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Abstract

The evolution of dispersal is a classical question in evolutionary biology, and it has been
studied in a wide range of mathematical models. A selection-mutation model, in which the
population is structured by space and a phenotypic trait, with the trait acting directly on
the dispersal (diffusion) rate, was formulated by Perthame and Souganidis [Math. Model.
Nat. Phenom. 11 (2016), 154-166] to study the evolution of random dispersal towards the
evolutionarily stable strategy. For the rare mutation limit, it was shown that the equilibrium
population concentrates on a single trait associated to the smallest dispersal rate. In this
paper, we consider the corresponding evolution equation and characterize the asymptotic
behaviors of the time-dependent solutions in the rare mutation limit, under mild convexity
assumptions on the underlying Hamiltonian function.

AMS Subject Class. [2010]: 35B25, 35F21, 35K57, 92D15
Keywords: evolution of dispersal, nonlocal PDE, constrained Hamilton-Jacobi equation, effec-
tive fitness, principal Floquet bundle

1 Introduction

Recently, various mathematical models for evolutionary biology have been developed with the
theories of adaptive dynamics, competition/selection equations, deterministic or stochastic.
Here, we are interested in the specific case of the evolution of dispersal in a bounded domain
and explain, in a continuous setting, the selection of the slowest. We introduce the framework
in a general setting without space before describing the full model.

1.1 Continuous modeling without space

A convenient modeling background, based on nonlocal Lotka-Volterra parabolic equations, is
considered in [2, 27, [33]. It is expressed under the form

€One = A0 +neR(z, pe(t))  for z € RN ¢ >0,
Pe(t) = [pn Ne(z,t) dz for ¢ > 0, (1.1)
Ne(2,0) = Nein(2) for z € RV,

The model (1.1]) describes the dynamics of a population with density 7¢(z, t), which is structured
by a physiological trait z € RY. The population dynamics of (I.1)) is driven by both mutation
and selection. The mutation process is modeled by the Laplacian A, and the selection is



expressed by the dependence of the (sign-changing) growth rate of an individual, given by
R(z, pe(t)), on the trait z and the limiting total population p.(t). We refer to [9] for a derivation
of this type of equations from individual based stochastic models. A striking property of
is that, as € — 0, the generic solution of this equation concentrates as a moving Dirac mass, i.e.

ne(t) = p(t)o(z — z(t))  in distribution, (1.2)

where p(t) = lin% pe(t) and the trajectory z(t) can be interpreted biologically as the dominant
e—

trait at the time ¢. Furthermore, the trajectory z(t) can be inferred form the total population
p(t) via the relation
R(z(t),p(t)) =0 a.e. (1.3)

and the rare mutation limit of the WKB-ansatz w.(z,t) := —elogn.(z,t) and the total popula-
tion p(t) satisfy, in the viscosity sense, the following Hamilton-Jacobi equation with a nonneg-
ativity constraint.

o + 0,u)> + R(z,p(t)) =0 for z € RV, ¢t >0,
inf, u(-,t) = u(z(t),t) =0 for t > 0, (1.4)
w(z,0) = uipn(2) for z € RV,

The key to understanding the evolutionary dynamics z(¢) is thus contained in the question of
uniqueness of solution (u, p) of (1.4), which was investigated in [7, [30} [33].

The model enables a rigorous derivation of the so-called canonical equation, which has
been formally proposed in the framework of adaptive dynamics to describe the trait evolution.
See also [11}, 22, 27, 33]. In [7], it is further proved that p(¢) is a nondecreasing function. Since
the dominant trait satisfies , this leads to the conclusion that evolution favors the traits
that can retain the proliferative advantage when the level of the total population is high.

1.2 Discrete modeling with spatial structure

In many biological situations, however, the proliferative advantage is not so directly linked to
the physiological trait in question. This is the case, in particular, in the study of evolution of
dispersal where individuals adopt different dispersal strategies without an apparent proliferative
advantage. An interesting question in this direction is the selection of random dispersal rate
[19]. For K interacting populations with densities n;(z,t), 1 <1i < K, competing for a common
resource m(z) and differing only in their dispersal rates «;, their population dynamics can be
described by the following competition system introduced in [I5]: for 1 <i < K,

K K
o = a;Agn; +n; | m(x) — an + ZMijnj forx e D, t > 0. (1.5)
j= j=1

In this context, these K species are (i) subject to a mutation with switching rate M;; from
phenotype j to i; (ii) moving randomly with diffusion rates «; and (iii) competing for a common
resource. The proliferative advantage of an individual is influenced by the way the individual
moves and utilizes resources. For the two-species case without mutation (M;; = 0), a well-
known result due to Dockery et al. [15] says that if m(z) is non-constant, and the populations
are subject to the no-flux boundary conditions, then the species with the smaller dispersal rate
always exclude the faster competitor. The corresponding question for system consisting
of three or more species remains open; see [§] for recent progress.

The system describes the competition among finitely many phenotypes with different
dispersal rates, denoted by ;. In the next section, we will introduce a mathematical model
with infinitely many phenotypes, parameterized by a one-dimensional trait variable z. Each z
corresponds to a phenotype with dispersal rate a(z), which is a continuous function of z.



1.3 The continuous model for evolution of dispersal

In this paper, we consider a nonlocal reaction-diffusion equation, introduced in [34], which can
be viewed as the extension of the discrete trait model (1.5 to the continuous trait setting. The
main modeling assumptions are as follows.

(i) The dispersal rate of an individual is a positive function of its phenotypic trait z, that we
denote by «a(z);

(ii) A Fisher-type Lotka-Volterra growth rate with spatially heterogeneous carrying capacity
m(x) and limitation by the total population at the same spatial location; and

(iii) Rare mutation acting on the phenotypic trait variable and modeled by a diffusion with
covariance v/2e.

More precisely, we study the asymptotic behavior, as ¢ — 0, of the density function n. =
ne(z,z,t) : D x I x [0,T] — [0,00), of the nonlocal, nonlinear problem

€One = a(2)Apne + ne(m(x) — pe(w,t)) + €20?n, forx € D, z€1,t>0,
Oyne =10 forxedD,zel, t>0,

0:ne =10 forzeD,ze€dl, t>0, (1.6)
ne(x, z,0) = neo(x, 2) forzeD,zel,
where
pe(x,t) = /ne(:n,z,t) dz, xeD,t>0. (1.7)
I

Here D represents a bounded spatial domain in RY with smooth boundary dD; v denotes the
outward unit normal vector on 9D; A, = Zf\; 1 G%i is the Laplace operator in x variables;
I = (a,b) C R is a bounded open interval with a < b; pc(x,t) is the population density of
the entire species at location z and time ¢. Without loss of generality we assume |D| = 1 and
|I| =1, i.e., D and I are both of unit Lebesgue measure. The interest of this problem is that
the fitness is controlled by a combination between the dispersal «(z) and the competition for

resources expressed by m(z) — pe(x,t). It is important that the resource m(x) satisfies
(M) m € CP(D) for some 8 € (0,1), and it is a nonconstant, positive function.

On the one hand, if (M) does not hold, i.e. m(z) is a constant and «(z) = z, then it can
be shown that the constant steady state solution is globally asymptotically stable among all
nonnegative nontrivial solutions [24]. On the other hand, under the assumption (M) and some
mild assumptions, it can be shown that, for all e sufficiently small, has a positive steady
state solution n¢(x,z) concentrated at the trait where o attains the minimum value [25, [34].
Under suitable assumptions, the positive steady state n¢(z, z) is shown to be unique and locally
asymptotically stable [24]. We will enforce hypothesis (M) throughout the rest of the paper.

Our goal is to show that, for the evolution of dispersal, the same concentration effect holds
around the fittest trait z(¢) as expressed in ((1.2)).

1.4 Assumptions and Main Results

Definition 1.1 (Invasion exponent).

For each z1, 23 € I, let A(21, 22) be the smallest eigenvalue of the linear equation

a(z1)Azp+ (m —05,)0+Ap=0 forz e D, (1.8)
=0 for z € 9D, ’
where, for each z € I, 0,(x) is the unique positive solution of
a(z)Az0, +(m—10,)0, =0 forx e D, (1.9)
0,0, =0 for x € 0D. ’



Notice that for z; = 2o =: z, we have A(z, z) = 0, which corresponds to ¢ = .. Throughout
the paper we impose the following assumptions:

(H1) a: I — Ry is smooth and is chosen such that 0 < inf; o < sup; @ < 400 and

2
(3K\ >0) 2K, <07 A(21,22) < oo forall (z1,20) € I X1,
A
and
0;,N(a,a) <0 and 0, A(b,b) >0,

(H2) Let uc(z,z,t) = —€elogne(x, z,t), then the initial condition satisfies

- 0(6)7
C2(DxI)

1
ue(x7270) - Vb(ZJ) - 5610g6

where Vy(z) € C°(I) is a non-negative function such that for some Ky > 0,

0*Vy(z) > 2Ky for z € I and inf Vo(2) = Vo(20) =0 I Z € Int I.

Remark 1.2. (H1) ensures that the trajectory of the dominant trait remains continuous, and
bounded away from OI, for t > 0. See Section |§| for an explicit example of « so that (H1) can
be explicitly Veriﬁedﬂ We leave the general case for future work.

The following uniqueness result, which seems to be of independent interest, plays a critical
role in characterizing the solution trajectories of (1.6). Its proof, which uses the convexity of
A(+, z2), is presented in Appendix

Proposition 1.3 (Constrained Hamilton-Jacobi eq.). Suppose that (H1) - (H2) hold.

(i) There exists a unique viscosity solution (V(z,t), 2(t)) € WH(I x [0,00)) x W1>([0, 00))
to the following constrained Hamilton-Jacobi equation:

OV +10, V|2 =Nz, 2(t)) =0 forzel,t>0,

2.V (z,t) =0 for z€ 0l t >0, (1.10)
V(z,0) = Vo(z) forz eI, :
inf,er V(z,t) =0 fort >0,

where Vy(z) is given in (H2).

(i) z € C1([0,00)) and for each t >0, V(z,t) = 0 if and only if z = Z(t). Furthermore,
V(z,t) = %33‘/(5(75), t)|z = z(t)* + o(|z — 2(t)|*)

and for each T > 0 there exists K3 > 0 such that K3' < 92V (2(t),t) < K3 for t € [0,T].
(iii) z(t) satisfies the ODE with coefficient o(t) := 02V (2(t),t)

4 = 9220, 2(1)

gz(t) = =0 ) fort >0, (1.11)

with the initial data z(0) = Zy, where Zp = argmin V.

Next, we state our main theorem.

"When convexity assumption fails, then in general the dominant trait has jump discontinuities and belongs to
the class of BV functions for which the uniqueness of the Hamilton-Jacobi equation ([1.10) is more subtle; See [7].



Theorem 1.4 (Dynamics of the fittest trait). Assume (H1) - (H2). For eachT > 0, ase — 0,
ne(x, z,t) = do(z — 2(t))0z)(x)  in distribution sense in D x I x (0,T], (1.12)

where Z(t) — argmina(z) as t — oo. In fact, we have
—elogne(z,z,t) = V(z,t) inC(Dx I x][0,T]), (1.13)

and
pe(x,t) = Os)(z)  in Cloe(D x (0,T7]), (1.14)

where V(z,t) and z(t) are given by Proposition[1.3]: and, for z € I, 6,(x) is the unique positive
solution of (1.9)).

Remark 1.5. One can also replace the hypothesis (H1) - (H2) by

(H1') Suppose Vy(z) and a(z) are chosen such that (1.10) has a unique viscosity solution
(V(2,t),2(t)) € Whe(D x (0,00)) x Wh*(0,00) such that the conclusions (ii) and (iii)
of Proposition hold.

For instance, our conclusion holds for the case a(z) > 0 being periodic in z, and the Neumann
condition being replaced by a periodic condition in z, provided that « has a non-degenerate
minimum attained at 2, and such that Vp(z) = K(z — )2, provided |2 — 2| < 1 and K > 1.

1.5 Biological interpretation

The Darwinian evolution of a quantitative trait is the combined effects of two biological pro-
cesses: (i) mutations generating variations in the trait value; and (ii) selection via relative
reproductive fitness, resulting from ecological interactions between individuals and their envi-
ronment. The framework of adaptive dynamics [I3],[I7] is based on the assumption of separation
of timescales between the mutation/evolutionary and selection/ecological processes. One im-
portant advance of this theory, due to Dieckmann and Law [12], is the formal derivation of
the so-called canonical equation of adaptive dynamics: An ordinary differential equation that
gives the rate of change over time of the expected trait value in a monomorphic population.
In previous works [14}, 27], the canonical equation was rigorously derived in case the ecological
interaction can be described by ODEs, i.e., the fitness function is explicitly given in terms of
the trait z. This is not the case, however, for evolution of dispersal, for which the incorporation
of spatial structure in the model is essential and causes considerable mathematical difficulties.
See [6l, 23], 29]. Also, using a continuous trait explains the “accelerating waves” which have been
actively studied recently, [3], 4} [, 20].

In this paper, we define an effective Hamiltonian H,(z,t) by improving the existing theory of
the principal Floquet bundle for parabolic problems. This Hamiltonian can be viewed as a fitness
function of the trait z interacting with the environment at time ¢ (as described by m(z)—pc(z, t)).
One achievement of this paper is to show rigorously that, in a suitable timescale, the fitness
function H(z,t) converges to \(z,z(t)) in the rare mutation limit, where z(t) is the fittest trait
at time ¢ and, in this environment set by the fittest trait, the function A(z, Z(t)) is the relative
fitness of other trait z and is defined implicitly by an elliptic linear eigenvalue problem arising
from the pairwise ecological interaction between two traits. The canonical equation can
then be rigorously derived. It is interesting to note that the mean trait z(¢) and the variance
0.V (z, t)‘zzg(t) does not satisfy a closed system of ODEs.

While our previous works [24}, 25, B34] characterized the unique evolutionarily stable strategy
(ESS) by solving the steady state problem, our present work on the time-dependent problem
describes the approach of the dominant trait to the ESS in the evolutionary timescale.



1.6 A heuristic presentation of the analytical approach

The WKB-ansatz defines u, by

_ ue(®;2,t)

ne(x,z,t) =e <,
where the rate function u.(z, z,t) satisfies the equation

a(z)

a(z)

Opue — Ague + |V ote|? — €d?uc + |0.uc* +m(z) — pe(z,t) = 0. (1.15)

Whereas the large coefficients of the spatial derivatives suggests that u(z,t) = liH(l) ue(x, z,t)
€E—

is constant in z in the limit, the equation (|1.15)) itself depends non-trivially on the spatial
variables, through the terms m(z) — pe(z,t).

To obtain the limiting Hamilton-Jacobi equation (which is supposed to be free of the z-
dependence), the perturbed test function method has been invented in [16] by considering

_ve(@,zb)

ne(z, z,t) = @ (z, 2, t)e <,

ie. ve(z,2,t) = uc + elog @ (x, z,t). To eliminate the z-dependence in ((1.15)), we construct the
correctorﬂ O (z,2,t) > 0 as the normalized principal Floguet bundle that satisfies, for each z,

€0 Pc — a(2) Ay ®e = (m(z) — pe(z,t) + He(z, 1)) P, /D O (z,2,t)dx = 1. (1.16)

We can build (see Appendix [B]) the normalizing factor ¢t — H(z,t) so that ®(z, z,t) satisfies
the mass 1 constraint (and is bounded in C(D X [0,00)) thanks to the Harnack inequality).
Denoting ¢, := —log ®., the equation of v, can be written as

Orve — a(:) Agve + %’vwvep + 2@vmvevz¢e _Eazve + ’azveP + 26821}683(,06

(1.17)
= H.(z,t) — €2(0%pc + |0.0¢|?) forx e D,z e I,t>0.

Provided that ¢ € L and it has bounded derivatives in the trait Valjableﬂ we can show by

comparison that ve(zx, z,t) ~ V.(z,t), where the approximate solution V(z,t) can be obtained

by solving the following Hamilton-Jacobi equation which is free of z-dependence:

OVe + 0 Ve? = He(2,1). (1.18)

Therefore, we can approximate for a given time ¢ the dominant trait, which maximizes z
ne(x, z,t), by the value zZ.(t) where V. attains its minimum. In fact, we can determine this
approximate trajectory Zz.(t) from H(z,t) as well. To this end, use the uniqueness of convex
solutions (V.(z,t), z¢(t)) in the class W1°(I x (0,T)) x W1°(0,T) of the following Hamilton-
Jacobi equation with a constraint, due to Mirrahimi and Roquejoffre [30] (for the uniqueness in
WLoo(T x (0,T)) x BV(0,T), see also [7] and Appendix |C)):

atv:s + ‘82‘/:5’2 - HE(Z,t) - He(ze(t)7t) fOl“ (A I? le [O7T]7
inf, Ve(+,t) =0 for t € [0,T7, (1.19)
Ve(2,0) = Vo(2) for z € I.

2The elliptic eigenfunction and eigenvalues (i.e. by omitting the term €d;®. in ) are not adopted here.
The reason is that the lack of regularity in time for p. will then render it quite difficult to estimate e0;®., which
only goes to zero in some weak, average sense.

3We need to show the terms —e*(92¢pc + |0.¢c|*) — 0 uniformly. In general, the Cauchy problem (1.16)) does
not guarantee smoothness with respect to z, due to the dependence on initial data and the timescale et. We
will therefore make a canonical choice of an appropriate eternal solution of . This requires a priori Holder
esimates of pe(x,t), as well as an improvement upon existing theory of principal Floquet bundle (Appendix .



Hence, we have defined the approximate trajectory z¢(¢) and effective Hamiltonian H(z,t) in
terms of the quantity pe(z, t)E| Now, having proved that the population has dominant trait at
Z¢(t), we can further determine that as € — 0,

}pe(xﬂf) - eig(t)(x)} — 0. (1'20)

Since H(z,t) depends smoothly in terms of pc(z,t), (1.20) and the separation of timescales
imply that the effective Hamiltonian H¢(z,t) converges to the invasion exponent in (1.8)), i.e.,

|He(z,t) — Mz, Z¢(t))| — 0.
Since A(z1, 22) = 0 when 2z; = 29, we have in fact
Hc(z,t) — H(Z(t),t) = Az, 2(t)) — AM(2(t), 2(t)) = A(z, 2(8)). (1.21)

This, in turn, allows us to pass to the limit in the constrained Hamilton-Jacobi equation (1.19)),
resulting in in Proposition

However, for the uniqueness argument to work on , which is crucial in the definition
of approximate trajectory z.(t), we need

O2H (%(t),t) > 0.

This is indeed the case in a small time interval [0,d;], as one can show, by the separation of
time-scale between the evolutionary dynamics in z and ecological dynamics of reaching the
spatial equilibrium 03, that p(x,t) does not deviate too much from 6z, (x) in the time interval
[0,61]. This implies the effective Hamiltonian H(z,t) is in the proximity of A(z, Zp), which has
the relevant convexity in z. This is done in Corollary In this way, the argument above is
valid and delivers that

He(z,t) = Mz, 2(t))  and  pe(x,t) = Oz (x) for 0 <t < 0y.

By carefully examining the smooth dependence of the effective Hamiltonian H. and corrector
®,. on z and p., we establish a uniform lower bound for the time-step §; for which the above
argument can be applied. Iterating step by step in time, we can prove the convergence over the
time interval [0, T for all T > 0.

A different mutation-selection model involving a spatial variable is also studied in [23]. In
the setting of that work, the rate function u. can be shown to be uniformly convex in z a priori.
This is not the case in our setting. Also, the quasi-steady state approximation is used in that
paper, i.e., the elliptic eigenvalue problem instead of the parabolic principal Floquet bundle
problem in choosing the corrector ®.. In our setting p. does not have enough a prior:
regularity in time, so our definition of corrector via the parabolic problem affords the needed
additional time regularity.

A similar kind of result has also been obtained for the corresponding model with age struc-
ture [32], but with a different strategy. Therein the corrector ®. was defined by a couple of
nonlinear mappings and the main analysis was devoted to showing the uniform boundedness
of the corrector ®.. In contrast, here we adopt a relatively direct approach by defining the
corrector ®, directly to be the (bounded) normalized principal Floquet bundle for parabolic
problem (|1.16)). This is made possible thanks to our new a priori estimates on the quantity

pe(z,t).

1At this point uc(z, z,t) = ve(z, 2,t) = Vi(z,t) + j(f H.(zc(s),s)ds. However, by the uniform positive upper
and lower bounds of ||pe(-, t)|| L1 (p), we deduce that fg Hc(z:(s), s) ds — 0 uniformly. Hence, we have v.(z, z,t) &~
Ve(z,t).



1.7 Organization of the Paper

In Section [2] we establish some a priori estimates of the solution n.(z, z,t) and its integrated
version pc(z,t). We first state the global positive upper and lower bounds, for which the
proofs are postponed to Appendix [Al and derive the Holder regularity of p. and d2n, in some
appropriately rescaled variables.

In Section [3| we apply the theory of normalized principal Floquet bundle for parabolic prob-
lems with Neumann boundary conditions, as developed in [§] and summarized in Appendix
to define the effective Hamiltonian H,(z,t) and the corrector ®.(z, z,t), as functions of p.(x,t).
We also state the uniqueness theorem, which allows us to define the approximate trajectory
Z¢(t) and pheonotypic distribution V.(z,t) in terms of the effective Hamiltonian H(z,t) and
initial distribution Vj(z).

In Section {4} we introduce the rate function ue(x, z,t) = —elogne(x, z,t) and prove several
technical estimates that enable us to obtain a lower bound §; > 0 of the step size in time with
which we can continue the approximate trajectory.

In Section [b, we prove the main result Theorem

The three appendices are devoted to the three main ingredients/tools that we develop for
this singularly perturbed problem. In Appendix [A] we prove the a priori L™ estimate of
pe(x,t). In Appendix [B] we state the existence and differentiability of the normalized princi-
pal Floquet bundle, which is used in the construction of effective Hamiltonian and corrector
(He(z,t), Pe(x, 2,t)). In Appendix |C| we prove the existence and uniqueness of solutions to the
constrained Hamilton-Jacobi equations that we need.

2 A priori Estimates

We begin with the following result; see Proposition for the proof:

Proposition 2.1. Let pe(x,t) = [;ne(x, z,t) dz, where ne is the solution to (1.6). Then there
exists 61 independent of € > 0 such that

1 N
A < pe(z,t) < Cy forall (z,t) € D x [0,00).
1

In the following, we extend n.(z, z,t) evenly and then periodically in z. Due to the Neumann
boundary condition, the extended n. satisfies the same PDE with coefficients similarly extended
to D x R x [0,00). Next, we rescale n.. Define, for z; € I and t; > ¢,

Ne(z,y,7) = Ne(x,y,7; 21,t1) = ne(z, 21 + ey, t1 + e7),
and note that N¢(x,y,7) satisfies a linear parabolic equation
O0:Ne — az1 + ey)Ax N, — OSNC = N, (m(:c) — pe(z,t1 + 6’7’)). (2.1)

By Proposition the above equation has L bounded coefficients, so we may apply local
parabolic LP estimates to obtain Holder regularity of N, which then allows us to use parabolic
Schauder estimates to estimate 92N. Here 92N denotes all second order partial derivatives in
space 8§inN

Lemma 2.2. For 8 € (0,1), there exists C > 0 independent of € such that
H@%Ne(%y,T)||cﬂ,ﬁ,ﬁ/2(jjx[_%,%]X[_%,o]) < C|[Nell L1 (Dx (=1,1)x (=1,0))-

In particular, there exists a constant C independent of t > € and z € I such that

sup\BQnEa;zt\<C'][ f /nex z+ 2 ) da'd dt’ . (2.2)
zeD t—eJ —e€

Here we use the notation fssf == 51 f31 for any s1 < so.

8



Proof. By Proposition sup [|pe(-?)||c(py < C. Hence, the equation (2.1) has L> bounded
>0

coefficients. So we may appl_y local parabolic I? estimates to obtain Holder regularity of N.
To this end, define §23/5 C Q45 C 1 by

3 4
Qr:=D x (—R,R) x (—R,0), forR:5,g and 1.
Then, recalling (2.1)), we have
INellgsssrarys) < ClNellyzang, ) < ClNelayn < ClNdp@y,  (23)

where the first, second and third inequality follows, respectively, from the Sobolev embedding,
parabolic L estimate, and ([A.5|).
Integrating (2.3]) over z; € I, we have, for each ¢; > e,

lpel st e Mhwaoxf-z0)) < /1 ING 0,580, 20w oxi-g.0) 921
< [ 1IN0, 121 s o1y o
< Cllpe(5 t1 + €))Ly px-1,0) < C (2.4)

where we used the fact that pc(z,t; + €t) = fI Nc(z,0,t;t1,21)dz for the first and third in-
equalities, (2.3) in the second inequality, and Proposition for the last inequality. Similarly,
for each t; > € we have

Hpe(' ,t1 € )Hcﬁ,ﬁﬂ(ﬁx[_g,o]) < /HNe(',O,';t1,Z1)HCa,a/2(DX[270])6121 <C.
I

Now that pc(-,t1 + €) is Holder continuous, we may apply parabolic Schauder estimates to

1) to get

102N,y )l o 72 (B |-~ 1] x [-1.0]) < ClINellcso/2a357)- (2.5)
The lemma follows from combining (2.3]) and ([2.5)). O

The following result follows from the proof of Lemma [2.2

Corollary 2.3. (a) For each p > 1, there exists some 6,, > 0 independent of € such that

s.u>p1 IPAG ')HWﬁ’l(DX[To,ToH]) < Cp, where pc(x,T):= pc(z,€r).
T0Z

(b) For each B’ € (0,1), there exists some Cg > 0 independent of € such that
Hﬁe||cﬁ’,ﬁ’/2(f)x[1,oo)) < Cp.
In particular, we have sup ||pe(-,t)ll s (py < Cpr-
t>e
This result requires an initial delay of order € so as to take into account the possible initial

layer on p. This is responsible for the technical issues on the initial data that we encounter in
the next section.



3 Approximate Trajectory via the Normalized Principal Flo-
quet Bundle

Our next and fundamental task is to define the corrector ¢, closely related to log ®. and

effective Hamiltonian H. in terms of the principal Floquet bundle of certain parabolic problem

with potential m — p.. (Recall that p, is given by ((1.7) in terms of the solution n. of (1.6)).)
This, in turn, enables us to define an approximate trajectory z.(¢) of the dominant trait.

Proposition 3.1. For each fized € > 0 and z € I, there exists a unique classical solution
(e(x, z,t), He(2,t)) to the following linear parabolic problem in D x (—o0,00):

€0pe — a(2) Agpe + a(z)‘vr@ep +m(z) — pe(x, max{t,e})

+H(t;2) = 0 reDteR, (3.1)
dype =0 x € 0D, teR, '
fD 6_506(@’15;2) dx = 1 te R

Moreover, the quantities (pc(z,t; 2), He(2,t)) depend smoothly on z € I, i.e., for some constant
Cy independent of €,

max [|OLH(t: 2)l|oo + [ Vage(@, 5 2) oo + max [[0pe(a, t:2)l|oc < Co, (3-2)
i=0,1,2,3 i=0,1,2
where || - ||oo denotes the L norm over (x,z,t) € D x I x R.

Proof. For © € D and 7 € R, define cc(z,7) := m(z) — pe(x, max{r,1}), where pc(z,7) =
pe(z,eT) as in Corollary then |[cc||cs.6/2(pxry is uniformly bounded in € thanks to Corol-
lary (b) By Theorem we can define the corresponding normalized principal Floquet
bundle

(@1 (2,75 ¢, 2), Hi (75 ¢, 2)) € CFPIHB2(D 5 R) x CP/2(R),

which satisfies

0:®1 — a(2) Az @1 = (m(z) — pe(z, emax{r,1})®1 + Hi(T;¢c,2)®1  for z € D, t € R,

0,91 =0 for x € 0D, t € R,
®; >0 forxeD, teR, and fD(Dlda::l for t € R.
Setting

Oe(x,z,t) := —log ®1(z,t/€;¢e,2) and  He(z,t) := Hi(t/e;ce, 2),
we obtain (p., H¢) satisfying (3.1)). The smoothness follows from Proposition O

We define the approximate trajectory by solving a constrained Hamilton-Jacobi equation
by making use of uniqueness results under convexity assumption [30]. The proof is contained
in Appendix [C]

Proposition 3.2. Suppose, for some T > 0, it holds that

liminf | inf 0?H(z,t)| > 0. (3.3)
=0 | Ix[2v/eT)

Then for all e > 0 small, there exists a unique viscosity solution (Ve(z,t), Z.(t)) to the following
Hamilton-Jacobi equation with a constraint:

O Ve + |0, Ve|? — He(2,t) + Ho(Z:(t),t) =0 fort € [24/¢,T), 2 € I,

2,V.=0 fort € [24/e,T], z € 01, (3.4)
Ze(2v/€) = Zo,  and  V(z,2\/€) =Vy(z) forzel, '
inf.er Ve(z,t) =0 fort € [2y/€,T].
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Moreover, liminf inf 0.,V > 0 (i.e. V¢ is strictly convez in z) and
=0 Ix[2\/eT]

Ve(Ze(t),t) =0, and Ve(z,t) >0 for z # Z(t),
and there exists a constant C' > 0 independent of € such that
1Ze( Moo ayery) < C. (3.5)

Remark 3.3. Thanks to and the convexity of the initial data, V; and Zz(t) satisfy ,
except for the Neumann boundary condition, in the classical sense. The Neumann boundary
condition, which has to be understood in the viscosity sense, is satisfied if 0,V (inf I,¢) < 0 <
0,Ve(sup I,t) for all ¢. This is indeed the case in our setting, where V. is convex in z such that
the unique minimum point z.(t) of z — V.(z,t) is attained in the interior for all time.

4 WKB Ansatz and Some Technical Lemmas

The rate function u.(z, z,t) = —elogne(x, z,t) satisfies the equation

e — DA u, + 22|V, u 2 — €0Pu, + [0ulP+ m(z) — pe(w,t) =0
re€D,zel,t>0,

Opue =0 re€dD,zel,t>0, (4.1)
O ue =0 r €D, zedl,t>0,
ue(x,2,0) = ueo(z, 2) := —elogneo(x, 2) xeD,zel.

Let @(z,2,t) be given in Proposition Using the perturbed test function method, we
define the function v(z, z,t) := uc(z, z,t) — epc(z, z,t), which satisfies

Orve — @A;ﬂ)e + aS) ’VerP + 2@vzve : vz@e - 6831)6 +|azve|2 + 26627}68,2()06

= H.(2,t) — €2(0%0c + |0.0c|*)+pe(x,t) — pe(w, max{t,e}) forx € D,z€ I,t>0,

Oyve =0 forx € 0D,z I,t >0,
0,0 = —€0,pc = O(e) forxe D,ze€ dl,t >0,
ve(x, 2,0) = ueo(z, 2) forze D, zel.

(4.2)

Remark 4.1. The right hand side of (4.2)) is essentially the Hamiltonian H,(z,t) + O(e), since
the term pc(z,t) — pe(x, max{t,e}) is identically zero except for ¢ € [0, €].

Remark 4.2. By (3.2)) we have

lue — UEHLOQ(DXIX(O,OO)) = 6||9‘76||L°<’(D><I><(O,oo)) = 0O(e),

thus upper and lower estimates of u. and v, are the same, up to an error of O(e). We shall
construct super- and sub-solutions of ve.

We are presented with a problem involving different time scales: n. solving equation
involves a fast time scale coupled with small mutation rate; the rate function u. satisfies in the
limit a regular in time Hamilton-Jacobi equation of first order; the total population p. and the
normalized principal Floquet bundle has a fast time scale which acts as a quasi-stationary limit.
In this section, we prove some estimates that quantifies these interrelated facts.

Suppose u(u, z,t) is close to a Dirac mass supported at {#} in the z variable at time , the
following results give a quantitative estimate that says that it stays close in a short time.

Proposition 4.3. Suppose that there existt > €, 2 € I, Vi € C*(I) and 1y > 0, such that

Vi(z) >0, Vi(2)=0iffz=2%, *Vi(z)>m>0fori—m<z<2+m (4.3)
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and it holds that

_sup A||Ue($,z,t) - Vl(z)”C(Dxl’) -0 ase—0.

f—e<t<i
Then there exists C > 0 depending on 1y, but independent of t and 2 and Vi such that for each
small § > 0,

< Co'/3. (4.4)
C(D)

limsup sup
=0 F<t<#425

/(z — 2)02n(-, 2,t) dz
I

Proof. Note that, similar to the argument in Step 3 of the proof of Proposition a lower
solution for (4.1)) can be constructed as:

U(z,t) = Vi(z) = Ci(pe +t — (- €) — 9 {0Vl +la+ve-2i},  (45)
where a = inf I, b = sup I, and

He = Sup |U6(.’E,Z,£—€) _Vl(z)’
zeD,zel

is a constant tending to zero as e — 0, and that C1 = C1([|m(z) —pellc(Hx[0,00)))- BY comparison
in D x I x[t—e¢ +00), we have

ue(x, z,t) > Vi(2) = Or(pe + [t —t +¢|) +O(Ve) for [z—2|>6 and t > —e¢,

where
. 762
inf Vi >— for 0<d<x1.
|z—2|>6 2

Therefore, for each fixed § small, by choosing e sufficiently small,

52 . -
u6($,z,t)2mT for [z — 2| >6 and t—e<t <f+0°

which means

52 - .
ne(x, z,t) < exp <_77§13> for [z — 2| >6 and t—e<t <f+5. (4.6)
€

Now, for t1 € [t, 1+ §7],

H /](zl — 2)02n(-, 21, 1) dz )C(D) < /] |21 — 2] H@ine(-,zl,tl)HC(D) dz

t1 €
< C'/ |21 — Z| [][ ][ / ne(z, z + 21, 1) da:dzdt] dz
I t1—eJ—eJ D

2420 t1 €
<2C6 {][ ][ / ne(z,z + z1,t) d:rdzdt} dzy

2—26 t1—eJ —eJD

t1 €
+C {][ ][ / ne(x, z + z1,t) dxdzdt] dz;
21:|Z1—2|>25 t1—eJ —eJD

€ t1 2426 ,'7162
<206 [][ / / ne(zx, z + z1,t) dzld:zdt] dz 4+ C' exp <— >
—e t1—eJ D Jz2-26 3e

2
dz + C'exp (_7716) ,
Je

<206 [ sup |[pe(t, )1 (p)

t—e<t<t

where we used (2.2) in Lemma in the second inequality, and we switched the order of
integration and used (4.6) to obtain the fourth inequality. By fixing § to be small enough, we
see that (4.4) holds for all e sufficiently small. This completes the proof. O
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If we prescribe the diffusion rate to be slowly varying in time, and solve the diffusive logistic
problem with a fast time scale, then the solution can be described via the corresponding quasi-
steady-state approximation. The following is a quantitative result to this effect.

Lemma 4.4. Let F € L*®([t1,t2]; LP(D)) be given and consider the equation

€0ip — az1(t))Aap = p(m(x) — p) + F(x,t)  for x €D, t1 <t <ty
Oyp =0 for ©e€ oD, t; <t <ts.

Suppose, for some fized constant M > 1,
zn(t)el, |Z@) <M  for t; <t <ty
Then for each p > 1, there exists C,C, > 1 (independent of F') such that for t € [t1,ts],
HP('at) - 0zl(t>(-)H]£p(D)

< O {196 10) = 00y O e 1 sup [F )y e
L <t'<t

Proof. For each t, set ai(t) := a(z1(t)) and let 0;(z) = 0. ;) (z) denote the unique positive
solution of
a1(t)Az0 +60(m—0)=0 inD, 9,0=0 ondD.

Set W(z,t) := p(x,t)/0:(x) — 1, it satisfies the Neumann boundary condition in z, i.e.,
OW(x,t)=0 fort>0,z€ 0D,
and, for p > 1, the equation

4(p—1)

= 07|V WP |2 4 pf2 (W [P

SOBEIW) = s ()W - (W IV + (1)
— FO,W|W|P% — e0,0,0,W[W]P2 — ¢ (1 - ;) 0,00, WP,
from which we derive the differential inequality
SOLGIWP) — ()Y (R IVLW) + plf WP
< OWIPHF| 4 Coct|0,6,|(1 + [WP). (4.7)

Now, let C; be the constant given in Proposition We apply Young’s inequality to get

Ly, A % 2
2 3C 1-2 1
oW P = (q) Torwpt| | (Z2) 6 R < 2w R (48)
301 q 3Cl
where ¢ = p%l and used that there is a constant C' independent of € such that
1
c <O (z) <C forxeD, and sup [H&g@tﬂco@) + HQtH(ﬁ(D)] <C, (4.9)

where the estimates for 6, follow from (M) and Schauder estimates, and the one for 9,6, follow
from the implicit function theorem. By enlarging C” if necessary, we can also use (4.9)) to deduce

R 1
Coeb|0:0:|(1 + [WP) <
0€0:|0,0:[ (1 + [WP) 30

1

O\W P 4 Ce. (4.10)
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Combining (4.7)), (4.8]), (4.10), and recalling that p is bounded from below by C‘L’ we obtain
1

€ _
];at(eny\P)—al(t)vm- (O2WP~IV W) + —0F WP
1 1
< ——0WIP + C'|F|P + —0?|WP + C'e.
301 3C1

Integrating in 2 € D and consolidating the terms with [}, 02|W|P, we obtain

ed
(9 T - 92Wpdx§0’</Fa:,tpd:r+e>.
N & | o [\
Let M(t) := [, 07|W|P dz, we integrate the above in ¢ € [t1, 2] to get

M(t) gM(tne—“z‘“)“eC”)*3010'[ e I W”?mﬁe]’

t1 <t<to

where C), = 3C /p. The lemma follows since 6; is uniformly bounded from above and below. [

Suppose that the diffusion rate and the zero-th order coefficient are varying slowly in time,
then the elliptic eigenvalue problem can be considered a quasi-steady-state approximation of
the Floquet bundle equation (3.1]), when € is small. This is proved in the following result.

Proposition 4.5. Given T > 0 and let ||Ze(t)||co1 (e be uniformly bounded in 0 < e < 1.
For each n > 0, there exists v = v(n) > 0 such that if

limsup sup [|pe(-+#) — s, (ll2(o) < v (4.11)
=0 [\/eT]
then
limsup  sup [[Ho(- 1) = A, 2(8) oy < . (4.12)
=0 [2\/E7T7\/a

Proof. By Proposition [B.3] in Appendix [B] the principal Floquet bundle depends smoothly on
the weight function and z € I, i.e. the mapping

{H1 : CP/2B(R x D) x T — CP/2(R)
(c(z,t),z) — Hy(T)

is smooth. Recall also the fact, when c(z,t) = m(z) — 0:(z)
Hy(7)=Hi(t;m —03,2) = \(z,2) and is constant in 7 € R.
Therefore, for each n > 0 there exists v/ > 0 such that if
le(z, 7) — (m(z) — 0:(2))||cs.62(Dxr) < v/ for some 2 € I, (4.13)
then the corresponding principal Floquet bundle Hi(7;¢, z) satisfies
IHa (056 = A D) < sup [Ha(rier) = A, 2l ongy < (4.14)

Now, fix 8’ € (8,1), and choose by interpolation the constant v > 0 such that if

7))~ (2l sy < Cr -+ 105) = ol o
{supTeRHc@ 7) = (@) — 0:(@)] | 2o < 2% (415
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then and thus holds. (Note that ¥ > 0 depends on the uniform bound éﬁ’ in
Corollary but is independent of ¢, 2.)

We claim that if holds for the constant v we just specified, then holds. Suppose
not, then there exist sequences € = ¢; — 0 and t; € [2,/€;,T — ,/€;] such that Zz,(t;) — £ and

Eljiglo [5%%] 1pe; () = 0=,y )l L2(p) < v -,
iy [, (115) = A e ()l cary = i 1, 8) = A, 2oy =
Let (¢e(x, z,t), He(2,t)) be the function given by Proposition and define
Q(z,2,7) =€ 7 @zti+em)  and Hj(z,7) := He;(2,tj + ¢;7).
Passing to a subsequence if necessary, we deduce that
Qi(x,2,7) = d(2,2,7) in Cloe(D x I x R), and Hj(z, 1) — H(z,7) in Cpe(I X R),
where the limit (®(z, z,7), H(7)) is a pair of the normalized principal Floquet bundle, i.e.
((z,2,7), H(2, 7)) = (®1(2, 738, 2), Hi (2,73 ¢, 2)),
for some ¢ (which exists thanks to Corollary given by

&, m) = lim (pe (2,1 + 7) —m(x)).
J

By the first statement of (4.16]), we deduce that the weight ¢ satisfies (4.15), and hence the

limit A of He, (in the Cjoc(R) topology) satisfies (4.14). Moreover, recalling (3.2), we have

sup || H;(+, 0)lcs(py=sup [ He; (-, )|l cs(r) < C,
J J

we deduce that H;(-,0) — H(-,0) in C?(I). Hence
i {|[He, (-, 85) = A, 2)lle2iry = 1H (5 0) = AG, 2)llezny <,
€;—0
where the last inequality holds since H satisfies (4.14]). This contradicts the second statement

of (E-10). O

Corollary 4.6. Let Vi satisfy the condition (4.3) of Proposition for some given n; > 0,
2 eI, t>3/e. There exists 61 > 0 depending on 11 but independent of 2,t, Vi such that if

sup [ue(z,2,t) = Vi(2)llc(pxry =0 ase—0, (4.17)
t—3y/e<t<i—2./€

then
liminf inf 02, H(z,t) > 6 > 0. (4.18)
0 [x[iito]
Proof. Integrating (1.6 over z, we see that p. satisfies
€0tpe = a(2)Agpe + pe(m(z) — pe(z,t)) + /(a(z) —a(2))Aznedz (4.19)
I

for (z,t) € D x [0,00) and the Neumann boundary condition on 0D X [0,00). Next, taking
zn(t) =2, t1=1t—2Ve, ty=1+25, F= /(a(z) —a(2))Aznedz,
I
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and applying Lemma we again obtain C’ independent of € and §; such that for each §; > 0
small,

~osup lpel5t) = 0:0)[|r2(p)
t—+/e<t<t+26;

< |llpe(t = 2vE) = 0:( M r2pye Y/ + sup P82y |- (4.20)
1—2/e<t' <t+26

Next, apply Proposition then (4.17) to deduce that

lim sup sup | E (2, )| 2y < Cl6, |13, (4.21)
€20 te[f—24/€,i4+261]

Using the fact that [[pe||pe + [0z, is uniformly bounded in € and also (4.21)), we can take
limit superior in € in ([4.20) to obtain C” independent of §; such that for each §; > 0 small,

limsup — sup [lpe(-,t) = 0:()ll2p) < C"[62]"%,
=0 f\/e<t<i+26,

By choosing §; small, Proposition says that

} fl‘)\ZjZl?

l\')M—t

limsup sup || 3121)\(, Z) — 8§1Z1 (s t)||c( <
=0 [{,i4-61]

since by (H1) the term on the right is a fixed positive constant. Hence, by choosing a suitably
small 6; > 0, (4.18) holds. O

5 Proof of Theorem 1.4

Define

T = T >0 : liminf inf 0? H.(z,t) >0} 5.1
sup{ imipf = inf  OzHe(zt) >0} (5.1)

Our purpose is to prove that T* = oo, which comes with the desired convergence results.
Applying Proposition the two quantities z.(t) and V(z,t) are well-defined in the time
interval [24/€, T%], for all sufficiently small e. We will also define for convenience

Ve(z,t) = Vo(2), and Zz(t) =2z forz € I,te[0,2V€].

Step 1. In this step, we show that T* > 61, where ¢d; is as given in Corollary
By constructing super- and sub-solutions of the form

vo(z)—;eylogeic{(t+e)+1([z—(b—\/é)]i+[a+\/é—z]i)},

it follows by comparison using (4.2 that

sup |lue(z, 2,t) = Vo(2)lepxry = 0  ase— 0. (5.2)
0<t<3./c

Based on (j5.2)), one can apply Corollary to yield T > 0.
Step 2. Next, we show

sup ue(z, 2, t) (z,1) / H( ) ds| — 0. (5.3)
DxIx[2y/€,T*]
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To this end, define pic = [[uc(z, z,2v/€) = Vo(2)[ omx7) = 0(1) and

U(z,t) = Ve(z,t) + NHe(ée(s),s) ds + pic + % {lla+Ve) =21 + [z — (b= Ve },

Uz 1) = Velert) + | Helze(s), ) ds — e -  {la+ Vo~ o ~ o~ (0 - vaL}.

Then ((5.3) follows by comparison using (4.2)).
Step 3. In this step, we show that as e — 0,

sup  |ue(z, z,t) — Ve(z,t)| — 0. (5.4)
DxIx[0,T%]

We first claim that

sup =o(1). (5.5)

2/e<t<T™

/2 tf H.(5.(s), s) ds

Indeed, using the comparison functions in the previous step and that p. = o(1),

/Dpe(sc,t) do = //DXIexp (-M) dzda

= // exp <—V€(Z’t) - f2ﬁ Helzls), s)ds + 0(1)> dzdx. (5.6)
DxI

€ €

Since z — V(z,t) is strictly convex and attains a unique minimum at z(¢), we can find constants
0 < ¢y < ¢* such that —c*(z — Z(t))? < Vi(2,t) < —ce(z — Z(t))?. This gives

/™ < 1/eXp <_V<2t>> i< 7.
T e € Cx
Using this % < [p pe(z,t) dz < C (from Proposition in (5.6)), we deduce

Jo e He(Ze(s), 8) ds + 0(1)>

€

A, = B.exp (—

where A, ~ 1 and B, ~ y/e. This proves (5.5). Combining (5.2)), (5.3) and (5.5), we deduce
5.

Step 4. In this step, we show that

\/EsgligT* Hpe(‘,t) — ng(t)HC(D) —0 ase—0. (5.7)

First, we deduce from ([5.4) and Proposition that

— 0.
C(D)

sup
[e, 7]

/I(z ()P0l 1) dz

Note that Proposition is applicable since the solution V; of (3.4) remains strictly convex in
z, since H, is strictly convex in z up to time 7™ thanks to (5.1)). Then by taking ¢; = ¢ and
to € [y€,T%] in Lemma we deduce

\/ES;:IS)T* ||pe('7 t) - 025(15) HLQ(D) — 0. (58)

17



The estimate ([5.7)) follows by interpolating (5.8]) with the uniform estimate

\/gsﬁli-ET* Hpﬁ('vt) - age(t)HCB(D) <G

which follows from Corollary [2.3(b) and that ||Z(+)[|co: < C (by Proposition [3.2).
Step 5. By (b.7) and Proposition we have

sup |He(z,t) — M2, Z(t))] — 0. (5.9)
Ix[2v/€,T*—/€]

Since (Ve(z,t), Ze(t)) is the unique viscosity solution of (3.4)), we may apply the stability theorem
for viscosity solution, to deduce that, as € — 0, (Ve(z,t),Z(t)) must converge to the unique

viscosity solution (V'(z,t),z(t)) of (1.10), i.e.

sup  |Ve(z,t) = V(z,t)] -0 and sup |ze(t)) — z(t)| — 0. (5.10)
Ix[2¢/€,T*] [2v/€,T*]

Step 6. We claim that T* = +o00. Suppose not, then T* < 4+o00. But then the above argument
would allow us to extend the approximate trajectory by a fixed time-step §; > 0. This would
yield a contradiction which proves that T = +oc.

Step 7. To conclude, it remains to show (|1.12)) - (1.14)). Indeed, (1.14) follows from p¢(x,t) —
0z.)(z) (by (5.7)) and Zc(t) — z(t) (by (5.10)). Next, (1.13)) follows from

sup  |ue(z, z,t) — Ve(z,t)] = 0
DxIx[0,T%]

(by (5-4)) and Vi(z,t) = V(z,t) (by (5.10)). Finally, Proposition[L.3|says for each ¢, z — V(z,t)
has a unique minimum point at Z(¢), so that

Ve(z,t) +0(1)

ne(z, z,t) = exp <— ) ~ 0o(z — Z(t)) pe(x, t), (5.11)

where the function pe(x,t) = [;ne(x, z,t) dz appeared since the above needs to be consistent

upon integration over z € I. Combining (|1.14)) and (b.11]), we deduce (1.12)).

6 Discussions and Generalizations

In Subsection [6.1] we discuss a special feature of the effective Hamiltonian A that arises from
evolution of random dispersal, as modeled by Laplacian in the spatial variable, which is the fact
that 21 — A(z1, 22) has the same monotonicity of «, regardless of choice of a and z3. Subsection
[6.2] gives a concrete example of a(z) where (H1) can be verified. Subsection discusses the
generalization to multi-dimensional traits, as motivated by the evolution of conditional dispersal,
where the optimal trait is not necessarily the slowest dispersal rate anymore.

6.1 Monotonicity of the effective Hamiltonian

The effective Hamiltonian can be written as
Az1, 22) = Aa(z1), a(z2)), (6.1)
where A(ag, ag) is the smallest eigenvalue of

{ a1 AP + (m(z) — Opy ()P + AP =0 forz € D,

0,2 =0 for z € 0D, (6:2)
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where O, (z) is the unique positive solution to
alAO + (m(z) —©)© =0 in D, and 9,0 =0 on dD. (6.3)

Then it is well-known that A is smooth in Ry x Ry, and that dn, Ao, a2) > 0 [1L 15, BI]. We
may conclude the following immediately.

sgn(A;, (21, 22)) = sgn(d(z1))  for all 21, 2s. (6.4)

Next, we observe that when a(z) satisfies (H1), it is necessarily U-shaped and has a unique
minimum point, which is where the dominant trait eventually converges.

Lemma 6.1. Suppose a(z) is chosen such that (H1) holds, then there exists zmin € Int I such
that
(2) <0 infa,zmin);, & (zmin) =0 and o'(2)>0  in (Zmin, b]; (6.5)

and that z1 — A(z1, z2) has the same minimum point zyin for each zo € [a,b),
0, N(2,22) <0 in[a, 2min); Oz A(Zmin,22) =0  and 0, A(2,22)>0  in (Zmin, b]. (6.6)

Proof. Differentiating (6.1)) with respect to z1, evaluating at (z1,22) = (a,a), and using (H1),
we have

0> 9,,Ma,a) = 0a, Aa(a), a(a))d(a).

Using also that 0o, A > 0, we conclude that o/(a) < 0 and similarly o/(b) > 0. Thus « has at
least one interior minimum point. Moreover, for each fixed zo, the mapping

z1 = A(z1, 22) = Ma(z1), a(z2))

is convex in z7, it has the desired monotonicity property in z;. This proves the second statement.
Still because Jy, A > 0, we deduce that « also has the desired monotonicity as well. O

6.2 An explicit example of «(z)

We can construct explicitly some U-shaped dispersion a(z), so that the associated A(z1, 2z2)
satisfies the convexity assumption (H1). For any given interval Iy = [ag, a9+ Lo] with g, Lo >
0, define

1 z
@(z):a0+k/ tanz'dz’  for z € [—znr, 20,
0.Jo

2 A
where kg := sup | alAl and zps € (0,7/2) is the unique number such that fOZM tanzdz =
(Oq,cm)EIoXIO

koLo. With this choice of «, the associated A(z1, 22) = A(a(z1), a(z2)) satisfies

]

+0., M E2p1, 22) = 00, Aa(E201), a(22))d (£201) > 0,
and, thanks to the definition of ky, we compute

02, A\(21, 22) 2 (0ay A0 (21) — |07, Al (21))?

aozlA / 1 |821A‘ 2
= t, - — t
ko [( an zp) Fo Oa, [tan z1 |
Oy A 1
> 2o . 2> .
Z o [(tan z1)" — |tan 21| } = Iérxlflo Oy A >0
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6.3 Evolution of conditional dispersal

A limitation in our present study comes from the use of convexity to obtain various regularity
results, in particular for the solutions of the constrained Hamilton-Jacobi equation. Here we
present an example which motivates to look for more general methods. We have in mind
the following model considering evolution of conditional dispersal, see [I8] and the references
therein.

€One = a(2)Apu — B(2)V - [neVm(z)] + ne(z)(m(x) — pe(z,t)) + €202n, (6.7)

for x € D, z € I and t > 0, with appropriate boundary conditions. Here « is the rate of
unconditional dispersal, whereas (8 is the rate of the directed movement up the gradient of the
prescribed function m(x). One or both «, 5 can be dependent on the trait variable z.

The effective Hamiltonian is again given by the invasion exponent A\(z1, z2) and can be sim-
ilarly defined. Assuming m(z) = x, a(z) = z and = ¢ for some small constant ¢, it can be
shown that possesses at least one positive equilibrium solution ., which tends to a Dirac
measure supported at two distinct points on the trait interval. In particular, the corresponding
effective Hamiltonian is nonconvex. We conjecture that the time dependent problem supports
moving Dirac-concentrations supported at two points (z1(¢), Z2(t)), which then converges to
their equilibrium position.
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A A priori Estimates

Proposition A.1. There exists C1 > 1, depending on Vo(2), m(x),a, @, D but independent of e,
such that

1 N
O—Spe(x,t)gcl for xe D, t>0.
1

Proof. We prove the proposition in six steps.
Step 1. There exists C' such that sup;>g [|pe(, )| 1 (p) < C.
Integrate (1.6) over (z,z) € D x I, and use the Cauchy-Schwarz inequality, we obtain

ejt/Dpe(x,t) dz = /Dpe(a:,t)(m(x)pe(x,t)) do < </D pe dm) <m* - 11)|/Dp6 d:p) (A1)

where m* = supp m. Hence we deduce from the differential inequality that

/ pe(z,t) de < max {/ pe(z,0) dx,m*\D|} for all t > 0. (A.2)
D D

It remains to estimate the initial total population [, pe(z,0) dz by (H2):

/Dpe(m,O) dx:/D/Iexp(—uE(x;Z’O)) dzda
C

Vo(2) C / K1)z — zo|? T
< _ < — B — < —_— .
_ﬁ/lexp< . )dz_ﬁRexp ; dz < C X
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Thus Step 1 is a direct consequence of (A.2)).
Step 2. There exists C' such that sup [|pe(-, )| cpy < C-
t>e

It suffices to show the following assertion:

Claim A.2. There exists C such that for any ty > €,

sup pe(z,t1) < Cp  sup / pe(x,t) d.
z€D te[t1—et1] /D

To prove the claim, we first extend n¢(zx, z,t) in the z variable by reflection across z = b,
and then periodically in z to D x R x [0, 00).
Consider, for each (z1,t1) € I X [€,00), the rescaled function

N€(I7y77—;217t1) = ne(‘r7zl+€y7tl+€7)7 (AS)
then N, satisfies, with z = 21 + ey,

{ O Ne — a(2)AgNe — 92N = Ne(m — po) <mNe  in D xR x [~1,00), (A)

OyNe(z,y,7) =0 on 9D x R x [—1,00).

Since N is a subsolution of a linear, parabolic equation with L°° bounded coefﬁcientsﬂ we can
apply the local maximum principle [26, Theorem 7.36] (see also [10, Section 6.2]), to obtain a
constant C independent of € > 0, z; € I and t; > € such that

[Ne(@, s )| oo (Dx (—4/5.4/5)x (=4/5,0)) < C1l[Ne(@, y, T L1 (D (=1,1)x (=1,0))- (A.5)

(Note that the spatial domain on both sides of the inequality can be taken to be the same, as
a consequence of the Neumann boundary condition across 0D.) Next, we write

pe(z,t1) = /ne(LZl,tl) dz; = /NG(SC,O,O;ZLH) dz1.
I I

Taking supremum in x € D, it follows that
o t)llmoy < [ 1N 0,0521,0) oy
< / [ Ne(z,y, 75 21, t1) || oo (Dx (—=1/2,1/2) x (= 1/2,0)) @21
I

< C/z [ Ne(@, y, 7321, 81) | L1 (Dx (=1,1)x (=1,0)) 421

0
< C/ / / ne(x, z,t1 + €7) dzdrdr
—1JD J(a—eb+e)
0
< 20/ / /ne(ac,z,tl + e7) dzdzdr
-1JDJI

<2C sup / pela, 1) d,
D

te[ti—et1]

where we used the periodicity of n. in the second to last inequalities. This proves Claim
Finally, we take supremum over ¢; > € on both sides of the conclusion of Claim [A2] we
deduce

<y sup/ pe(-,t) dx < C.
D

t1>e |te[ti—ets t>0

sup [|pe(-s t1)[|Lo<(p) < C1sup [ sup / pe(,t) dx
t>e 14D

®Note that the term —p. is dropped.
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This completes Step 2.
Step 3. There exists C' > 1 such that C~! < p.(x,t) < C for x € D and t € [0, €.
Based on (H2) we construct the following subsolution of (4.1)):

U, 1) 1= Volz) — gellogel — Calt+€) = {[z = (b— VL + [a+ ve— 23},

where C' is chosen large such that U, (b,t) <0 < U,(a,t), and then Cj is choserﬁ large enough
so that
U(z,0) < ue(z,2,0) forxzeD,zel,

and the appropriate differential inequality (4.1)) is satisfied in D x I x (0, 00). Hence for 0 < ¢ <e,
1 1
ue(yj, th) > Q(Z7t) > 5‘/0(Z) - §€| 1Og€| + 0(6),

where the last inequality follows from the fact that Vj(z) > 0 and is bounded below by a positive
constant near z = a, b, so that

V() = S~ - VAL + [+ Ve -2} 20

Integrating in z, we find
C % O
pe(x,t)g/exp —M dz<C forze D,tel0¢€.
Ve lr €

This proves the upper bound of Step 3. The lower bound can then be similarly proved, by using
the upper bound and considering the upper Solutiorﬂ

— 1
U(z,t) :=Vo(z) — 56\ loge| + Cs(t +¢€).

Notice that, here, the term in curly bracket appearing in the definition of U is not needed, as
Vo(z) has positive outer derivatives at z € 1. This completes the proof of Step 3.
Step 4. There exists Cp such that sup;>q [|pe(+ t)llc(p) < Co.
Step 4 is an immediate consequence of Steps 2 and 3.
Step 5. There exists C such that inf;>q [}, pe(z,t) dv > 1/C.

We may assume that
_CO lnfD m

inf t) de >
01<I%<6/D pelw;t) dv > e 2C
where Cj is given in Step 4, and (' is given in Claim Indeed, by Step 3, such an inequality
holds if we increase Cy when necessary. Next, we assume to the contrary that there exist t; > €
such that

_~infpm d
/DPe(x,tl) de = e~ el and T DPe d:lc‘t:t1 <0. (A.6)

By Step 4 and (A.I]), the function A(t) := [, pe(z,t) dx satisfies the differential inequality

edA(t) > —CoA(t), so that for t € [t — €, t1],

infpm infpm
A1) < Colti—t)/e 4 < Lo, —Cotpm _ 1ip
(t) =€ (tl) =ee 204 2C4

5Since the differential inequality obtained after dropping from (4.1)) the —p. term, is independent of —p, the
constant C can be chosen independent of supy<;<. [|pe(-;t)|lc(p)-

"Here the constant Cs depends on the quantity SuPp<;<c |Pe(,t)|lc(py, which has just been proved to be
uniformly bounded.
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By Claim we deduce that

infpm infpm
P t)||popy < C1 sup  At) < Cy =
ot )iy S O _swp  AD) < C1GET =

d
“at

infDm
p6 dm‘t " :/D(m—pﬁ)pE dx|t:t1 > 5 A(t1) > 0,

which is a contradiction to . This proves Step 5.
Step 6. There exists C such that pe(x,t) > 1/C for z € D and t > 0.

For 0 < t < ¢, the lower bound is proved in Step 3. For ¢t > ¢, one first notices that
N(7,x,y;t1, 21) satisfies a parabolic equation with L> bounded coefficients, and thus satisfies
a weak Harnack inequality [26, Theorem 7.37] (see also [10, Section 6.5]). One then proves that
pe(z,t) also satisfies such a weak Harnack inequality, so that for each t; > e,

t1— 6/2
pe(x,t1) /pezz:t ) dxdt,

t1—e

where the last term is bounded from below, as proved in Step 5. This proves Step 6. Finally,
the proposition follows from combining Steps 4 and 6. O

B Differentiability of the Principal Floquet Bundle

The notion of a normalized principal Floquet bundle (see [35]) is a generalization to non-
autonomous parabolic problems of the notion of principal eigenfunction of an elliptic, or periodic-
parabolic operator. Its smooth dependence on parameters is recently established in [§].

B.1 The normalized principal Floquet bundle

Let D ¢ RN be a smooth bounded domain. Given o > 0 and ¢ € C##/2(D x R), we say that
the positive function ¢, (z,t) is the corresponding principal Floquet bundle if it satisfies

Orp1 — aApy — c(x,t)pr = Hi(t)p1  forxz e D, t € R,
Oyp(x,t) =0 forx € 0D, t € R,
o1(z,t) >0 forx € D, t € R.

The existence and uniqueness is proved in [28], which is based on the abstract result of [35].
To formulate the smooth dependence on parameters, we need the notion of a normalized
principal Floquet bundle.

Definition B.1. Given a > 0 and ¢ € C%P#/2(D x R), we say that the pair (®(z,t), Hy(t)) is
the corresponding normalized principal Floquet bundle if it satisfies

0P — APy — ¢(x,t)P1 = Hi ()P forx € D, t € R,

0, P1(x,t) =0 for x € 9D, t € R, (B.1)
Jo®@i(z, t)de =1 for t € R, ‘
Pq(z,t) >0 forz € D, t €R.

Theorem B.2. For each o > 0 and c € CB’B/Q(D x R), there exists a unique pair
(®1(x,t), Hi(t)) € C*HPIHB2(D x R) x CP/2(R)

satisfying (B.1) in classical sense.
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Proof. The existence and uniqueness of (®1, H(t)) follows from the existence of the principal
Floquet bundle ¢(z,t), by noting that H(t) arises from the normalization [, ®1(x,t)dx = 1;
See [8, Theorem A.1] for detail. O

We need the smooth dependence of the normalized principal Floquet bundle, which is re-
cently established proved in [§].

Proposition B.3. The normalized principal Floquet bundle, as a mapping

7(0[, c) +— (®1,Hy) B
R, x CPB2(Q xR) — C?A1+8/2(Q x R) x CP/2(R)

is smooth. In particular, there exists a constant C = C (M) which is independent of z € [ﬁ, M]
and Hchﬁ,ﬁ/?([)XR) < M such that

18:®1lo0 + max |8, P1[loc < C,
i=0,1,2,3

where || - || is the L norm over (z,z,t) € D x [4;,M] x R, and

1
G <®@t) <C inDxR.

Proof. The smooth dependence is proved in [§, Proposition A.4]. It remains to prove the positive
upper and lower bounds on ®;. For this purpose, we recall the uniform Harnack inequality [21]
Theorem 2.5], which says that there exists some positive constant C' = C (M) such that

1
sgp@l(-,t) < C’i%ffb(-,t) for z € [M,M] ,teR.

Thanks to the normalization fQ ®, dx = 1, we obtain

1 1 C
— < — Di(,t) <P t)y <Cinf &1(-,t) < —.
C|Q| =0 S%p 1( ) ) = l(xa ) = 1% 1( ’ ) = | |
This completes the proof. ]

C Uniqueness for the Constrained Hamilton Jacobi Equation

We now establish the uniqueness of solutions to a constrained Hamilton-Jacobi equation in an
open, bounded one-dimensional interval I under some monotonicity assumption. We begin with
a proposition that does not assume convexity of the Hamiltonian and initial data in the trait
variable z.

Proposition C.1. Fori=1, 2, let (Vi,z;) € Wh*°(I' x [0,7T]) x BV([0,T]) be a solution to

OV +10. V|2 + R(z,2(t),t) =0 forzeI',t €0,T], (1)
9.V (z,t) =0 for z€ oI, t € [0,T] ’
in the viscosity sense, and which verifies the initial data and the constraint
V(z,0) = Vy(2) forzel, (C.2)
inf,ep V(2,8t) =0 fortel0,T] '
in the classical sense. Suppose that R is C? in all variables, and
Zit)eIntI'  for i=1,2,t€l0,T], (C.3)
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R(z1,22,t) =0 if and only if (z1,22,t) €T (C.4)

and
0, R(z,2,t) >0 in T or 0, R(z2,t) <0 inT, (C.5)

where T := {(21,22,t) € I' x I' x [0,T] : 21 = 22}. Then
(Vi(z,t),21(t)) = (Va(z,t),22(t))  for z € I' and t € [0,T).

We postpone the proof of this proposition and conclude the proofs of Propositions
and 3.2l

C.1 Proofs of Propositions and

Proof of Proposition[I.3. Since assertions (ii) and (iii), and the existence part of assertion (i)
are proved in [27, [30], we prove the uniqueness part of assertion (i) in the following.

Let (Vi(z,t),%(t)) be two solutions such that the common initial data Vy(z) is convex,
smooth, and attains a unique minimum at some zy € Int I.
Step 1. Using and the differential equation , we see that

sen <§Z@-(t)> — —sgn (o/(:(1)) -

Since o (inf I) < 0 < o/(supI) (thanks to (H1)), it follows that 4 z;(t) retains the same sign
as —a’(Z;(0)) and that sign does not depend on i. Therefore, exactly one of the following cases
holds:

(Z) El(t) = 52(75) = 2o, (ZZ) <(;ltzl(t)> <Ccllt22(t)> >0 forallte [O,T].

In case (i), the conclusion follows from standard uniqueness of viscosity solution to Neumann
problem. We henceforth consider case (ii). In fact, by (1.11) we can assume without loss of
generality that

d
@Zi(t) >0 and 0, A(Z(t),z(t)) <0 for ¢€]0,7] and i =1,2. (C.6)

Step 2.  We choose I’ to be slightly larger than [2p, max;—1 2 % (T)] = UZ,%([0,7]), then
[C3) and (TA) hold.
Step 3.  (Vi(z,t),z1(t)) and (Va(z,t), Z2(t)) are viscosity solutions to the same constrained
Hamilton-Jacobi equation (with Neumann boundary conditions) on the restricted domain I’ x
[0, T7:

WV + 0, V|2 = Nz,2(t)) =0 forzeI',t€[0,T),

9,V (z,t) =0 for z € OI', t € [0, T, 1)
V(z,0) = V(2) for z e I, ’
inf,ep V(z,t) =0 for t € [0,T].

This step is valid since z — V;(2,t) is convex, and the unique minimum point z;(¢) € Int I’ for
all t. Since the Hamiltonian H(t,z,p) = |22 — A(2, 2(t)) is convex in p and the solutions V; are
strictly convex in z with the minimum attained in the interior, we may extend H and V; by
reflection across the boundary 91’ in z with V; remain viscosity solution of 8, V;+H (¢, z,0,V;) = 0
in the extended domain. Hence, they satisfy the Neumann boundary condition in 91’ in viscosity
sense. The initial data and constraint are satisfied in the classical sense.

Step 4.  We can now apply Propositon [C.1|to conclude that z;(t) = Z»(t) a.e. in [0, T]. Then
we can use the variational characterization (see ) to deduce that Vi = V5 in the original
domain I x [0,7] (not just in the smaller domain I’ x [0, T7). O
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Proof of Proposition[3.3. Fix € > 0 and let R(z1,22,t) := —H(z1,t) + He(22,t). Once again,
the existence of a viscosity solution (V(z,t), Z¢(t)) holds. Since Vy(z) and —R(z, z,t) are convex
in z, it follows from [30] or similarly to Proposition that V(z,t) is strictly convex in z for
each t, and satisfies the differential equation

d 1

ﬁge(t) = W@IR(ZG@), Ze(t),1). (C.8)

To show uniqueness, it suffices to repeat the proof of Proposition We omit the details. [

C.2 Proof of Proposition

Suppose two sets of solutions (V;, z;), i = 1,2, are given. First, extend the problem by reflection
to the domain [2inf I’ —sup I’, sup I'] x [0, T] and then extend it periodically so that it is defined
in R x [0,7]. We use the variational characterization:

Ve =t { [ TPOE - RG99 ds + 10600 ()

V(t)=z

with the understanding that Vj(z) is also being extended evenly and then periodically so that
it is defined for all z € R.

Lemma C.2. Assume (C.3), (C.4) and the first alternative of (C.5). Let (V(z,t),2(t)) €
WL (R x [0,7T]) x BV([0,T]) be a solution of (C.1) and (C.2). Then, at possible discontinuity
points of Z(-) we have

Z(t—) < Z(t+) and N(t) C [2(t—), Z(t+)] (C.10)
where N'(t) = {z € I' : V(2,t) = 0}.
Proof. By and the first alternative of (C.5)), we have
sgn(R(z1, z2,t)) = sgn(z1 — 22 (C.11)

).
Fix (z,t) such that V(z,t) = 0, it suffices to show that z(t—) < z < z(t+). To show the first
inequality, choose a minizing curve v(t) for (C.9)) such that v(t) = z and

"))
0=Vt = [ [T5 - RO 0).29.9)] ds + Vo0 (C.12)
0
In fact, for any h € (0,t), the dynamic programming principle says that

t—h '82
0<VO(e-h-h = [ [hg—RW@&@ﬁﬂ@+%W®»

Subtracting, we have

t (s 2 t
0<— /t - {VZN — R(y(s), 2(s), 3)] ds < | R(r(s),2(s),9)ds forall he (0,0)

Dividing by h and letting h N\ 0, we deduce that
R(z,z(t—),t) = R(y(t),z(t—),t) > 0. (C.13)

By (C.11)), we have z(t—) < z.
Next, we fix as above z,t,v(-), and define v; : [0, + 1] — R by

_J (s) for0<s<t,
71(s) _{ z for s > t.
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Then by (C.9)), we have for 0 < h < 1,

0V thm )< [ PO g (0),2(5), ) ds + Vo (3(0)).

0 4
Subtracting (C.12)) from the above, we have

t+h
0<— R(z,Z(s), s) ds. (C.14)
t
Divide by h, and let h — 0, then R(z, z(t+),s) < 0. By (C.11)), we have z(t+) > z. O

Remark C.3. From the above proof, for each ¢y > 0 and zy € N (to), it follows from (C.14) that

to+h
/ R(Zp,2(s),8)ds <0 for all sufficiently small h > 0.
to

Lemma C.4. Assume (C.3)), (C.4) and the first alternative of (C.5). Let (V(z,t),z(t)) €
WHe(R x [0,7T]) x BV([0,T]) be a solution of (C.1) and (C.2), then z is non-decreasing.
Furthermore, we have

[sup N (¢)] = sup N(0), (C.15)

lim
t—0+

and, still with N'(t) = {z € I' : V(z,t) = 0}, we have
Z(t+) =supN(t) forallt (C.16)

Proof. Without loss of generality, we choose the right-continuous representative of z. Assume
to the contrary that Z is not non-decreasing. i.e. zZ(t1) > z(t2) for some t; < to. Since Z is
right-continuous, we have zZ(t1) > Z(t2+), i.e. there exists t3 > t2 such that z(t;) > z(¢) for all
t e [tg,tg]. Let tg = sup{t € [tl,tg) : f(t) > Z(tl)}. Then tg <ty < t3, and

E(t) < Z(tl) < E(to—) for t € (to,tg). (017)

In particular, we deduce that z(to+) < z(to—). By (C.10)), it follows that z(to+) = z(to—), and
that N (tg) consists of a single element, which we denote by Z.
By the first alternative of ((C.5]), there exists a small 4; > 0 such that

R(zp,z,t) >0 for z € (20 —1,20), t € [to —01,t0 + (51] (C.18)

) small enough so that Z(s) € (Zo — 01, z0) for all s € (to,t0 + h) (which

Then choose h € (0,61
Z(to+) = z(to—) = zo and (C.17))). We deduce from (C.18]) that

is guaranteed by z

to+h
/ R(Zz0,2(s),s)ds > 0,
to
where the last inequality follows from z(s) < zp (by (C.17)). We obtain a contradiction to
Remark Thus Z is non-decreasing.

Next, we observe that follows directly from the upper-semicontinuity of N, i.e.

limsup N (t') € N(t). (C.19)

t'—t+

It remains to show (C.16). It follows from (C.10) (proved in Lemma [C.2) that z(t+) >
sup N (t). Moreover, ((C.10) and the monotonicity of Z imply that

Z(t+) < z('—) < inf N(¢') < supN (') for each t' > t.

Using (C.19)), we may let ¢’ — t+ to deduce z(t+) < sup N (¢). This proves (C.16)). O
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Proof of Proposition[C1]. Fori=1,2,let (V;(z,t), zi(t)) € WH*(R x [0,T]) x BV[0,T] be two
solutions of and (C.2)). It suffices to show that 21 () = 2z2(t) a.e. in [0,T]. Without loss of
generality, one can reduce to the case that for each t > 0, Z; # Z3 in a set of positive measure
in (0,t). Furthermore, by considering 2’ = —z if necessary, we can assume the first alternative
of to hold.

To apply [7, Section 3, Remark 2|, it remains to verify the conditions (U1)-(U3) therein.
Now, observe that the Hamiltonian function in (C.1) is smooth and satisfies H(Zz,t, z,p) =
Ip|? + R(z,%,t), so that L(Z,z,t,v) = |v|*/4 — R(z, %,t). This verifies (U1). The condition
(U2) also holds, as V;(z,t) admits the variational characterization ((C.9).

It suffices to check (U3). Define

zf = supM(t), where M(t) = {Z el: ‘/i('z?t) = 0}7

and let 7¢ € AC|0,] be the minimizing path corresponding to the value V;(z!,t) = 0. We need
to verify the following three conditions:

(i) t£%1+ 2t =z :=sup{z € I : Vp(z) =0},

(ii) igil aZQR(tliO [(1—0)z1(t) + 022(t)], 20,0) < 0,

0< —0+

(iii) limsup [|9f]| oo o,y < +00.
t—0+

To verify condition (i), we apply (C.15) and (C.16) to get

. — o . — - . t — 3
t1—1>I(])a+ alt) = t1—1>r(])a+ () = t1—1>%1+ % =20 (C.20)
To verify condition (ii), observe that (C.4)) and the first alternative of (C.5) imply that
0., R(Zo, 20,0) = —0,, R(Z0, Z0,0) < 0. Using ((C.20)), we can then compute

sSup 822R( lim [(1 - 0)21 (t) + 022“)]7 2070) - 822R(20, 20, 0) <0.
0<6<1 t—=0+

For condition (iii), we observe that the initial data g and the Lagrangian function % -
R(I,t,x) are periodic in z, so the minimizing paths ! (corresponding to (2{,t)) exists and is
uniformly bounded in L>. One can derive the regularity of 4! by repeating the arguments in
[T, Section 2.

Having verified (U1)-(U3), one can then invoke [7, Section 3, Remark 2] to yield a contra-
diction. This proves that z;(t) = Z2(t) a.e. in [0,T]. That Vi(z,t) = Va(z,t) follows from the
standard uniqueness results. ]
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