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Julia sets of hyperbolic rational maps have positive Fourier
dimension

Gaétan Leclerc

Abstract
Let f: C—>Chea hyperbolic rational map of degree d > 2, and let J C C be its Julia
set. We prove that J always has positive Fourier dimension. The case where J is included
in a circle follows from a recent work of Sahlsten and Stevens [SS20]. In the case where J is
not included in a circle, we prove that a large family of probability measures supported on J
exhibit polynomial Fourier decay: our result applies in particular to the measure of maximal
entropy and to the conformal measure.

1 Introduction

1.1 Hausdorff dimension and Fourier transform

The notion of Hausdorff dimension, first introduced in 1917, revealed itself useful to describe various
geometric properties on fractals, and to give insight on underlying dynamical systems. Together
with the development of measure theory and modern analysis, surprising links between fractal
geometry and Fourier analysis arised. In his PhD thesis in 1935, [Fr35], Frostman introduced the
notion of “energy integral” and related it to the Hausdorff dimension of a set. The result goes as
follows: see [Malb] for a modern proof.

Theorem 1.1. Let E C R? be a compact set. We denote by P(E) the space of borel probability
measures supported in E. For u € P(E), define its Fourier transform by

(©) = [ e aula),
Then
dimy (E) = sup {a e 0.d | 3ueP(B). / ) Plele~de < oo} ,

where dimy denotes the Hausdorff dimension.

We can interpret this equality in the following way. If @ < dimg (F), then there exists a probability
measure y supported in E such that fi(€) decays at least like |£]|~%/? on average. At this point, it
seems natural to ask whether this estimate can be improved to a pointwise estimate. To investigate
the question, we are lead to the notion of Fourier dimension.

Definition 1.1. Let E C R? be a compact set. We define its Fourier dimension by
dimp (B) = sup {a € [0.d] | 3 € P(E), 30 > 0.v¢ € RY, [f(6)] < C(1+]e) =/}

It is clear that the Fourier dimension will always be less than the Hausdorff dimension. But the
other inequality is not always true: any set F included in an affine subspace of R? will always
have zero Fourier dimension. One less trivial example is given by the triadic Cantor set in R.
Surprisingly, the linear structure of the Cantor set (more precisely, invariance under x3 mod 1)
is an obstruction to the Fourier decay of any probability measure supported on it.

Very few explicit examples of sets with positive Fourier dimension are known, even though some
works of Salem [Sa51], Kahane [Ka66], Bluhm [B196] et al suggest that the property dimp(E) =
dimy (E) may be, in some sense and in some particular setting, generic. But constructing deter-
ministic examples of such sets is difficult, as the Fourier dimension seems to be sensitive to the fine
structure of the fractal. At the end of the 20th century, the only known examples were obtained
by specific number-theoretic constructions in dimension 1, see for example [Kau81] and [QRO03].
These constructions were generalized in dimension 2 in 2017, see [Hal7].



1.2 Recent development and main results

Recently numerous advances have been made, involving various point of views and methods to
study the Fourier transform of fractal measures. Using transfer operators, Jordan and Sahlsten
[JS16] studied invariant measures for the Gauss map. Li [Lil7] introduced a method based on
renewal theorems for random walks to study stationary measures, that leads to several results in
the linear IFS case for self-affine measures, see [LS19] and related work [So19], [Brl9], [VY20],
[Ra21]. See also [ARW20] for a study of the nonlinear IFS case in dimension one.

The method that interest us here was introduced by Bourgain and Dyatlov in 2017 [BD17]: they
proved that the limit set of a non-elementary Fuchsian Schottky group, seen as a subset of R, has
positive Fourier dimension (notice that such a limit set is always a Cantor set). More specifically,
they proved that Patterson-Sullivan measures exhibit polynomial Fourier decay in this setting. The
new theoretical tool was the use of a previous theorem of Bourgain known as the “sum product
phenomenon” [Bol0]. An accessible introduction to these ideas can be found in the expository
article of Green [Gr09]. A concrete example of such “sum-product” theorem is the following:

Theorem 1.2 ([BD17]). For all § > 0, there exist €1,e2 > 0 and k € N such that the following
holds. Let p be a probability measure on [1/2,1] and let N be a large integer. Assume that for all
o [N-1,N-=],

supp([z — o,z +0]) <o’ (%)

Then for alln €R, |n| ~ N :

‘/exp(2i7rm;1 coexp)dp(xy) . .odp(xg)| < NT2.

Roughly, the underlying mechanics behind this kind of theorem is the idea that enhancing some
“multiplicative structure” may spread the phase so that some cancellations happen. This kind of
result is true if we suppose that p does not concentrate too much the phase: this is the hypothesis
(). This plays a key role in their paper: to prove that the Fourier transform of a measure enjoys
polynomial decay, one may relate it to a sum of exponential (an integral for a discrete measure)
on which this sum product phenomenon applies. The difficulty then is to prove that (x) is satisfied.

Soonly after, Li, Naud and Pan [LNP19] generalized the result of Bourgain and Dyatlov for limit
sets of general Kleinian Schottky groups. The limit set is still a Cantor set, but in a 2-dimensional
setting. The proof follows the same idea as in [BD17]: to prove that the Fourier transform of
a measure decays, one may relate it to a sum of exponential on which a non-concentration prop-
erty is satisfied. The main difficulty, once again, lies in the proof of this non-concentration property.

Recently, Sahlsten and Stevens [SS20] generalized the result of Bourgain and Dyatlov in a broader
setting. They showed that for any “totally non linear” Cantor set in the real line, with some
hyperbolicity conditions on the underlying dynamic, a large class of invariant measures called
equilibrium measures exhibit polynomial Fourier decay. The core of the proof is the same, but
three more ingredients are used: the large class of measure is introduced via the thermodynam-
ical formalism, a large deviation technique is used (these ideas already appeared in [JS16]), and
the non concentration property is obtained via contraction estimates for suitable transfer operators.

In this article, we build upon these previous papers to study the case of Julia sets of hyperbolic
rational maps in the Riemann sphere (see the section 2). This is the first result of this kind for
sets that are not Cantor sets. More precisely, our main result is the following.

Theorem 1.3. Let f : C—>Cblea hyperbolic rational map of degree d > 2. Let J denote its Julia
set. If J is included in a circle, then J has positive Fourier dimension, seen as a compact subset
of R after conjugation with a Mébius transformation. If J is not included in a circle, then J has
positive Fourier dimension, seen as a compact subset of C.

In fact, the case where J is included in a circle is already known: Theorem 9.8.1, page 227 and
remark page 230 in [Be91] tells us that in this case, J is either a circle, or a Cantor set. In the first
case, the Fourier dimension is 1. In the second case, our hyperbolicity assumption, and Theorem
3.9 in [OW17] ensure that the “total non-linearity” condition is satisfied, allowing us to apply the
work of Sahlsten and Stevens.



In the case where J is not included in a circle, we prove the following result.

Theorem 1.4. Let f : C—>Chbhea hyperbolic rational map of degree d > 2. Denote by J C C its
Julia set, and suppose that J is not included in a circle. Let V be an open neighborhood of J, and
consider any potential p € C*(V,R). Let p, € P(J) be its associated equilibrium measure. Then:

Je >0, 3C >0, V§E €C, [u,()| <C(1+[€])~.

In particular, our result applies to the conformal measure (also called the measure of maximal
dimension) and to the measure of maximal entropy, see the section 2. Since the measure of
maximum entropy is related to the harmonic measure in a polynomial setting [MR92], one may
expect our result to have some corollaries on the Dirichlet problem with boundary conditions on
quasicircles or to the Brownian motion (which is related to the heat equation). Finally, one should
stress out that the conclusion of Theorem 1.4 no longer applies if J is a whole circle: in this case, f
is conjugated to z — 2? ([OW17]), and so any invariant probability measure which enjoys Fourier
decay must be the Lebesgue measure on the circle (this is an easy exercise using Fourier series).

1.3 Strategy of the proof

We follow the ideas in [SS20] and adapt them to our case, where topological difficulties arise from
the 2-dimensional setting. The strategy of the proof and organization of the paper goes as follows.

e In section 2, we collect facts about thermodynamic formalism in the context of hyperbolic
complex dynamics. The section 2.3 is devoted to the construction of two families of open sets
adapted to the dynamics. In the section 3.5 we state a large deviation result about Birkhoff
sums.

e In the section 3 we use the large deviations to derive order of magnitude for some dynamically-
related quantities.

e The proof of Theorem 1.4 begins in the section 4. Using the invariance of the equilibrium
measure by a transfer operator, we relate its Fourier transform to a sum of exponentials by
carefully linearizing the phase. We then use a generalized version of Theorem 1.2.

e The section 5 is devoted to a proof of the non-concentration hypothesis that is needed. To
this end, we use a generalization of Theorem 2.5 in [OW17], which is a uniform contraction
property of twisted transfer operators.

Even if the strategy of the proof is borrowed from [SS20], they are some noticeable difficulties that
arise in our setting that were previously invisible. In dimension 1, estimates of various diameters
and linearization processes are made easier by the fact that connected sets are convex. In particular,
in dimension 1, the dynamics map convex sets into convex sets.

In dimension 2, one may not associate to the Markov partition a family of open sets that are convex
and still satisfy the properties that we usually ask for them: see the remark after Proposition 2.2.
We overcome this difficulty by constructing two families of open sets associated to the dynamics:
the usual open sets related to Markov pieces, in which the theory of [Ru78] and [OW17] applies,
and a new one where computations and control are made easier. The second difficulty is that the
dynamics may twist and deform even the sets in our second family. We overcome this difficulty by
taking advantage of the conformality of the dynamics, through the use of the Koebe 1/4-theorem
which allows us to have a good control over such deformations.

Another difficulty comes in the proof of the non concentration hypothesis: the complex nature of
the dynamics suggests non concentration in modulus and arguments of some dynamically related
quantities. Arguments being defined modulo 27 induces technicalities that are invisible in [SS20].
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2 Thermodynamic formalism on hyperbolic Julia sets

2.1 Hyperbolic Julia sets

We recall standard definitions and results about holomorphic dynamical systems. For more back-
ground, we recommend the notes of Milnor [Mi90].

Denote by C the Riemann sphere. Let f : C — C be a rational map of degree d > 2.

Recall that a familly of holomorphic maps defined on an open set D C C is called normal if from
every sequence of maps from the family there exists a subsequence that converges locally uniformly.
The Fatou set of f is the largest open set in C where the family of iterates {f™, n € N} is a nor-
mal family. Its complement is called the Julia set and is denoted by J. In our case, it is always
nonempty and compact. (Lemma 3.5 in [Mi90])

Since f(J) = f~1(J) = J, the couple (f, J) is a well defined dynamical system, describing a chaotic
behavior. For example, the action of f on J is topologically mixing: for any open set U such that
UnNJ #0D, there exists n > 0 such that f*(U N J) = J. (See Corollary 11.2 in [Mi90])

A case where the dynamics of f on J is particularly well understood is when f is supposed to be
hyperbolic, and we will assume it from now on. It means that the orbit of every critical point
converges to an attracting periodic orbit. (In other words, if p € C is a critical point for f, then

there exists py € C and m > 0 such that pg is an attracting fixed point for f™ and f*™(p) k—> Po-)
—00

In this case J # 6, and so by conjugating f with an element of PSL(2,C) we can always see J as
a compact subset of C. The hyperbolicity condition is equivalent to the existence of constants ¢
and 1 < K < k1, and of a small open neighborhood V of J such that:

Vz eV, Vn >0 ,cor™ < |(f") (2)] < kY.

This is Theorem 14.1 in [Mi90]. From now on, we also assume that .J is not contained in a circle.

2.2 Pressure and equilibrium states

Definition 2.1 ([Ru89], [OW17], [Ru78], [PU17]). Let ¢ € C*(V,R) be a potential. Denote by M s
the compact space of all f-invariant probability measures on .J, equipped with the weak*-topology.
Denote, for € My, hy(u) the entropy of . Then, the map

NEMf'th(M)‘*‘/J@dﬂ

is upper semi-continuous, and admits a unique maximum, denoted by P(¢p).
The unique measure p, that satisfies

P(g) = hy(pg) + /] wdjiy

is called the equilibrium state associated to the potential .
This measure is ergodic on (J, f) and its support is J.

Two potentials are of particular interest. Define the distortion function by 7(z) := log(| f'(z)|) on
V. If V is chosen small enough, 7 is real analytic, in particular it is C'. We then know that there
exists a unique é; € R such that P(—d;7) = 0. In this case, 0 is the Hausdorff dimension of .J,
and the equilibrium state p_s,, is equivalent to the J ;-dimensional Hausdorff measure on J. It
is sometimes called the conformal measure, or the measure of maximal dimension. Moreover, we
have the formula

disnss (1) = hy(p—s,.)/ [ Td—s,z.

See [PU09], corollary 8.1.7 and Theorem 8.1.4 for a proof.

Another important example is the following. If we set ¢ = 0, then the pressure is given by the
largest entropy available for invariant measures p. The associated equilibrium state is then called
the measure of maximal entropy. In the context where f is a polynomial, this measure coincides
with the harmonic measure with respect to oo, see [MR92].



2.3 Markov partitions

Hyperbolic rational maps are especially easy to study thanks to the existence of Markov partitions
of the Julia set. Proposition 2.1 and some of the following results are extracted from the subsection
2 of [Ru89] and [OW17].

Proposition 2.1 (Markov partitions). For any ag > 0 we may write J as a finite union J = Uge 4 Py
of compact nonempty sets P, with diamP, < «g, and |A| > d. Furthermore, with the topology of
J,

e int;P, = P,,
o intyP,NintyP, =0 if a # b,
e cach f(P,) is a union of sets Py.

Define M, = 1 if f(P,) D P, and M,;, = 0 otherwise. Then some power MY of the |A| x |A]
matrix (M) has all its entries positive.

Remark 2.1. Julia sets are always singleton or perfect sets (Corollary 3.10 in [Mi90]), and in our
case, since any point in J always has exactly d > 2 preimages in J, J is always a perfect set. In
particular, the condition int;P, # @ implies diam(P,) > 0 for all a. This condition of having > 2
preimages for any point in J is what makes the proof of Proposition 2.6 and 2.7 works.

If «p is chosen small enough, we may also consider open neighborhoods around the (P,) that
behave well with the dynamics. They will help us do computations with our smooth map f.

Proposition 2.2. If ag is small enough, we can choose a Markov partition (P,)qca and two families

of open sets (Uy)aca and (Dy)aca such that P, C U, C U, C D, C D, C'V, and:

1. diam(D,) < ag

2. f is injective on Dy, for all a € A

3. f is injective on Dy U Dy whenever Dy N Dy # ()

4. For every a,b such that f(P,) D Py, we have a local inverse gqp : Dy — Dy for f. gap is
holomorphic on a neighborhood of Dy.

5. If f(Py) D Py for some a,b € A, then f(U,) D Uy and f(Dg) D Dy.

6. D, is conver.
7. For any a € A, P, € Up2aUp

Usually, only the sets (Uy)qca are considered when dealing with hyperbolic conformal dynamics:
they are the open sets introduced in [OW17] and [Ru89], and so are the sets where their papers
apply. But they are sometimes not easy to work with, especially because they may not be connected.
The (Dy)aca have the advantage to be convex, which will make the computations of section 3
doable. But they have the disadvantage that some P, may be entirely contained in D, even if

b # a.

Proof. The construction of the sets (U,) is borrowed from [Ru89], where Ruelle does it for ex-
panding maps. The main problem is that f is not necessarily expanding here, so we will have to
introduce a modified metric (sometimes called the Mather metric). Since f is hyperbolic, we know
that there exists some N € N such that f% satisfy |(fV)'(x)| > 1 on J. So, there exists some small
neighborhood V of J where fV : V — C is well defined, and where |(fV)'(z)| > & > 1.

Define p(z) := Zk o ' 5 R/N| (%Y (2)|. Since f’ doesn’t vanish, it is a smooth and positive function
on V, and so ds := p(z)|dz| is a well defined conformal metric on V. Moreover,

2

N

p(f(z Z KNI (P2 Z DN (F4Y (2)]



N-1
> RN S IR ()] = RV ),
k=0
and so f is expanding for the distance d, induced by the conformal metric p(z)|dz|. In particular,
reducing V' if necessary, there exists a > 0 such that

Yo,y € Vidy(z,y) < a = d,(f(z), f(y) > "Vd,(2,y).

In addition, the euclidean distance and the constructed conformal metric are equivalent: there
exists a constant G > 1 such that

G e —y| < dy(z,y) < Glz —yl,

and so the property may become, taking « smaller if necessary:

Yo,y € Vi |z —y| < a= dy(f(2), f(y) > £YVd,(z,y).

Finally, define L > 1 a Lipschitz constant of f for the distance d,. Now, let r < G™'a/4, ay <
rmin(G~'/20, L= (kYN — g1/ 2N)Y)) "and let (P,)aca be a Markov partition such that diam(P,) <
ayg. Define, for a € A,

D, := Conv (D,(zq,7)) D Pa

for some fixed x, € int;P,, where Conv denotes the euclidean convex hull, and where D, is an
open ball for the distance d,. The point (1) is satisfied taking g smaller if necessary, and the
points (2) and (3) follows immediately, provided «q is small enough, since f is hyperbolic (hence
a local biholomorphism). The point (6) follows by the definition of D,. We prove point (5) for
(Dg)a- Since f is a biholomorphism from D, to f(D,), and since diam,(f(D,)) < Lag, we get
that

F(Da) > £ (Dy(@a1)) > Dylf (wa), 1/¥7) > Dy, mEN7)

for each b € A such that f(P,) D Ps.

We then have to show that D,(xs, kY CN)py 5 Dy. Let z,y € D,(xp,7), and for any A € [0,1], let
z:=Ax + (1 — Ny € Dy. By definition, there exists a path v, from z; to z with length < r, and
a path 7, from x; to y with length < r. Set v := Ay, + (1 — X)7,. It is a well defined path in D,
from xzp to z. Its length satisfies

W "y x erlle’/pllse.p,
/0 Y (®)]p(v(t))|dt < (/0 RAGI a)dt)
< (A/O \vé(t)lp(xa)dtJr(l—A)/o |7;(t)|p(%)dt> o7ll0' /olloo.

< (A/o 172 ()] (= (t))dt + (1 —)\)/O |’Yg/,(t)p('yy(t))dt> 2019’ /olloo.,

< re2rlo /ol < G1/CN),,

as soon as r < %Hp'/p”;ol. Hence (5) is true for (D,),. We finished constructing our sets D,,.

Notice that we can choose r arbitrary small, and so the diameters of the D, can be chosen as small
as we want. The point (4) follows by considering the inverse branches of f induced by (5): they
are holomorphic and x*/V contracting for dy.

The construction of the sets (U, ), is easier. First of all, there exists § > 0 such that D,(x,, 8)NP, =
() whenever a # b. Then, since all of the P, are compactly contained in D,, there exists a parameter

s < /3 such that for all x € P,, D,(x,s) C D,. Define:

Uy ={z €V, dy(z,P,) < s} C D,.

First, the fact that s < /3 ensures that P, ¢ UpxaUp, since x4 ¢ UpoUp, hence proving (7). We
prove (5). Let b be such that f(P,) D Py. We prove that f(U,) D Up. Let z € Up. By definition,
there exists z, € P, such that d,(z,2,) < s. Notice that z = f(gas(2)): to conclude, it suffice to
prove that gqp(z) € U, (we only know that it is in D, at this point). Since f(P,) D P, and since
f: Dq — Cis injective, we know that gq,(2) € P,. The fact that d,(gas(2), gas(2s)) < KNs < s
allows us to conclude.

O]



To study the dynamics, we need to introduce some notations.
A finite word (a,), with letters in A is called admissible if M, 4, ,,—1 for every n. Then define:

o W, = {(ag)k=1,..n € A", (ax) is admissible}
e Fora=ay...a, € W,, define ¢ga := gu,a59az0as - - - Gan, _1a,, : Pa,, = Da,-
e Fora=ay...a, € Wy, define P, := ga(P,,) C Puy, Ua := ga(Us,, ) C Uy, and Dy := ga(Da, ) C Do, -

We begin by an easy remark on the diameters of the D, and of the behavior of ¢ on those sets.

Remark 2.2. Since our potential is smooth, it is Lipshitz on D := U, Da C V. There exists a
constant C', > 0 such that:

Va,y € D, |p(x) —¢(y)| < Cylz —yl.

Moreover, we have some estimates on the diameters of the P,. Since f is supposed to be hyperbolic,
we have the following estimate for the local inverses:

Vn > 1, Ya € Why1, Vo € Dy, w7 < |ga(x)| < cgtu™"
Hence, since each D, are convex,

diam(P,) < diam(D,) = diam(ga(Da,,,,)) < cg 'k "

An+41
decreases exponentially fast. We will say that ¢ has exponentially decreasing variations, as
—n

max sup |p(z) — ¢(y)| < Cyey '
acWy, xz,yED,

Notice the following technical difficulty: for a € A, D, may be convex but for a word a € W,,,
D, will eventually be twisted by g, and not be convex anymore. Fortunately, we still have the
following result, which relies heavily on the fact that f is holomorphic:

Lemma 2.3. For alla € W,,, Conv(Ps) C Ds,.

Proof. We will need to recall some results on univalent holomorphic functions g : D — C. First
of all, we have the Koebe quarter theorem, which states that if g is such a map, then g(D) D
B (g(O), ‘glfl—o)l) (D is the unit disk, and B(-,-) denotes an open euclidean ball). Secondly, the

2|
(1=]z))?”

Koebe distortion theorem states that in this case, we also have that |g(z) — g(0)| < |g’(0)]
Combining those two results gives us the following fact:

(%) For any injective holomorphic g : B(zg,7) — C, if |z—20| < /10, then [g(20), g(%)] C g(B(z0,7)).

Now recall the construction of D,: we have P, C D, with diam(P,) < ap < rG~1/20, and
D, = Conv(D,(zq,r)). Since the distances are equivalent with associated constant G, we can
write that, for any = € P,:

P, C B(x,rG™'/20) C B(x,rG™'/2) C B(x,,7G™ ") C D,.

Hence we can apply the fact () to the map ga g, G-1/2): every y € Py is in B(x,7G~"/20), and
s0 [x,y] C Da. We have proved that Conv(Pa) C Ds,. O

We end this topological part with some final remarks, extracted from [OW17]. The following
“partition result” is true:

J= U P, ,and int,; Py Ninty B, =0 ifa#b e W,.
aeWw,,

This allows us to see that |J,. 4 0P, is a closed f-invariant subset of J. Since its complemen-
tary is open and nonempty, and since p, has full support, the ergodicity of p, implies that

Ko (UaEA 8Pa) = 0.

In particular, it implies that, for any n > 1, we have the relation

/af dpg,

vf (1.0, [ ran,= 3

acWw,,
which will be useful later.



2.4 Transfer operators

Let ¢ € C*'(V,R) be a smooth potential. Let U := |J,c 4 Ua, and notice that f~1(U) C U.
We define the associated transfer operator L, : C1(U) — C*(U) by

Loh(z) = Z e?Wh(y).

y,f(y)==

Notice that, if z € U,, then

Loh(w)= D @ @h(gyy ().

b,My,=1

We have the following formula for the iterates:

Loh(z) = Z eSn?Wh(y),

fry)==
where S, = Z;é @ o f*is a Birkhoff sum. This can be rewritten, if z € Uy, in the following
form:
Llh(z) = Z eSn@(Qa(w))h(ga(x)).
aEWn 11
CLn+1=b

Finally, note that our transfer operator also acts on the set of probability measures on J, by duality,
in the following way:

Yh e C°(J,C), /

h dﬁ:;y = / Lyh dv.
J J

Transfer operators satisfy the following theorem, extracted from [Ru89], Theorem 3.6 :

Theorem 2.4 (Perron-Frobenius-Ruelle). With our choice of open set U D J, and for any real
potential ¢ € CY(U,R):

e the spectral radius of Ly, acting on C*(U,C), is equal to eP (@),
e there exists a unique probability measure v, on J such that Lv, = eP(¢)V¢.

e there exists a unique map h € C*(U,C) such that L,h = eP@h and [ hdv, =1.
Moreover, h is positive.

o The product hv, is equal to the equilibrium measure fi,.

The Perron-Frobenius-Ruelle theorem allows us to link p, to v, and this will allow us to prove
some useful estimates, called the Gibbs estimates.

Proposition 2.5 (Gibbs estimate, [PP90]).
dCy > 1, Ya e W,,, Vaq € Py, C(;les’“"(“)_"P(“") < pp(Pe) < Coes”“"(w“)_”P(“").

Proof. It is enough to prove the estimate for v, since h is continuous on the compact J, and since
hv, = p,. We have

/ ejolPal...an dv, = e Pe) / L, (eﬂplPal,..an) dvy, = e P / 1Pa2...an dv, = eip(W)Vw(Paz...an»
J J J

Moreover, since ¢ has exponentially decreasing variations, we can write that

dy(p < e—Lp(Ia)+CI€7 V@p(Palu.an%

.an

Vra € Pay..an> €_¢($a)_CK7HVW(Pa1Man) = / e_‘/’lpal“

J
and so
Vl'a € PL‘L1 an e*tp(za)ijN_n < 7VQD(PG,2...U.")€7P(¢) < 67W(wa)+cn_n.
o ~ V(P .a,) -
Multiplying those inequalities gives us the desired relation, with Cjy := e/(v=1), O



It will be useful, in our future computations, to get rid of the pressure term in our exponential: in
the case where P(¢) = 0, we see that i, (P,) =~ e¥¢(@) for z, € P,.

Proposition 2.6. Let ¢v € CY(U), and let ty be its associated equilibrium state. There exists
o € CH(U) such that pi, = iy, and that is normalized.
That is: P(p) =0, p <0 onJ, L,1 =1 and L j1, = pi,-

Proof. The Perron-Frobenius-Ruelle theorem tells us that there exists a C! map A > 0 and a
probability measure vy, such that £7,vy = ep(w)u¢, Lyh = eP@h and [ hdvy =1.

It is then a simple exercise to check that ¢ := ¢ —log(h o f) 4+ log(h) — P(¢) defines a normalized
potential, and that its equilibrium measure ji, is equal to fiy. O

This theorem has the following consequence: we can always suppose that our equilibrium mea-
sure comes from a normalized potential, by eventually choosing another smaller Markov partition
afterwards. It gives us for free the invariance under some transfer operator, which completes the
already fine properties of f-invariance and ergodicity. It also allows us to prove a useful regularity

property.

Proposition 2.7. The equilibrium measure ji, is upper reqular. More precisely, there exists C,04p >
0 such that:
Vo € C, Vr >0, puy(B(x,7)) < Croar.

Proof. First of all, since p, is a probability measure, we may only prove this estimate for r small
enough. Then, we know that s, is supported in J, and so we just have to verify the estimate if
B(zg,7) N J # 0. Without loss of generality, we can suppose that zg € J.

The main idea is to cover B(xg, ) NJ by some Py, but estimating the number of such P, that are
needed to do so is difficult. To bypass this difficulty, we use the notion of Moran cover. For any
x € J, define n(z,r) as the only integer such that

(0 @) 2 and () (@) <
We get from the hyperbolicity condition |(f™)'| > cok™ the following bound:

vz, —n(z,7) <In(2rcg') /Ink.

For any x € J\ U, f™" (UaE.A GPa) and for any n, there exists a unique a € W,, such that
x € P,. We denote it P,(x). Notice that @ € Py, (). If y € Py () and n(y,r) < n(z,r)
then P, ) (z) C Ppiz,r(y). Let P(z) be the largest cylinder containing z of the form P, (x)
for some y € P(x) and satisfying P, (. ,y(x) C P(x) for any z € P(z). The sets (P(x)),cs are equal
or disjoint (mod the boundary), and hence produce a cover of J called a Moran cover . Denote this
Moran cover P,.. An important property of this cover is the following: there exists a constant M
independent of ¢ and r such that we can cover the ball B(zg,r) by M elements of P,.. Moreover,
every element of the Moran cover have diameter strictly less than r. See [PW97] page 243, [Pe98§]
section 20, or [WW17]. The proof uses the conformality of the dynamics.

We can then conclude our proof. The following holds:

fip(B(xo, 1)) < Z fip(P).
PeP,
B(zg,r)NP#D

By the Gibbs estimate, since each P € P, is of the form P, for some b € W,,(,.,y, © € J, and by
the bound on n(x,r), we get:

VP € Py, ji,(P) < Coem@mlswps el < Opdan
for some C,d4p > 0. Hence, since B(xg,r) N P occurs at most M times, we get our desired bound

pip(B(x0,7)) < MCroar,



2.5 Large deviation estimates

From the ergodicity of u,, it is natural to ask if a large deviation theorem holds for the Birkhoff
sums of potentials. The following theorem is true, we detail its proof in the annex A.

Theorem 2.8. Let u, be the equilibrium measure associated to a normalized CL(U,R) potential. Let
1 € CY(U,R) be another potential. Then, for all € > 0, there exists C,d9 > 0 such that

> 5}) < Ce %0,

Definition 2.2. Let ¢ € C*(U,R) be a normalized potential with equilibrium measure s,.
Let 7 = log |f’| € C1(U,R) be the distortion function. We call

Vn >1, p ({x eJ, lSnzb(a:) — / Yy
n J

M) = [ =,

the Lyapunov exponent of ji,, and § := hy(ue)/A(pt,) the dimension of g,

Remark 2.3. The hyperbolicity and normalization assumptions ensure that h¢(u,), Af(pe) > 0.
Indeed, we know that ¢ < 0 on all J and P(y) =0, and so

hi(pe) = Pp) — /Jsodu«: > 0.

For the Lyapunov exponent, using the fact that p, is f-invariant, we see that

n—1

1
Alng) = [ 1og1fldug = =3 [ 1ogf”e fHd,
k=0

1 1
= % sl e > E) 4 1) > 10g) > 01
J

Proposition 2.9. Let p € C*(U,R) be a normalized potential with equilibrium measure .. Denote
by A > 0 its Lyapunov exponent and & > 0 its dimension. Then, for every € > 0, there exists
C, 09 > 0 such that

1
—Sy7(z) — )\‘ >¢ or
n

Sn@(x) +5‘ > 5}) < Oeféon'

>
Yn>1, pe ({x eJ, S ()

Proof. Let € > 0. Applying Theorem 2.8 to ¢ = 7 gives

/‘w({erv

for some C and dy > 0. Next, if x € J satisfies

‘ Snip(z)
SnT(2)

1
=Sy 7(x) — )\‘ > 5}) < Ce%n
n

+0 ‘ 2 e,
then we have
|Sn® ()| > €| Sp(x)] > e(nlogk + log cp)
for the modified potential ® := ¢ + §7. Notice that this potential is C'!, and that

hy(pe)
® du :/apdu—k g(’/Tal/i =0.
/J v J v Ar(kg) Jg v

For n large enough, we get |S,®(x)| > &, and so we can apply Theorem 2.8 to ® again and
conclude. O

For clarity, we will replace p, by 1 in the rest of the paper. The dependence on ¢ will be implied.
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3 Computing some orders of magnitude

In this section, we derive various orders of magnitude of quantities that appear when we iterate
our transfer operator. We need to recall some useful formalism used in [BD17].

e Forn > 1, recall that W, is the set of admissible words of length n. (A word a is admissible
if f(Pa,) D Pa,,, foralli) Ifa=a;...anan41 € Wy, define a’ :=a;...a, € W,.

e Fora=ai...any1 € Wht1, b =01...0pp41 € Wiq1, we write a ~ b if a1 = b1. Note
that when a ~» b, the concatenation a’b is an admissible word of length n + m -+ 1.

e For a € W,,;1, define b(a) := ap41.

With those notations, we can reformulate our formula for the iterate of our transfer operator. For
a function h : U — C, we have:

Yz € Py, L7h(z Z eSne(ga(2)p, Z h(ga(z))wa(z),
acEW, 11 acEWn 41
a~b a~b

where
wa(z) = eSnw(gal(e))

Iterating L7 again leads us to the formula

Vo € Pba ﬁgkh(f) = Z h(ga/l...aifla;C (x))wa’l...:—13671511C (1')

A~ A ~b

We are interested in the behavior of, for example, w, for well behaved a. For this, we use the
previously mentioned large deviation estimate.

This part is adapted from [SS20] and [JS16]. Remember that f~1(D) C D.
Definition 3.1. For £ > 0 and n > 1, write
1 Snp
An(e) = {x €MD), |~ Sur(a) - )\’ < ¢ and ’ > TE ;
Then Proposition 2.9 says that, for all £ > 0, there exists ng(e) € N and dp(g) > 0 such that
¥n > ng(e), u(J\ An(e)) < e~ %@,

+(5’ <5}

Notations 3.1. To simplify the reading, when two quantities dependent of n satisfy b,, < Ca,, for
some constant C, we denote it by a, < b,. If ap < b, < ay, we denote it by a, ~ b,. If there
exists ¢, C and «, independent of n and £, such that ce_m"an < b, < Ce*"q,, we denote it by
ap ~ by,. Throughout the text o will be allowed to change from line to line. It correspond to some

positive constant.

Eventually, we will chose € small enough such that this exponentially growing term gets absorbed
by the other leading terms, so we can neglect it.

Proposition 3.1. Let a € W41 be such that Dy C A, (g). Then:

e uniformly on © € Dy(a), |ga(z)] ~ e

e diam(P,), diam(U,), diam(Dy) ~ e~

e uniformly on x € D,, wa(x) ~ e %"

° M(Pa) ~ e~ 0AR

Remark 3.2. Intuitively speaking, here is what is happening. Proposition 2.9 states that, for
most z € J, 15,7 = X and 15,0 = —A6. Then, recall that diam(P,) ~ |(f")/|7! = e~ 57,
and so diamP, ~ e~ *" for most words a. Notice that the presence of the Lyapunov exponent in
the exponential is not surprising, since it is defined to represent a characteristic frequency of our
problem. Samely, we can argue that since our equilibrium measure satisfies the Gibbs estimate,
we have ju(P,) ~ e5"%, and so p(P,) ~ e " for most words a. Again, it is no surprise that this
exponent appears here: we recognize that u(P,) ~ diam(P,)°, where § is the dimension of our
measure.

11



Proof. Let a € W,,41 be such that D, C A, (). We have

¥a € Dy, |gh(@)] = €507 0m(),

and so
Vo € Db(a)7 e—7z/\e—na < |g/a(x)| < e—n)\ena'

For the diameters, the argument uses the conformal setting, through the Koebe quarter theorem.
By lemma 2.3, Conv(P,) C D, C A, (). Hence:

Yo,y € Pa,, |v =yl =f"(ga(x)) = ["(9a(y))]

1
< /0 (/™) (9a(y) + t(ga(x) — ga(y))) |t [(ga(w) — ga(y))| < €™ diam(Pa),
and so e~ *"e~*diam(P,,) < diam(P,). Next, we write
diam(P,) < diam(U,) < diam(D,)

and
diam(D,) = diam(ga(D,,)) < e *"diam(D,, ).

by convexity of D,,. We have proved that diam(P,), diam(U,), diam(D,) ~ e~ ™.
Next, consider the weight wa(z). We have

wa(z) = esnsO(ga(f':))7

SO
efésn'r(x)efs|$n7'(z)| < ’UJa(Z') < 6755717'(1)65‘5”7'(12)‘

)

and hence
675)\n€76()\+5+5)n < wa(x) < 675)\nes(/\+6+s)n.

Finally, since u is a Gibbs measure for some constant parameter Cj, and with pressure 0, we can

write:
00—1676)\77,676()\+6+6)n < ,U(Pa) < 00676)\ne€()\+6+5)n'

Definition 3.2. Define the set of (¢-)regular words by
Rnti1(e) :={a €Wy | Da C An(e)},
and the set of regular k-blocks by
RE (e)={A=al...a,_1a, € Wyi1 | Vi, a; € Royi(e)}.

Finally, define the associated geometric points to be

Rﬁ+1(€) = U PA.

AERE (o)

Lemma 3.2. There exists ny(e) such that, for all n > nq(g), we have:
JNA,(e/2) C Rpi1(e).

Proof. Let x € A, (¢/2). There exists a € W,, 1 such that € D,. To conclude, it suffices to show
that D,y C A,(e). Solet y € Dy We already saw in remark 2.1 that Lipschitz potentials have
exponentially decreasing variations. It implies in particular the existence of some constant C' > 0,
which depends only on f here, such that

|SnT(y) — Su ()| < C.
Hence, we have

-

n

n 1
Snr(@) )\‘ = |Surly) — Sur(x)| < /2 + ..
n n n

12



as long as we chose n large enough, depending on €. Samely, we can write

Sne(y)  Snp()

Sne(y) ‘ ‘
+60| <e/2+ — .
‘ SnT(y) / SnT(y)  Snt(x)
Since S, 7 =log |(f™)'| > log(co) + nlog(k) uniformly on D for some x > 1, we get
Sne(y) 1
< _
S 5| < /2t e 060507(0) — S5 ()
Sy7(x Spo(x
<efpt oDl o(y) — Swpl) 4 7 P is, r(a) — 5,r(y)

(log(cp) + nlog(k)) (log(cg) + nlog(k))
C

for some constant C, where we used the fact that (S, ¢)/n is uniformly bounded on f~"(D) and
the preceding remark on potentials with exponentially vanishing variations. Again, choosing n
large enough depending on ¢ allows us to conclude. O

Proposition 3.3. We have the following cardinality estimate:
HR,p1(g) ~ 2
Moreover, there exists na(e) and 61(¢) > 0 such that
Vn > na(e), p(J\ Ruga(e)) < e O,
Proof. By the preceding lemma, we can write, for n > nq(e):
JNA,(e/2) C Rpi1(e).

Moreover, we also know that there exists ng(e/2) and dy(e/2) such that, for all n > ny(e/2), we
have

w(J\ An(e/2)) < e~ %0E/2n,

So define ny(e) := max(ny(g),no(e/2)/ep). For all n > na(e), we then have:

(T \ Ry () < 1 (J\ Ap(e/2)) < e %/,

Next, the cardinality estimates follow from the bound on the measure. Indeed, we know that, for
n > na(e):

1= p(Rnt1(€)) + p(J \ Rnya(e)) < Z w(Pa) + e do(e/2)n
aERn+1(e)

and so
L—e e < N (P < 1.

aERn+1(¢)

We then use the estimate obtained for p(P,), that is,

Cale—é)\ne—s()\—&-é—&-e)n < M(Pa) < 006_6)\”66()\+6+8)n7

and we obtain

Co—leé)\nefe()dré«ks)n (1 _ 6750(5/2)n> < HRos () < Cpednes+o+e)
which proves that #R,,.1(g) ~ €.
Proposition 3.4. For all n > na(e),

1 (T\RE 1 (6)) < ke,

and so
#RY () ~ MO,

13



Proof. Define Ry, 1(e) := Uaer,,,, intyPa. From the point of view of the measure 4, it is indistin-

guishable from R, 11(¢). First, we prove that
E—1 o
N7 (Raa(@) € B (o).
i=0

Let z € ﬂi:ol fm (Rn+1(5)). Since there exists A = a)...a},_jar € Wiyy1 such that x € Py,

we see that for any i we can write f(z) € Py yan N Rpi1(€). So there exists by 1 € Ryy1(e)

such that Pa’1+,---»ak Nint;Py,., # 0. Then b;yy = a;11, for all 4, which implies that A € R’flﬂ(s).
Now that the inclusion is proved, we see that

k—1
(TN RE) <D (£ (TN R ) )
= ku(J\ Rnt1),
and we conclude by the previous theorem. The cardinal estimate is done as before. O

4 Reduction to sums of exponentials

We can finally begin the proof of the main Theorem 1.4. Recall that f is a hyperbolic rational map
of degree d > 2, and that J C C denotes its Julia set, which is supposed not to be included in a
circle. Fix a small Markov partition (P, )sc.4 and open sets (Uy)aca and (D, )qc.4 as in Proposition
2.2. Finally, fix a normalized ¢ € C''(V,R), and denote by p its associated equilibrium state.

We wish to prove that i exhibits some polynomial decay. For this, recall that
le) = [ e duo)
J

where x and ¢ are seen in R?, and where - is the usual inner product. We will use the invariance of
i by the transfer operator. Since it involves the inverse branches g,, we will rewrite this integral
in a more complex fashioned way. We can write:

€)= [ D).

where this time, z and £ are seen as complex numbers. As we will be interested in intertwining
blocks of words, we need a new set of notations, inspired from the one used in [BD17]. For a fixed
n and k, denote:

o A=(ap,...,a) €E W' B=(by,....by) e W .

n

o We write A <> Biffaj_; ~b; ~a; forall j=1,...k.

e If A <+ B, then we define the words AxB := ajbjab}...a} ,bja, and A#B := ajbja}b;...a,  by.

e Denote by b(A) € A the last letter of aj.

Then, we can write:

Vo € By, LEF h(2) = Y h(ga.s(@)wa.s(2).

A~B
A~~b

In particular, the invariance of x4 under £, allows us to write the following formula:

) = ¢~ 2mRe(Conn () y 5 () dpu().
Az<—>:B /Pb(A) e

In this section, our goal is to relate this quantity to a well behaved sum of exponentials. To this
end, we will need to introduce various parameters that will be chosen in section 5. Before going
on, let us explain the role of those different quantities.

14



Five quantities will be at play: &, n,k,e¢ and €. The parameters k,e9 and € must be thought as
being fized. k will be chosen by an application of Theorem 5.3. &y will be chosen at the end of
the proof of Proposition 6.5. €g will be chosen small compared to A, and £ will be chosen small
compared to g, A, 6 and every other constant that might appear in the proof.

The only variables are £ and n, but they are related. We think of ¢ as a large enough variable, n
will be depending on £ with a relation of the form n ~ In&.

We prove the following reduction.

Proposition 4.1. Define
T 1= {eeon/Z < |77| < 625071}

and
Ga(b) =gl y(2a,)

for some choice of x4 € inty Py for any finite admissible words a. There exists a constant o > 0
such that, for |§| ~ ektDAneeon gnd n large enough depending on e:

efaan|ﬁ(§)|2 5 67A6(2k+1) Z sup Z eziWRe(nCI,A(b1)~uCk,,A(bk))

o1 ME€In k
AcR Y BeR, .,

A+B

+e —ean (J\Rilril( ))2 +KJ_2"+€_()‘_80)7L+€_505ADH/2.

Once Proposition 4.1 is established, if we manage to prove that the sum of exponentials enjoys
exponential decay in n, then choosing ¢ small enough will allow us to see that |1i(£)|? enjoys
polynomial decay in &, and Theorem 1.4 will be proved. We prove Proposition 4.1 through a
succession of lemmas.

Lemma 4.2.
2

> [ ey pa)du@)| I\ R )
AoB P

k+1
AeREH!
BeRE

A <

n+1
Proof. We have
() = Z / e~ 2mRe(E9AB(0) s b () ().
AoB Y DA

We are only interested on blocks A and B that allow us to get some control on the different
quantities that will appear: those are the regular words. We have:

ale) = e Bl g (2)dp () + e tirte(Conn @)y g (@) dp(x)
>/ A /.. A

A+-B A<—>B
k+1 k+1
AeRn+1 A¢R71+1
BER?H_1 or B¢'Rn_*_1

where we see blocks in RF 11 as blocks in Wk .1 in the obvious way. We can bound the contribution
of the non-regular part by

’ / 721,7TR6(§QA*B($))1UA B(x)du(x)
A<—>B Poa)

k41
A¢RTT

or B¢RK

< Z /P wodp

C¢R2k+1 b(C)

n+1

S D uPe) <u(J\RVENe),

2k+1
C¢R71+1

where we used the fact that p is a Gibbs measure. Once ¢ will be fixed, this term will enjoy
exponential decay in n, thanks to Proposition 3.4. O
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Lemma 4.3. There exists some constant o > 0 such that, for n > na(e) :

2

—ean
€

Z / 6722'7TR6(E9A*B(I))U}A*B(a‘,’)d,l,L(fE)
AoB P

AERFT]

n+1
BeR}
2
< Mk-1n / =2 Re(Eonm @)y (2)du(z)| + w20
AoB |7 Pua)
AeRET]
BeRE

Proof. Notice that wa.g(z) and wa, (x) are related by

WAB(T) = WA4B(Ja, (7)) Wa, ().

For each admissible word a of any length, fix once and for all a point x, € int;P,. To get the
term waxB(ga, (z)) out of the integral, we will compare it to wauxs(za,). Recall that ¢ has
exponentially decreasing variations: we can write

max sup |p(x) —p(y)| S k™"
aeWwyyegl (@) = (y)|

So we can write:

WA#B(Ja, (T
wapn (e (0)) exp (S2nkP(9A#B(9ay, (7)) — S2kntp(9a#B(2a,))) »
wA%B(Ta,)
with
2nk—1
|Sonkp(gasB (ga, () — Sornp(9agn(@a))| S Y wEHIT <
§=0
Hence, there exists some constant C' > 0 such that
e " ways(Ta,) < wagB(ga, (¥) < e Twayn(Tay),

which gives:

‘eicff

|wa4B(gay (7)) — wAxB(Ta, )| < max - 1‘ WA#B(Ta,) S K "wAyB(Ta,)-

From this, we get that

Z /P 6727;7FR8(EQA*B(:”)) (U)A*B(x) — WA#B (l’ak_)wak (1')) d,u(x)
A-B b(A)

AcRE

k
BER:,,

$ X[ lwante) - waptra i, ()] (o)

AeRET]

BeR)

ean .—n

St Y [ wasn(ea s, (@) S e
AoB YPa

AeRrITY

BeRF
for some positive constant a, by Proposition 3.1 and 3.4. Moreover, by Cauchy-Schwartz,

2
Z / e_QiTrRe@gA*B(x))wA#B (xak)wak (m)du(l‘)
AoB Py

ARATH
BeR

k
n+1
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2

> wasnlea) [ ey ()dula)

AoB Pya)
AcRE
BeRk
2
< Z wasp(Ta, )? Z / e*2iﬂ'Re(£QA*B(I))wak (2)dp(z)
A&B AoB |V P4
AeRITY AcRET]
BeRIZ-H BGRZ-H
2
< eFome M@k n / e_%”Re(ggA*B(m))wak (x)dp(z)|
AoB |/ Pua
AcRE
BeRE
by Proposition 3.1 and 3.4, where one could increase « if necessary. O

Lemma 4.4. Define
Goa(b) =gl ()
and 3
1(2,9) = & (gay, (¥) — ga, (y)) e

There exists a > 0 such that, for |£| ~ ektDAneeon ond n large enough depending on e:

2
efsom,ef)\é(Qkfl)n

/ e—QiTrRE(EgA*B(z))wak (x)d‘u(l‘)
Pya)

A+-B
k1
AER,

BeR)
Z e2i7TRe(7I(xvy)Cl,A(bl)---Ck,A(bk))

BeRE
A-B

Stk - dp(x)dp(y) + e Ao,
P2

AeRrI] b(A)

Proof. We expand the integral term and use Proposition 3.1 to get

em@In S // eHmRe(Sonn(0)=0an (), (2)wa, (y)dp(w)dps(y)
P2

A~B b(A)
AcREL]
BERY
< e~ A(2k=1)n Z // Way, (2)way, () Z o2imRe(E(gasB(2)~ga-B (1)) dp(z)du(y)
Acrktt 7 Fa BER;
A-B
5 esane—A5(2k+1)n Z // Z eZiTrRe<E(QA*B(:C)_.‘]A*B(y))) du(x)du(y)
acriit P IBery
A+B

The next step is to carefully linearize the phase. Here again, the construction of the (D,)qca as
convex sets is really useful.

Fix some A € Rﬁﬁ For x,y € Pya), set T := ga,(7) and § = ga,(y). These are elements of
Pym), and so [Z,y] C Dys). Hence, the following identity makes sense:

9axB(7) — ga-B(Y) = gaxB(7) — gayB(Y) = /[A . gayn(2)dz.
Ty
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Therefore, we get

|9a+B(7) — ga«B(Y) — gayn(Ta, ) (@ — )| = (gA#B( ) — gayn(Ta,)) dz|.

Then, z € Dy, and 50 [2,Za,] C Dy(m), and the following is well defined:

ng#B(Z) - ng#B(l‘ak) = / QX#B(W)dW-

[z,:tak]

Now, notice that since the maps are holomorphic, and since there exists a 8 > 0 such that P, +
B(0,28) C D, for any a € A, we can write by Cauchy’s formula

1 ! S y 00,C(w
7?{ QA#B( Q)ds < ||9A#B|| ,C( ,ﬁ)’
2im Je(w,p) (8 —w) B

|9A#B )| =

where C(w, §) is a circle centered at w with radius 5. And so

l9a48(2) — 9auB (Ta)| S 19axBlloo. Dy 12 — Tay| S ST An

by Proposition 3.1. Hence,

9a+8(2) — 9a-B(Y) — g sm (70 )@ — 7)| = /m (dapn(2) — Gagn(za,)) dz| S come G2
z,9

Then we relate g g (Ta,) to g;6b1 (a,)...g.

w by (Ta,), using Cauchy’s formula again:
k—1

k k
/ ! / ! /
|9 (a) = Gagio, (Pa) - 9 ()| = [TT 9hs b, gy, (@) = T gty 1, ()
=1 =1
3 1+1
< Z Hga] lb aJ H ga b ga7b;+1 xak Hga] lb aJ H ga b ganH—l b'(xak))
=0 |j=1 j=i+1 J=i+2
k-1
—2(k—1)A / /
< Zesa”e ( ) "|ga;bi+1 (ga;+1b§+2...bk (Z‘ak)) _gafibiJrl (x3i+1))|
i=0
5 eaane—2)\(k—1)n‘|g;£bi+1 ||oodiam<Pai+1) 5 eaome—(Zk—i-l))\n.
Hence, since |7 — | < efme?",
k
gA*B( ) gA*B H ] b S eeane—(2k+2)/\n.
From this estimate, we can relate our problem to a linearized one, as follows:
e~ A(2k+1)n Z // C2i7rRe(E(gA*B(w —-9a-(¥)) _ 2’“Re(5ga/ by (@a1) 0y b, (@) )(@-T)) () dp(y)
AeRIT] Pyay2 BeR’;+1
A+B
~ 2inRe(€( 9a-B(0)-9a-m (1)=0l ()0l (v )(@—T)
MR N o ' -1b — 1|dp(x)dp(y)
AR Pocar2 BER] |,
A-B
—28( ~
seeen 5 [ S el onm(o) — aam) ~ sigp, (o), (50,)(E — )| (o))
AeRkJrl b(A)2 BeRk
A<—>B
5 eaane—)\é(2l~c+1) (k+1)6An k6)\n|§|e (2k+2)An |§|eeane (2k+2)/\
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Now we see why we need to relate n to . We follow [SS20] and fix
e(2k+1))\(n—1)€60(n—1) < |£| < e(2k+1))\neaon.

This choice will ensure that the normalized phase n will grow at a slow pace, of order of magnitude
€™, It will be useful in the last section, where we will finally adjust 9. This relationship being
fixed from now on, we get:

sk / / S el nter-smn o)) it (€l (o), (50 D)) d(2)dly)

aerttt TP IBerk

A+~B
< esanef(/\feo)n.
So now we can focus on the term
o=an ,—A8(2k+1)n Z // Z ZirRe (Eg;6b1 (xal)mg;;cflbk(mak)(£7§)> (@) du(y).
NS Poca) BeRE
A-B
We re-scale the phase by defining, for any b such that a;_; ~ b ~ a;:
2)
Galb) =gl (ra,)
So that {j a(b) ~ 1. We can then write
by (Tar) - Gy b, (2a)(@ = §) = n(2,y)¢1,a(b1) ... Gra(br)

where 7(x,y) := £ (T — 7) e~ 2", O

Lemma 4.5. Define
Jn — {66071/2 < |77| < 625(’“}.

There exists a > 0 such that, for |£| ~ ektDAneeon gnd n large enough depending on e:

e—Ean = AS(2k+1)n Z Z e2im Re(n(z,y)C1,a(b1)..Cr,a (br)) du(x)du(y)
AeRMH Pia) IBerk
A+~B

+ e_éADEOTL/Q.

5 e—)\5(2k+1)n Z sup Z eQi‘ﬂ'R@(WCI,A(bl)u-Ck,A(bk))

eJ .
AE’RZerll 1&sn BERE,-H
A+B

Proof. To estimate n(z,y), we need to control |z —7|. A first inequality is easy to get by convexity

of Db(A)3
G
[z,y]

The other inequality is subtler to get, but we already did the hard work. Recall lemma 2.3: it tells
us that Conv(P,,) C D,,, thanks to Koebe’s quarter theorem. Consequently, [Z,y] C Da,, and so
we can write safely that

< esne—An|x _ yl

< eene)\n|§ _ §|

P | /[ G

Combining this with the fact that {; a(b) ~ 1 gives us the following estimate for 7 :

75(4k+1)n€50n‘Jj _ 8(4k+1)n650n|$ _

vxayepb(A)7 € y| < |77($all)| <e y|
Choosing ¢ and our Markov partition small enough ensures us that

Yo,y € Pyay, e “HFTDIneEn |y — g < |p(a,y)| < e
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Finally, we need to reduce our problem to the case where 7 is not too small, so that the sum of
exponential may enjoys some cancellations. For this, we use the upper regularity of . We have, if
HANS Pb(A):

L ({y cJ ‘.I‘ _ y| < es(4k+1)n€750n/2}) < es(4k+1)n5AD€7505ADn/2.

Integrating in z yields
=y ({I, y e J, ‘I o y| < ee(4k+1)n6750n/2}) /S 66(4k+1)n6AD6750§ADn/2.

This allows us to reduce our principal integral term to the part where 7 is not small. Indeed, we

get:
e+ 3 // S eimRelnas) A Con ) | gy () dp(y)
AcRIT] Plia) BeRE,,
A~B
< ok § // T iR a®)-Coa o) | du(z)dp(y)
Acrktt? HEvEP ), oylzestirnemeon 2} |pepy |
A-B

+66an65n(4k+1)§AD efaoﬁApn/2
by the cardinality estimate on R +1- In this integral term, we get

n(‘r’y) > e—s(4k+1)neaonea(4k+l)ne—son/2 — 66071/27

and so we can bound:

e*/\5(2k+1)n § : // § 62i7rRe(n(m,y)C1,A(bl)‘..gk,A(bk)) d,u(x)du(y)

WEP, e— e(4k+1)n g—eqn/2

acrlpy " e, [yt e Ipery

A+~B

< e~ A(2k+1)n E sup E e2imRe(n¢1,a(b1)...Ck,a(br)) |
n€Jn
AeRfljrll BeR)
A+B
O]

Combining all those lemmas gives us Theorem 4.1.

5 The sum product phenomenon

5.1 A key theorem

We will use the following theorem of Li, which generalize a previous theorem of Bourgain in the
complex case. It can be found as follows in [LNP19], and a proof can be found in [Lil8].

Theorem 5.1. Given v > 0, there exist e5 € ]0,1[ and k € N* such that the following holds for
n € C with [n| > 1. Let Cy > 1 and let \y,...,\; be Borel measures supported on the annulus
{z€C, Cy* < |z| < Cy} with total mass less than Cy. Assume that each \; satisfies the projective
non concentration property, that is,

Vo € [Coln| ™1, Cytn 2], sup A\;j{z € C, |Re(e?2) —a| < o} < Cho.
a,0€ER
Then there exists a constant C7 depending only on Cy and -y such that

’/exp(?ine(nzl e 2k))dA (1) - Ak (2)| < Chln| 2.

Unfortunately, in our case the use of large deviations does not allow us to apply it straightforwardly.
To highlight the dependence of C; when Cj is permitted to grow gently, we prove the following
theorem.
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Theorem 5.2. Fiz 0 < v < 1. There exist €1 > 0 and k € N* such that the following holds for
n € C with |n| large enough. Let 1 < R < |n|** and let \1,..., A\ be Borel measures supported on
the annulus {z € C, R~ <|z| < R} with total mass less than R. Assume that each \; satisfies
the following projective non concentration property:

Vo € [In|7%, 7], sup Aj{z € C, |Re(e’z) —a| <o} <07
a,0eR
Then there exists a constant ¢ > 0 depending only on v such that

‘/exp(%ﬂRe(nzl v zk))dA (1) < d Ak (z)| < e|n] T

Proof. Fix 0 < v < 1, and let 5 and k given by the previous theorem. Choose 1 := % Let

1 < R < |n|*t, and let A\q,..., \x be measures that satisfy the hypothesis of Theorem 5.2. We are
going to use a dyadic decomposition.

Let m := [logy(R)| + 1. Then JA; is supported in the annulus
{zeC, 27" < |z| <2™}.
Define, for A a borel subset of C and for r = —m +1,...,m:
Nor(A) =R\ (27 (An{27! < [2] < 1})).
Those measures are all supported in {1/2 < |z| < 1}, and have total mass A; (C) < 1.

Moreover, a non concentration property is satisfied by each A;,. If we fix some 7y, ..., r; between
—m +1 and m and define 7,..r, i= 2k, then [y, .| = (2B)Fn| > 2 F[pl ke > 1if
n is large enough. Let o € (|9, vl M0, | 7°2]. Then

N ({Re(ez) —al < o}) = R7'A; (27 ({|Re(e2) —a| < o} N {27! < |2| < 1}))
=R\ ({|Re(e”z) —27a] <270} N {2771 < [2] < 27})
< R7'\; ({|Re(e2) — 2"a| < 270}).

Since 27 € |:2T|777'1,~-,7'k|_172T|7]7'17--<77'k|_62:| C [(2}{)—(k+1)|77|—17 (2R)k+1|n‘—52] C [|77|—2, |n|—81] if
|n| is large enough, we can use the non-concentration hypothesis assumed for each A; to get:

N ({[Re(e’z) —a| < o) < R71(270)7 < 207.

Hence, by the previous theorem, there exists a constant C; depending only on « such that

’/exp(%wRe(nrlmrk 21 25))dN ry (21) oo ANy (ZR) | < CMry e |52

Finally, since
NA) =R Y N.(2774),
r=—m+1

we get that:
‘/exp(%ﬂ'Re(nzl e zk))dA (z1) - d g (1)

< >y R

Ty Tk

:ZRk

15Tk

/exp(inRe(nzl coo21))dA e (27 21) A, (27 R 2)

/exp(?z’ﬂRe(nﬁ_” 21 ... 28)) ANy (21) o Ay (21)

< C12m) " R¥ [0y . | 772 < A5 CLm R [ 22

Since m < logy(R) + 1, and since k depends only on ~, there exists a constant ¢ that depends only
on « such that 4*CymFR?* < cR?***! for any R > 1. Finally, cR?**1|n|=52 < || ==, O
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Theorem 5.3. Fiz 0 < v < 1. Then there exist k € N* and €1 > 0 depending only on v such that
the following holds for n € C with |n| large enough. Let 1 < R < |n|** , N > 1 and Z4,..., 2}, be
finite sets such that #2; < RN. Consider some maps (5 : Z; — C, j =1,...,k, such that, for all

J:
¢G(Z)cf{zeC, RR'<|2| <R}

and

Vo € [In|72, [n| 7], sup #{b € 2;, |Re(e’¢j(b)) —a| < o} < No™.
a,0ec

Then there exists a constant ¢ > 0 depending only on vy such that

Nk > exp (2imRe (n¢1(by) ... Cu(bp)))| < c|n| 5.
bi1€Z1,....bpEZ,

Proof. Define our measures as sums of dirac mass:

1
A= D Oc,m)-

beZ;

We see that ); is supported in the annulus {z € C, R™! < |z| < R}. The total mass is bounded
by
N(C)< N '#2Z; <R.

Then, if o € [|n|~2,|n| =], we have, for any a,6 € R:
. 1 )
Aj{z €C, |Re(e??2) —a| <o} = ~# {be Z;, Re(e¢;(b)) —a| <o} <o,

Hence, the previous theorem applies directly, and gives us the desired result. O

5.2 End of the proof assuming non concentration

We will use Theorem 5.3 on the maps (j a. Let’s carefully define the framework.

For some fixed A € Rﬁiﬁ, define for j =1,...,k

Zj = {b € 'R,nJrl,aj,l ~s b o~ a; }

The maps ¢; a(b) := 62A”g;3_1b(xaj) are defined on Z;. There exists a constant o > 0 (which will

be fixed from now on) such that
#Z < eeaned)\n
j >

and
C]gA(Zj) C {Z c C , e—&‘ozn S |Z| S ea(xn}'

Let v > 0 small enough. Theorem 5.3 then fixes k and some ;. The goal is to apply Theorem
5.3 to the maps (j A, for N := eM" R :=e**" and 7 € J,. Notice that choosing € small enough
ensures that R < |n|°!, and taking n large enough ensures that || is large. If we are able to prove
the non concentration hypothesis in this context, then Theorem 5.3 can be applied and we would
be able to conclude the proof of the main Theorem 1.4. Indeed, we already know that

efsan|ﬁ(£)|2 S ef)\é(2k+1)n Z sup Z eQi‘n’Re(nCl,A(bl)...Ck,A(bk))

nedn, .
AeRET] BeRE
A+B

+e—sanu(J\Rilj_+11<E))2 4724 e—(A—zo)n + e—c0dapn/2

by Proposition 4.1. Since every error term already enjoys exponential decay in n, we just have to
deal with the sum of exponentials. By Theorem 5.3, we can then write

sup BQiWRC(UCl,A(bl)---Ck,A(bk)) Sce)\kéne—sosln/27
n€Jn BeRE
A-B
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and hence we get

e~ N(2k+1)n Z sup Z e2imRe(n¢1,a(b1)...Cr,a(by))
AcRF+! nE€In |gepk

n+1 n41
A-B
5 6som67)\5(2k+1)n6)\5(k+1)n6)\5kn676051n/2 5 esanefsosln/Z.

Now, we see that we can choose € small enough so that all terms enjoy exponential decay in n, and
since |£] ~ e(kTDAneeon wwe have proved polynomial decay of |fi|?.

6 The non-concentration hypothesis

The last part of this paper is devoted to the proof of the non-concentration hypothesis that we
just used.

6.1 Statement of the non-concentration theorem
Definition 6.1. For a given A € ’beii, define for j =1,...,k
Zj = {b € Rn+1, aj_1 b ~~ a; }

Then define
G.a(b) = 62/\n9;l;.71b(33aj)

on Z;. The following is satisfied, for some fixed constant « > 0:
#ZJ < eE(xneé)\n

and
Cj,A(Zj) C{zeC, e < |z] < e},

We are going to prove the following fact, which will allow us to apply Theorem 5.3 for n € J,,
R := e and N := e,

Theorem 6.1 (non concentration). There exists v > 0, and we can choose 9 > 0, such that the
following holds.

Let n € {e5o™/2 < |n| < e®*om). Let A € Rflfl Then, if n is large enough,

Vo € [lnl 7% nl~*], sup #{be€ Z;, Re(e”(;a(b)) —a| <o} < No7,
a,0eR
where R == e%®", N := " and €, and k are fized by Theorem 5.3.

6.2 Beginning of the proof

The proof of Theorem 6.1 is in two parts. First of all, we see that the non-concentration hypothesis
formulated above counts how many (; A are in a strip. We begin by reducing the non-concentration
to a counting problem in small disks.

Lemma 6.2. If ¢o and vy are such that, for o € [e5%0" e=c1%07/5]

sup #{b € Zja Cj,A(b) € B(a70)} < NUIJVY?
R~1<[a|<R

then Theorem 6.1 is true.
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Proof. Suppose that the result in lemma 6.2 is true. Then, we know that squares C.g, =
e B (c,0) = {z € C, [Re(e”?z — ¢)| < o,|Im(e?z — ¢)| < o} are included in disks B(c,0/2).
(We note By, the balls for the L> norm.) Hence,

Vo e [e—5€on7e—€1€0n/5]7

1
#{b € Z;, Ga € Cepo) <#DEZ, (a€Ble,ovD} <NV2 o',
Our next move is to cover the strip S, 9., 1= {z € C, |Re(e2) —a| < U} by squares Cg g . First
of all, recall that (; a(Z;) C B(0, R). Hence, we can write, for a fixed a and 6:
#{b€ 2, Gab) €Supo} < Y, #{b€Z Ga€Cupol
ceK(o,R)

where K (o,n) := {e""®(a+iko) | k= —|R/c]|,...,|R/c|} is the set of the centers of the squares,
chosen so that it covers our restricted strip. Hence, for o € [e~4¢0™ 6’5150"/2],

R
#{be Z;, (ab) € Supo}t S = N2 T g1

Then, since o goes to zero exponentially fast in n, and since R grows slowly since € can be chosen
as small as we want, we can just take n large enough so that

#{b € Z;, Ga(b) € Supa} S ENVE oMY < No12,
o
and we are done. O

Definition 6.2. Since exp : C — C* is a surjective, holomorphic morphism, with kernel 2i7Z, it
induces a biholomorphism exp : C/2inZ — C*. Define by log : C* — C/2inZ its holomorphic
inverse. Note modg;, : C — C/2iwZ the projection.

Now, we reduce the problem to a counting estimate on log(¢; a)-

Lemma 6.3. Ifco and vy are such that, for o € [e60m e=c120n/6])

sup # {b € Zj, log gy (xa,) € modaix (Boo(a,a))} < No't7,
acC i1

then Theorem 6.1 is true.

Proof. Suppose that the estimate is true. Let o € [e~5%0" g¢=c1207/5],

Fix an euclidean ball B(a, o), where a = re'? satisfies ro € [R™!, R] and 6 €] — 7, 7]. Elementary
trigonometry allows us to see that

B(a,0) C {re" € C| r € [rg — 0,70 + 0], 0 € [y — arctan(c'/rg), 0 + arctan(o/ro))] } .
Then, since for n large enough

In(ro + o) —In(rg — o) =In(1 +ory ") —In(l —ory ') < dory ' <4oR

and
2arctan(o/ry) < 4orgt < 4oR,
we find that
B(a,0) C exp Bso((In(r), 60),40R).
Hence:

#{b € Zja Cj,A(b) € B(a’va)} < #{b € Zj7 Cj,A(b> € exp Boo((ln(TO)’90>74RU)}

= #{b S Zj, 10g Cj,A(b) S mOdgiﬂ— (Boo((hl(ro), 90),4R0’))}
=#{be Z;, log 9;;_1b($aj) € moda;r (Boo((In(ro) — 2nX,6p),4R0))}

< N(4Ro)'*7 < Nol+1/2

provided n is large enough. So the inequality of lemma 6.2 is satisfied, and so Theorem 6.1 is
true. O
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6.3 End of the proof

We are going to prove that the estimate in lemma 6.3 is satisfied for all C*(V,R) potentials .
(The dependence in ¢ is hidden in the definition of the p-regular words.) For this, we will need a
generalization of a theorem, borrowed from [OW17].

Theorem 6.4. We work on U := | |, 4 Ua, the formal disjoint union of the U,. Define

CH(84,€) == {b = (ha)ac | ha € C'(Ua,©), l(ha)allcyuc) < o}

where || - lox ey is the usual C! norm
bl ey = D (lhalloo,vn + [IVhalloo,0n) -
acA

On this Banach space, for ¢ a normalized potential, s € C and |l € Z, we define a twisted transfer
operator Ly, 51 : CF(U,C) = CL (8, C) as follows:

/ T -l
S et (@)]* (%z;()) b(gas()),

Vo € Ub, L 75,16(30) =
’ P 9.,(@)]

where gqp : Uy — U,. Iterating this transfer operator yields:

" =l
Vo e Uy L0, 0@ = Y wa<x>|g;<x>|3(9a”) b(ga().

!/
e 94(@)]
a~b
Since J is supposed to be not included in a circle, we have the following result. There exists C' > 0
and p < 1 such that, for any s € C such that Re(s) =0 and [Im(s)| + |I] > 1,

125 < tllep ey < Collm(s)| + [U)?p"

It means that this twisted transfer operator is eventually uniformly contracting for large ! and
Im(s). This theorem will play another key role in this paper.

Remark 6.1. In [OW17], the theorem was proved for the conformal measure. In [ShSt20], section
3.3, Sharp and Stylianou explain how we can generalize the theorem for a more general family of
potentials, which covers the case of the measure of maximal entropy. The fully general theorem
can be proved with some very minor modifications from the proof developed in [OW17]: it will be
explained in appendix B.

Proposition 6.5. Define £¢ := min(—In(p)/30,A/2). There exists v > 0 such that,
for o € [e=6%0m e==1207/6] and if n is large enough,

sup # {b € Z;, — loggz’iéilb(xaj) € moda;r (Beo(a, o))} < No'™,

Proof. In the proof to come, all the ~ or < will be uniform in a: the only relevant information here
will be 0. So fix o € [e~6%0m e==107/6] and fix a small square moda;y (Beo(a,0)) C C/2imZ. The
area of this square is o2, Lift this square somewhere in C, for example as B, (a, ), and then define a
bump function x such that xy = 1 on Bu(a,0), supp(x) C B (a,20) and such that ||x||11(c) ~ o°.
We can suppose that ||8§18§2xHL1(C) ~ g2 F1=F2 (For example, take x(v) := xo((z — a)o~!) for
Xo a bump function around 0.)

Then, we can consider h, the 27Z[i] := 27(Z+iZ) periodic map obtained by periodizing x. We can
see it either as a smooth 27Z[i] periodic map on C, or as a smooth 27Z-periodic map on C/2inZ,
or just as a smooth map on C/27Z[i].

Then by construction, the periodicity of h allows us to see that

1m0d2i7r(Boo (a,0)) < h.
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Moreover, h (— log g, 1b) (7a,) is well defined, and so we can bound the desired cardinality with
-
it. We have the following “convex combination” bound:

#{bez, —loggy ,(ra,) € modsis (Boo(@,0))} < 3 hl~lowgly (ra,))

bEZj
wb(xa') /
= el h _10 / La;
bgz:j wp(Ta;) ( gga"flb( o)

< RN Z W (Ta, )M (— logg;}lb(l’aj))

bez;
< RN Z wb(fraj)h(—10%92,;._11)(%]'))

beEW, 11

aj—1 ->b->aj

Then, since our map h is 2wZ[i]-periodic and smooth, we can develop it using Fourier series. We
can write: .
Vz=ux+1iy € C/2inZ, h(z) = Z cuw (h)eHetry),
(u,v)€2Z?
where

cuv(h) = (47T2)71/B ( )h(x + iy)e V) dady,
Notice that
V2 e ()] 2 e (95 0y D)
< (An?) 7Y OE R b 11 (B (am)y = (AT%) TH|OE OB x| L1 o) = 0P TR R

Plugging —log g, (za,) in this expression yields
-1

h(=1oggh n(wa)) = > cu(h)exp (—inln(lgh b(ea,)l) — ivarg gy (za,))
(m,v)€z?

» g;’._ b(xaj) -
= Z Cw(h>|9;;71b(xaj)| " <71 )
(n,v)€22

|g;_;_1b(xaj)

and so
# {b €z, - loggggilb(xaj) € moda;, (Boo(a,a))}

/

. 9o (il,'aj) -V
<RNY cun) 3 wb<xaj>|g;;_lb<xaj)|—w<,m) |

Hy bEW, 11 |ga; b(xaj)

-1
aj,1waaj

For any word a, define g}, on C} (4, C) by
Ve € Upa)s 0a(z) :=ga(z) , VzeU, b#b(a), gy(z):=0.

With this notation, we may rewrite the sum on b as follows:

/

—i Yar,_ b(xaj) -
S wnlea)lok b(za,)l (

/
beW, 11 |ga;71b(-raj)

aj_—1 waaj

= > e o))" (g(gw> wb@aj)lgﬂ%j)'_w(ﬁz(ﬂ)_

bEW, 11 |94, _, (96 (2a,))]

aj—1 ->b->aj

= Z wb(xaj)\gg(xaj)ri“ (lgb(xa])|) |g/aj,1|_w ( g,aj_1|> (gb(xaj))

/
bewn+1 gb(xa_j)

b~aj; 1
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—V
in [ Bay_
:Eg,fiu,u ‘g;xj71| s <|Q?J 1) (xa]-).
a;_

’

—V
. o 9, . . .
For clarity, set ha ; == \g;],_ T ( izl > . A direct computation, and the holomorphicity of

!
EN

the (ga)a allows us to see that

hailley ey S 1+ |pl+ V).

We can now break the estimate into two pieces: high frequencies are controlled by the contraction
property of this transfer operator, and the low frequencies are controlled by the Gibbs property of
w. We also use the estimates on the Fourier coefficients on h.

# {b €z, - IOggégflb(xaﬂ € moda;, (Boo(a,a))}

—i gi/l;f b(xaj) -
< RNZCHV(h‘) Z wb(xaj)|9;;71b($aj)| a (M
pnv beEW, 41 aj b\ a;

-1
aj_j~b~a;

SRN | Y lewM D wolea)+ D lewMILE iy (bay)(@a,)l

lul+lv<1 bEW, 11 |l +lv[>1

SRN|56° > uPo)+ Y lew LY i ba)lcr e
beW, 1 [p]+]v|[>1

SENo® + RN Y e (W(pl + w0  haylcr e
[l +v|>1

SRNG®+ RNp™ Y e (W)l + W) (pl + [v])~2
|+ >1

< CRN(o*+ p"o™?),

for some constant C' > 0. We are nearly done. Since o € [e~%%0" e¢=5107/6] we know that

073 < e!®0n Now is the time where we fix £¢: choose
g0 := min(—In(p)/30, A/2).
Then po—3 < enInP)+1820) < o—1220n < 52 for p, large enough. Hence, we get
# {b €z, - 1oggg;_71b(ﬂcaj) € moda;r (Boo(a,a))} < 2CRNo?.
Finally, since o'/? is quickly decaying compared to R, we have

2CRNo? < No3/?

provided n is large enough. The proof is done. O

Appendix A Large deviations.

The goal of this section is to prove the large deviation Theorem 2.8, by using properties of the
pressure.

The link between the spectral radius of £, and the pressure given by the Perron-Frobenius-Ruelle

theorem allows us to get the following useful formula. We extract the first one from [Ru7§],
Theorem 7.20 and remark 7.28, and the second one from [Ru89], lemma 4.5.
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Proposition A.1.

1 Z S,
— 3 _ 3 "@(ga(m))
P((p) nh—>Holo n rbneav‘)l{ :élllgb log acW )
n41

a~>b

We begin by proving another avatar of those spectral radius formulas (which is nothing new).

Lemma A.2. Choose any x4 in each of the Py, a € W,,, ¥n. Then

1
P(yp) = lim — log Z eSn#(a),

n n
a€Wn 11

Proof. Since P, is compact, and by continuity, for every n there exists (™ € A and ylgfn)) € Pyny
such that -
max sup log Z e #(9:(®) = 1og Z Sy, ()

be A
zER acWp 1 a€Wn 1
a~~b a~sb(n)

Define y, := ga(yéfn))) € P, for clarity. The dependence on n is not lost since it is contained in

the length of the word. First of all, since ¢ has exponentially vanishing variations, there exists a
constant Cy; > 0 such that

Yo,y € Pa, [Snp(z) — Snp(y)| < C1.

Now we want to relate the sums with the z,’s and the y,’s, but the indices are different. To do
it properly, we are going to use the fact that f is topologically mixing: there exists some N € N
such that the matrix MY has all its entries positive. In particular, it means that

V%EA, VaEWnH, ECGWN, achWn+N+1.

The point is that we are sure that the word is admissible.
For a given a € W,,;1, there exists a ¢ € Wy such that ach!
fact that eS»® > 0, we get:

n+N+D € W, N4, and so, using the

eSne(Ta) < E eC1 5P (Y (ntn+1))

cEWN
ach(mt N+ eW,, 4 vy

Then, since S, (¢) < Sp4n (@) + N||¢|lco,s, We have:

eSne(@a) < E eC2 Sn+N () (Y, (niN+1))
cEWnN
acb(n+tN+FDeW,, 4 N1
Hence
].Og § esnﬁp(ma) < log E E 602 eSn+N§9(yacb(n+N+l))
a€Wn 11 a€EWn 41 cEWnN
ach(» N+t eW, v i1
= Cs + log E ¢S (wa)

dEWn 1N +1

d~sb(nt+N+1)
and so

1
lim sup — log Z eSn?(@) | < P(y).
n—oco T acWn 11
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The other inequality is easier, we have

log Z eSn®(Ya) < C; + log Z eSne(Ta) ,

a€EWn 41 aEWp 11
a~sb(n)

which gives us

1
P < limi Snp(xa)
(p) < liminf - log E e
aGWn+1

Another useful formula is the computation of the differential of the pressure.
Theorem A.3. The map P : C*(U,R) — R is differentiable. If ¢ € C*(U,R) is a normalized

potential, then we have:

Vi € CHUR). (@P)(v) = [ vy
Proof. This is the corollary 5.2 in [Ru89]. Loosely, the argument goes as follows.

The differentiability is essentially a consequence of the fact that e”’(¥) is an isolated eigenvalue of
Ly. To compute the differential, consider v; € C' the normalized eigenfunction for L4ty such
that vg = 1. We have, for small ¢:

Ewrtw Uy = ePletty) Vg

Hence,

d
Ls&+t’¢(wvt> + Etp+t1[)(atvt) — vtep(‘P‘i‘tw)%P((p + tw) + eP(tP'i‘tw)atrUt

Taking ¢ = 0 and integrating against ., gives

(dP)o (1) = /J L)y, = /J iy,

Now, we are ready to prove Theorem 2.8. The proof is adapted from [JS16], subsection 4.

Proof. Let ¢ be a normalized potential, and let ¢ be another C' potential. Let ¢ > 0. Let
j(t) == P ((¢ — [du, — )t + ). We know by Theorem A.3 that j/(0) = —& < 0. Hence, there
exists to > 0 such that P((¢) — [ ¢du, —e)to + ¢) < 0.

Define 20g := —P (v — [ wdp, — €)to + o). We then have
1
) ({{L‘ eJ, ﬁanl}(m) - /]wdﬂw > 5}) < ECZ ,U,@(Pa),

where Cy1 :={a € Wy11 | 3z € Pa, Sptp(x)/n— [dp, > e}. For each a in some Cj,1, choose
Za € Pa such that S,¢(za)/n — [du, > . For the other a, choose z, € P, randomly.
Now, since p, is a Gibbs measure, there exists Cp > 0 such that:

S eP) <G Y exp(Suplan)

acCp41 acCp41
<Co Y exp (Sn ((1/} - /wduw - 8) to + w) (%))
aGCn+1
<o Z exp <Sn (<1/) - /wdﬂap - 5) to+ 90) (za)) .
aEWn 41
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Then, by the lemma A.2, we can write for n > ng large enough:

Co Y exp (Sn ((¢ - /wduw - 5) to + <P> (xa)) < CendoenP((V=[vdugs=e)lote) < Ce=don,

a€EWn 41

and so

1
Ho ({x eJ, ESnz/)(x) — /de“w > 5}) < Ce o0,

The symmetric case is done by replacing 1 by —, and combining the two gives us the desired
bound. O

Appendix B Uniform spectral estimate for a family of twisted trans-
fer operator

Here, we will show how to prove Theorem 6.4. It is a generalization of Theorem 2.5 in [OW17]:
we will explain what we need to change in the original paper for the theorem to hold more generally.

Proving that a complex transfer operator is eventually contracting is linked to analytic extensions
results for dynamical zeta functions, and is often referred to as a spectral gap. Such results are of
great interest to study, for example, periodic orbit distribution in hyperbolic dynamical systems
(see for example the chapter 5 and 6 in [PP90]), or asymptotics for dynamically defined quantities
(as in [OW17] or [PU17]). One of the first result of this kind can be found in a work of Dolgopyat
[Do98], in which he used a method that has been broadly extended since. We can find various ver-
sions of Dolgopyat’s method in papers of Naud [Na05], Stoyanov [St11], Petkov [PS16], Oh-Winter
[OW17], Li [Li18b], and Sharp-Stylianou [ShSt20], to only name a few.

In this annex, we will outline the argument of Dolgopyat’s method as explained in [OW17] adapted
to our general setting. We need three ingredients to make the method work: the NLI (non local
integrability), the NCP (another non concentration property), and a doubling property.

Definition B.1. Define 7(z) :=log|f’(x)| € R and §(z) := arg f/(z) € R/27Z. The transfer operator
in Theorem 6.4 acts on C}} (4, C) and may be rewritten in the form

£Lp,it,l = £<p7it‘rfil0~
For some normalized ¢ € C1(U,R), 1 € Z and t € R.
With those notations, Theorem 6.4 can be rewritten as follows.

Theorem B.1. Suppose that J is not included in a circle. For any e > 0, there exists C >0, p < 1
such that for any n > 1 and any t € R, I € Z such that [t| + || > 1,

L5 ierrioyllop ey < O+ [E)Fp"
Now we may recall the three main technical ingredients.

Theorem B.2 (NLI, [OW17] section 3). The function T satisfies the NLI property if there exists ag €
A, 1 € Py, , N € N, admissible words a,b € Wx_1 with ap ~> a,b, and an open neighborhood
Uy of x1 such that for any n > N, the map

(%,é) = (SpT0ga — SnT 0 gh, Snboga—Spbogp): Uy — R xR/27Z
1s a local diffeomorphism.

Remark B.1. Remark 4.7 in [SS20] and Proposition 3.8 in [OW17] points out the fact that the NLI
is a consequence of our non-linear setting, which itself comes from the fact that we supposed that
our Julia set is different from a circle.

Theorem B.3 (NCP, [OW17] section 4). For each n € N, for any a € Wy, 41, there ezists 0 < 6 < 1
such that, for all x € P,, all w € C of unit length, and all € € (0,1),

B(z,e)N{y € Pa, [{y — z,w)| > e} #0
where {a + bi,c+ di) = ac+ bd for a,b,c,d € R.
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Remark B.2. The NCP is a consequence of the fractal behavior of our Julia set. This time, if J
is included in any smooth set, the NCP fails. But in our case, this is equivalent to being included
in a circle, see [ES11]. Notice that this non concentration property has nothing to do with our
previous non concentration hypothesis.

Theorem B.4 (Doubling). Let, for a € A, p, be the equilibrium measure p, restricted to P,. Then
each g is doubling, that is:

AC >0, Vx € P,, Vr <1, pq(B(z,2r)) < Cuq(B(z,1)).

Proof. Tt follows from Theorem A.2 in [PW97] that f,, is doubling: the proof uses the conformality
of the dynamics. To prove that j, := p p, is still doubling, which is not clear a priori, we follow
Proposition 4.5 in [OW17] and prove that there exists ¢ > 0 such that for any a € A, for any
x € P,, and for any r > 0 small enough,

po(B(z,r)N P,)
o (B(, 7))

For this we use a Moran cover P, associated to our Markov partition, see the proof of Proposition
2.7 for a definition. Recall that any element P € P, have diameter strictly less than r, and recall
that there exists a constant M > 0 independent of = and r such that we can cover the ball B(z, )
with M elements of P,. Moreover, lemma 2.2 in [WW17] allows us to do so using elements P € P,
of the form P, for a in some W,,, Ny < n < Ny + L for some Ny(z,7) and some constant L
(independent of = and 7). We can then conclude as follows. Let P ... P(M) ¢ P, that covers
B(x,r). There exists i such that P(*) C P,. Hence, by the Gibbs property of j:

po(B@,r) N Py) | ijqz(P(”) > ML Dol
po(B(z,r)) Zj:l:u‘ﬂ(P(j))
O

Remark B.3. The doubling property (or Federer property) is a regularity assumption made on the
measure that is central for the execution of this version of Dolgopyat’s method. It allows us to
control integrals over J by integrals over smaller pieces of J, provided some regularity assumption
on the integrand.

Now we will outline the argument of Dolgopyat’s method as used in [OW17]. It can be decomposed

into four main steps.

Step 1: We reduce Theorem B.1 to a L?(u) estimate.

We need to define a modified C' norm. Denote by || - ||, a new norm, defined by

r

= { [lloo s + M=t i > 1
1R ]loo,st + [VA][oo,u if 7 < 1

Moreover, we do a slight abuse of notation and write p for ) 4 ita, seen as a measure
on 4. This measure is supported on J, seen as the set | |, P, C ||, U, = 4. The first
step is to show that Theorem B.1 reduces to the following claim.

Theorem B.5. Suppose that the Julia set of f is not contained in a circle. Then there
exists C > 0 and p € (0,1) such that for any h € CL(U4,C) and any n € N,

Lo —itrrioyPl L2y < CP™ Bl
for allt € R and £ € Z with |t| + |I| > 1.

A clear account for this reduction may be found in [Na05], section 5. This step holds
in great generality without any major difficulty. Intuitively, Theorem B.1 follows from
Theorem B.5 by the Lasota-Yorke inequality, by the quasicompactness of L, and by
the Perron-Frobenius-Ruelle theorem, which implies that Eg h is comparable to [ hdp
for N large. The difference between the two can be controlled using C' bounds.
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Step 2: We show that the oscillations in the sum induce enough cancellations.

Loosely, the argument goes as follows. We write, for a well chosen and large N:

Va € U, ﬁg—z’(trﬂa)h(x) - Z 6i(tSNT+lSN9)(Qa(m))h(ga(x))esN@(ga(m)).

acEWnN 41
a~>b

If we choose z in a suitable open set Sc Uy, the NLI and the NCP tell us that we can
extract words a and b from this sum such that some cancellations happen. Indeed, if
we isolate the term given by the words from the NLI,

o (tSNTHISNO)(ga(2)) h(ga (x))eswv(ga(w)) + i tSNTHISN ) (96 (2)) h(gp (x))eSN (gb(2)) ,

we see that a difference in argument might give us some cancellations. The effect of
h in the difference of argument can be carefully controlled by the C'* norm of h. The
interesting part comes from the complex exponential. The difference of arguments of
this part is

t(SnyToga— SnTogp) + (SN0 o ga— SnOogn),

which might be rewriten in the form

(@0, (7,0)).
Then we proceed as follows. Choose a large number of points (x) in Up. If, for a given
&y, the difference of argument ((¢,1), (7,0))(xx) is not large enough, we might use the
NCP to construct another point y;, next to x such that ((t,1), (7,))(yz) become larger.
The construction goes as follows: the NLI ensures that V((t,1), (7,0))(zx) =: wy, # 0.
Hence, the direction wy := % is well defined. The NCP then ensures us the existence
of some yy, € J which are very close to zj; and such that z; — yi is a vector pointing in
a direction comparable to @;,. As we are following the gradient of ((¢,1), (7,6)), we are

sure that ((¢,1), (7,6))(yx) will be larger than before.

We then let S be the set containing the points where the difference in argument is large
enough, so it contains some zj and some yi. This large enough difference in argument
that is true in S is also true in a small open neighborhood S of S.

We can then write, for = € §, an inequality of the form:

HISNTHSNO) (9 ]y (g (2)) SN #(90(®) 4 GUSNTHSNO 9@ gy (1)) SN #(90(2)

< (1= m)|A(ga @) 20D 4 gy ()],

where the (1 — 7)) comes in front of the part with the smaller modulus. This is, in
spirit, lemma 5.2 of [OW17]. We can then summarize the information in the form of a
function B that is 1 most of the time, but that is less than (1 —7)Y/2 on 5. This allows
us to write the following bound:

LY iirrinh < LY (10B).
One of the main difficulty of this part is to make sure that S is a set of large enough

measure, while still managing not to make the C'-norm of 3 explode. All the hidden
technicalities in this part forces us to only get this bound for a well chosen N.

Step 3: These cancellations allow us to compare £ to an operator that is contracting on a cone.

We define the following cone, on which the soon-to-be-defined Dolgopyat operator will
be well behaved. Define

Kr(W) := {H € C}(Y) | H is positive, and |VH| < RH},

and then define the Dolgopyat operator by MH := ﬁg (HpB). We then show that, if
H € Kr({) (for a well chosen R):
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1. M(H) € Kr(4l)

The first point is done using the Lasota-Yorke inequalities, see lemma 5.1 in [OW17].
The second point goes, loosely, as follows.

We write, using Cauchy-Schwartz:

(MH)? = LI (HB)” < LI (H*)LI(B).

On S , the cancellations represented in the function g spread, thanks to the fact that ¢
is normalized, as follows:

LY(B) = eSveesp?og,

_ Z eSNSOOQaﬂ? 0 ga+ Z 65N5009a62 0 ga

a where =1 a where 3 is smaller
< E : eSN®oga E : eSNsaOga(l _ 77)
a where =1 a where $ is smaller
_ 11— pe=Nlielle,

Then, we use the doubling property of u = > 1, and the control given by the fact
that H € Kg(4l) to bound the integral on all J by the integral on S

/Jﬁg(HQ)du < Co/gﬁg(HQ)du.

Hence, we can write, using the fact that £, preserves u and the previously mentioned
Cauchy-Schwartz inequality:

HM@mﬂWWWWZL@%W%%NWﬁ&%Mu

zi/jﬁgﬂﬂ)*ﬁﬁ(Hﬂﬁgﬁﬁﬂdu
S

> pe=Nlela /Agg(HQ)du
S
Z nCale—N“‘PHoo ||H||%2(U«) = EHHH%Q(M)

Hence
M2 < (1= )20,

Step 4: We conclude by an iterative argument.

To conclude, we need to see that we may bound h by some H € Kr(4l), and also that
the contraction property is true for all n, not just V.

For any n = kN, we can inductively prove our bound. If k¥ = 1, we can choose
HO = Hh||\t|+|l| Then, |h| < Ho and so

1LY rsimylliLzge < IMHol L2 < (1 =) 2||Rll o410

Then, choosing Hy1 := MH, € Kg(4l), we can proceed to the next step of the
induction and get

ILEN oy Pl L2y < IMHk—1 (|2 < (1 =€) |[ Rl ej4)-
Finally, if n = kN +r, with 0 < j < N — 1, we write
1L Pllzzcny < (U= L5k ey S (1 =)™ Rl oy

p—i(tT+10

and the proof is done.
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