (0) > 0 and §(L) > 0,
3. y(t,L)=0,if {(0) < 0 and §(L) < 0,
4. no boundary conditions to be imposed, if ' (0) < 0 and /(L) > 0.

Note that in most of the article, we actually assume that the vector field f = a is C' and does not vanish
on the interval [0, L]; the only two relevant boundary conditions are then 2 in case ' > 0 and 3 in case
f < 0. If we denote 2 = (0,L), 9Q = {0, L} and 9, the outgoing normal unit field to the boundary (i.e.
Ople=r, = Oy and 0, |4,—0 = —0,), we can write the previous boundary conditions in a more concise (but
maybe more complicated) way by y|aon(s, j<01 = H(t,)|aan{a, j<0} Where H(t, ) is defined on (0,7") x 9
by H(t,0) = h(t) and H(¢,L) = 0.

Note that only Cases 1 and 2 define a control problem. In Cases 3 and 4, the only relevant question is
whether or not the solutions do vanish at time 7.

Solutions to (2.12) are meant in the weak sense i.e. in the sense of transposition, see e.g. [Cor07,
Section 2.1.1]. We say that y is a solution (2.12) (with appropriate boundary conditions) in the sense of
transposition if for all 7 € [0, T,

T L .
0= _/0 /0 Y(0rd + §(2)0n ¢ + qo) dtdx — § (0)/0 h(t)s(t,0) dt

L L
+ [ stretra) do= [ nl)o0.0) do

for every ¢ € C1([0, 7] x [0, L)) satisfying ¢(z,t) = 0 for all t € [0, 7] and every = € {0, L} so that 9, f(x) > 0,
that is

1. no assumption if §(0) > 0 and /(L) < 0,

2. ¢(t,L) =0, ¥t € [0,7] , if '(0) > 0 and {/(L) > 0,

3. 6(t,0)=0,Vt € [0,7] , if 7(0) < 0 and /(L) < 0,

4. ¢(t,0) =0 and ¢(¢t,L) =0, Vt € [0,7], if /(0) < 0 and (L) > 0.

The arguments of [CG05, Proposition 1] can be adapted here to prove that the weak limit of solutions of
system (1.1) are solutions to (2.12) with the boundary conditions given in Items 1-4. In particular, this
allows to prove Proposition 1.4.

For the observation problem, we expect the following limit system

(0 — {(2)0s —qu=0, (t,x)€ (0,T)x (0,L),
{ u(0, x) i ug(z), z € (0,L). 8 (2.13)

The boundary conditions are then the same as for ¢, namely:
1. no boundary conditions to be imposed, if §(0) > 0, f(L) < 0,
2. u(t,L)=0,te (0,7),if {(0) >0, (L) > 0,
3. u(t,0)=0,te€(0,7),if {(0) <0, (L) <0,
4. u(t,0) =0, u(t,L) =0, t € (0,T), if f(0) <0, f(L) > 0.
Following closely [Cor07, Section 2.1], it is possible to prove the following two lemmata.

Lemma 2.4. For any ug € L?(0,L), the Cauchy problem (2.13) with above boundary conditions has a
unique solution u € C((0,T), L?(0, L)).

Moreover, for anyyo € L*(0,L), h € L?(0,T), the Cauchy problem (2.12) with above boundary conditions
has a unique solution y € C((0,T),L*(0, L)) in the sense of transposition.

Lemma 2.5. We have the duality relation

<y(T)7u0>L2(O,L) - <90=U(T)>L2(0,L) =D,
with
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1. D=¥(0 fo —T)dt, if f(0) > 0 and f'(L) <0,
2. D=1(0) [, u —T)dt, if {(0) > 0 and §'(L) > 0,
3. D=0if f’(()) <0 and f’(L) <0

4. D=0, if§(0) <0 and f'(L) > 0.

Moreover, null-controllability (or the problem of having y(T) = 0) holds true if and only if, for all u solution
of (2.13) with above boundary conditions, we have

L[y Ju(t, 0)dt > C u(T)|[3 2 1), i £(0) > 0 and F/(L) <0,
2. [y lut,0)[2dt > Cllw(T)| 72 1, i F(0) > 0 and f'(L) >0,
3. w(T)=014f(0) <0 and f(L) <0,

4o u(T) =0, if {(0) <0, (L) >0

The next Proposition simply says that null-controllability (or the problem of having y(7') = 0) holds if
and only if all the trajectories exit the interval.

Proposition 2.6. The conditions in the previous Lemma hold if and only if f* # 0 in [0, L] and T > Ty =
L s
Jo 157 (5)]

Note that the system considered is not the same depending on the sign of §'.

Proof. First, we can check that if there is one point z¢ € (0,L) (it cannot be on the boundary with the
assumptions) such that f'(xg) = 0, then the conditions are not fulfilled. Indeed, we can construct some non
zero solutions localized arbitrary close to :EO that remain zero close to the boundary. Note also that since f

is sufficiently regular and §(x¢) = 0, then fo ﬁ is not convergent.

In the other case, we can write explicitly the solution. We first consider the second case f/(0) > 0,
(L) > 0.

For any = € [0, L], denote J,(zo) = [ f,d(ss) It is an increasing function from [z, L] to [0, T}y ()] with
0<Thy(x) = sz 7oy < Ty the exit time on the right starting from z. Denote ¢ — Y, (t) its inverse from
[0, T, ()] to [z, L]. Deriving with respect to ¢ the equation J,(Y;(t)) = t, we see that 0,Y,(t) = §'(Yx(t))
while deriving with respect to x gives 9, Y5 (t) = r (Y 1) Moreover, we have Y (0) =z and Y, (T, y(x)) = L.

(@)
We define for z € [0, L] and ¢t > 0,

u(t,x) = elo 9=Ddry (v (1)), (t,2) € Ry x [0,L] and 0 < ¢ < T, (2),
u(t,z) =0, (t,z) € Ry x [0,L] and t > T} ().

Note first that it is well defined since 0 < 7 < ¢t < T; p(x) implies that Y,(7) and Y, (t) are well defined.
We also notice that if ug is C! with ug(L) = 0, then u is solution of (2.13) in the classical sense with the
appropriate boundary conditions u(t, L) = 0.

We first check that u is continuous and it is therefore sufficient to verify the equation in each zone. We
compute for 0 < ¢t < T,y (z),

Dpult, ) = g(¥a ())e/i 90Dy (¥, () o i 0= (1, 1))y (V2 (1)
= ([ B v, () el a0, 1) 4 o0 LD o )

/:L.)

We conclude by remarking that [ §(V,(r))q' (Ya(r))dr = [7 & (q(Yu(7))) dr = q(Yy(t)) — q(z). Note that
the computations only make sense if v and ¢ are regular enough, but we obtain the same result in general
by approximation. For the boundary conditions, T} /(L) = 0 so that we always have t > T}.5/(L) = 0 and
u(t,L) = 0. Also, the assumption uo(L) = 0 ensures that at time ¢t = T;.5/(x), Y5(T)p(x)) = L, so that
u(Ty,p(x),z) = 0 and the function u is continuous. The formula extends to L? functions and therefore
defines the flow map described in Lemma 2.4.
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Now, we have to check if the defined formula fulfills or not the observability estimate. For z = 0, we
have T} (0) = Ty and we have seen that Yy (t) is an increasing bijection from [0, Tj] to [0, L]. We can then
compute for 0 < T < Ty

T T Yo(T) d Yo (T)
u 20t Ay u 2 _ u o ay ~ u 2
/0 fut, 0)|2dt / o (Yo (1)) Pt / ) s / o) 2dy,

where we have made the substitution y = Yy(¢), that is t = Jy(y). The symbol a ~ b means that there
exists one constant C' depending on 7', f, L and ¢ so that C~'a < b < Ca. For T € [0, T, (z)] 0,Y,(T) =
‘d(ﬁ# > 0, so that x — ¢p(z) := Y, (T) is a diffeomorphism from [0, zp] to [Yo(T'), L] where z¢ € [0, L]
is so that Y, (T") = L (which implies Ty (x7) = T since Y, (T} 5 (z)) = L by definition).

In particular, for 0 < T < Ty, we have 0 < T < T, y(z) < xr < x < L and therefore

L L

(Vo (T)Pde~ [ fuolw)Pdy.
Yo(T)

L

[ ey = [ ()P~ [

0 rT
In particular, the observability inequality holds if and only if Yy (T') = L, that is T' = Ty. For T' > Ty, we
have u(T) = 0 so that the observability is trivial. This ends the result in the case {(0) > 0 and /(L) > 0.
For the other case f(0) < 0 and /(L) < 0, the change of variable x > L — z reduces to the same case as
before. The only difference now is that we want the solution to be zero instead of the observability. The
condition is actually the same. o

3 Proofs of the main results

3.1 Localization of Schrodinger eigenfunctions in a one dimensional well

In this section, we recall results proved in the companion paper [LL22b] in which we study localization
properties for eigenfunctions of the Schrédinger operator P. defined in (2.4). We now state these two results,
which take the form of uniform (in terms of both £ and E) upper and lower bounds on eigenfunctions.

Theorem 3.1 (Upper bounds for eigenfunctions: [LL22b] Theorem 1.3). Assume that V. € C'([0,L]) (f €
C?([0, L])), and that Item 2 in Assumption 1.2 is satisfied. Then, for all § > 0 there exist g = £o(d) € (0,1]
such that for all E,v solution to

Pp=Ey, ¢eH(0,L)NHG(0,L), ¥z, =1, (3.1)
we have for all ¢ < &g
d d
| e <ot (32)
V |E| +1 2 L2

€ da,m(0)-5 € da,E(L)=6
——W(0) <eT =, ——— (L) <e T = . 3.3
=) res 0] (33

Only continuity of the potential V (i.e. § € C([0,L])) is assumed in [LL22b], but this refinement is not
relevant here since V. € C1([0, L]) (i.e. f € C*([0,L])) is needed to use Theorem 3.2.

Theorem 3.2 (Lower bounds for eigenfunctions: [LL22b] Theorem 1.4). Assume that V. € C([0,L])
G € C%*([0,L])), and that Item 2 in Assumption 1.2 is satisfied. Then, for any yo € [0, L],v > 0 and any
0 >0, there is g > 0 such that for all E 1 satisfying (3.1), we have for all ¢ < ey,

1l 20y 2 e~ dar ) gy p(U) = Inf dap(z), U=(yo-ryo+v)Nn[0 L],
€ £
VIE[+1 " VB[ +1

Note that this improved lower bound is as precise as the upper bound (3.2) (except for the § loss) and
thus essentially optimal. Uniformity with respect to the energy level E is necessary for the proof of the cost

[ (0)| > e~ £ (da,5(0)+6) 1/ (L)| > e~ t(da,p(L)+3) (3.4)
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of controllability in Theorem 1.7. The latter indeed involves all the spectrum of P. since we are studying
all solutions.
Remark that Theorems 3.2 and 3.1 are counterparts one to the other. They state essentially that,

in this very particular one dimensional setting, an eigenfunction i associated to the energy E satisfies
da,B @) .. . . . . o .
[(z)| ~ e A7 (and that this is uniform in F,z,e). The symbol ~ is slightly abusive in our setting

since we only have equivalence up to multiplicative terms of the form eg, which can be very large. Yet,
in the present context where only exponentially small quantities are compared, this kind of estimates is
sufficient for our purposes and provides with the correct asymptotics. See e.g. [LL22b, end of Section 1] for
a discussion on possible refinements.

3.2 Proof of Theorem 1.5 from Theorems 3.2 and 3.1

In this section, we give a proof of Theorem 1.5. The latter relies on consequences of Theorems 3.2 and 3.1
that are not using the uniformity in £ and could be deduced from softer versions of these two results.

Proposition 3.3. Under the assumptions of Theorem 3.2, we have

> e*é(minm’L] WE+5) .

Proof of Proposition 3.3 from Theorem 3.2. We take x,, € [0, L] such that Wg(z,,) = min ) Wg. Then,
by continuity, there is p > 0 such that for all x € (zn — p,xm + p), we have f(z) < f(zm) + ¢ and
dap(z) <dagp(rm)+0d. We then estimate

i 1
> |le™ 2¢ > efg(f(
L2([o,L])) — Ve L2(Tm—p,@m+p)

2 6_ﬁ(f(w7n)+6)6_%(dA,E((Im_PWM'i‘P))‘f“s) ,

_ L
He 2 1)e

m)+6
@m)+9) ||1/’s||L2(mm—p,mm+p)

after having used Theorem 3.2 in the last inequality for e < £¢(9), and with da g((xm — p,Tm + p)) =
infoe (2 —pamtp) dA,E(x) < da,B(T,)+J. As a consequence, we obtain

> et (E(@m)+8) o= 1(da B (2m)+26)

— L
e 2 1/}6‘

L2([0,L])
e—%(WE(zm)+36) _ e—%(min[o,L] WE+36),

v

where we have used the definition of z,, in the last inequality. O

We conclude this section with a proof of Theorem 1.5, which relies on both Theorems 3.2 (under the
statement of Proposition 3.3) and 3.1.

Proof of Theorem 1.5 from Theorem 3.1 and Proposition 3.3. We follow the proof of [L121, Theorem 3.1].
We first use Lemma 2.2 and Lemma 2.1 to see that we have (2.9) for all solutions to (2.8), with Cy
Co(T,e) = Co(T,e). Second, given E € V([0,L]) and & € (0,1], there is E. = E + O (¢%/3) and 1.
H?([0, L]) N H([0, L]) such that P.ip. = E.tp. (see Lemma 3.4 below). We then test (2.9) with ((t)
e~ tEe/=4)_ solution to (2.8) with ¢(0,z) = t-(x). This reads

m

_2TBe || _ i 2 - 2 9 T o 2 9 O a2
e e F |, = e Fa@ L 00/0 ™ c0.¢(1,0)| dt < CBTe " eyl (0. (35)
) 2 .
Using Proposition 3.3, we have e~ = - He‘ﬁwal (0.0 > ¢~ e 2minge,n We ) for all 0 < & < £0(9)
0,

dp p(0)-38

and using (3.3) in Theorem 3.1 we have |y, (0)| <e”— ¢ (recall that F is fixed). Combining together
with (3.5), these two inequalities yield, for 0 < & < £9(6,T),

_2T(E+S) 2 [0 _odap@-0
< e

. —5
2 (ming, ) We+9) < 00267 = e - 72%

= (e ,

e

which is the first statement of the theorem when recalling Cy = Co(T, €) and changing the notation for 6. [
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In the course of the proof, we have used the following Lemma, taken from [LL21|, proving the existence

of eigenvalues at any allowed energy level. It can also be deduced from the much more precise Theorem A.1
adapted from [All198].

Lemma 3.4. [LL21, Lemma 3.2] Assume V. € W'>°([0,L]) and ¢; € L>([0,L]) are both real valued.
For all E € V([0,L]) = [ming,z) V,maxy 1) V] and all € € (0,1], there is E. = E + O (52/3) and ). €
H2([0, L}) N Hy ([0, L)) such that Potpe = Ectpe.

3.3 Coron-Guerrero type lower bound: proof of Theorem 1.6

Proof of Theorem 1.6. Recall the simpler way of writting the control problem (1.1), the observation problem
(2.1) and the duality statement (2.2). Let (¢%)ken denote the sequence of eigenfunctions of the selfadjoint
operator P;, associated with eigenvalues A} sorted in increasing order.

Now, we fix E € V ([0, L]). As a consequence of [LL21, Lemma 3.2], there exists a sequence of eigenvalues
E. of P. with E. — E as € — 0. That is to say, there is ¢ € H?(0,L) N H}(0, L) such that P.¢p. = E...
Denote n = n(E,¢) € N the index (in the non-decreasing sequence of eigenvalues of P;) such that A\;, = E,
and 1. = ¢=. We choose for initial datum for (1.1) the function

£ i
Yo = Yn = ekwa = ezsspfr

We denote by h,, any control driving the initial datum y,, to zero and produce lower bounds for its norm.
According to the Agmon estimate (3.2), we have

L L t(i—dar) dAE Dp+s
n = ||lez2s es\2 e = <e =, 3.6
lomlezor = leF e e s (36)
with
Dg = Esup] Wg, Wg(z) = %(m) —da,g(z). (3.7)
0,L

ALt
We remark that the function (¢, ) — e~ 5 (z) is a solution of (2.8). As a consequence of Lemma 2.2,

€T A €T
the function wug(t,x) = e_%cpi(ac)e_%t is solution to (2.6), that is of (2.1) with ug(z) = e_%goi(x).
Since we assume h,, is a null-control, we have y,(T) = 0 and the duality formula (2.2) taken for u = uy
implies

T
(u(T), yn)L2(O,L) + / €0z uk(t,0)h, (T — t)dt = 0. (3.8)
0

£
’\kt

Since uy(t,0) = 0 (Dirichlet boundary conditions), we have d,uy(t,0) = e~ et (¥5)'(0). Moreover, we
have

€

i) 2 g 2%
(uk(T), yn) 20,0y = (€7 7= h(w)e = T, e 05 ooy =€ = "

These two identities together with (3.8) (and the change T — ¢ < ¢ in the integral) imply

Skm-

1(0)

T AL ez
hp(t)e= tdt = —————06ppn, forallkeN, 3.9
f; EEALORS (39

We next set for n € N
T .
0n(s) = Fhlon)(9) = [ hult)e e, s e C
0

which defines an entire function v, : C — C. Identity (3.9) reformulates as

,/\2 B e 2=
%G?>“d%%m%”




Moreover, writing f(s);+ = max{f(s),0}, we have for all T > 0

T
[un(s)] < T+ / | (t)|dt < T2 ™4 by || 120y,  for all s € C.
0

We now introduce the parameter B > 0. We define the entire function

gn :C—=C, gn(s):=v, (S —;B) :

From the above properties of v,, we obtain

1(0)

€ 2¢
gn(ibk) = —75]67", b, =\, + B, (310)
e(y5)'(0) *
together with the general bound
|gn(s)] < TY2e= @Bt | p || 2.0y,  for all s € C. (3.11)

Now, we want to apply the complex analysis Lemma 3.5 below with the following parameters:

ez:=FE+B>0,andz. ==X, +B—>zasec— 0",

® g := (gn,

log |gn (iy)| < T

e o =limsup, , m = according to (3.11),

e log|g(7)| < Cr :=log(T*?||hyp2(0,)) for all T € R, according to (3.11) (using that B > 0),

e by = X, + B and by := by for k < n and by := byy1 for £ > n (that is to say {by,k € N} =
{bi,k € N,k #n}). According to (3.10) applied with k # n, the sequence (by)ren satisfies g(ibx) = 0.
Moreover, the assumption (3.15) is satisfied with Z(s) := ®~1(7s) + B according to estimate (A.1) in
Theorem A.1. Note that this uses ¢ = %, that is to say ¢; = 0. We also recall that the function ® is
defined in (1.6).

Application of Lemma 3.5 implies

—_

T
(E + B) +1og(T"?|| hnl £2(0.1))

log |90 (X5 + B)| < =(~Th,p +0) + =

€

where we have set

z+E+2B
r—F

1 [t ot E+2B 1 [T
Tpp = I(E—i—B):;/ log‘ W)+ B+ ‘dy:—/ lo
0

o1(y) — B ™

’ ' (x)dx,
V(x0)

and, in the last expression used the definition of ® and the properties of V to write ®~1(0) = V(x¢) = min V.
According to (3.10) applied with k& = n, we also have

1(0)
€ 2¢

£(¢5)'(0)

Combining these two lines, we obtain,

log = 1og |gn (ibn)| = log |gn (i(X;, + B))|.

i(0)
e 2¢e

1

1/2
log| 57| < = (—~Te.5 + T(E + B) + ) + log(T"/* | hnl| £2(0,1))- (3.12)
—da,p(0)+6

Moreover, thanks to the Agmon estimate (3.3), we have, for ¢ € (0,2¢), |e(¢5) (0)] < e = . Asa

consequence, we have
|0 g, )-8 .
log |- | > 2 +dap0) =0 _ W) -5 (3.13)
£(¢5)'(0) € €
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Combining (3.13) together with (3.12), we finally obtain
1
log(T? || hn| 2(0.1)) > = (Wp(0) + Tp.p — T(E + B) - 20). (3.14)

Finally, assuming observability /controllability, Lemma 2.1 implies that the control cost (observability con-
stant) necessarily satisfies

C()(T 5) > ||h’ﬂHL2(O7T)

= ) that is, log Co(T',€) > log thHLQ(O,T) — log ||yn||L2(o,L) .
Hyn||L2(0,L)

Recalling (3.6)-(3.7) together with (3.14), we have now obtained, for € € (0,&¢) small enough

log Co(T, £) > é (Wi (0) + T — T(E+ B) — 35 — D — ),

which concludes the proof of the theorem. O
The proof of the above result relied on the following complex analysis lemma.

Lemma 3.5. Let Z : RT — RY be a continuous strictly increasing function such that Z~1 is locally Lipschitz
continuous on [Z(0),+00) and 4 € L*([1,+00[), and set

Z(y) +x
Z(y)—a

(which, under the above assumptions, is well-defined and continuous on RY). Let R : Rt — RT be an
increasing function tending to zero at zero. Then, for any x >0, 6 >0 D > 0, and any family (2c)e c(0,e0)
such that x. — x as ¢ — 0T, there exists g9 so that for any holomorphic function g on CT satisfying

—+o0
I'R—>R, I(z) :z/ log dy,
0

1. g is of exponential type on CT; we write o := lim SUPy ;400 logl‘zw < +00,

2. 7+ log|g(7)| is bounded above on R ; we write Cg := sup,.cg log |g(7)] < +o0,
3. g(ibg) =0 for any k € N* where by, = bi(¢) > 0 is a sequence such that

Z(ek — De) — R(e) < b < Z(ek + De) + R(e), for allk > D,e € (0,e0), (3.15)

we have

—I(x)+9

E +ox. +Cgr, foralle € (0,e0). (3.16)

log [g(iz:)| <

We first prove the following lemma, proving in particular that I(x) is well-defined and continuous.

Lemma 3.6. Given Z : Rt — Rt a continuous strictly increasing function such that Z~' is locally Lipschitz
continuous on RY and & € L'([1,+00l), the functions

Z(y)+b
Zly) a}dy’

d +oo
F(a,b,c,d) = / log }%} dy, Fo(a,b,c) = / log

are well-defined and continuous in (a,b,c,d) € R*, resp. (a,b,c) € R3.

Proof. Concerning first the function F, it suffices by linearity to check that fcd log|Z(y) — a| dy is well-
defined and continuous in (a, ¢, d). The change of variable formula for Lipschitz map (Z ! is locally Lipschitz
continuous) yields

d Z(d)
I(a,c,d) := / log|Z(y) — a|dy = / log |z —a| (Z7Y)(z)dx,

Z(c)

and that the left hand-side is well-defined /continuous if and only if so is the right hand-side. But the right
hand-side is well defined since (Z~1)’ is bounded (a.e.) on every compact interval and log |z| is integrable
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on compact sets. Let us now prove by hand that the right hand-side is continuous. Fix (a,c,d) € R? and
let € = (e1,€2,e3) — 0. We write

|Z(a +e1,¢+ea,d +€3) — Z(a,c,d)]

Z(d+e3) Z(d)
= / log |z —a — &1] (Z_l)’(x)dx—/ log|z —a| (Z7Y(x)dz| < I(e) + Lx(e) + Iz(e) (3.17)

Z(ctez) Z(c)
with

Z(ctea) Z(d+e3)

Ii(e) = / log |z —a| (Z7Y (2)dz|, Is(e) = / log |z —a| (271 (2)dz
Z(c) Z(d)
Z(cte2) g

Iy(e) = / log | 2= EL (271 (0)da
Z(d+es) r—a

We have I (g) + I2(¢) — 0 as € — 0 by dominated convergence, and it only remains to study I3(¢). Using
that (Z71') € L (R) and choosing D1, D € R such that a,Z(d + €3), Z(c + e2) € (D1, Ds) for all e

loc
D>
1_Lde+c/
T—a a

sufficiently small, we have
Assuming that €1 > 0 (the case e; < 0 is treated similarly) and changing variables in these two integrals
implies

D2 a

r—a—E¢&q €1

Is(e) <C de =C 1-— dx.

log log log

D, r—a D, xr—a

ds

Djl—a ds +oo
Ig(a)ngl/ |10g|1—s||s—2+051/€1 log 1~ 5]/ % (3.18)

— 00

Dg—a
Then, we write, for £; small

Hoe ds 1/2 ds Feo ds
e[ Moslt=sll G =a [ o lt-sll G b [ loglt-s 5.
€1 S Ela S 1/2 S

Do—a Do —

The function 2 [log|1 — s|| is integrable on [1/2,+00) and hence the second term converges to 0. For the
second term, we write |log|1 — s|| < K|s| (with K = 2log2) on [0,1/2] and thus

1/2 d 1/2 d D, —
51/ |10g|1—s||—§ Ssl/ Ks—j :K5110g< 2
c1 ] 1 s €1

a>—>0, as e — 0.

Ds—a Dy —

This implies that the second term in the right hand-side of (3.18) converges to zero. The first term is treated
similarly, and we deduce that I3(e) — 0 as ¢ — 0. In view of (3.17), this implies that Z(a, ¢, d) is continuous
on R3 and thus F is continuous on R*.

We now turn to the study of Fi,, and remark that it suffices now to prove that Fi(a,b,0) is well-defined
and continuous on R2. We have from the assumptions that Z(y) — +oco as y — +oo and thus

o2 (1 * Z?y;rf a)

2|a + b|
= Z(y) = lal’

log

MH: as y — +oo.

a+b
1+
Z(y) — Z

(y) —a

‘log ’
g((;’))ff;’ is integrable near +oco (integra-

bility on compacts sets has already been proved for F'). Moreover, its integral near infinity is continuous in
(a,b) by dominated convergence. This concludes the proof of the lemma. O

Since + is decreasing and in L'([1,+00)), we deduce that y — log

We now recall a classical representation theorem for the modulus of entire functions of exponential type,
which will be crucial in the proof of Lemma 3.5 below.
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Theorem 3.7. [K0088, Theorem p56] Let f(z) be entire and of exponential type and suppose that

/+°° log, | f(x)]

1322 dr < +00,

where log, (t) = max{0,log(t)}. Denote by {\,}, the set of zeros of f(z) in Im(z) > 0 (repetitions according
to multiplicities), and put

A = lim sup 28/ @)]
y—rfoo Y
Then, for Im(z) > 0,
1—z/\,

1 [t Imz

—eo 2T

—+oo
log|f(z)| = Almz 4+ Zlog N

n=1

Y

Proof of Lemma 3.5. We now prove the main statement of the lemma. We apply Theorem 3.7 at the point
ixe . Given that x. — x, we may assume that z. > 0, and have

“+o0 . +oo
x log |g(7)|
I = log | —— = — 3.19
oglg(ize)| = ;1 og p— +oxe + 7r / E—_ T, (3.19)

where (a¢)¢en is the sequence of zeros of g in C. := {z € C,Im(z) > 0} (repeated according to multiplicities).
We first estimate the third term in the right handside of (3.19) using Assumption 2, as

—+oo —+oo
Te log|g(7')| / C’R/ 1
. o < gl T2+x2d ] it =Ce (3.20)

— 00

The estimate of the first term in the right handside of (3.19) is more complicated. First, we notice that
since iz and a4 are in C,, we have |iz. — ay| < |iz. — | and thus log gi_ge ‘ < 0 for all £ € N. Therefore,
since {iby, k € N} C {ag, ¢ € N}, we deduce

Z log

LeN

(3.21)

‘ Zlog

keN

xg—"_bk

We can also assume without loss of generality that z. # by for all k& € N (otherwise, the left handside
n (3.16) is —oo and (3.16) holds true), and that the sequence (by)ren € (0,00)" is an increasing sequence.
Denote then N = N (¢) the integer such that

c<byo1 <by <x <byy1 <byja<--- (3.22)

Notice that since > 0, we have N(g) — 400 as € — 0 (see (3.29) below for a more precise estimate). We
are thus left to study

Z log

Using again that all terms in the sum are nonpositive, together with (3.15) and the fact that the functions

ce—b b
=5<+5s, with S<:= Z log <i —|—b:> , S5 = Z log (; +bk> . (3.23)

k<N k>N

s T2 (resp. s > Iie = <-) are decreasing (resp. increasing if z. > 0), we obtain respectively
Te — by xe — Z(ek — De) + R(e)
S< < Z 10g< d ) < Z 10g< ) (3.24)
Di<k<N Te + by Diighen z. + Z(ek — De) — R(¢)
(ek+ De) + R(e) — x.
S, < log ( ) lo ( (3.25)
g ,;V IDZN 2z + Z(ck + De) + R(e)
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Note also that by < x. implies Z(ek — De) — R(e) < z. and z. — R(¢) > 0 (for ¢ small enough), so the first
expression makes sense (the same applies for the other term). We may rewrite these two inequalities as

Se< Y fek), 8- <D (k)

D+1<k<N k>N

with

B x. — Z(es — De) + R(e) B Z(es+ De) + R(e) — x¢
f<(s) = log (3: + Z(es — De) — R(s)) o Sl =1 (33 ¥ Z(es + De) + R(s)) '

Note then that the function f< is negative decreasing, whereas f- is negative increasing to zero. As a
consequence, we have

N N NP x. — Z(es) + R(e)
S< < k:ZDH f<(k) < /D f<(s)ds = /O log (:v + Z(es) - R(E)) *
Te — Z(y + R(E)

1 E(N*D) )
== 1
e / 82+ ZW) - R(e)

1 < < E(N*D)
= IS with Ig = / log
0

_—g o

dy

ze + Z(y) — R(e)
Te — Z(y) + R(E)

dy. (3.26)

Similarly, we have

sox Y s [ pas= [ fog (2 HE 22 0

k=N+1 N+1 N+14+D T + Z(es) + R(e)

1 [t
= — / log
€ Je(N+1+D)

Z(y) + R(e) — e
ze + Z(y) + R(e)

1 e z. + Z(y) + R(e)
=—=I%_, with I{_:= / log | = 3.27
€ e e e(N+1+4D) & Z(y) + R(E) — Ze ( )
Combining (3.19)-(3.20)-(3.21)-(3.23)-(3.24)-(3.25)-(3.26)-(3.27), we have obtained so far that
) 1
log |g(iz.)| < oae + Cr — gu;,s +13,), (3.28)

and it only remains to study I]%’E, I .
Note that (3.15) applied to N and N + 1, and the definition of N in (3.22) yield
Z(e(N —=D)) — R(e) < by < <bny1 < Z(e(N+ 1+ D)) + R(e).
In particular, by continuity of Z, this implies that Z(eN) = Z(eN(e)) converges to = as ¢ — 0T, and hence
eN=eN(e) = Z *z), ase—0". (3.29)
Next, we define the function h. : Rt — R by

z+Z(y)—R(e)
z-—Z(y)+R(e)

re+Z(y)+R(e)
z-—Z(y)—R(e)

=log (%) , for Z(y) < z. — R(e),

he(y) := log 2.+ Z(y)FR(E)
he(y) :== 0, otherwise.

he(y) :=  log
= log (M) . for Z(y) > x. + R(e),

Recalling the definition of IJ%/,E’ I3 . in (3.26)-(3.27), we now have

Z~ " (ze—R(e))

/ log
e(N—-D)
e(N+1+D)

/ log
Z=!(ze+R(e))
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I]%,a + IJ?[,E _/0 hs(y)dy} <

+ , (3.30)




and now examine the convergence of the different terms involved. We shall prove that
—+oo
/ he(y)dy — I(z), ase— 0T, (3.31)
0

and that the right handside of (3.30) converges to zero. This, together with (3.28) will then yield (3.16),
concluding the proof of the lemma.
Let us now prove (3.31) by splitting the integral into the two intervals:

+o00 Z Y (x—R(e)) 400
/ he(y)dy :/ log dy—|—/ log
0 0 Z=1(z+R(e))

Lemma 3.6 implies the following convergence of the two integrals as e — 0T

+o0 Zfl(z) I—I—Z( +oco
y)
h ydy—)/ 1og‘7‘dy+/ log
/0 2 0 x—Z(y) Z-1(x)

ze + Z(y) — R(e)
Te — Z(y) + R(E)

ze + Z(y) — R(e)
Te — Z(y) + R(E)

dy.

x+ Z(y)
x—Z(y)

‘dy—f(fr),

which is (3.31).

We finally consider the right handside of (3.30). According to (3.29), both endpoints of these two intervals
converge to Z~!(z). Using again Lemma 3.6, this implies that the right handside of (3.30) converges to
zero, which concludes the proof of the lemma. O

3.4 Upper bound: Proof of Theorem 1.7

In this section, we give a proof of Theorem 1.7. In particular, we assume that f € C°°([0, L]), that Items 14
in Assumption 1.2 are satisfied, and that ¢ = % These assumptions are made so that to apply the spectral
results of Theorem (A.1), deduced from [Al198].

According to Definition 1.1 and Lemma 2.3, null controllability of (1.1) in time T is equivalent to having
for any yo € L?(0, L), the existence of h € L?(0,T) such the solution v to (2.10) satisfies v(T,-) = 0.

With the duality (2.11) this can equivalently be formulated as: having for any yo € L?(0, L), the existence
of h € L?(0,T) such that for all ¢, € L?(0, L) we have

T
0= (¢(T),v(0)) p2(o,1) + / €0,C(t,0)v(T —t,0)dt =0, or equivalently,
0

L T
0= / e 5 yo(x) (e_%PEC*)(x)dx + 5/ e_%h(T — )0 (e7 == om0, (3.32)
0 0
where ¢ solves (2.8) with ((0,z) = (. (z) = ef;z)uo(:v) and v solves (2.10).
With domain H? N H{ (i.e. Dirichlet boundary conditions), the operator P is selfadjoint on L?, with
compact resolvent. We introduce a Hilbert basis (¢§)sen of L?(0, L) such that

Pegp = Appi,  with  97(0) = @4 (L) =0, A < Mgy,

as in Theorem A.1.
We will need the following intermediate result, which we state on a time interval (0, 7) instead of (0,T)
for in the proof of Theorem 1.7, this control will be only used in part of the whole time interval (0, 7).

Proposition 3.8. Under the assumptions of Theorem 1.7, fix 6 > 0. Then, there exists g and C > 0 so
that for any 0 < e < eg, 0 <7 <71 and vy € L*(0, L), there exists a control h € L*(0,7) to zero of

(€0 + Pe)v=0, (t,xz) e (0,7)x(0,L),
o(t,0) = e 5 h(t), w(t,L)=0, te(0,7),
v(0,2) = vo(z), =z € (0,L).

with the control cost

2
C  at?+s | 5(0) A

[ e A P e

L2(0m) = ¢673 ,% (¢5) (0)[?

L
/0 vo(x)s, (z)dx (3.33)
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The proof consists in solving the moment problem obtained by testing (3.32) with ¢, ranging in a basis of
eigenfunctions of P.. It also relies on properties on P. described in Theorem A.1 (recall that our assumptions

imply ¢; = 0).

Proof of Proposition 3.8. According to (3.32) controlling vy to zero in time 7 is equivalent to having existence
of Z = h(r —-) € L?(0,7) such that for all £ € N,

10)

L T
0= [ u(o)pi@de + e (6 0) [ e
0 0

The idea of the moment method for finding such Z(¢) solving

. Y L
/ i(t)e Mdt = af, with of = —?—E/ vo () s (z)dx, (3.34)
0 )(0) Jo

i,

ge” 2z (¢f

is to construct it as a sum of biorthogonal functions (¥$);en € L?(0,7)Y, namely

T AE
=3 asus(t),  with /0 WE(t)e™ = Ldt = 5. (3.35)

jeN

Denoting z(t) := e~ Z(t/e), ¢5(t) = e~ 'W5(t/e) and f7 := e~ '{/A7, Equation (3.35) is equivalent to

()= Y asys(),  with /O G (s)e P ds — g1, (3.36)

jEN

For § > 0, Theorem A.l yields existence of 9,7 > 0 and N € N (all depending on 4) such that for all
0 < & < eg, the sequence (35 ),en satisfies

27
ﬁerl - BE Z m, fOI’ all f Z N, (337)

Biy1 —B; >~ >0, forallleN,

where T} is defined in (1.7). Proposition B.1 with vo = yields existence of C, g9 > 0 such that for

2
T1+6/2
all € < g, setting S5 := %(T1 + ), we can find a sequence (5 )jen satistying (3.36) with

C (16+58)53 2 C (16+8)53 AE 2§
2 TS j : L0708 2L
||Z||L2(O,ET) S (67’)3 e eT (65)262(62) €T|Of§|2 — (ET)BG et g 6_5627' = |a2|2 (338)
LeN LeN

Choosing now the numbers o5 as in the second part of (3.34), the function z satisfies the first part of (3.34),
and hence is a null-control for vy. Moreover, we can now estimate the last term in (3.38) as

L
Z/\a 27’*|a5|2 S Z /0 vo () pf (x)dx

LeN e = €6N| 904

2

Combined with (3.38), this yields

2
C (1s+a)sé

2
2032 0.r) < 2 N
neN

L
/ vo ()5, () da
0

This gives the result recalling that S5 = (71 +6) and ||h||i2(0,7-) = ||E||i2(077) =c ||z||i2(0757_) (up to changing
the notation for ¢). O

5

We are now in position to prove Theorem 1.7. We first take advantage of the natural parabolic dissipation
[LR95, Lis12, LL22a], and then use the control function constructed in Proposition 3.8.

Proof of Theorem 1.7. We construct a control function h(t) for Equation (2.10) under the following form
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e h =0 on [0,mT] and use dissipation;

e h as constructed in Proposition 3.8 on the interval [mT,T] (instead of [0, 7]; this is possible since the
equation is invariant by translations in time).
At time mT the solution of (2.10) is thus given by

A%
v(mT,z) = Z e” =Ty, 08 (x),

neN

where v, = fOL e~ 5 yo ()¢S dx. Moreover, using the Cauchy-Schwarz estimate, we have

i)

e “2e gpi

L2(0,L)
We then take this function v(mT,-) as an initial condition for the control problem on [mT,T]. On this
interval, we use the control function i furnished by Proposition 3.8. It satisfies Estimate (3.33) which reads

L 2

v(mT, x)es, (z)dx

C AT 45 | j(0)
h 2 <~ _e=(- T T E
H HL2(mT,T) = 56(1 —m)3T3e |

neN

4145 o) A5
< Gm _e=0 LTt e § : _em2EmT |y, |2

neN

1+5 2

2 Cm +1@ 72ﬁ T
||y0||L2(O)L) W es(I—m)T Z |€ = m

neN

F(x)
e %= g,

IN

L2(0,L)

2 Cm
< ”?JOHL?((J,L) 4T3

where we have denoted for 0 < 6 < 1 small

220 g1 A 228 (1-0)mT || — L2
A = e "= Be=sup——— e =+ (1=0)m Hei¥cpfz .
2 SR ) ) oy

We estimate A, and B. in Lemma 3.9 and 3.10 that we state below. Combined with the previous estimate,
it gives (for any d, Tinax, m > 0, existence of Cp,, g9 > 0 such that for all T' € (0, Tiax), m € (0,1), 6 € (0,1)
and all € € (0,¢9))

2

Cm 2D<m>
Hh||i2(o,T) = |‘h|‘i2(mT,T) < 954T3 Hy0||L2 (0,L) > (3.39)

with (recalling that Wg = da g + 1)

272
D(m) = 1 + sup |Wg(0) — E(1 — 0)mT — min WE] + 4,

(L=m)T" " p>E, [0,Z]

for a constant C depending on m, T, T1. This proves Estimate (1.9) in Theorem 1.7 after taking ¢ small

enough to absorb the polynomial loss, up to changing §. Estimate (1.11) in follow from optimizating in m,

'(x0)|?
2

see Section C.5. We take 6§ = § and first downgrade the exponential part by using £ > Ey = i to

277 |7 (x0)? :
< — — =z~ 7 —
D(m) < A—m)T (1-19) , mT + Es;go Wg(0) l[tnan Wg| + Co

277 [ (x0) | [ . } ~
< — m1 4+  sup Wg(0) — min Wg| + C.
(1-=m)T 4 Ecv([0,L)) =(0) oL

)

)

where we have noticed that Wg = /2 for E > maxjo ;V. As a consequence of this together with (3.39),
we deduce that we can infer T' > Typir if

277 [} (x0)|?
G(T) := min L — mIT +  sup Wg(0) — min W, < 0.
( ) me(0,1) ((1 — m)T 4 EeV([0,L]) E( ) [0,L] E

Lemma C.2 then concludes the proof of (1.11), and that of Theorem 1.7. O
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It remains to prove the two Lemmata estimating A, and B..

Lemma 3.9. Under the assumptions of Theorem 1.7, given Tmax > 0, there are C,eq > 0 such that for all
T € (0,Tmax), m € (0,1), 8 € (0,1) and all € € (0,20),

C
Al < —.
| |_9mT

Proof. Ttem 1, Item 3 and estimate (A.4), each one to the version adapted to Theorem A.1 give respectively
for € small enough and for some v > 0

/ 2
AG > @ —0=:As >0, together with A} | — A\ >ey2 >0.

In particular, this implies A, > As + ney2 and we can estimate

1
—2ny20mT __
|A€| S ZNe 2 - 1 _ 6_27297”'1"7
ne
whence the result by the mean value theorem. O

Lemma 3.10. For any § > 0, there exists ey so that for any 0 < & < g9, we have

|B:| < Ce2™ ", with F= sup (dA,E(O) — E(1—-0)mT — minWE) .
E>E, [0,L]

Proof. For any n € N and € > 0, we call E = \;. Estimate (3.4) in Theorem 3.2 yields ﬁ|(<pfl)’(0)| >

AE
e~ (da,£(0+9) ypiformly in E and e (for £ small enough). For the second term, we simply write ¢=27"(1=0)mT —

e~ 25(1-0mT The Jast term is estimated thanks to the Agmon type estimate (3.2) of Theorem 3.1 as

- min[(),L] Wg

<e €

L2(0,L)

(@) 9A.E
n e”: oy

(Ceat™

min[O,L] Wg 5
<e c ec.

L2(0,L)

L2(0,L)

The combination of these three estimates gives

_ @) 2

mi“[(),L] Wg
e 2e (Pi €

An —228 (1-9)mT
ECIIOES

Recalling (see Item 1 in Theorem A.1) that E > Ey — Ce? and taking the supremum over all E = X, yields
the sought result (up to a loss in §, we can take the supremum in E > Fj). O

< 2(da,B(0)+0) ,—22 (1-0)mT ,—2

L2(0,L)

S
e’s.

4 Explicit computations of the various bounds on an example

In this section, we provide with some explicit computation of the different bounds we computed in the main
part of the paper for concrete examples of functions §. For symmetry reasons, we shift the problem and
consider the interval (—L/2, L/2) controlled at the point —L/2.

For a > 0, M > 0, we choose

fl\i/[a(:v) =+ fow Vva2s? + M2ds = :l:MT2 fo% Vy?+1ldy = £5Va?a? + M2 + ]‘2/'[—; arcsinh(%2),  (4.1)

where we have used the identity

y 1
/ \/1+—t2dt =3 (ym + arcsinh(y)) . yeR
0

With this choice, we have fl\i/[la(a:) = +va?x? + M? on (—L/2,L/2). The potential

@B a2+ 2

Viw) i 4

(4.2)
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reaches its minimum at the point xg = 0 € (—L/2,L/2). We have chosen this example for the relative
simplicity of the computations and because the formal limit when a — 0% is the model with constant
transport term, well studied in the literature [CGO05, Glal0, Lis12, Lis14, Lisl5, DE19, AM19b, AM19a],
and the limit ¢ — 400 proves that Tynir can be much larger than the control/flushing time for the transport
equation with T; & ({ L/2}) (see [LL21]). Indeed, V is a constant plus a harmonic potential. The parameter

a will allow to stress the fact that the convexity is responsible for a concentration of some eigenfunctions

close to the minimum, which is not the case for the “flat potential” V = MT2 corresponding to the more

studied case f(z) = Mz [CGO05, Glal0, Lis12, Lis14, Lis15, DE19, AM19b, AM19a]. We now compute
explicitly of the quantities involved in the statements of Proposition 1.4 and Theorems 1.5-1.6-1.7.

4.1 Computation of T , 11,1 p,da g,
M,a

Lemma 4.1. For the function f = f]j\[/[a(;v) defined in (4.1), the minimal control time (or flushing time,
depending on the sign) for the limit equation (¢ =0) is given by

L (/2 =2 arcsmh (%) .

Lemma 4.2. Recalling the definitions (1.6)-(1.7)-(1.8), for the function f = ﬁ@a(x) defined in (4.1), we
have

2
Ty = 2 \/a2L2 /4 + M2 = /L2 + 4M2/ a2, (4.3)
a

| [OLAGEMY/A g9 9 [t e+ E+2B| . al
T p=— log| ———— |de + — log | ———— | arcsin | ————= | dz
M2 /4 r—F am Ja2L2/16+M?2 /4 r—F 2V 4x — M?

Moreover, we have

T — +00, T — 7TL,

a—0+ a——+00
L [+ 2+ M?+4E+8B
TE,B —)+ ﬂ 0 1 W’ dy < "’OO7 TE B a~>—>oo 0

with in particular lim, o+ Tg,,5 = 2V2M? + 8B (case E = Ey = MT2)

Note that the function in second integral in the expression of T p behaves like (z—(a?L?/16+M?/4)~1/?
near a’L?/16 + M? /4, like log(|z — E|) near E (if E is in the interval) and like 273/2 at 4o00. Therefore,
the integral is well defined.

Lemma 4.3. For the function f = ﬁ@a(x) defined in (4.1), the Agmon distance to the potential minimum
1112

is given by da g, (v) = 4.

Proof of Lemma 4.3. This follows from the expression (4.2) of the associated potential and the direct com-

putation
da,g,(x ‘ ‘/ aly| dy’
O
Proof of Lemma /.1. According to Proposition 2.6, we have the exact formula
L/2 ds L/2 dy 2 . alL
Tf/i = TIE N 2 27 = — arcsinh m 5
Mia —ry2 |fa1.a(8)l —L/2 \/ay? +M —aL \Jy?+1 a
where we have used
* d
S 2arcsinh(z), =z €R.
—x \/ y2 +1
O
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Proof of Lemma 4.2. According to (4.1), we have 4V (z) = |ff4,a(x)|2 = a?2? + M? and V(z) = \ &
a?x? + M? = 4\ & o = £Y¥2M2 anq it belongs to [~L/2,L/2] if 4\ — M? < a®L?/4. We rename
A =A()\) =4) — M? so that (1.7) and
¢
dy
————— = 2arcsin(t), te[-1,1]
/—t V1—19?

give

o if 0 < A < a®L?/4, we have x4 (\) = £ YA — L VA ‘/_ and (as for the harmonic oscillator)
At M2 A+ M? VA + M2 VA
)=2 dy =2n—— =4n—;
&V A- a2x2 1—92 a a
e if a2L?/4 < A, we have x4 (\) = £L/2 so that

L2 A+ M2 WA A+M2
)=2 A—a2x2d 1—
L2

4 A—‘_]wzacs' (aL) 4 arcsi < ) 2V
= ——— arcsin | ——= resin .
a 2vA m a

Coming back to (1.7), we finally obtain

A+ M2 . al \ vVA+ M?
Ty = sup T()\) = max sup 2r——— ; sup 4arcsin .
A>Eq 0<A<a2L2/4 a a2L2/4<A 2v/A a

The first function is increasing in A. The second function is decreasing in A (this is also seen directly from
the definition since if a?L?/4 < A and x € [-L/2,L/2], % =1+ % is decreasing as a function
of A, so that T()\) is actually decreasing). As a consequence, the maximum is reached at a?L?/4. As a

consequence, we obtain (4.3).
We now turn to the computation of ®(A) and recall (1.6

x4 (X) o4 (X) 242 1 M2
A) :/ \/)\—V(:v)dx:/ P Y
4
z_ () z_ ()
and use

¢
/ V1—y?dy =t\/1—t?+arcsin(t), te[-1,1]. (4.4)
—t

Hence, if A = 4\ — M? < a?L?/4, we obtain (as for the harmonic oscillator)

VA
1 a A [t T T M?
= — — a2x2 = — — 2 = — = _—
_2/_\{?\/1& a?x?dx 2@/_1\/1 y2dy 4aA a(/\ ),

while if A = 4\ — M? > a®L? /4, we get

L/2 Q\F al alL
d(\) = VA —a?z2der = — / V1—y2dy = ( 4A — a?L? + arcsin )
=3 L Y= % \an (2\/K)
= é 4A—a2L2+2—[:arcsin(%),

where we have used (4.4). The important quantity is mainly the derivative of ®:

(N =1 if0<4N— M2 <a?L?/4;
a

P'(N) = 48%<I>(A) = 2aulrcsim (%) = 2aurcsin (2\/%7]”2) if 4\ — M? > a®L?/4.
a a _
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Note that this is consistent with Lemma 1.9 stating that ®'(\) = ﬁT(A). From here, we may now

compute, with Ey = V(xo),

1 [t o (y)+ E+2B
T = — 1 d
BE 7T/o ? ‘ o-l(y) - E } Y

1 [T E+2B

— _/ log u‘qy@)dw
T JE, r—F

_1 /“””””M”ﬂog w‘dﬁz e og|ZHEH2B| o <7L) i
a Jarz/a z—F am Ja212/16+M?2 /4 x—FE 2v/4x — M?

This concludes the proof of the first part of Lemma 4.2.

To conclude the proof of the lemma, we now analyse the different asymptotic regimes. The limits for T;
follow from (4.3). For Tk, g, the dominated convergence theorem (see the arguments in the proof of Lemma
3.6 for an effective domination) implies that the first term in the previous expression converges to zero as
a — 0T, together with

L [t
lim Tg p(a) = —/ log

a—0+ ™ Jm2 /4

x4+ E+2B 1 dx_i/“olo
r—F A — M2 o 0

In the case E = Ey = M?/4, the integral simplifies to

24+2M? +8B L +oo
Q0 0

y*+ M? +4E + 8B
Y2+ M2 — AE

’dy.

241
t2

L [t
lim Ty, pla) = —/ lo
+ 0

a—0 2

L
‘dt = 5 V2M? + 8B,

where we have used f0+oo log ’ti—ﬁl’ dt =2 f0+oo 1J:t2 dt = 7 by integration by part.

We finally notice that in the limit @ — 400, both terms in the expression of T p vanish, using
|arcsin(s)| < |s|m/2. O

4.2 Computation of G| 5, =G| 7 and Gy g g,

Recall that the constants G| 5 ; = G 7 p and Gy ¢ are defined in (1.15). According to Theorem 1.6
and Lemma 1.12, we only need to compute the constant G1.6, g forE = Ey (which corresponds to the best
estimate). Lemma 1.12 also implies that in the present setting, G| 5 = G 7 i is independent of E by

parity arguments. We are thus left to compute only G 5 5 and G g g, - Recall also from (4.1) that fir o

is increasing and f,, , = —fLa is decreasing, which, according to Lemma 1.12, plays a key role in the
computations.

Lemma 4.4. For E = Ey and B = 0, we have:

o In case +:

G1.5,E0 = 07

al? L M? . al
G1~6;E0 = T - (g a?L? +4M? + % aI‘CSlnh(W)) .

In particular,

ML M?
G168 , 2~ 5 G1.6,E0~—%10g(a) —  —o00.

a—0t a—+00
e In case —:
L M?
G155, = g\/OLQL2 +4M?2 + S arcsinh(;—M),
al?
G165, = g

33



In particular,

ML al?
G1.5,E0 a‘>0+T, G1.5,E0 ~ ? a~>_<|)»oo +o00,
Gr6.50 , 2,0 Gl , 57 T°

Recall that in this situation T 5 5 = G 5 g, /Eo and Eg = M? /4. Moreover, Theorem 1.5 formulates
Tunit({=1/2}) 2 T1 5 g, = G1.5,5,/ Eo-

Proof of Lemma 4.4. Let us begin with the computation of G| 5 g, , following the simplifications of Lemma 1.12

using that ﬁ\tLa is odd. In case +, this lemma yields G| 5 = 0, and in case —, we have (recalling (4.1) and
that we are working on the translated interval [—L/2, L/2])

Glsp = —TiaL/2) = fl.(L/2) = EVaPLZ + 402 + A arcsinh(2L).

We now compute GI.G,ED- In case + using that fj\r/[)a is odd together with Lemmata 1.12 and 4.3 gives
2 2 . a
Gl = 205 (L/2) — flra(L/2) = £ — (LV@T7 T I + 2 arcsinh($5) )

Now, in the case —, using again that f,, , is odd together with Lemma 1.12, we obtain

2

Giop= 2dan(L/2)=*%.

The asymptotic behaviors follow from the fact that arcsinh(s) = s+ O (s®) near zero and arcsinh(s) ~ log(s)
near +00. O

4.3 Asymptotics a — +00

Recalling that arcsinh(¢) = log (¢t + v/1 + #2), we have in this case the following asymptotic behaviors as
a — +00:

e T ({—=L/2}) ~ast00 glogl@) __, (+ according to Lemma, 4.1, i.e. the limit transport equation is
vaa a a—+00

controllable in small time for large a.

o if we choose the sign — (note that in this case, the control disappears in the limit transport equation
and it is only zero on the right), then according to (1.16) and Lemma 4.4, we have

a L?

1
Tunie 2115 2 FOGLS’EO Na—too 5 — 400,

i.e. the minimal uniform control time tends to +oo for large a.

e if we choose the sign +, this is not useful since in this case T 5 p = 0 according to Lemmata 4.4
and 1.12.

4.4 Formal limit ¢« — 0%: comparison with the Coron-Guerrero case

The computations performed and the explicit constants obtained in Sections 4.1-4.2 do not apply to the
situation studied in Coron-Guerrero [CGO05]. The latter would correspond to the function ﬁ\iﬁa in (4.1) with
a = 0, and thus can be seen as a formal limit ¢ — 0 in Sections 4.1-4.2. Even if our results do not apply to
the case a = 0 and our study does not allow to make this limit rigorous, we believe it is worth computing
the limit of the different bounds we obtain in this asymptotic regime.

First, we notice that the (formal) limit @ — 0% in Lemma 4.1 yields the appropriate control/flushing
time for the limit equation:

L
T (=L/2}) = 47
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Second, we comment on the lower bound Tyyif > T g given by Theorem 1.6. According to (1.15)—(1.17),
this rewrites

Ti6= sup

G +T )
Ecv([o,0)),B>0 F+ B ( 1.6,E, Eo,B

According to Lemma 4.2 lim, o+ Tg,,5 = 2v2M? + 8B (here Ey = MTz) and according to Lemma 4.4, we
deduce that in the limit ¢ — 07T,

1 1 ML L
G1 ¢ T — [ —— + =V/2M2 + 8B
E0+B( 16,5+ EO’B)%M2/4+B( 2 T3 + )
2L
M2+4B( M+ V2 M —|—4B) (Case +),

1 1 2fL
\ - —\/2M?2 Y7 —
5 (CLm + Toon) = M?/4+ B ( A 83) rrip ()

Theorem 1.6 gives us that

lim 1nf Tunit,a > hm mf T 6.0 =

( M+ V2V M +4B) (Case +),

a—0 M2
2f 2L
liminf Typif,q > liminf T > Case —).
minf Tunita 2 imWET) 6, 2 =y (Case )
The maximum of z + —2L 4 V2 (for x > 0) is reached for z = 2M?, so the maximum of the first

expression is reached when B = M2/4 The second case is better when B = 0, so we get (1.20)—(1.21).

Let us now comment on the upper bound of Theorem 1.7 when @ — 07. The fact that T} N 400 as
a—0

stated in Lemma 4.2 suggests that the quantity 77 (which appears as the spectral gap of the 8, in (3.37)) is

not the appropriate one (at least in this regime). Indeed, in the case a = 0, the operator is P. := —¢20% + MTz
2
and the associated eigenfunctions are 17 = sin (k”) k € N*, with the eigenvalues \j = (EkT’T) + MTZ. In

particular (compare with Theorem A.1), one can check that the family e 1w/)\‘E does not have a uniform
(in €) gap. However, in this particular setting, this issue is solved by making a translation of the spectrum,

replacing A}, by Aj, — MTQ. From the control point of view, this only consists in making the change of unknown
u = e™" v and new control hy(t) = et h(t) inside Proposition 3.8.

The new family e~/ X5 — MTz then enjoys a uniform gap as in (A.2) with 77 = 2L. Hence, (A.2) (or
equivalently (3.37)) is fulfilled and our proof of Theorem 1.7 then adapts to this problem. The constants

involved are however slightly less accurate than those available in the literature [CG05, Glal0, Lis12, Lis14,
Lis15, DE19], and we therefore do not pursue in this direction.

A Some results from [Al198]

In this section, we extract and translate in our context some of the results of Allibert [A1198]. All along
the section, to match the setting of [All98]|, we assume that V' € C*([0,L]), and that Items 14 in
Assumption 1.2 are satisfied. We apply as a blackbox the results of [All98] and hence also have to assume
that gs = 0. We recall that the function ®(\) and T are defined respectively in (1.6) and (1.7).

The goal of this appendix is to deduce a proof of the following result from the results of [A1198].

Theorem A.l. Consider the operator P. := —&20% + V(z) + eq; + €W, with V. € C>=([0,L];R), W €
L>((0,L);R), acting on the space L*((0,L),dz), with domain H? N H}(0,L). Assume further that V
satisfies Items 1—4 in Assumption 1.2 and that ¢ = 0. Denote by (A},)ren, the sequence of eigenvalues of
the operator P, sorted so that \j, < A7, . The following properties hold true:

1. There is C > 0 such that we have V(x0) — Ce? < X§ and X, < X5, for all k € N and ¢ € (0,1).
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2. There exist D,Cy,e9 > 0 such that for all € € (0,e9) and k € N, we have

! (e(rk — D)) — Coe®? < X, < &7 (e(mk + D)) + Coe®/?. (A1)
8. For all § > 0, there are €9, N > 0 such that for all € < gy,

Y 27
)\ZJFI—\/)\ZZEm, fO’f’ CL”KZN (A2)

Moreover, there are €9,7y,v2 > 0 such that for all € < eg,
\ i1 — VA =ey >0, foralll €N (A.3)

Aiy1 —Ap > €72 >0, foralll €N. (A4)

To prove this result, let us now recall the setting of [Al198]. Allibert [A1198] considers on (0, ) for b > 0,
the operator

h? 1
PA” — 8 R(2) ou | + w5 U
(2)v/1+ R'(2) V1+R(z)? R2(2)
This operator is selfadjomt on the space L?((0,b), R(z)/1 + R'(z)?dz) with domain H* N Hg (O b), With the

assumption that z — 4 ( admits at ¢ € (0, b) a strlct nondegenerate minimum, and that & (c) < R2(b) <

1
R2(0)
The geometric quantities entering into the discussion are

n z4(X) 1
(I) ()\) = /Z ()\) vV 1 + RI(Z)2 )\ — mdz

T1A” sup TA”()\), TA” / \/HT dz.
\)

A2R2()

:u
IO
@

In this expression, z_(A) is the solution to m = A with z_(A\) < ¢ for A < RQ(O), and z_(A) =0 for

A> RQ( . Similarly, z4()) is the solution to W = A with 24 (A) > cfor A < 5 ( 5> and z4(A) = b for

)\Z RQ(

g

We want to compare this setting to the one considered here. Namely, we study the operator P, :=
/ 2
—e202 + V(x) + eq5, with V(z) = m and g5 = L — g, acting on the space L*((0, L), dx), with domain
H? x H}(0,L).

We define the increasing diffeomorphism

x:[0,b [0, L]

_)
z = w(z)= [ /1+ R(t)%dt

where we set L := fob 1+ R/(t)2dt. Given a potential V' € C¥([0, L]) satisfying Items 1-4 in Assump-
tion 1.2, the function R+(Z) := V(z(z)) satisfies the assumptions of Allibert [A1198] with ¢ given by z(c) = xo.

We obtain, with this change of variables, that ®4%(\) = ®(\), TA%(\) = T(\) and T" = Ty, where
®(N), T(N) and T are defined in (1.6)-(1.7). Note that z_(A) = x(2—(\)) and x4 (A) = z(z1(N)) in these
definitions.

)

TR0 so that the operator P;:‘” becomes
z

Moreover, under this change of variable, we have % =
h2
R(s)
1

where we have written R(z(z)) = R(z) (and hence V(s) = W)' This operator acts on the space
L?((0,L),R(s)ds) with domain H? N H}(0, L).

0s (R(8)0s+) + V (s),
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Now, observe that the map

T : L*((0,L),R(s)ds

L2((0, L), ds)

%
— Tu, with (Tu)(s)=R(s)zu(s)

is an isometry and the conjugated operator of ﬁ@s (R(8)0s-) is

: Sy =RV2 (L —1/2 _ 2
T <R(s)8s (R(s)0s )> T 'u=R R(S)as (R(S)as(R u)) = 9%u — Viu,
R/ (s)? R (s
where Vi (s) = _% R((s))2 + %R(s()g'
We thus obtain
Pr 1= TPIT ™ = =20} + V(5) + B*Vi(s). (A5)

This is almost the operator we consider, except for lower order terms.
Then, Allibert [A1198] describes the spectrum of the operator PA!:

1. he constructs in [All98, Lemmata 6-7 and Section 3.1.2] approximate eigenvalues and eigenfunctions.
The approximate eigenvalues are O(hg/ 2) close to real eigenvalues;

2. he proves in [All98, Section 3.1.3] that the sequence of real eigenvalues constructed in the first point
actually contains all eigenvalues (using a Sturm-Liouville argument); in particular, the spectrum is
simple;

3. he computes in [Al198, Section 3.1.4] the spectral gap (using the explicit expression of the approximate
eigenvalues).

We first collect the following properties of P, from [Al198].

Theorem A.2. Consider the operator P. acting on the space L*((0,L),dz), with domain H? N H}(0,L).
Denote by (X, )ken, the sequence of eigenvalues of the operator P., sorted so that \j, < Nig1- Assuming
that V€ C*°([0, L]) satisfies Items 1—4 in Assumption 1.2, then Items 1, 2, 3 of Theorem A.1 hold for the
eigenvalues (A])ken of Pe.

Note that a much finer property than (A.1) is actually proved in [A1198], but this weaker form is sufficient
for our needs.

Proof of Theorem A.2 from [All98]. The first lower bound in Item 1 comes from
(Peu,u)rz > (V(xo) — [VillLee?) [Ju]Ze,

and the simplicity of the spectrum from the fact that we consider Dirichlet boundary conditions (hence, the
space of solutions to the ODE eigenvalue equation has dimension one).

Let us now explain how Item 2 is deduced from [Al198, Lemme 6 and Lemme 7]. Firstly, note that these
properties concern the eigenvalues of the operator PSA”, which, according to (A.5), are exactly those of P..
Secondly [Al198, Lemme 6 and Lemme 7] prove the existence of a sequence iy  such that

B(jin.e) = ek +£O(e, ), (A6)

where © : [0,1] x RT — R is a uniformly bounded function, and an eigenvalue of P, 5\2 € {A\},¢ € N}, such
that [A] — pr.c| < Coe®/2. Then, in [Al98, Section 3.1.3], he proves that the set {)\5,¢ € N} constructed
that way coincides with the spectrum, that is A\;, = A7 for all £ € N. This implies

pre — Coe®? < X5 < i + Coe®/? (A7)

We set D := sup(. ,yecj0,1]xr+ |O(€, )| As a consequence of (A.6), (A.7), together with the fact that ® is
increasing, we obtain
) =ekm +€O(e, pr,e) < e(km + D)

(A — Coe®/?) < ®(
ol ) =¢ekm +€O(e, pre) > e(km — D),

Hk,e
(I)( i + 0053/2) > (,Uk,s
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which proves (A.1).
Finally, concerning Item 3, (A.2) and (A.3) are proved in [All98, Proposition 2 p 1511 and Section 3.1.4].
The last estimate (A.4) comes from

Nop1 —Ap = (, /A1 — \/)@) (,/)\ZH + \/)\j) > €724/ A§ > 2ey (V(xo) — 052) ,
where we have used (A.3) together with Ttem 1. (]

We now deduce from this result for P, a proof of Theorem A.1, that is, prove that the same properties
hold for P..

The proof of Theorem A.1 from Theorem A.2 consists in a classical perturbative (deformation) argument,
and relies of the following lemma.

Lemma A.3. Let H be a Banach space, and (P(t));e(0,1) € L(H)%Y be a family of projectors (in the sense
that P(t)?> = P(t)) having finite rank r(t) € N, and such that the map t — P(t) is continuous [0,1] — L(H).
Then, all projectors have the same rank, i.e. r(t) =r(0) for all t € [0,1].

Proof of Theorem A.1 from Theorem A.2. We write W = W — V; and set
Ac(t) := (1 —t)P. +tP. = P + te®W.

We denote by (Af)ren the spectrum of P., which satisfies Items 1, 2, 3 of Theorem A.1. We have, for
z ¢ Sp(Pe)

z—Ac(t) = (2 = Po)(Id—(2 — Pa)_1t£2W). (A.8)
Next, we remark that for all t,e,z such that |t|e?||(z — PE)’1||£ HWH < 1, the operator (Id—(z —
Pg)_ltEQVT/) is invertible with

oo

(Td—(z— Ps)fltEQVV)il _ Z (th(z - Pg)*lﬁ/)n
n=0
[(1d (=Pt < 2 (12 1= =P ] )"

< ! —
1= [t]e2 (= = Po) 7l W)

Recalling that [|(z — Aa(t))’luﬁ = m for z ¢ Sp(A.(t)) (since A.(t) is selfadjoint) together
with (A.8), we deduce

z & Sp(A:(1)),

1z = P 7] <1 = { (6 AT = (e =P M) TP ()
0 _ —1 Zre
H(z Ac(t)) H£ S 1—|t\a2|\(z—P5)’1||§||WHOO,

and hence
e HwHOO < dist(z, Sp(P.)) = dist(z, Sp(P.)) < dist(z, Sp(A(£))) + |t]e2 kuw
Now taking z = v.(t) € Sp(A.(t)) implies that
dist(v.(t), Sp(P.)) < |t]e? kum . (A.10)

We now recall the gap property (A.4) of the spectrum (A$)ren of the operator P., and define the contour
(oriented counterclockwise)

P =9B(, 2.
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According to (A.4), these sets are disjoint and each contains exactly one eigenvalue of P.. We define the
associated orthogonal projector onto ker(P. — A%) by

H :/ (z—P.)tdz
I
As a consequence of (A.10), we obtain that for all ¢ € [0,1] and all € € (0,e0) with g such that &3 HWH <

Y2€0
3

, we have

LENSp(A-(8) =0, Sp(A-(1) < | BOG, 0.
keN

In particular, we can define the orthogonal projector onto the spectral subspace of A.(t) associated to its
eigenvalues inside I'},, namely,

I3, (¢t) = / (z — A(t)) " dz
I3
(hence II5 (0) = II%). According to (A.9), we have the uniform bound for z € UgenI'g,
[z =P) |
1—22 |z — Pl ||

Iz = Ao~ <

for t € [0,1] so that ¢ — II5 (¢) is continuous [0, 1] — £(L?). According to Lemma A.3, we obtain Rk(II (¢)) =
Rk(II5) =1 for all ¢t € [0,1]. As a consequence, for all ¢ € [0, 1], A-(¢) has a single eigenvalue A (t) inside
I's, having multiplicity one. Moreover, from (A.10) we have |5 (t) — \5| < |t|e? HVNVHOO

Items 1, 2, 3 of Theorem A.2 being satisfied by Aj, they are thus satisfied as well by Af(¢) for all
t €[0,1] and € € (0,&p) for g¢ sufficiently small. Note that we use that s — /s is uniformly Lipschitz on

[V(x0) — Ce?, +00) thanks to Item 1 in Assumption 1.2 and an appropriate choice of g9. This yields the
sought result in case t = 1. O

We finally prove Lemma A.3, which is a consequence of the following remark.

Lemma A.4. Let P; and Ps two continuous projections with finite respective rank r1 > r9 in a Banach H.
Then, ||P1 — PQ”H_)H Z 1.

Proof of Lemma A.4. We define Hy (resp. Hs) the range of P; (resp. P») which are spaces of finite dimen-
sion. We define the application F' : H;y — Ha, defined by F(x1) = P2(x1). By the rank-nullity theorem
and the assumption 71 > rp, we have dimker(#) > 0 and there exists x; € H; with [|z1||; = 1 so that
P>(xz1) = 0. But since 21 € Hy, ||Pi(z1)]|y = |1/l = 1. This gives the result.

Proof of Lemma A.3. given t € [0,1], there exist 6 > 0 such that for all ' € [0,1], |t/ =t < § =
|P(t'") — P(t)|l y_ g < 1/2. This implies that r(t') = r(t) for all ¢’ € [t—9,t+6]N]0, 1] (this would otherwise
contradict Lemma A.4 since we assume that all projectors have finite rank). A connectedness argument
concludes that r is globally constant on [0, 1]. O

B A moment result

The purpose of this Section is the proof of Proposition B.1 below which may not be new, but for which
we did not find any reference, especially for the uniform dependence of the constants. The study of of
biorthogonal sequences and their application to controllability of parabolic equations is classical and dates
back to Fattorini-Russell [FR71, FR75]. We also refer to Hansen [Han91], and Ammar Khodja-Benabdallah—
Gonzélez Burgos—de Teresa [AKBGBdAT11]. At the time of writing this article, Cannarsa, Martinez and
Vancostenoble [CMV20] obtained results close to the one we obtain in this section. We have chosen to keep
this section since our method seems simpler, with a slightly more explicit constant. Our proof relies on
an Ingham inequality, see e.g. [Har89, KLO05], together with a transmutation argument due to Ervedoza-
Zuazua [EZ11Db].
The main result of this section is the following proposition.
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Proposition B.1. For any v.c >0, v > 0, N € N and any S > %o and € > 0, we can find a constant
C = C(Y0,7, N, S,¢) > 0 so that for any sequence (Bn)nen+ satisfying

1. Bpy1 — Bn > for alln € N* and 51 > 7,

2. Bn+1 — Bn = Yoo for any n € N* withn > N,
and for any 0 < T < 1, there exists a sequence of functions (un)nen+ € L2(0,T)Y so that

1. for any l,n € N*, we have fOT un(t)e*ﬁftdt =dn,

2. For any (an)nen+ So that ﬁ%eBZTan € (?(N*), we have
C  (6+o)s? 2
||Z||iz(01T) < T3¢ T Z B2e*nT\a, |2, with 2(t Z A (t
neN* neN*
Our proof relies on the following classical inequality due to Ingham-Haraux [Har89, KL05].

Theorem B.2 (Ingham-Haraux). For any ve > 0, ¥ > 0, and N € N and any S > ,3—’7, we can find a
constant Co = Co(Yoo, v, N, S) > 0 so that for any sequence (ur)rez satisfying:

1 pgyr — e =y for all k € Z,
2. k1 — Pk 2 Yoo for any k € Z with |k] > N,

s

for all (ay)rez € (*(Z) with finite support.

then, we have

2

E apets

keZ

E apetrs

keZ

ds

SSZ|ak|2§00/

keZ

Note that in these estimates, only the length of the time interval (0, S) is relevant; under the assumption
that .S > - the conclusion holds with the integrals over (0, S) replaced by integrals over (—S, S).

Corollary B.3. For any yoo > 0, v > 0, N € N and any S > 'yi’ we can find a constant Cy =
Co(Yoos v, N, S) > 0 so that for any sequence (Bpn)nen+ satisfying Item 1-2 of Proposition B.1, there exists a

N*

sequence of functions (vn)neny € L2((=S,9))N so that

s
/ vn(s)sin(Bis) ds = 6y, for alll,m € N*,  and

-5
2 2
/ S bava(s) ds| < 3 Jbal? gco/ S bovas (B.1)
P IneN* neN* —*° IneN*
for all (by)nen- € 2(N*).
Proof. For k € Z, we set py, := B if k> 0, pup := —fB_x if k < 0 and po = 0. That the sequence (uk)kez
satisfies the assumptions of Theorem B.2 readily follows from the assumptlons
Given (by)nen- € 2(N*), we define for k € Z, ay, := 7 if k>0, a:= ——i if Kk <0andag:=0. We

have
; br b_x
g apet s = E ?ezﬁks— e WPrs — g by, sin(Bns)
]
kez keN* neN*

Theorem B.2 (applied on the time interval (-5, 5), of length > = ) gives

/ stmﬂn ds§Z|bn|2§CO/ stmﬂn

neN* neN* neN=
In particular, the family (sin(8,5)),,cy forms a Riesz basis of the space it spans in L?(—S,S). Lemma B.4
below in H = L?(—S,5) yields the existence of a biorthogonal family (vy,)nens to (sin(B,8))nen+ satisfy-
ing (B.1) for the same constant Cjp. O
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To deduce a proof of Proposition B.1, we now construct from the sequence biorthogonal to (sin(8,,$))nen=
in L?(—S,5), a sequence biorthogonal to (e’ﬁit)neN* in L%(0,T) satisfying precise bounds. To this aim, we
use ideas coming from transposition from heat to waves, see [Mil06, EZ11a, EZ11b], and more precisely a
kernel constructed in [EZ11b].

Proof of Proposition B.1. According to [EZ11b, Section 3.1], given a > 252, there exists a kernel function
kr(t,s) € C>(R?) solution to

Oikr(t,s) + 0%kr(t,s) = 0, forse(-S,9), te(0,7),
(hr(t,5), ek () oo = (0,e72(H+75)) (B.2)
kT(tv S)|t:0 = kT(ta S)|t:T = 0, Supp(kT) C [OvT] x R.

and such that [EZ11b, Proposition 3.1] for all 6 € (0,1) and all (¢,s) € (0,T) x (=S, S), kr satisfies

ket 5)] < Is]exp (m <F - ﬁ)) | (B.3)

Let (vp)nen+ the sequence given by Corollary B.3. We define w,, € C*°(R) by

S
wp(t) := /75 kr(t, s)v,(s)ds, suppw, C [0,T].

T T S S
w 6_612’5 = s)v 56_612’5 s = Un (S s)ds .
/O (et / /_Skm, Jon(s)e P dtd /_S () fi(s)d (B.4)

where we have set fi(s) = fOT kr(t, s)e=Pit dt. Using (B.2), we have for s € (=5, S)

T o2 > T > r 2
) = / ka(t, S)e_BLt dt = —/ E[kT(t, S)]e_ﬁlt dt = —ﬂ?/ kT(t, S)e_r@z tdt = —B?f[(s),
0o 0s 0 0

where we have performed an integratlon by parts usmg the zero boundary conditions of kr at ¢t = 0 and
t = T. Noticing that f,(0) =0 and f/ (0 f e~ t75) e=Bitdt, using (B.2), we obtain

We compute

1

T
fi(s) = ¢ sin(fs), with ¢ = ﬂi/ e—oitr5) =it g, (B.5)
LJo

In particular, using the definition of v,, in Corollary B.3 together with (B.4), we have

T s

/ wn(t)e_ﬂ?tdt = cl/ vn () sin(Bys)ds = ¢iony, n,l€ N
0 -5

Therefore, defining u,(t) := ¢, *w,(t) for any n € N*, the sequence (u,)nen+ forms a family biorthogonal to

(e‘ﬂ?t)leN* in L2(0,T), which proves Item 1 of the proposition. It only remains to estimate u,, to conclude

the proof, that is, estimate cfl. We have, performing the change of variable o = % — 1, for all v € (0,1),

T v
/ efa(%ﬂLT 7 — _/ 1 (,2 d0>% 6_4%(1 ”2)d0'>TV€ %(ﬁ)
0

—V

-1/2 1

and thus, with v = (1 + %) , we have —» =1+ % and this lower bound reads

T
0

for T € [0,1]. As a consequence, with ¢; defined in (B.5), we have the rough esimate

—1/2

Tl—t)dtzT(HT) e F > o2

T 3/2
o > ﬁle*ﬁ?T/ eo(3tm=) gt > C—Tﬁ e PiTe % (B.6)
1 0 1
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Finally, for a finite sequence (a,)nen+ (see below for a definition) and b,, = ¢, 'a,, we write

z(t) = Z anun(t) = Z bpwn (¢ / Z kr(t, s)bpvn(s)ds.

neN* neN* ’ﬂEN*

By Cauchy-Schwarz inequality in L?(—S,S), we deduce

2
T
||2H2L2(07T) = / (/ ZthS nUn (8 )d5> dtﬁ/ ||kT(ta')||iz(_ss/ Zb vn(s)| dsdt
TLGN* 0 - neN*
< G / Ve (t, ) 2as sy dt S bal.
neN*

after having used (B.1). Then, we fix o := 25%(1 + ¢) for € > 0, and next € (0,1) close to 1 so that
s2

fix § €
§/(1+6) < 2and S?/6 < a/(1 +6), and by (B.3), |kr(t,s)| < Se” (5 %) < S uniformly in T' € [0, 1].
Therefore, we obtain

C sa C 1652040
21320y < C Y ellanl? < g > B2e2iTa,|? = T S B2 T|q,
T T
neN* neN* neN*

after having used (B.6). O

We have used the following classical lemma that we state and prove only because we did not find any
reference precising the constants involved. The proof we present is taken from Gohberg-Krein [GKG69,
Theorem 2.1 p310].

In the following, we shall say that a sequence (ay)ren is finite if ax, # 0 for only a finite number of indices
k eN.

Lemma B.4 (Biorthogonal family with explicit constants). Let H be a Hilbert space with norm ||-||,
C1,Co > 0 two constants, and (pr)reny € HY a sequence so that
2

Zak<pk < Z |ak| < Oy Zakwk

kEN g keN kEN

(B.7)

for any finite sequence (ar)ren. Then, there exists a sequence (Vi )ren in Spaliey @k So that

(<Pkﬂ/)n)H =0kn, forallk,neN,

and
2

<> a)? <7

H keN

> ariy

keN

> akibk

keN

for any finite sequence (ax)ken-

Proof. Let (er)ren be an arbitrary orthonormal basis of the Hilbert space H = Span,cy @ endowed with
the norm ||-||z = ||-|| ;. We define two linear operators, A on spancyex and A; on spangcy @x, by

A(geer) = (o) 4 (Soen) = (o)

for finite sequences (aj)ren. Note that it is uniquely defined thanks to the orthogonality of the family
(er)ren and Assumption (B.7). Assumption (B.7) actually gives more precisely
2

A (Z akek> < C ! Z |ak|2 Z aper
keN

)

keN keN
2
2
1 (E ak@k) = E:akek E lar]” < Cy E arPr
keN H keN H  keN keN
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In particular, A and A; can be extended uniquely by uniform continuity to H (recall that Span,cyer =

H = spancy pr by definition) with ||Allz 7 < Cp /2 and lAillg_ 5 < Cl/ . Moreover, they satisfy
AA; = AyA=1dg. Then, we define v, := Aje,. Wlth this definition, we have

(O, Un) g = (o, Alen) g = (A1¢r.en)y = (€k,€n) y = Ok

Moreover,
2
Zam - (z) T P e S
keN keN keN H keN
2 2
Sl = |t (Soner)| <10 S| < zam ,
keN keN H keN H keN
which concludes the proof of the lemma. O

C Proofs of technical results

In this section, we provide with proofs of some technical results stated in the introduction.

C.1 Proof of Lemma 1.9

Proof of Lemma 1.9. Note that for F > minV = V(xg), ® is differentiable at all points where z_ and x4
are, that is for £ € R\ {V(L),V(0)}, with

=4 (E)
P'(E) =2/ (E)VE -V (z4(E)) —2_(E)\/E-V(z_(E)) +/

1

———ds

v (B) 2V E—=V(s)

/OH(E) 1 1

= dS = T E .
e (B) 2/ E—=V(s) AWVE (E)

As a consequence, we have (<I>(E2))/ =2E®/(E?) =

C.2 Proof of Lemma 1.10

Proof of Lemma 1.10. Hence, Ty (defined in (1.7)) and T p (defined in (1.8)) are linked by: (recall Ey =
V(xo) = lf'(?)\z)

Tep = %/VJ(FXO) log [ =1 == 2}3223 } ' (x)dr = %/VJ(FXO) log |2 j;%EZB‘ Z\(/—)d <TI'(E,B,V(x0)),
with 1 [t |z+E+2B| 1 1 [T |y*+E+2B
F(E,B,Eo)—;/EO log — & ‘4\/56133_%/\/157 W‘dy
Changing variables in this last integral, we obtain
T(E, B, Ey) = EO (,/E”B \/;0> with  To(a, 8) = /:OO log v +gz

‘We have obtained

TvE, E+2B [E
< -V _
Tep < —5 FO(\/ B, VE )’
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and we now compute I'g(«, 3) for a, f > 1 (since E > Ej). We set, for o, 5 > 1

Foly) =y (10g(y2 + a2) — 2) + 2avarctan (%) , yeR,

G5 (y) :=y (log(8* — y*) — 2) + Blog <§—J—FZ) , 1<y<p,

and notice that F/(y) = log(y® + a?) for all y € R, (ng)'(y) = log(y? — 8?) for all y > B and (G5)'(y) =
log(82 —y?) for all 1 <y < 3. Moreover, we notice that lim,_, 5+ ng(y) = 2B(log(26)—1) = lim, ,5- G5 (y),

and thus G := 1(_00,5)Gg + 11[,6)+OO)G;§ is continuous. As a consequence, we can compute explicitly for
a,f>1

Lo(a, B) = [Fa(y) = GsW)];” = lim (Fa(y) — G5 () — (Fa(l) = G5 (1)) = ma — Fa(1) + G5 (1)

y—>—+o0

= ma — log(1 4+ a?) — 2a arctan (1> +log(5* — 1) + Blog (%) ’

which is the sought result. O

C.3 Proof of Lemma 1.11

Proof of Lemma 1.11. Note first that, recalling that Wg = %—I—dA,E and V[/;E = %—dA_E, and that dy g =0
on Kg, we obtain

min Wg < min Wg = min WE < sup WE,
(0,1] Ke Kp [0,L]

and thus (1.18) holds true. Next, according to Lemma 1.10, the quantities S| g 5 5 and Sq 7 are linked by

E+2B E
"\V 7 E VE )’
: E+B (5128’ A%
As a consequence, using that 2 B = ( o ) + ( E_o)
S1.6,E,B Ey S17 1 E+ 2B F 517 1 1
< : Lo/ =\ | < up ———sLo(a, f).
E+B ~ E+B Ey 472 Fy Ey Ey 2mfa>/a>1a +5

Note that the supremum is actually a maximum according to Lemma 1.10, whence (1.19). O

S
0= 51.5 < SI.G,E,B =Tep < 4 L7

C.4 Proof of Lemma 1.12

Proof of Lemma 1.12. We write f = +g with g strictly increasing [0, L]; the case f increasing (resp. decreas-
ing) will be denoted the case + (resp. —) and in both cases we have g’ > 0.

Note that we only need to prove the result in the case E € V ([0, L)), for if E > maxV, we have da. g =0
identically on [0, L] and thus Wg = Wg = i and the result follows.

For E > Ey, we recall that x4 (E) are deﬁned Just after (1.7). Outside of K = [z_(FE), x4 (E)], we have

dy p(x) =4/ L9’ (4)‘2 E for x > x4 (E), and d/y p( —1/ ‘g I® _ F for x < x_(E). As a consequence,

recalling the definition of Wg in (1.4), we have
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Outside of Kg = [x_(F),z4+(E)], we always have 0 < ,/1 — \q'%f)lz < 1, so that for = € [0,L], Wg is

increasing in the case + and decreasing in the case —.
Concerning Wg(s) = %(s) — da g(s), we compute similarly

N

W;(a@) _ ig’éz + \g/(j)l2 _E— g/gﬂ) (:I:l +./1— ﬁ) for z < z_(E),
17[/\;;/(:5) = :I:g/;z) for z € [x_(E),z4(E)],
VT/EI(I) _ ig/;z) _ ‘QI(Z)P _E— g/éx) (:I:l _ /1= ﬁ) for > x4 (E).

So, as for Wg, the function W\;(s) is increasing on [0, L] in the case 4+ and decreasing in the case —.
To summarize, in the case +, we have

min Wg = Wg(0);  sup Wg = Wg(L);
[0,L] [0,L]

while in the case —, we have

min Wg = Wg(L); sup Wg = Wg(0);
[0,L] [0,L]

The statements concerning G 5 y = G1 7 p = Wg(0) —minj 1) Wg = 0 and G g 5 = Wg(0) —supyg 1 Wg
are then direct consequences of the above results.

Concerning the last properties of these functions, we notice that d4 £(0) and d4 g(L) are non-increasing
functions of E. This proves that G| 5 is non increasing in both cases.

Finally, if ¢ is odd, then ¢’ = |¢’| is even and d4 g is even. All sought simplifications follow. O

C.5 Elementary computations

We collect here two elementary lemmata, that are used in the proof of Theorem 1.7.
Lemma C.1. Let a,b > 0, and set F(m) := Ty — bm form € [0,1). Then,

e if a < b then, min,,coq) F(m) = F (1 — \/%) =2vab —b;

e if a > b then, min,,c(o1) F(m) = F(0) = a.
Proof. WesimplywriteF’(m)zﬁ—bZO@(l—mﬁg%@1—m§ ﬁ@le— . O
Lemma C.2. Let a,b,c > 0. Let G(T) = min,¢[o,1) m —bmT + c. Then,

. . a ¢
G(T) <0 ifandonlyif T> 2\/;4— 5

Proof. In the case a > bT?2, it follows from Lemma C.1 that G(T) > 0. In case a < bT?, we have from

Lemma C.1 that G(T') = minp,¢[o,1) =y —bmT +c= 2v/ab — bT + ¢ which gives the result. O
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