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A fractal model for effective excess charge density in variably saturated fractured rocks

A conceptual model is proposed to describe effective excess charge density in fractured media • The model is based on physical principles and a fractal description of fracture networks • Model expressions in terms of hydraulic variables are identical to those obtained for classic porous media

The streaming potential is the contribution of the self-potential signal that is generated by fluid flow. One of the first experimental evidences of the electrokinetic potential generated in fractured rocks is associated with earthquakes. Anomalous variations of self potential have been observed prior to the occurrence of earthquakes [START_REF] Sobolev | Application of electric method to the tentative short-term forecast of kamchatka earthquakes[END_REF][START_REF] Corwin | Self-potential variations preceding earthquakes in central california[END_REF]. [START_REF] Mizutani | Electrokinetic phenomena associated with earthquakes[END_REF] proposed an electrokinetic mechanism for these variations induced by diffusion of groundwater into the dilatant focal region.

Then, [START_REF] Yoshida | Electric potential changes prior to shear fracture in dry and saturated rocks[END_REF] provided strong evidences of an electrokinetic origin by demonstrating that self-potential markedly changes prior to rupture in saturated basalt specimens, whereas no signal is detected in dry basalts. More recently, researches have shown the interest of in situ streaming potential to detect flow in fractured groundwater reservoirs (e.g., [START_REF] Fagerlund | Detecting subsurface groundwater flow in fractured rock using self-potential (sp) methods[END_REF][START_REF] Maineult | Anomalies of noble gases and self-potential associated with fractures and fluid dynamics in a horizontal borehole, mont terri underground rock laboratory[END_REF], identify the orientation of hydraulically active fracture [START_REF] Wishart | Self potential improves characterization of hydraulically-active fractures from azimuthal geoelectrical measurements[END_REF][START_REF] Wishart | Fracture anisotropy characterization in crystalline bedrock using field-scale azimuthal self potential gradient[END_REF][START_REF] Roubinet | Streaming potential modeling in fractured rock: Insights into the identification of hydraulically active fractures[END_REF], or to localize water leakage resulting from hydraulic fracturing [START_REF] Revil | Passive electrical monitoring and localization of fluid leakages from wells[END_REF].

The aim of this study is to develop a fractal-based model to describe the electrokinetic coupling phenomena in fractured media using the effective excess charge approach (e.g., [START_REF] Revil | The self-potential method: Theory and applications in environmental geosciences[END_REF][START_REF] Jougnot | Modeling streaming potential in porous and fractured media, description and benefits of the effective excess charge density approach[END_REF]. This is a key parameter to calculate streaming potential, that is, the contribution to the self-potential signal due to the drag of electrical charge by water flow inside fractures. The fracture surfaces are usually electrically charged and form electrical double layer (EDL) at the solid-water interface (e.g., Leroy & Revil, 2004). This layer contains an excess of charge in water that compensates the charge deficiency of the fracture surface. The EDL can be decomposed into the Stern and diffuse layers. The Stern layer is very thin and contains only counterions that cover the mineral surface. The diffuse layer contains an unbalanced amount of counterions with a net excess charge. The streaming current is generated by water flow inside fractures that drags a fraction of this excess charge. Following the approach originally proposed by [START_REF] Sill | Self-potential modeling from primary flows[END_REF] and modified by [START_REF] Kormiltsev | Three-dimensional modeling of electric and magnetic fields induced by the fluid flow movement in porous media[END_REF] and [START_REF] Revil | Electrokinetic coupling in unsaturated porous media[END_REF], the electrical potential φ (V) distribution and the Darcy velocity v D (m s -1 ) are related through the following macroscopic equation:

∇ • (σ∇φ) = ∇ • Qv v D (1)
where, Qv is the effective excess charge density (C m -3 ) and σ is the electrical conductivity (S m -1 ). The streaming potential SP (V) is then the electrical potential difference between the electrical potential at a given point φ i and the one at the reference φ ref :

SP = φ i -φ ref .
An alternative approach to quantify the streaming potential is based on the coupling coefficient C c , a petrophysical property that relates fluid pressure (P ) and electrical potential gradients: C c = ∆φ/∆P [START_REF] Helmholtz | Studien über electrische grenzschichten[END_REF][START_REF] Smoluchowski | Contribution à la theórie de l'endosmose électrique et de quelques phenomènes corrélatifs[END_REF]. The cou-

pling coefficient C c (V Pa -1
) is related to Qv through the following relation (e.g., Revil & Leroy, 2004;[START_REF] Jougnot | Derivation of soil-specific streaming potential electrical parameters from hydrodynamic characteristics of partially saturated soils[END_REF][START_REF] Jougnot | Modeling streaming potential in porous and fractured media, description and benefits of the effective excess charge density approach[END_REF]:

C c = - Qv k ση (2)
where k (m 2 ) is the permeability of the medium and η (Pa s) the fluid dynamic viscosity.

The main assumption of the proposed electrokinetic model is that the fracture network has a fractal pattern. Fractal objects display self-similarity in their geometry, this means that the pattern observed in a small portion of the object is a replica of the whole at a larger scale. In nature, fractures exist over a wide range of scales, from microns to thousands of kilometers, and fractal patterns have been reported by many researchers (e.g., [START_REF] Bonnet | Scaling of fracture systems in geological media[END_REF][START_REF] Okubo | Fractal geometry in the san andreas fault system[END_REF]. In this study, the fracture pattern is described by a Sierpinski carpet, which is a plane fractal that contains a self-similar geometric pattern of holes. This specific fractal pattern has been detected in fractured coal samples using micro X-ray tomography [START_REF] Zhou | Characterization of porefracture networks and their evolution at various measurement scales in coal samples using x-ray ct and a fractal method[END_REF][START_REF] Wu | Imaged based fractal characterization of micro-fracture structure in coal[END_REF], and successfully used to derive constitutive models for variably saturated flow in fractured rocks (e.g., [START_REF] Guarracino | A fractal constitutive model for unsaturated flow in fractured hard rocks[END_REF][START_REF] Monachesi | A fractal model for predicting water and air permeabilities of unsaturated fractured rocks[END_REF][START_REF] Wang | A fractal model for gas apparent permeability in microfractures of tight/shale reservoirs[END_REF].

The equivalent medium theory is used to estimate the effective excess charge for fractured media, following the flux-averaging approach proposed by [START_REF] Jougnot | Derivation of soil-specific streaming potential electrical parameters from hydrodynamic characteristics of partially saturated soils[END_REF].

First, the effective excess charge in a single fracture is calculated from the spatial distribution of both the excess charge in the diffuse layer and the water velocity profile. Then the effective excess charge density at the macroscopic scale Qv is estimated using an upscaling procedure based on the integration of the excess charge of all network fractures.

By combining this result and the hydraulic properties derived in [START_REF] Guarracino | A fractal constitutive model for unsaturated flow in fractured hard rocks[END_REF] and [START_REF] Monachesi | A fractal model for predicting water and air permeabilities of unsaturated fractured rocks[END_REF] for the same fracture network, we obtain a closed-form expression for Qv in terms of permeability, porosity, saturation and electrokinetic parameters. This modeling strategy has been successfully used for estimating Qv in classical porous media described by capillary tubes (e.g., Guarracino & Jougnot, 2018;[START_REF] Soldi | An analytical effective excess charge density model to predict the streaming potential generated by unsaturated flow[END_REF][START_REF] Soldi | An effective excess charge model to describe hysteresis effects on streaming potential[END_REF][START_REF] Jougnot | Exploring the effect of the pore size distribution on the streaming potential generation in saturated porous media, insight from pore network simulations[END_REF][START_REF] Rembert | A fractal model for the electrical conductivity of water-saturated porous media during mineral precipitationdissolution processes[END_REF].

Note that this new effective excess charge density model for fractured media is based geometric parameters (i.e., fracture aperture, length, recursion-based construction) that are fundamentally different from capillary tubes (i.e., capillary radius, pore throat). However, the analytical expressions of both models become identical when expressed in terms of macroscopic hydraulic parameters (i.e., permeability, porosity and saturation). This result highlights the intrinsic importance of hydraulic characterization in the analysis of self-potential in any type of porous media. Interpretation of self-potential data in fractured media is often qualitative and based on a visual correlation between signal anomalies and observed fracture orientations. This is the first analytical model that consistently describes both electrokinetic and hydraulic properties in fractured rocks and represents a step forward in the quantitative interpretation of self-potential signals.

2 Conceptual model

Description of the fractured media

To derive the effective excess charge density model we consider the geometrical description of fractured media proposed by [START_REF] Guarracino | A fractal constitutive model for unsaturated flow in fractured hard rocks[END_REF]. The representative elementary volume (REV) is assumed to be a cube of volume a 3 (see Fig. 1b). The voids of the REV are parallel and vertical fractures of length a and aperture b with a horizontal selfsimilar pattern described by a Sierpinski carpet (Fig. 1). The upper and lower cut-offs for the fractal behavior are defined by the largest (b max ) and smallest (b min ) apertures observed in the REV.

A Sierpinski carpet can be geometrically constructed by using recursive algorithms that cut out of the carpet successively smaller pieces in each recursion level [START_REF] Tyler | Fractal processes in soil water retention[END_REF][START_REF] Guarracino | A fractal constitutive model for unsaturated flow in fractured hard rocks[END_REF]. In this study we remove rectangular pieces of length a and aperture b from the carpet in order to obtain fractures with a self-similar pattern. Fig. 2 shows the first 3 levels of recursion for a network of parallel fractures assuming a = 3 cm and

b max = 1 cm.
The geometric pattern of Sierpinski carpet is characterized by the fractal dimension D that can vary between 1 and 2. Assuming that the fracture network is formed by parallel fractures, the fractal dimension can be expressed in terms of the largest fracture aperture b max [START_REF] Guarracino | A fractal constitutive model for unsaturated flow in fractured hard rocks[END_REF]:

D = log a 2 b 2 max -a bmax log a bmax .
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dA = (2 -D)a D b 1-D db. (4) 
The velocity distribution inside a single fracture of aperture b and length a under laminar flow conditions can be described by:

v(b, x) = ρ w g 8η b 2 -(b -2x) 2 ∆h a , (5) 
where x (m) is the distance from the fracture wall (x = 0) to the center of the fracture (x = b/2), ρ w the water density (kg/m 3 ), g the gravitational acceleration (m/s 2 ), η the dynamic viscosity (Pa s), and ∆h the pressure or tension head drop across the REV (m).

The average velocity v (m/s) in the fracture has the following expression:

v(b) = ρ w g 12η b 2 ∆h a . (6) 
The macroscopic hydraulic properties of the fractured media can be described in terms of the geometrical parameters of a fracture network. In [START_REF] Guarracino | A fractal constitutive model for unsaturated flow in fractured hard rocks[END_REF] and [START_REF] Monachesi | A fractal model for predicting water and air permeabilities of unsaturated fractured rocks[END_REF] the following expressions for porosity ϕ, permeability k, saturation S and relative permeability k r are obtained:

ϕ = 1 a 2-D b 2-D max -b 2-D min (7) k = 2 -D 12a 2-D (4 -D) b 4-D max -b 4-D min (8) S(h) = h D-2 -h D-2 max h D-2 min -h D-2 max , h min ≤ h ≤ h max (9) k r (S) = (b 2-D max -b 2-D min )S + b 2-D min 4-D 2-D -b D-4 min b 4-D max -b 4-D min ( 10 
)
where h is the tension head (positive), h min = 2σ cos(β)/ρg w b max , h max = 2σ cos(β)/ρ w gb min , σ is the surface tension of water, and β the contact angle.

Electrokinetic properties of a single fracture

The first step to derive the macroscopic effective excess charge density is to estimate the effective excess charge of a single fracture. Let us consider a fracture of aperture b and length a (see Fig. 1a) saturated by a binary symmetric 1:1 electrolyte (e.g., NaCl) in a laminar flow regime.

The excess charge distribution Qv in the diffuse layer at a distance x of wall fracture can be expressed as (Guarracino & Jougnot, 2018):

Qv (x) = N A e 0 C 0 e - e 0 ψ(x) k B T -e e 0 ψ(x) k B T , (11) 
where N A is the Avogadro's number (mol -1 ), e 0 the elementary charge (C), C 0 the ionic concentration far from the mineral surface (mol/m 3 ), ψ the local electrical potential in the fracture water (V), k B the Boltzman constant (J/K), and T is the absolute temperature (K).

In this study, the exponential terms of ( 11) are approximated by a four-term Taylor series. Under this approximation, the excess charge distribution can be expressed as:

Qv (x) = -2N A e 0 C 0 e 0 k B T ψ(x) + 1 6 e 0 k B T ψ(x) 3 . (12) 
Figure 3a shows the excellent agreement between exact and approximate excess charge distributions described by Eq. ( 11) and ( 12), respectively.

For the thin double layer assumption the local electrical potential can be expressed [START_REF] Hunter | Zeta potential in colloid science[END_REF]: Based on the ideas presented in [START_REF] Guarracino | A physically based analytical model to describe effective excess charge for streaming potential generation in water saturated porous media[END_REF], the effective excess charge density Qb v carried by the water flow in a single fracture of aperture b is defined by:

ψ(x) = ζe -y l D , (13) 
l D = ϵk B T 2N A C 0 e 2 0 , (14) 
Qb v = 2 v(b)ab b/2 0 Q v (x)v(b, x)a dx. (15) 
Then, by substituting (5), ( 6) and ( 12) in ( 15) we obtain:

Qb v = -24N A e0C 0 (b/l D ) 2 e0ζ k B T 1 -2l D b + e -b 2l D 2l D b + b 2l D -12N A e0C 0 (b/l D ) 2 e0ζ 3k B T 3 1 -2l D 3b + e -3b 2l D 2l D 3b -3b 4l D . ( 16 
)
Under the thin double layer assumption, the thickness of the electrical diffuse layer is assumed small compared to fracture aperture (l D << b) and Eq. ( 16) can be approximated by:

Qb v = 12N A e 0 C 0 (b/l D ) 2 -2 e 0 ζ k B T - e 0 ζ 3k B T 3 . ( 17 
)
Figure 3b shows the very good agreement for b/l D > 3 between exact and approximate excess charge described by Eq. ( 16) and ( 17), respectively. In capillary tube models the thin double layer assumption is valid so long as the capillary radius is greater than 200 l D [START_REF] Jackson | On the validity of the "thin" and "thick" double-layer assumptions when calculating streaming currents in porous media[END_REF]. Assuming that the fracture aperture is 2 times the capillary radius, the validity of the thin double layer assumption for fracture models can be state for apertures b > 400l D . Moreover, if we consider that in monovalent electrolyte concentrations between 1 mol/m 3 and 100 mol/m 3 the Debye length ranges from approximately 1 nm to 10 nm [START_REF] Jackson | On the validity of the "thin" and "thick" double-layer assumptions when calculating streaming currents in porous media[END_REF], the minimum aperture in the REV should be b min > 0.4 10 m -6 for l D = 1 nm and b min > 4 10 m -6 for l D = 10 nm.

It is important to remark that Eq. ( 17) is almost identical to the equation obtained by [START_REF] Guarracino | A physically based analytical model to describe effective excess charge for streaming potential generation in water saturated porous media[END_REF] for the effective excess charge density QR v carried by the water flow in a single capillary tube of radius R, which reads as follows:

QR v = 8N A e 0 C 0 (R/l D ) 2 -2 e 0 ζ k B T - e 0 ζ 3k B T 3 . ( 18 
)
Note that the quotient between ( 17) and ( 18) yields to the following relation between the raduis R and the aperture b:

Qb v QR v = 3 2 R b 2 . ( 19 
)
The above relation is identical to the one obtained by the quotient between the average velocity in the capillary tube (Poiseuille velocity) and the average velocity in the fracture given by ( 6), indicating that the effective excess charge strongly depends on the flow properties.

Electrokinetic properties of a fractured rock

In order to obtain the effective excess charge density in terms of the macroscopic hydraulic properties of the fractured rock, we consider the REV described in Section 1.

Suppose that the fractured media is initially fully saturated and is drained by a tension head h (m). If we assume that the fractures drain at capillary pressure then the fracture of maximum aperture b h drained by tension head h can be estimated as: 

b h = 2σ cos(β) ρg w h . ( 20 
QREV v = 1 v BD a 2 b h bmin Qb v v(b) dA(b) (21) 
where v BD = ρwg η kk r (S) ∆h a is the Buckingham-Darcy's velocity [START_REF] Buckingham | Studies on the movement of soil moisture[END_REF], a 2 the cross-sectional area of the REV, and dA(b) the area covered by fractures of aperture b defined by Eq. ( 4).

Substituting ( 17), ( 6) and ( 4) in (21) yields:

QREV v = N A e 0 C 0 l 2 D -2 e 0 ζ k B T - e 0 ζ 3k B T 3 a D-2 kk r (S) b 2-D h -b 2-D min . ( 22 
)
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b max (m) b min (m) D (-) ϕ (-) k (m 2 ) QREV,sat v (C/m 3 )
Fracture network 1 8.0 10 -3 8.0 10 -6 1.861 0.493 2.76 10 -7 1.010 10 -4 Fracture network 2 5.7 10 -3 5.7 10 -6 1.921 0.361 8.88 10 -8 2.304 10 -4 Fracture network 3 4.4 10 -3 4.4 10 -6 1.946 0.275 3.82 10 -8 4.082 10 -4

Finally, combining (7), ( 9) and ( 22) we obtain the following expression for QREV

v : QREV v = N A e 0 C 0 l 2 D -2 e 0 ζ k B T - e 0 ζ 3k B T 3 ϕS kk r (S) . ( 23 
)
The equation ( 23) is the main finding of this study since it predicts the effective excess charge density from both electrokinetic and macroscopic hydraulic parameters such as ionic concentration, ζ-potential, Debye length, porosity, saturation and permeability.

This equation is identical in form to the equation obtained by [START_REF] Soldi | An analytical effective excess charge density model to predict the streaming potential generated by unsaturated flow[END_REF] for a porous medium described by a capillary tubes model with a fractal pore size distribution. Note that although the effective excess charge densities of both models at the pore scale and REV shapes are different, the expressions of effective excess charge density QREV v in terms of macroscopic properties (ϕ, S, k and k r ) are identical. This result shows that Eq. ( 23) is valid for both sedimentary and fractured porous media. The overall dependence of the effective excess charge is also consistent with numerous previous studies (see a data compilation in Fig. 4.2 of [START_REF] Jougnot | Modeling streaming potential in porous and fractured media, description and benefits of the effective excess charge density approach[END_REF] and the empirical relationship proposed by [START_REF] Jardani | Tomography of the darcy velocity from self-potential measurements[END_REF].

To facilitate the analysis of the model we express QREV where

QREV,sat v = N A e 0 C 0 l 2 D -2 e 0 ζ k B T - e 0 ζ 3k B T 3 ϕ k , (25) 
QREV,rel

v (S) = S k r (S) . ( 26 
)
Note that the relative effective excess charge density defined by Eq. 26 does not depend on electrokinetic parameters but only on hydraulic variables.

A synthetic example of fractured rocks

In this section, we predict the effective excess charge density for different fracture 7) and ( 8). The geometric and hydraulic parameters of fracture networks are listed in Table 1. It can be observed that by reducing the aperture, the fractal dimension increases while both porosity and permeability decrease. To estimate the effective excess charge density we consider a ionic concentration

C 0 = 1 mol/m 3 , ζ-potential ζ = -0.07 V and absolute temperature T = 293.15 K.
The Debye length computed using ( 14) is l D = 9.65 10 -9 m, which is 3 orders of magnitude less than the minimum fracture aperture b min . Saturated effective excess charge density values ( QREV,sat v ) are estimated from (25) and listed in Table 1. The values of QREV,sat v increase the smaller the fracture apertures and the greater the number of fractures (see patterns of Fig. 4). Also note that fractal dimension D goes to 2 for small values of b max . 4 Application of the model to experimental self-potential data

In this section the saturated effective excess charge density model QREV,sat v is confronted to the coupling coefficient C c data obtained by [START_REF] Moore | Self-potential observations during hydraulic fracturing[END_REF] for microcracked Sierra granite samples. These authors investigated the self potential response during hydraulic fracturing in the laboratory and determined C c for different injection pressures. They found that C c is approximately constant for pressures smaller than 2

MPa but then increases with pressure drop up to 80% just prior to hydraulic fracturing. This increasing C c is related to the dilatancy of microcracks at high pressures, which causes an increase in permeability. In their study, permeability values are measured as a function of pressure drop (P ) and the following exponential law is fitted to data: k(P ) = 10 -18 e 2.5 10 -4 P (28

)
where k is in m 2 and P in kPa. The change of C c with pressure drop P is described by the following best fit equation to seven samples of Sierra granite:

∆C c (P ) = 1.83 e 3.73 10 -4 P (29)

where ∆C c is expressed as the percentage of the value of C c at zero pressure drop. Prior to hydraulic fracturing the rock resistivity decreases by up to 2%, which is near to the practical limits of detection.

In order to apply our model to the data of [START_REF] Moore | Self-potential observations during hydraulic fracturing[END_REF], C c is estimated from QREV,sat v by substituting ( 25) in ( 2):

C c = N A e 0 C 0 l 2 D -2 e 0 ζ k B T - e 0 ζ 3k B T 3 ϕ ση . (30) 
The coupling coefficient defined by Eq. ( 30) does not depend explicity on permeability, but on porosity. Unfortunately, the variation of porosity with pressure drop was not measured during the laboratory test. However, porosity can be estimated from permeability by combining Eq. ( 7) and ( 8). If we assume that b min << b max , the following relation is obtained:

ϕ = 12(4 -D) a 2 (2 -D) k 2-D 4-D . (31) 
Finally, combining (31), ( 28) and ( 30), and assuming that both the electrical conductivity and dynamic permeability do not depend on pressure, the following expression for the variation of C c is obtained:

∆C c (P ) = 100 e 2.5 10

-4 P 2-D 4-D -1 . (32) 
Note that the above equation is expressed as a percentage of the initial value and only depends on the fractal dimension D.

Figure 6 shows the fit of Eq. ( 32) to the experimental data obtained by [START_REF] Moore | Self-potential observations during hydraulic fracturing[END_REF]. If we assume a constant fractal dimension, the best fit of our model is obtained for D = 1.67 (solid line in Fig. 6). However, the fractal dimension is expected to vary with pressure P . The increase in permeability with P prior to hydraulic fracturing can be explained by dilatancy of microcracks [START_REF] Moore | Self-potential observations during hydraulic fracturing[END_REF]. According to our model, fractal dimension decreases with increasing aperture (see Table 1) and therefore with increasing pressure. Let us assume the following linear relationship between fractal dimension and pressure: D(P ) = 2 -αP , where α is a fitting parameter. This relationship for D provides a better fit of Eq. ( 32) to the experimental data, as is shown in Fig. 6 with a dashed line (α = 4.8 10 -5 ). 

Discussion and conclusions

In this study, we developped a fractal model to estimate the effective excess charge density in fully and partially saturated fractured rocks. The porous medium is described using the Sierpinski carpet, a classical fractal object that contains a self-similar geometric pattern of fractures. The mathematical procedures to estimate the effective parameters are based on the ideas presented in [START_REF] Guarracino | A physically based analytical model to describe effective excess charge for streaming potential generation in water saturated porous media[END_REF] for a classical capillary tubes model. The accuracy of the posed model has been tested to be correct for fracture apertures greater than 3 times the thickness of the electrical diffuse layer, i.e. b > 3l D . This condition is fully satisfied under the thin double layer assumption which is valid for apertures b > 400l D [START_REF] Jackson | On the validity of the "thin" and "thick" double-layer assumptions when calculating streaming currents in porous media[END_REF].

The effective excess charge density model has a closed-form analytical expressions that depends on chemical parameters of the fracture water (ionic concentration, ζ-potential and Debye length) and hydraulic parameters (porosity, saturation and permeability). When expressed as these parameters, the model becomes identical to the ones derived by [START_REF] Guarracino | A physically based analytical model to describe effective excess charge for streaming potential generation in water saturated porous media[END_REF] and [START_REF] Soldi | An analytical effective excess charge density model to predict the streaming potential generated by unsaturated flow[END_REF] for sedimentary porous media using capillary tubes. This result allows the extension of the validity of the models for classic porous media to fractured media. In addition, the model highlights the dependence of the effective excess charge density to the hydraulic properties. In this sense, Eq. ( 23) combined with the water flow models derived by [START_REF] Guarracino | A fractal constitutive model for unsaturated flow in fractured hard rocks[END_REF] and [START_REF] Monachesi | A fractal model for predicting water and air permeabilities of unsaturated fractured rocks[END_REF] constitute a very good alternative to estimate the effective excess charge density since all the model expressions are obtained for the same fractal pattern of fractures.

However, the proposed model can be combined with any constitutive model for water flow in fractured rocks (e.g., [START_REF] Guarracino | A constitutive model for water flow in unsaturated fractured rocks[END_REF].

It is worth mentioning that due to the configuration of the geometry that we considered to develop the model, there is no exchange of water or ions between the fracture network and the matrix. This makes our model different from the numerical schemes proposed in [START_REF] Roubinet | Streaming potential modeling in fractured rock: Insights into the identification of hydraulically active fractures[END_REF] or [START_REF] Desroches | Surface selfpotential patterns related to transmissive fracture trends during a water injection test[END_REF]. We redirect the reader to these references for fractured media in which this exchange occurs and cannot be neglected.

The synthetic tests show that the effective excess charge density increases with the decrease of both the fracture apertures and the degree of saturation. Finally, we show that the model is able to describe experimental data under fully saturated conditions for a published data set of coupling coefficient values measured in laboratory during hydraulic fracturing. Unfortunately, no experimental data are available to test model predictions under partially saturated conditions.

To the best of our knowledge, this is the first analytical model that consistently describes both electrokinetic and hydraulic properties in fully and partially saturated fractured rocks. The model provides simple explicit relations between effective excess charge density, porosity, permeability and saturation. These relations not only increase our general understanding of the electrokinetic phenomenon in fractured rocks, but also provide theoretical basis for quantitatively study of water flow using self-potential data.
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 12 Figure 1. (a) Fracture of aperture b and length a; (b) Representative elementary volume (REV) of the fractured medium.

Figure 3 .

 3 Figure 3. (a) Exact and approximate expressions of the excess charge distribution Qv(x); (b) exact and approximate expressions of the effective excess charge Qb v for a single fracture of aperture b. The assumed values of ionic concentration, absolute temperature and ζ-potential are C 0 = 1.0 mol/m 3 , T = 293.15 K and ζ = -0.07 V. The distance x and aperture b are scaled by the Debye length lD.

  where ζ (V) is the ζ-potential on the shear plane, l D the Debye length (m) which represents a characteristic thickness of the diffuse layer, and ϵ the water dielectric permittivity (F/m).

)

  Note that only the fractures of the REV which are fully saturated (b min ≤ b ≤ b h ) contribute to water flow. Then the effective excess charge density of the fractured rock QREV v can be computed as:

  networks generated by Sierpinski carpets. Consider a cubic REV of side a = 4 cm and the patterns of fractures shown in Fig. 4, where the maximum apertures are successively reduced: a) b max= a/5, b) b max = a/7 and c) b max = a/9. Fractal dimensions of Sierpinski carpet are estimated from (3). The minimum aperture b min of each fracture network is considered to be 3 orders of magnitude less than the maximum aperture (i.e. b min = 10 -3 b max ). Porosity (ϕ) and permeability (k) values are computed using (
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 45 Figure 4. Parallel fracture networks generated by 2 recursion levels of Sierpinski carpets: (a) D = 1.861; (b) D = 1.921; (c) D = 1.946.

Fig. 5

 5 Fig. 5 shows the influence of saturation degree on effective excess charge density QREV v

Figure 6 .

 6 Figure6. Variation of coupling coefficient with pressure ∆Cc(P ). The empty circles are the experimental data obtained by[START_REF] Moore | Self-potential observations during hydraulic fracturing[END_REF]. The best fit of the proposed models to experimental data are displayed with solid (constant D) and dashed (D linearly dependent on P ) lines.
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