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Abstract

We carry on our exploration of the connections between the Complex Fractal Dimensions of
an iterated fractal drum (IFD) and the intrinsic properties of the fractal involved — in our present
case, the Weierstrass Curve.

In order to gain a better understanding of the differential operators associated to this everywhere
singular object, we identify the trace of the classical Sobolev spaces on this curve, by means of
trace theorems which extend the results of Alf Jonsson and Hans Wallin obtained in the case of
a d-set. For this purpose, we construct a specific polyhedral measure, which is done by means of
a polygonal neighborhood of the Curve. We then obtain the order of the fractal Laplacian on the
IFD.

We then lay out some of the foundations of an extension of Morse theory dedicated to fractals, where
the Complex Fractal Dimensions appear to play a major role, by means of level sets connected to
the successive prefractal approximations.

In the end, we envision the Weierstrass Curve as the projection of a 3-dimensional vertical comb,
where each horizontal row is associated to the k™" cohomogical infinitesimal, the fractal signature
of the k™ prefractal approximation, according to our previous results on fractal cohomology.
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Introduction

In [DL22a], [DL22c], we introduced the concept of Weierstrass Iterated Fractal Drums (in short,
Weierstrass IFDs), by analogy with the relative fractal drums (RFDs) involved, for instance, in the
case of the Cantor Staircase, in [LRZ17a), Section 5.5.4, as well as in [LRZ17b| and in [LRZ18]. Those
iterated fractal drums simply consist in a sequence of appropriate tubular neighborhoods of prefractal
polygonal approximations of the Curve.

By exploring the connections between the Complex Dimensions of those IFDs and the cohomo-
logical properties of a fractal object, we showed, in [DL22c|, that the functions belonging to the
cohomology groups associated to the Curve are obtained, by induction, as (finite or infinite) sums
indexed by the underlying Complex Dimensions. In particular, to each prefractal approximation of
the given iterated fractal drum, we associate a mazimal Complex Dimension. Contrary to fractal
tube formulas, which are obtained for small values of a positive parameter ¢, the aforementioned
expansions are only valid for the value of the (multi-scales) cohomology infinitesimal € associated to
the scaling relationship obeyed by the Weierstrass Curve (or else, for a smaller positive infinitesimal).
(See also [DL22a] for an exposition of these results, as well as of the computation of the Complex
Dimensions via a fractal tube formula obtained in [DL22b].)

Our differentials 6 and ¢ (see [DL22c]) enable us to define the associated Laplacian 6 6 + 8. This
naturally raises questions as to the possible connections with the usual Laplacian (i.e., the one of
classical analysis). Based on the seminal works of Alf Jonsson and Hans Wallin in [Wal89], [JTW8&4],
a hint was that it could involve the Complex Dimensions, insofar as, in the case of a d-set F C R",
for n € N* and d > 0, characterizations of the restrictions of classical Sobolev spaces to F can be
obtained by means of trace theorems. More precisely, the restrictions to F of those Sobolev spaces
are obtained as Besov spaces Bg’q (F) on F, where the index 3 depends explicitly on d.

We hereafter extend the results of Alf Jonsson and Hans Wallin in the case of our Weierstrass IFDs.
This requires, in particular, the construction of a specific measure (called the polyhedral measure) on
the Weierstrass IFD, which is done by means of a sequence of polygons — a polygonal neighborhood
of the Curve. This enables us to define the Besov spaces on the Weierstrass Curve; more precisely, we
characterize those spaces by means of an atomic decomposition, as is done in [Kabl2] in the case of
nested fractals. We are then able to connect explicitly the order of the restriction of the usual Lapla-
cian on the Curve — or, rather, on the IFD — and the maximal real part of the Complex Dimensions,
namely, the Minkowski Dimension of the Curve.



In [DL22¢], we showed that, in the case of junction vertices, i.e., points belonging to consecutive
prefractal graphs, the aforementioned mazimal Complex Dimension, associated to the cohomology
group involved, changes. Hence, a change of shape — when one switches from a prefractal approxima-
tion, to the consecutive polygonal approximation, also corresponds to the occurence of new polygons
— is closely connected to a change of fractal dimensions. In this light, it was natural to explore fur-
ther connections between the Complex Dimensions of a fractal object — the Weierstrass Curve, or the
Weierstrass IFDs — and a suitable analog of Morse theory: given the Complex Dimensions and the
fractal Morse indexes, can we, in some sense, reconstruct the fractal? Towards the end of the paper,
we begin to lay the foundations for addressing this challenging and very interesting inverse topological
and geometric problem.

Our main results in the present setting can be found in the following places:

1. In Section [3| Definition [3.6] where we introduce the polyhedral measure on the Weierstrass IFD.
In particular, we prove that this polyhedral measure is well defined, as well as nontrivial, and is
a bounded and singular Borel measure on the Weierstrass Curve (see Theorem (3.7)).

i. In Section {4} where our polyhedral measure enables us to extend the aforementioned results of
Alf Jonsson and Hans Wallin to the case of the Weierstrass IFD. More precisely, we define the
atomic decomposition of a function defined on the IFD; see Definition We can then define
and characterize the Besov spaces on the IFD; see Definition along with Property In the
end, we establish a trace theorem in this context (Theorem , and (in Corollary deduce
from it the order of the fractal Laplacian on the IFD, which is in agreement with previous results
of Robert S. Strichartz in the case of the Sierpinski Gasket SG in [Str03].

145. In Section [p| where we use the Complex Dimensions, along with the fractal cohomology, of the
Weierstrass IFD, obtained and developed by the authors in [DL22b], [DL22¢] (see also [DL22al),
in order to propose an extension of Morse theory devoted to fractals. In particular, a mazimal
Complex Dimension is associated to each prefractal approximation (in Definition , along
with cohomological vertex integers, associated, this time, to each vertex of the prefractal approx-
imation; see Definition We also define new Morse indexes — applicable to fractal curves such
as the Weierstrass Curve; see Definition [5.10

iv. In Section [0, we explain how the Weierstrass Curve can be viewed as the projection of a 3-
dimensional vertical comb, the teeth of which are directly connected with the cohomological
vertex integers. This provides us with new research directions for future work, in connection
with our fractal Morse theory.

For a thorough discussion of the theory of Complex Dimensions, we refer the interested reader
to [LvEF13] and to [LRZ17al, in the case of fractal strings and of (relative) higher-dimensional fractal
drums, respectively; see also the survey article on the subject, [Lap19].

In closing this introduction, we mention that, for clarity and by necessity of concision, we work
throughout this paper with the important example of the Weierstrass Curve and the associated Weier-
strass IFD. We stress, however, that we expect that our main results will extend to a large class of
fractal curves and their associated IFDs — as well as, eventually, to a large class of higher-dimensional
fractal manifolds obtained by means of polyhedral prefractal approximations.



2 Geometry of the Weierstrass Curve

We begin by reviewing the main geometric properties of the Weierstrass Curve (and of the associ-
ated IFD), which will be key to our work in the rest of this paper.

Henceforth, we place ourselves in the Euclidean plane, equipped with a direct orthonormal frame.
The usual Cartesian coordinates are denoted by (x,y). The horizontal and vertical axes will be
respectively referred to as (z'z) and (y'y).

Notation 1 (Set of all Natural Numbers, and Intervals).

As in Bourbaki [Bou04] (Appendix E. 143), we denote by N = {0, 1, 2, ---} the set of all natural
numbers, and set N* = N\ {0}.

Given a, b with —o0o < a < b < 00, Ja,b[ = (a,b) denotes an open interval, while, for example,
la,b] = (a, b] denotes a half-open, half-closed interval.

Notation 2 (Wave Inequality Symbol).

Given two positive numbers a and b, we will use the notation a < b when there exists a strictly
positive constant C' such that a < C'b.

Notation 3 (Weierstrass Parameters).
In the sequel, A and N, are two real numbers such that

0<A<1l , N,eN" and AN, >1- ()
Note that this implies that Ny > 1; i.e., N = 2, if N, € N*, as will be the case in this paper.

As explained in [Davl19], we deliberately made the choice to introduce the notation N, which
replaces the initial number b, in so far as, in Hardy’s paper [Harl6] (in contrast to Weierstrass’
original article [Wei75]), b is any positive real number satisfying Ab > 1, whereas we deal here with
the specific case of a natural integer, which accounts for the natural notation V.

Definition 2.1 (Weierstrass Function, Weierstrass Curve).

We consider the Weierstrass function W (also called, in short, the W-function) defined, for any
real number z, by

W(z) = Z N cos (27 Ny ) -
n=0

We call the associated graph the Weierstrass Curve, and denote it by I'yy.

Due to the one-periodicity of the W-function (since N, € N*), from now on, and without loss of
generality, we restrict our study to the interval [0,1[= [0,1). Note that W is continuous, and hence,
bounded on all of R. In particular, ')y is a (nonempty) compact subset of RZ.



Property 2.1 (Scaling Properties of the Weierstrass Function, and Consequences [DL22b]).

(e0]

Since, for any real number x, W(x) = Z A" cos (QWNZZZ.%‘), one also has

n=0

W(Nyz) = Z)\n COS(27TN£H19U) = % Zx\n cos (27 Ny x) = % (W(x) —cos (27 x)) ,

n=0 n=1

which yields, for any strictly positive integer m and any j in {0, -+, #V,,},

W(W)M(W)m(ﬁ)-

By induction, one then obtains that
j j Tk 27 Ny j
W(—m>=>\mW(—)+ A" cos —bm .
(Np—1) Ny (Np—1) ,;) (Np—1) Ny

Definition 2.2 (Weierstrass Complexified Function).

We introduce the Weierstrass Complexified function Weomy, defined, for any real number z, by

00

n 2iw Ny x

Weomp(x) = Z A e .
n=0

Clearly, Weomyp is also a continuous and 1-periodic function on R.

Notation 4 (Logarithm).

In
Given y > 0, Iny denotes the natural logarithm of y, while, given a > 0, a # 1, In, y = ﬁ denotes

the logarithm of y in base a; so that, in particular, In = In,.

Notation 5 (Minkowski Dimension and Hélder Exponent).

For the parameters A and N, satisfying condition (#) (see Notation [3), we denote by

In A 1
DW=2+1an :2_lanX S ]1,2[

the box-counting dimension (or Minkowski dimension) of the Weierstrass Curve I'yy, which happens
to be equal to its Hausdorff dimension [KMPY&84], [BBR14], [Shel8], [Kell7]. We point out that the
results in our previous paper [DL22b] also provide a direct geometric proof of the fact that Dy, the
Minkowski dimension (or box-counting dimension) of I'yy,, exists and takes the above values, as well
as of the fact that W is Holder continuous with optimal Holder exponent

In A\ 1

2_Dw=_lan =lanX'



Convention (The Weierstrass Curve as a Cyclic Curve).

In the sequel, we identify the points (0, W(0)) and (1, W(1)) = (1, W(0)). This is justified by the
fact that the Weierstrass function W is 1-periodic, since Ny is an integer.

Remark 2.1. The above convention makes sense, because, in addition to the periodicity property of
the W-function, the points (0, W(0)) and (1, W(1)) have the same vertical coordinate.

1
Property 2.2 (Symmetry with Respect to the Vertical Line x = 5)'

Since, for any x € [0,1],

W -z)= Z)\n cos (27N, — 27 Ny x) = W(x),

n=0

1
the Weierstrass Curve is symmetric with respect to the vertical straight line x = 5

Proposition 2.3 (Nonlinear and Noncontractive Iterated Function System (IFS)).

Following our previous work [Davl8|, we approzimate the restriction Ty, to [0, 1[XR, of the
Weierstrass Curve, by a sequence of graphs, built via an iterative process. For this purpose, we use
the nonlinear iterated function system (IFS) consisting of a finite family of C® maps from R? to R
and denoted by

TW = {T07 ”'7TNb—1} )
where, for any integer i belonging to {0, -+, N, — 1} and any point (z,y) of R?,

+i +i
Ti(z,y) = (%,Ay+ oS (27r (beZ>)) .

Note that unlike in the classical situation, these maps are not contractions. Nevertheless, 'y, can
be recovered from this IFS in the usual way, as we next explain.

Property 2.4 (Attractor of the IFS [Dav18], [Dav19]).

The Weierstrass Curve I'yy, is the attractor of the IFS Ty, and hence, is the unique nonempty
Np—1 Np-1
compact subset K of RZSatisfying K= U T;(K); in particular, we have that Tyy = | T;(Ty).
i=0 i=0
Notation 6 (Fixed Points).
For any integer ¢ belonging to {0, -+, N, — 1}, we denote by
1 1 274
Py = (@,y:) = (m7m COS(N;, - 1))

the unique fixed point of the map Tj; see [Dav19].




Definition 2.3 (Sets of Vertices, Prefractals).

We denote by V; the ordered set (according to increasing abscissae) of the points

{P(]v '”aPNb—l} :

The set of points Vy — where, for any integer ¢ in {0,---, N, — 2}, the point P; is linked to the
point P;,1 — constitutes an oriented finite graph, ordered according to increasing abscissae, which we
will denote by I'yy,. Then, Vj is called the set of vertices of the graph T'yy,.

Ny—1
For any nonnegative integer m, i.e., for m € N, we set V,, = |J T; (Viuo1)-
i=0

The set of points V,,,, where two consecutive points are linked, is an oriented finite graph, ordered

according to increasing abscissae, called the m_order W-prefractal. Then, V,, is called the set of
vertices of the prefractal I'y, ; see Figure

Property 2.5 (Density of the Set V* = ] V,, in the Weierstrass Curve [DL22b]).

neN

The set V* = |J V,, is dense in the Weierstrass Curve Tyy.

neN

Definition 2.4 (Adjacent Vertices, Edge Relation).

For any m € N, the prefractal graph I'y,, is equipped with an edge relation ~, as follows: two
m

vertices X and Y of I'yy,  (i.e., two points belonging to V},,) will be said to be adjacent (i.e., neighboring
or junction points) if and only if the line segment [X,Y] is an edge of I'yy,  ; we then write X ~ Y.
m

Note that this edge relation depends on m, which means that points adjacent in V,,, might not remain
adjacent in V,,,41.

We refer to part ¢v. of Property along with Figure [I} for the definition of the polygons Py,
and Q,, ;, associated with the Weierstrass Curve.

Property 2.6. [Davl8] For any m € N, the following statements hold:

l'. Vm C Vm+]_ M
. #V,, = (Ny — 1) N;" + 1, where #V,,, denotes the number of elements in the finite set V,.

iit. The prefractal graph Ty~ has ezactly (N, — 1) N;"* edges.



iv. The consecutive vertices of the prefractal graph I'yy, —are the vertices of N simple nonregular
polygons Py, . with Ny, sides. For any strictly positive integer m, the junction point between two
consecutive polygons Pp, . and Py, 41 s the point

( (N, -1k ( (N, -1k

A L S At 1<k<N"-1-
(N, - 1) N (Nb—l)Nﬁ)) ’ b

Hence, the total number of junction points is Ny' — 1. For instance, in the case N, = 3, the
polygons are all triangles; see Figure 1]

We call extreme vertices of the polygon Py, . the junction points

%mmmpmw:((ﬁ%—nk ((U%—1M7»  0<k< N

<N, -1
(N, — 1) N N, — 1) N b ’

and

(Vo —1)(k+1) ( (Vo —1) (k+1)

0<ks<sN" —=2.
(Ny = 1) N™ (Ny — 1) N )) ’ b

Vend (Pm,k) = (
In the sequel, we will denote by Py the initial polygon, whose vertices are the fixed points of

the maps T;, 0 <1 < Ny — 1, introduced in Notation @ and Definition i.e., {PO, oo, PNb_l};
see, again, Figure[1]

In the same way, the consecutive vertices of the prefractal graph I'y, , distinct from the fived
points Py and Py,_1 (see Notation @, are also the vertices of Ny — 1 simple nonregular poly-
gons Qp, j, for1 < j < Ny" =2, again with Ny sides. For any integer j such that 1 < j < Ny" — 2,
one obtains each polygon Q,, ; by connecting the point number j to the point number j + 1
if j=imod Ny, for 1 <i< Ny—1, and the point number j to the point number j — Ny + 1
if 7 = 0mod Ny.

As previously, we call extreme vertices of the polygon Q,, . the junction points

(N, — 1)k ( (N, - 1)k

1<sk<N"-1
(N — 1) Ny’ (Nb—l)Nﬁ))’ b

Vinitial (Qmk) = (

and

Vend (@) = ((Nb ~D(k+1) ( (N, —1) (k + 1)

1<k<N"'-2-
(N, - 1) N (Ny — 1) NJ” )) ’ b

Definition 2.5 (Polygonal Sets).
For any m € N, we introduce the following polygonal sets

Pm={'Pm7k,OskSNl;m—1} and Qm={Qm,k70Sk‘sNgﬂ_2}‘



<

Initial polygon

polygon Py, polygon P,

¥ polygon P4

Y

.}.,_\
polygon Q

=1

polygon Q1

P

Figure 1: The initial polygon Py, and the respective polygons Py 1, P1,1, P12, 21,15 21,25

1
in the case where X = 3 and N, = 3. (See also Figure [2})

Notation 7. For any m € N, we denote by:
it. X € Py, (resp., X € Q,,) a vertex of a polygon Py, , with 0 < k < Ny* =1 (resp., a vertex of

a polygon Q,, ., with 1 £ k < N} - 2).

ii. Pp|J Qm the reunion of the polygonal sets P,, and Q,,, which consists in the set of all the

vertices of the polygons P, 1, with 0 < k < N;" — 1, along with the vertices of the polygons O ks

with 1 € k < N — 2. In particular, X € P,, ] Q,, simply denotes a vertex in P, or Q,,.

P[] Qum the intersection of the polygonal sets P, and Q,,, which consists in the set of all the

vertices of both a polygon P, ,, with 0 < k < N;" — 1, and a polygon Om i, with 1 <k < Ny =2,



> <

b b

b b

-

‘\w WAL

b b

1
Figure 2: The prefractal graphs I'yy,,, 'y, , T'yw,, T'w,, I'w,, I')y,, in the case where X = 3
and N, = 3. For example, I'yy, is on the right side of the top row, while I'yy, is on the
left side of the bottom row.

Definition 2.6 (Vertices of the Prefractals, Elementary Lengths, Heights and Angles).

Given a strictly positive integer m, we denote by (ijm)Osjs(Nb—l)Ng" the set of vertices of the

prefractal graph I'yy, . One thus has, for any integer j in {0, -+, (N, — 1) Ny }:

Vo= (7 —jl)NZ,n’W((Nb —JnN;”)) '

10



We also introduce, for any integer j in {O, e (Ny = 1) Ny = 1}:

1. the elementary horizontal lengths:

J
Ly =—2"—
T (N = 1) N

1. the elementary lengths:

_ _ 2 2
Cigrrm = d(Mjm, Mjr1m) =\ Loy + hi ot

where hj 11, is defined in 7. just below.

111. the elementary heights:

h],]+1,m_ |W<(Nb_1)NI;m> W((Nb—l)Ngn)"

1. the minimal height:

nf _

- nf B
™ oggg(Ny-1) N1 T

along with the the maximal height:

I = sup hjiv1m
0sjs(Ny—1) N" -1

v. the geometric angles:

—

Oi-1jm = (W), (Mjc1mM;m)) o O5e1m = ((W'Y), (MjmMji1m))
which yield the value of the geometric angle between consecutive edges,
namely, [ Mj_1,m Mjn, Mjm Mje1m]:

m m

+ arctan

Oy, +0;. = arctan .
I TR |hj—1.4m] | je1,ml]

Property 2.7. For the geometric angle 0;_1 jm, 0 < j < (N, — 1) Ny", m € N, we have the following
relation:

h.j_lnj»m

tanf._y ., =
J sJs Lm

1
Property 2.8 (A Consequence of the Symmetry with Respect to the Vertical Line x = 5).

For any strictly positive integer m and any j in {0, -+, #V,,}, we have that

W (o=mr) (S

11



which means that the points

(%v; i)ljﬁl:;j’w(%v; i)f)V?Wng;j)) wnd ((Nb = Ng”’W(wb —j1>N$))

1
are symmetric with respect to the vertical line x = 57 see Figure H

Definition 2.7 (Left-Side and Right-Side Vertices).

Given natural integers m, k such that 0 < k < Ny — 1, and a polygon Py, ., we define:

N 1T

i. The set of its left-side vertices as the set of the first b2 vertices, where [y] denotes the
integer part of the real number y. ) )

) o . : [Ny — 1] .

1. The set of its right-side vertices as the set of the last 5 vertices.

When the integer N, is odd, we define the bottom vertex as the ( b2 ) one; see Figure

>
N | =

j=1,m Mn,-1) Ny j+1,m

-
T

- M;j_1.p,m M(N,-1) Ny™-js1-p,m

1
Figure 3: Symmetric points with respect to the vertical line x = 5

12



Bottom vertex” :
Bottom vertex Right - side vertices

Figure 4: The Left and Right-Side Vertices.

Property 2.9 ([DL22D]).

For any integer j in {0, -+, N, — 1}:

j _ - n n _7 _ = n 27Tj _ 1 27Tj
W(Nb_l)_T;))\ cos(27rNb —(Nb—l))_z)\ COS(Nb_1 )—1_)\608(]%_1)

Property 2.10 ([DL22h]).

Ny—1 Ny—1
For0<j< (bT) (resp., for% < j < Ny —1), we have that

w J+1 -W J <0 resp., W J+1 -W J =20 -
N, — 1 Ny—1)° P N, - 1 N,—-1)°

Notation 8 (Signum Function).

The signum function of a real number x is defined by

-1, if <0,
sgn (x) = 0, if =0,
+1, if 2>0-

Property 2.11 ([DL22b]).
Given any strictly positive integer m, we have the following properties:

i. For any j in {0,---,#V,,}, the point

((Nb —jl)Ny’W(<Nb —]1>N,T>>

13



is the image of the point

j Ciw j S (i@ =N i (N - ) N
(Ny—1)N (W - 1) N (N, — 1) Nt (N — 1) N

under the map T;, where i € {0,+-+, N, — 1} is arbitrary.

Consequently, for 0 < j < Ny — 1, the jth vertex of the polygon Py, ;, 0 <k < N =1, de.,
the point

(v (i mnar))

is the image of the point

(M—n@—um—nwwﬂt“N(M—U@—NM—UMww” _
(N, — 1) N ’ (N = 1) Ny ,

under the map T;, where i € {0, -+, N, — 1} is again arbitrary. It is also the jth vertex of the
polygon Py, j._;(n,-1) Nyt~ Therefore, there is an exact correspondance between vertices of
the polygons at consecutive steps m — 1, m.

ii. Given j in {0, -+, Ny — 2} and k in {0,---, N;" — 1}, we have that

o (M) WD) {421 ()

Proof.
i. Given m € N*, let us consider i € {0,-+-, N, — 1}. The image of the point
(N = 1) Ny (N, = 1) N

under the map 7 is obtained by applying the analytic expression given in Property to the coor-
dinates of this point, which, thanks to Property above, yields the expected result, namely

j J . 27 ( j ( j ))
Y AW| —————— —i | +cos — | = — W — |-
(Ny = 1) Ny ((Nb—l)Ng”_1 ) (Ny = 1) N, (Np — 1) Ny (Np — 1) Ny

w4
(N — 1) N+

(by 1-periodicity)

14



ii. See [DL22Db].

Property 2.12 (Lower Bound and Upper Bound for the Elementary Heights [DL22b]).

For any strictly positive integer m and any j in {0, co (N —1) Nl;n}, we have the following esti-
mates, where Ly, is the elementary horizontal length introduced in part i. of Definition[2.6

Cong LW < IW((G+ 1) L) =W (G L) S Cop Lin Y, m € N, 0<j<(N,—1)N,", (k)

hjj+1,m

where the finite and positive constants Cy, s and Cy,, are given by

Jj+1 J
W(Nb—1>_W(Nb—1>‘

2-D .
Cint = (N, —1 W' min
ing = (Np = 1) 0<j<Ny—1

and

2-D
Coup = (Np— 1) 7Y | max
sup = (Np = 1) 0<j<Np-1

w551 w5 ) wm omes)
Ny -1 Ny —1 (Ny=1) (AN, - 1)
One should note, in addition, that these constants Cy, ¢ and Cy,, depend on the initial polygon Py.

As a consequence, we also have that

Cing Ly P < W) < Cop L ™Y and Cing L™ < by < Cup Loy 7%

m )

where hi::f and h,, respectively denote the minimal and maximal heights introduced in part iv. of Def-

ination [2.4.

Theorem 2.13 (Sharp Local Discrete Reverse Hoélder Properties of the Weierstrass Func-
tion [DL22Db]).

For any natural integer m (i.e., for any m € N), let us consider a pair of real numbers (ﬂ:,x')
such that

(Ny - 1)k +j . o (Np=1)k+j+¢ :
=~ 7 < - ((N,—-1)k+4) L = =((Np—=1)k+j5+10) L
=y = (o= Dk +) L Bty = (o= D4+ L,
where 0 < k < N — 1™ — 1, we then have the following (discrete, local) reverse-Holder inequality, with
. In A
sharp Holder exponent —m =2 — Dyy:
Cing 2" = 2 < W) - W),

where (x, W(x)) and (w', W(m')) are adjacent vertices of the same m'" prefractal approximation, I'yy, ,
with m € N arbitrary. Here, Cy,y is given as in Property[2.19 just above.
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Corollary 2.14 (Optimal Hélder Exponent for the Weierstrass Function (see [DL22b]) ).

The local reverse Holder property of Theorem just above — in conjunction with the Holder

condition satisfied by the Weierstrass function (see also [Zyg02], Chapter II, Theorem 4.9, page 47) —
In A
In Nb
the Weierstrass function (as was originally shown, by a completely different method, by G. H. Hardy

in [Harl0]).

shows that the Codimension 2 — Dy = — € ]0,1[ is the best (i.e., optimal) Holder exponent for

Note that, as a consequence, since the Holder exponent is strictly smaller than one, it follows that
the Weierstrass function W is nowhere differentiable.

Corollary 2.15 (of Property (see [DL22Db])).

Thanks to Property[2.19, one may now write, for any strictly positive integer m and any integer j
n {O, v (N = 1) Ny = 1}, and with Cy,y and Cyypr defined as in Property :

i. for the elementary heights:

2-D

it. for the elementary quotients:

hj_lyjym

_ 71-Dw
Lm _Lm 0(1) ’

and where

0<Cipng<O(1) £ Cgyp < 00-

Corollary 2.16 (Nonincreasing Sequence of Geometric Angles (Coming from Property
see [DL22D]) ).

For the geometric angles 6;_1 j ., 0 < j < (N —1) N}, m € N, introduced in part v. of Defini-
tion 2.6, we have the following result:

Ly,
hj_lzjzm

tan Hj—l,j,m = (Nb - ]_) > tan ej_l’j7m+1 ;
which yields

Dyy—1
Oj-1jm > 0j-1jme1 and 051 jme1 S L™ -

16



Corollary 2.17 (Local Extrema (Coming from Property see [DL22D]) ).

1.

1.

The set of local mazima of the Weierstrass function on the interval [0,1] is given by

Ny —1 N, —1 m
(D008 (BD=DE)) g1, m e ],
N N;

and corresponds to the extreme vertices of the polygons Pp, i and Qy, . (see Property@) at a
given step m (i.e., they are the vertices connecting consecutive polygons; see part iv. of Prop-

erty @)

For odd values of Ny, the set of local minima of the Weierstrass function on the interval [0, 1]

is given by

(N — 1) ke + 2= (N — 1) ke + 2=t
{( (Npy = 1) Ny™ 7 ( (Np = 1) Ny

)):OsksNg”—l,meN},

and corresponds to the bottom vertices of the polygons Py, ;. and Q,, . at a given step m; see also

part iv. of Property[2.6,

Property 2.18 (Existence of Reentrant Angles [DL22b]).

The wnatial polygon Py, admits reentrant interior angles, at a verter P;, with 0 < j < Ny —1,
in the sense that, with the right-hand rule, according to which angles are measured in a counter-

—_—

clockwise direction ((PijH) , (Pij_l)) > m, in the case when

N, -3 3N, — 1
1 or 1

(see Figure @, which does not occur for values of Ny < 7.

0<j< <j<Ny—1

Ny -3
The number of reentrant angles is then equal to 2 |: b4 i|

At a given step m € N*, with the above convention, a polygon P i admits reentrant interior
angles in the sole cases when Ny 27, at vertices My,j, 1 <k < Ny, 0<j<Ny—1, as well as

in the case when

N, -3 3N, -1
4 or ]

0<j< SjJ<Ny—-1-

Ny -3
The number of reentrant angles is then equal to 2 Ny ' [ b4 }

Remark 2.2. Note that due to the respective definitions of the polygons P,, , and Q,, 1, the existence
of reentrant interior angles for P, at a vertex Mj,;, 1 <k < N}, 0<j < Ny—1, also results in
the existence of reentrant interior angles for Q,, ;. at the vertices My,;_1, 1 <k < N 1<j<N,—1
ande+j+1, 1 Sk‘$Ngn,0<j$Nb—2.

17



[

AN

interior
reentrant

angle
P;
Jj+1

Figure 5: An interior reentrant angle. Here, N, =7 and \ = 3

3 Polyhedral Measure on the Weierstrass IFD

Our results on fractal cohomology obtained in [DL22c| (see also [DL22b], [DL22c|) have highlighted
the role played by specific threshold values for the number € > 0 at any step m € N of the prefractal
.U th e . . o .
graph approximation; namely, the m™ cohomology infinitesimal introduced in Definition just
below.

Definition 3.1 (mth Cohomology Infinitesimal and Infinitesimal Sequence [DL22b], [DL22c]).

From now on, given any m € N, we will call m'" cohomology infinitesimal the number £ > 0
1

which, modulo a multiplicative constant equal to ——, i.e., &' = ——— —— (recall that N, > 1),
Ny -1 Ny —1 Ny
stands as the elementary horizontal length introduced in part 7. of Definition ﬁ ie.,
1
Ny

Observe that, clearly, € itself — and not just € — depends on m; hence, we should really write €™ = (g,,)",
for all m € N.

Also, since Ny > 1, €™ satisfies the following asymptotic behavior,

m
e =0, asm — 00,

which, naturally, results in the fact that the larger m, the smaller ¢™. It is for this reason that we
call €™ — or rather, the infinitesimal sequence (€m):=0 of positive numbers tending to zero as m — oo,

with €™ = (,,)", for each m € N — an infinitesimal. Note that this m" cohomology infinitesimal is
the one naturally associated to the scaling relation of Property above from [DL22b].

18



1

1 1
In the sequel, it is also useful to keep in mind that — since, by definition, &, = N ( N 1) ,
b b~

for every m € N — the sequence of positive numbers (g,,)r-_, itself satisfies

5m~ﬁb,asm—>oo;

1
Ny’
a strictly positive and finite limit.

ie., g, — as m — o0o. In particular, €,, # 0, as m — 0o, but, instead, ¢,, decreases and tends to

In the sequel, an infinitesimal € will refer to any sequence (€,,),, ey such that, for any m € N,

Note that this implies that

We refer to part iv. of Property above, along with Figure [I for the definition of the poly-
gons Py, ; (resp., Qp, ;) associated with the Weierstrass Curve in the next definition, as well as
throughout the rest of this section. See also Definition where the polygonal families are intro-
duced.

Definition 3.2 (Power of a Vertex of the Prefractal Graph I'),, , m € N*, with Respect to
the Polygonal Families P,, and Q,,).

Given a strictly positive integer m, a vertex X of the prefractal graph I'yy, ~will be said:

i. of power one relative to the polygonal family P,, if X belongs to (to be understood in the sense
that X is a vertex of) one and only one Ny-gon Py, ;, 0 < j < N - 1;

1
1. of power 5 relative to the polygonal family P, if X is a common vertex to two consecutive Nj-

2
gons Py, i and Py, j11, 0 S < N =2

iti. of power zero relative to the polygonal family P, if X does not belong to (to be understood in
the sense that X is not a vertex of) any Nj-gon Py, ;,
0<j< N -1

Similarly, given m € N, a vertex X of the prefractal graph I'yy s said:

i. of power one relative to the polygonal family Q,, if X belongs to (as above, to be understood in
the sense that X is a vertex of) one and only one Ny-gon Q,, ;, 0 < j < Ny -1,

1
1. of power 5 relative to the polygonal family Q,, if X is a common vertex to two consecutive Nj-

gons @, ; and Qp, 41, 0 < j < Ny =2

iti. of power zero relative to the polygonal family Q,, if X does not belong to (as previously, to be
understood in the sense that X is not a vertex of) any N,-gon Q,, ;,
0<j< N -2
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Notation 9. In the sequel, given a strictly positive integer m, the power of a vertex X of the prefractal
graph 'y, relative to the polygonal families Py, and Q,, will be respectively denoted by:

p(X,Pm) and p(X, Qm)

Notation 10 (Lebesgue Measure (on R?)).

In the sequel, we denote by u, the Lebesgue measure on RZ.

Notation 11. For any m € N, and any vertex X of V,,,, we set:

1
mp(X,Pm) pe (Pomj) s if X ¢ Q,, vertex of P, ;, 0 j < Ny* -1,
1 m

/1/£ (vamvgm) = Fbp(Xa Qm) Mﬂ(mej) ) if X ¢ P, vertex of Qm,]’7 1sjys Nb -2,

1
7N, {p(X,Pm) Iy (Pm,j) +p(X,9.,) uﬁ(Qm,j)}, if X € P,, n Q,, vertex of P, ; and Q,, ;,1<j < N —2-

Property 3.1. For any m € N, and any pair (X,Y) of adjacent vertices of V,, belonging to the
same polygon P, ;, with 0 < j < Ny =1 (resp., Qm.,j, with 0 < j < Ny' = 2), we have that

deucl(XaY) = V h?m + L%n > |h]m| ,

which, due to the inequality given in Property[2.13, ensures that

1 1 Dyy—2
< <L,
deucl(X7Y) |hjm| "

At the same time, we also have that

S NéQ—Dw) m .

ouet(X,Y) S hyy 5 LW < NJPWTDT

Proof. This follows at once from Property

Corollary 3.2. For anym € N, any natural integer j of{O, o NZ" _ 1}7 and any pair of points (X,Y)
of Pmj or of Qp j, we have that

1 Dyy—2 (2-Dw)m
———— < LW <N, w
deucl(X7Y) " b

9

and .
deucl(X,Y) < h,, < LEH_DW < N[f w=2)m
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Property 3.3. For any m € N, and any vertex X of V,,:

U5 (X, Py Om) S hn Ly 5 L2 5 NPV

and

15 (X, Py Q) S b Ly 5 L3P < NPW3™

Proof. This also directly comes from Property

Definition 3.3 (Trace of a Polygon on the Weierstrass Curve).

Givenm € N,and0 < j < V" =1 (resp.,0 < j € N — 2), of extreme vertices Vinjtial (Pm,j) e Vi,
and V,,q (Pm,j) € V,, (resp., Vinitial (QmJ) €V, and V.4 (de) € V,,; see Definition , we de-
fine the trace of the polygon Py, ; (resp., Q,, ;) on the Weierstrass Curve as the set tr.,, (Pm,j)

(resp., tTVW (Qm,])) of points {Vinitial (Pm,j) ) M*a Vend (PWJ)} (resp., {Vinitial (Qm,j) ’ M*a Vend (Qm,j)})a
where we denote by M, any point of the Weierstrass Curve strictly located between Vj,itial (Pm )

2J
and Vend (Pm,j) (resp., Vim'tial (Qm,j) and Vend (Qm,]))

Definition 3.4 (Sequence of Domains Delimited by the Weierstrass IFD).

We introduce the sequence of domains delimited by the Weierstrass IFD as the sequence
(D (me))meN of open, connected polygonal sets (P, U Q) ens Where, for each m € N, P,
and @, respectively denote the polygonal sets introduced in Definition [2.5

Property 3.4 (Domain Delimited by the Weierstrass IFD).

We call domain, delimited by the Weierstrass IFD, the set, which is equal to the following limit,

D(Tw) = lim D(Tw,,) ,

where the convergence s interpreted in the sense of the Hausdorff metric on R? ; see Remark: below.
In fact, we have that

D(I'y) =Ty -

Proof. Note, first, that the sequence (D (me))meN can be replaced by its closure (5(me))

o _ meN’
with closed polygons P,, ; and Q,, ;, instead of open polygons P, ; and Q,, ;, used in the coun-
terpart of Definition just above. We can then easily prove that the sequence (5 (me))

meN
converges to the Weierstrass Curve I')y. This simply comes from the fact that, given any (positive)

infinitesimal € = (€,,),, ey (in the sense of Definition [3.1]), there exists an integer mq such that
VYmz=mg : 5(FWm)CD(FWm76m)7
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where D (me, em) denotes the (tubular) (m,€,,)-neighborhood of the Weierstrass IFD introduced
in [DL22b]; namely,

D(Pwmvem) = {M € RQ, d(M’FWm) < em} .
This also ensures that

lim iz (D (Tyy,,)) =0-

m—00

Remark 3.1. In our proof, we have considered the limit of the sequence (TD(FWm))mGN, in the set-
theoretic sense. In fact, we could have considered, instead, the Hausdorff limit of this sequence; i.e.,

by using the Hausdorff metric dz on R?. This would not have changed our result, since

As we explained in our proof just above, given any positive infinitesimal €, > 0, there exists an
integer mq such that,

Vmz=mg : I_D(PWm)CD(FWm,Em) .

This ensures, for all m = mg, any j in {0, e Ny — 1}, any point P € P, ; C I_D(me)
(resp., @ € Qi C E(me)), and any point M € tr.,, (Pm,j) (resp., M € try,, (mej)), that the
Hausdorff distance dy (P, M) (resp., dy(Q, M)) between P (resp., @) and M is such that

1 I
d’H(PvM) = Imax sup deucl(PaM) s sup deucl(P 7M) < €n
M'etry,, (Pm,;) P'eP,,
< vem < €n
1 1
resp., dH(Q: M) = max sup deucl(Qa M ) s sup deucl(Q 7M) Sem |,
M'etry,,,(Qm,;) Q' €Qm

<en <en

as desired. It follows that

dy (D (Tw,).Tw) S en — 0

m—00
Hence, D (T'yy) is the Hausdorff limit of (D (T, ))
we deduce that D (I'yy) = I'yy.

mens and so, by the uniqueness of such a limit,

Notation 12 (Minimal and Maximal Values of the Weierstrass Funnction W on [0,1]).

We set

1 1
= 1 t) = —— M = t) = —— -
myy thBg]W() = o Mw tlen[%ﬁ]w() T
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Notation 13. Henceforth, for a given m € N, the notation Z means that the associated

XePnU9m
finite sum runs through all of the vertices of the polygons belonging to the sets P, and 9,,, introduced

in Definition see also Notation [7] following that definition.

Property 3.5. Given a continuous function u on [0,1] X [myy, My ], we have that, for any
m € N, and any vertex X of V,,:

|M£ (Xapman) U(X)| $'u£ (X7Pm7Qm) ( max |u|) < N(;(B_DW)m'
[0,1]1x[my, Myy

Consequently, with the notation of Definition|3.1], we have that

"W (X Py Q) w (X)] 567 -

Sinc the sequence ( Z e_m) is a positive and increasing sequence (the number of
XeP,J9m meN

vertices involved increases as m increases), this ensures the existence of the finite limit

11_1)1(1)0 Em(DW_2) Z ,U/c (X7 va Qm) U (X) ’
m XEPmUQm

where we have used Notation [13.

Proof. Thanks to Property [3.3] for any m € N, and any vertex X of V,,, we have that

DW—S)m (DW—3)’H’L

15 (X, Py Q) < N, and 5 (X, Py, Q) 5 N

We then recall from Sectionthat, for any m € N, the total number of polygons P,, is N;", while
the total number of polygons Q,, is equal to Ny — 1; see Property We then have that

S WX P, Q) s NN

XePnUOnm

ie.,

S WX P Q) s NI

XePnlU9m

or, equivalently, due to the relation between the m'" cohomology infinitesimal €™ introduced in Defi-
nition and the Weierstrass parameter IVy, ,
L 2-D
S (X P, Q) s T
XePmU9m

which, as desired, ensures the existence of the finite limit

( max |u|) lim ™ P2 Z ME (X, Py Q) -
[0,1]x[mw,Myy] m—00 XePmlU9m
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Property 3.6 (Polyhedral Measure on the Weierstrass IFD).

We introduce the polyhedral measure on the Weierstrass IFD, denoted by u, such that for any
continuous function u on the Weierstrass Curve, with the use of Notation [11] and [13,

[ wdn= tw ™S (X Q) u(X) ()
'w " XePnUQm

which, thanks to Property[3.4], can also be understood in the following way,

J udp = J udp
Ty D(Tw)

Remark 3.2. In a sense, our polyhedral measure can be seen as a measure which is an extension of
the Riemann integral, where the step functions are replaced by upper and lower affine functions which
approximate the Weierstrass Curve.

Theorem 3.7.

The polyhedral measure p is well defined, positive, as well as a bounded, nonzero, Borel measure
on D (T'yy). The associated total mass is given by

p(D(Ow)) = lim ™72 % (P, Q) (k%)
XeP,J9m

and satisfies the following estimate:

P W) < 3 (N = 1) oy (% %)

Furthermore, the support of u coincides with the entire curve:

suppp =D (I'yw) =Ty -

In addition, p is the weak limit as m — oo of the following discrete measures (or Dirac Combs),
given, for each m € N, by

p =™V ST B (X, P, Q) O
XeP,JOm

where € denotes the cohomological infinitesimal_introduced in Definition [3.1], dx is the Dirac_measure
concentrated at X, and we have used Notation (11| for uc (X, Py Qm), along with Notation .

Proof.

1. v is a well defined measure.

Indeed, according to Proposition the map ¢

u~¢w=j udp

Ty
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is a well defined linear functional on the space C (I'yy) of real-valued, continuous functions on T'yy.
Hence, by a well-known argument, it is a continuous linear functional on C (I'yy), equipped with
the sup norm. Since I'yy is compact, and in light of (x) in Property w1 is a bounded, Radon
measure, with total mass (1) = u (D (T'yy)), also given by (xx), and where 1 denotes the constant
function equal to 1 on I'yy.

Then, according to the Riesz representation theorem, the associated positive Borel measure (still
denoted by ) is a bounded and positive Borel measure with the same total mass u (D (T'y)) = u (Tyy).

#t. The nonzero measure — Estimates for the total mass of p.

For 0 < j < N, — 1, each polygon Pp,; is contained in a rectangle of height at most equal to
(Ny — 1) hyy, (where h,, is the maximal height introduced in part iv. of Definition [2.6]), and of width at
most equal to (Nb — 1) L,,. This ensures that the Lebesgue measure of each polygon Py j is at most

equal to (N, — 1) hyy, Ly, We now recall that, thanks to Property [2 -, for any m € N, we have the
following estimate

2-Dyy
B < Cyp Ly, ,

where

o (5= 12

27 )
0<j<Ny—1 (Ny—1) (AN, - 1)

j+1 j
W)l

Consequently, the Lebesgue measure p, (ijj) of each polygon P, ; is such that

3-D
KL (,Pm»]) = (Nb - 1) CsupL W (%)
In the same way, for 0 < j < Nj" — 2, the Lebesgue measure pz (Py, ;) of each polygon Q,, ; is
such that
2 3-D
ML(Qm7j)s(Nb_1) Csume W (%R,N\;)
We then deduce that, for any vertex X of V,,,

1 3-D
H(Xv,vaQm)sﬁ( 1) CsupL W
b
Hence, since the total number of polygons involved is at most equal to 2 N;' —1 < 2N;", we can
deduce that

c 2Ny
Z H (Xapman) < Tb( 1) CsupL

Xe€PrJ9m

3DW
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or, equivalently,

m
L g
Y M (X P Q) 25 (N, = 1) Oy €
XePnUQn ’

We then have that

m (B—Dw) .

e N (X Py Q) < (Ny = 1) Ol < 00,

N, (
from which we can deduce that the polyhedral measure is a bounded measure.

For 0 <j < Ny" -1, each polygon Ppn,; (which is convex) contains an inscribed circle, whose
m! L
Cn,

of Definition and where Cl, is a strictly positive constant, which depends on the value of the

integer N, (depending on the number of sides of the polygon, i.e., depending on the value of this
integer, we can express the radius of this circle in function of the side lengths of the polygon). We

now recall that, thanks to Property for any m € N, we have the following estimate,

Lebesgue measure is greater than , where hfgf is the minimal height introduced in part v.

Cznf L?n_DW s thLf )

where

2-Dyy

min

Cing = (Ny— 1) o< in_
<J<Np—

j+1 J
W(Nb—l)_W(Nb—l)

Consequently, the Lebesgue measure p, (Pmyj) of each polygon P,, ; is such that

Wtd Ly Cing Loy
tie (Pmj) = >
’ C Ny CN

b

In the same way, for 0 < j < N;" — 2, the Lebesgue measure ji,p (Pm,j) of each polygon Q,, ; is
such that
W L, Cong L3P
He (Qm,j) = C Z C
Ny N,

b

We then deduce that, for any vertex X of V,,,

1 Cing L ™
Ny Cyn

b

/"I’ (X’ 7377’” Qm) 2

m
Hence, since the total number of polygons involved is greater than N, — 1 = Tb, we can deduce
that

3—-Dyy
c N," Cing L,
2 X PnOn) 2 S

XePnlU9m

or, equivalently,

- 3-D
e m Cin 5m( w)

2(N, - 1) Ny Ch,

> (X P Q) 2

XE€PmJ9m
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We then have that

>0,
2 (Nb - 1) Ny CNb

N (X P, Q) 2
XePnU9m

from which, upon passing to the limit when m — 0o, we can deduce that the polyhedral measure is a
nonzero measure, and that its total mass satisfies inequality (% * *).

11%. The support of p coincides with the entire curve I'y,.

This simply comes from the proof given in 4i. just above that the measure p is nonzero. In the
case of a positive, continuous function u defined on the Weierstrass Curve, we have that

2(Ny—1) NyCh,

e N (X P, Q) u(X) 2

min|u|> >0-
XeP,Uom

Ty

Hence, upon passing to the limit when m — oo, we deduce that ¢(u) = [ wdp > 0, and thus, p(u) + 0,
r
from which the claim follows easily. v

Indeed, otherwise, if supp v # I'yy, there exists M € Ty \ supp u, and thus, by Urisohn’s lemma
(see, e.g., [Fol99], [Rud87] or [Rud9l]), there exists u € C (I'yy) and an open neighborhood V(M)
of M in TI'yy, disjoint from supp p and such that

U(M):]. , Osu<l | andU|pW\V(M)=0-
Hence, by the above argument, p(u) # 0, which contradicts the fact that M ¢ suppu (see, e.g.,

loc. cit.).

iv. p is a singular measure.

First, note that

L
1% (FW) :Oa

because Dyy < 2, and, up to a multiplicative positive constant, uﬁ coincides with the 2-dimensional
measure on R Now, since supp p C I'yy, and uL (T'yy) =0, it follows that p is supported on a set
of Lebesgue measure zero, which precisely implies that u (viewed as a Boreal measure on the rectan-
gle [0,1] X [myy, Myy] in the obvious way), is singular with respect to the restriction of uc to this
rectangle.

v. p is the weak limit of the discrete measures pi,,.

Indeed, this follows at once from the latter part of Property [3.5 according to which, for ev-
ery u € C(Ty),

J wdp = lim U d by,
Ty m—oo Jp

as desired.

This completes the proof of Theorem [3.7]

27



Remark 3.3. This choice of measure is obtained in the same manner as the one we introduced while
working on the Arrowhead Curve [Dav20]. In our present case, however we define the measure more
precisely, as well as establish several new properties.

Considering a two-dimensional measure is both essential and natural in so far as we will consider
geometric conditions and two-dimensional nets in Section

4 Atomic Decompositions — Trace Theorems, and Consequences

Notation 14 (Set of Polynomials in Two Real Variables).

In the sequel, R[ X, Y] denotes the set of all real polynomials in two real variables.
Given k € N, we will denote by Pol;, C R[X,Y ] the set of all real polynomials in two real variables
of degree at most equal to k.

Definition 4.1 (Two-Dimensional 7,.-net ([Wal91], page 119)).

Given a strictly positive real number r, we will call two-dimensional 7,.-net a tessellation of R? into
half-open, non-overlapping squares of side lengths r, obtained by intersecting R? with lines orthogonal
to the coordinate axes.

Figure 6: A two-dimensional m,-net.

Definition 4.2 (Two-Dimensional Polygonal 7 ,,-Net, m € N).

Given a strictly positive integer m, we call two-dimensional polygonal myy ,,-net a tessellation of R?
into half-open Nj-gons of side lengths at most equal to v2 h,, which contains the set of polygons

Ny -1 Ny -2
U Pust Uy U
j=0 k=1
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Prm,j+1

X & Vm

Figure 7: A two-dimensional polygonal my ,,-net. Note that the polygons are not necessarily isometric.

Property 4.1. Given a strictly positive integer m, the following properties hold:
i. For any integer j € {0,---,Ny" — 1}, and any pair of vertices (X,Y) € (Vp, N ijj)Q:

deucl(XaY) < Nb hm < Nb_m(2_DW) :

ii. For any integer j € {1,---,N;" — 2}, and any pair of vertices (X,Y) € (V;, N QmJ)Q:

et (X,Y) € Nyhy < N, "7

Proof. This simply comes from the fact that the polygons have IV, sides, and that two adjacent vertices
are distant from at most an Euclidean distance equal to h,,.

O]

Notation 15 (Set of Piecewise Polynomial Functions on a Polygonal Net).

Given a pair of natural integers (k,m), and a polygonal myy ,,-net, we denote by Poly, (WWM) the
set of non-smooth splines of degree k on myy ,,, i.e., piecewise polynomial functions on myy ,,:

Poly (Ww’m) = {spline such that for any polygon P € myy ,,, there exists P € Poly, :  splinejp = P|'p}
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Definition 4.3 (Atoms (Generalization of [Kab12])).

Given a strictly positive real number s < 1, a real number p > 1, two natural integers m and
j € {O, e N - 1}, a function f,, ; defined on the prefractal graph I'yy, ~will be called a (P, ;, s, p)-
atom if the following three conditions are satisfied:

i. Supp fim,;j C Pmj;

_s 1
ii. Y X € Vi N Ppyj | g (X)| < e (Prnj) P %,

or, equivalently,

VX € VNP, | s (X)] (leDW‘?’)m)W b

2 N
1. V(va) S (Vm npm,j) : |fm,j(X) _fm,j(Y)| < deucl(XaY) 1274 (Pm,j)DW P,
or, equivalently,

-1 1
V(X,Y) € (Voo Pos)® | £ (X) = frny (V)] S deuar(X,Y) (N,fDW_g)m)DW v

Similarly, given a strictly positive real number s < 1, a real number p > 1, two natural integers m
and j € {1,---, Ny" — 2}, a function g, ; on the prefractal graph I'yy,  will be called a (Q,, j, s, p)-atom
if the following three conditions are satisfied:

i. SUPP gm,j C Qm.j;

s _1
ii. VX € VipNQpj |9m i (X)] = o2 (Qumj) P 7,
or, equivalently,

_s _1
VX €V,nQpy,: |gm,j(X)| < (NZEDW_B)m)DW P

s—1

s-1 1
111. V(X7Y) € (Vm N Qm,j)2 : |gm,j(X) _gm,j(Y)| < deucl(X7Y),U/£(Qm,j)DW P,

or, equivalently,

s-1 1
V(GY) € (Vi Quy) i 9ms(X) = g (V)] 5 deua (X, Y) (NP7 )20

Remark 4.1 (Atoms as Holder Functions).

Insofar as,

V(X,Y) € (Vi 0 Pry) ¢ dewat(X, V) 5 Ny 700

the above condition ii. for a (Pp, ;, s, p)-atom can be also written as
—m(2—DW)+(DW—3)m(5*1 1)

Dw  p

V(X,Y) € (Vi N Ppy) : | fing(X) = frng(V)| S N, )
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which corresponds to a Holder exponent of

| (3-Dw) <s—1 1)'

2—Dy \ Dy P

Note that, due to their definition, (P, ;, s, p)-atoms are necessarily continuous.

An entirely similar property holds if the polygons P, ; are replaced by their counterpart Q,, ;,
and the (P, ;, s, p)-atoms are replaced by the (Q,, ;, s, p)-atoms.

Remark 4.2 (Atoms Associated with the Weierstrass Function).

In the case of the Weierstrass function W, for any m € N, and any pair (X,Y") of adjacent vertices
in V,,,, we have that

2-D
|W(X) - W(Y)l < deucl(ny) W
By the triangle inequality, we immediately deduce that,

v (va) € (Vm N 7Dm,j)z (resp., (Vm N Qm,j)2 ) : |W(X) - W(Y)| S deucl(Xv Y)Q_DW :

At the same time, thanks to the estimates given in Property and in the proof of part . of
Theorem (see (r~2) and (amanv)), for any polygon Py, ; (resp., @, ), we have that

NISDW_?))m < ur (PmJ) < Nb(DW_g)m (resp., Nb(DW_S)m < Ur (mej) < NIEDW_S)m> ,

or, equivalently,

3-Dyy 3-Dyy 3-Dyy 3-Dyy
Qeuct (X, Y )2PW 5 g (Prnj) S deua(X,Y)5PW (resp., Qeuct (X, Y)2PW 5 e (Qinj) % ey (X, Y)2PW ) :
We then deduce that

V(X,Y) € (Ve n Poy)” (vesp, (Vi Quy)?):

1=Dyy,) 222w
IW(X) = W) S deuat(X, V) i (P ;)72 5D
1=Dis,) 222w
(resp., |W(X) - W(Y)l < deucl(X7 Y) 127 ( m,j)( w) 3-Dw ) .
It then follows that

5 = 1.e., S§= —+DW s
3— Dy

and that the restriction of the Weierstrass function to each polygon Py, ;, (resp., @y, ;) is a (Pp, ;, S, p)-
atom (resp., a (Q,, ;,s,p)-atom).
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Definition 4.4 (Atomic Decomposition of a Function Defined on the Weierstrass Curve).

Given a continuous function f on the Weierstrass Curve, we will say that f admits an atomic
decomposition in the following form:

Ny -1 Ny -2
[ = nlll_{{lm Z Z P (X, Pm) A x fmgx + Z Z P (X, Qm) Agmj. X Gm,j

j=0 X vertex of Py, ; j=1 Xvertex of Q,, ;

Ny -1
SRR I SD Sy
Jj=0 X vertex of Pp, j, X € Q,
N;* -2
+ Z Z {Mrmgx fmg X + Agm.j. X 9m.j}

Jj=1 Xvertex of Pp, j, X €Pp,nQ,,

+ Z Z Ag,m,j,X gm,j} )

j=1 Xvertex of Qp, j, X € Pp,
where, for any m € N, the functions f,,;, 0 <j < Ny" =1 and Im,j, 1SJ < N, —2 are respec-

tively (Pp,j,s,p) and (Qy, j, s, p)-atoms, s < 1, p > 1, while the coefficients As,, ;, 0<j < N, —1
and Ay, j, 1 € < N;" — 2, denote real numbers.

For the sake of simplicity, we will write the above decomposition in the following briefer form:

f = lim Z S‘f,m,X me,X = lim Z 5‘f,m f~m )

m—00 m— 00
XG'PmUQm XerUQm
where
)‘f,m,j,X fm,j,X ,ifX ¢ 9, , X is a vertex of Pm7j7 0<j < Ngn -1,
< ~ Agm.j.X 9m.j.x ,if X & P, , X is a vertex of Q,, ;, 1<j<s N -2,
A, X fm,x =

)‘f,m,j,X fm,j,X+)‘g,m,j,X Im,j, X fm,j,Xa ifX eP,nQ9,,,X is a vertex of Pm,j and Qm,j7
1<j<Ny)" -2-

For any m € N, we say that S\ng is the m'"-atomic coefficient.

From now on, the functions fm x and fm will be called (m, s, p')—atoms. In the sequel, we will use
the most suitable notation among these two possibilities.

Property 4.2 (Atomic Decomposition of Spline Functions in Pol (WN(DW—B)n), n e N).
b

Given a pair (n,k) of natural integers, a spline function (denoted by spline) in Poly, (WN(DW—3)n)
b
admits an atomic decomposition of the form

spline = lim Z As,m,x spline,, x
m— 00 ’

XE€PmU9m

Poly, (m,.) = {spline such that for any square C, € m,, there exists P € Poly, :  spline|c, = P|CT}
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Proof. This directly comes from the definition of functions of Polj (WN;;) as piecewise polynomial
functions.

O]

Property 4.3. Given the polyhedral measure i on the Weierstrass Curve I'yy, and a continuous
function f on 'y, of atomic decomposition

fo= lim Z Afm, X Jm,x

XePnlU9m
we have that

[ g i SR (X P Q)
D(Tw) XeP,UQm

Proof. This simply comes from the Definition of the polyhedral measure on the Weierstrass IFD.
O

Remark 4.3. Such a decomposition makes sense since the set of vertices (V,,),,en is dense in I'yy.
Thus, because we deal with continuous functions, given any point X of the Weierstrass Curve, there
exists a sequence (X,,),, ey such that

FX) = lim f(X,0),

where, for any m € N, X, belongs to the prefractal graph I'yy, .

We can naturally write f(X,,) as

f(Xm) = Z f(Ym) 6XmYm(Xm) )

Y;"/ e ‘/TIL
where 9§ is the classical Kronecker symbol; i.e.,

L, if Y,=X,,
VY, €V, : 5XmYm(Ym)={ 0. else. " "

This, of course, yields

FOX) = dim o Y (V) Ox,y,, (Yin) -
Y €Vin

Now, we can go a little further and, as in [Str06], introduce spline functions w;m such that

m 1) s VYEVm
VY €Ty : me(Y)={ XGYm VY €V

and write

FOX) = lim ) f(Y)OR, (V)
Y, €V

which is nothing but the application of the Weierstrass approximation theorem. In particular, spline
functions are a natural choice for atoms.
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Convention. In the sequel, all functions f considered on the Weierstrass Curve are implicitely sup-
posed to be Lebesgue measurable.

Definition 4.5 (L’-Norm of a Function on the Weierstrass Curve).

Given a function f on the Weierstrass Curve, we define its L”-norm via

(j |f|pdu)”
D(Tyy)

= ( lim Em(DW_2) ,UE (X,Pm,Qm) |fp(X)|); :

m— 00

1 Lecry)

Property 4.4 (L”-Norm of a Function on the Weierstrass Curve Defined by Means of an
Atomic Decomposition).

Given a positive integer p, and a continuous function f on I'yy, whose absolute value | f| is defined
by means of an atomic decomposition as

Ifl=dim Y A [l s

m—00

XePmlUQm

its LP-norm for the measure p is given by

1
- P )p
17 (J 11
1
. m (Dyy—3) L 3P ke ’
= %T&E 2: M L&7%uQm)Nﬂmmxwﬂm@X
X E€Pp U Om

In particular, we have that

= d
. oo 111

m (Dw—2)

lim ¢
m—00

. R ~
Z 1 (X, Py Q) Afimag X 1l x
XEPmUQm

Remark 4.4. In the above definition, two limits are a priori considered at the same time; the limit
associated to the integral, with respect to the polyhedral measure u, namely,

Tim WIS (X P, Q) LA
XePnUQm

and the limit associated to the atomic decomposition

. g P
Jimo Y At Pl

XE€PrU9m

34



In fact, these two limits coincide.

Definition 4.6 (Besov Space on the Weierstrass Curve (Extension of the result given
by Theorem 6, page 135, in [JW84])).

Given k € N, a real number « such that
k<ask+1,

and two real numbers p and ¢ greater or equal to 1, the Besov space B (T'yy) is defined as the set of
functions f € L”(u) such that there exists a sequence (c,, ), ey € £7 of nonnegative real numbers such

that for every WN(DW—s)m—net, one can find a spline function spline 7TN(DW—3)m) € Pol[q] (WN(DW—3)m)
b b b
satisfying

< (Dyw=-3)ma

LP(p)

||f — spline (wNISDW—am) Cm , for allm € N, (CondBesm, splme)

where, if we write the respective atomic decompositions of f and spline (w N(DW—S)m) as
b

f= lim Z 5\f,m,X fm,X7

m—00
X ePmU9m

and

spline | = lim Z A spline (7T (D —3)m)
p ( WNéDW73)"L ) m—o00 spline(ﬂ (Dw—B)m>am1X p Ny w m,X ’
X€ 7Dm U Qm Nb

we then have that

p p

’
m,X

= lim ™" Z 1" (X, Py Q) NP ‘f — spline (ﬂ'N}()Dw—S)m)

LP(u) m—00 XePmUQm f—spline<7rN£DW,3) m )‘,m,X

Hf — spline (WWN(DW73)M)
b

here, for the sake of simplicity, we have introduced the atomic decomposition of ' f — spline (77 A PW=3)m )'
b
as

lim
m— 00
Xe€P,U9m

— spline | ™ | -5 line(ﬂ (Dyy-3) )|
If P ( WNISDW—3)m) )IWMX [ —sp NP mX

A
‘f—splzne(ﬂNlSDW_g) m

Remark 4.5. The atomic decomposition used in [Kabl2] is obtained by introducing small neighbor-
hoods of the curve under study (union of balls). Our polygonal domain introduced in Definition
appears to be a more natural choice. Indeed, unlike the aforementioned balls, the polygons involved
do not overlap with each other, which works better for the required nets.

Definition 4.7 (Besov Norm).

Given k € N, a real number « such that

k<ask+1,
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and two real numbers p and ¢ greater or equal to 1, one can define, as in [Wal91], the B? (T'yy)-norm
of a function f defined on the Weierstrass Curve as

1
q
Il 2o,y = ||f||LP(FW)+inf{ZCZ} ,

neN

where the infimum is taken over all the sequences (c,,),,eny € ¢¢ of nonnegative real numbers involved
in condition (Cond Besov splme) in Definition just above.

Yet, in order to obtain a characterization of the Besov space BY? (I'yy)) by means of its norm, it is
more useful to deal with the equivalent norm given by

1
|F(T) = fN)I*  o|”
P,q = + a ’
11l sz A1l {JLT,Y)eF%V o (T, Y) '

Remark 4.6 (Alternative Definition of a Besov Space on the Weierstrass Curve).

One of the interesting properties of Besov spaces is that they can be defined in two different
ways: as given previously in Definition by means of a polynomial approximation, which provides
information on the degree of regularity of the functions involved; also, as the set of functions of a
finite specific norm as in Definition [£.7] This latter definition is all the more interesting, because it
enables one to make the link with discrete and fractal Laplacians, by means of the fractional difference
quotients involved. Our present case is, of course, distinct from the classical one on RN, with N € N.
Yet, the case of R” enables us to understand the underlying connection; namely,

o (®) =47 € &Y. 3 ']
il

1
”Ahf”qu(rW) a
LP(Tw) * Z {JRN |h|n+(a—k)q dhp <oor,
7=k
where A}, denotes the usual first difference, defined here by

VteTy, Yh € R" | Apf(t) = f(t+h)—f(t)-

For any m € N, we have that

|Fn(T) = o f V)|

m (D -2 L 3 s q m (D -2 L Y
OV S (1P Q) A | ()] = P 5 B (TP @) K Lo
TEePm (T, Y)e(Pm U Qm)2a YT:LT eucl (T7 Y)
rs re q
i (Dy—2) p <@ = £ ()]
<e > 1T, Py Q) A - :
dDW+(a k)q TY
(T,Y)€(Prm U Qm)? cucl (T,Y)

where, for the sake of simplicity, we have denoted by /N\*,m the atomic coefficients involved.

Note that more points are involved on the right side of the inequality; indeed, on the left side, only
adjacent points are considered.
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Remark 4.7.

1. This enables us to obtain the first side of the comparison relation required in order to establish
the equivalence of norms. It is the side that plays the most significant part in the definition of Besov
spaces on the Weierstrass Curve. Thus, characterizing Besov spaces on I'yy, by means of the norm
defined in Definition {4.7]is directly associated to the definition of a sequence of (suitably renormalized)
discrete graph Laplacians (A,,),,en on the sequence of prefractal approximations (me)
sense, it is also connected to the existence of the limit

meN In a

lim A,

m—00

by means of an equivalent pointwise formula expressed in terms of integrals, somehow the counter-
part, in a way, of the one which is well known in the case of the fractal Laplacian on the Sierpirnski
Gasket [Kig01], [Str06].

7i. The difficulty, in our context, is to obtain an equivalent formulation of the definition of Besov
spaces with the sequence of discrete Laplacians alluded to in part i. Clearly, a discrete Laplacian
corresponds to the usual first difference Aj;. Working with discrete Laplacians, along with atomic
decompositions of functions, leads to expressions of the following form:

| (1) = i f (V)|

Dyy+(a—k) ’
(TY)€ (P UQu)®,Y T degy - (T,Y)

lim EQm(DW_Q) Z ,uL (T, Pm7 Qm) Mﬁ (Y7 Pm7 Qm) Xf,m

m—00

Property 4.5 (Characterization of Besov Spaces (Sufficient and Necessary Condition)).

Given k € N, a real number o such that
k<ask+1,

two real numbers p and q greater or equal to 1, and a continuous function f given by means of an
atomic decomposition of the form

f = 7rlzl—r>lcl>o Z 5‘f,m,X fm,X

X€e€P,JQm

belongs to the Besov space B2 (') if and only if the following two conditions are satisfied,

1 -1
(3=Dw) {q 5= 5|t +(2=Dw) (D +(a=1)q) <2, (Condpeso,)
D Dy
and
Dy, Dy
m + B <s, (Condpr)

where the real number s € 10,1[ has been introduced in Definition [4.3
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Proof.

7. We have that

|f(T) - (Y)lq
Wy = W+ [
a W w Telw Jyery d. ) UT,Y)
where
A1) = f(Y)]" f(Y)Iq . 2m(Dw-2) |A(T) - F(Y)|*
JTEF J’Yel“ dDqu(TY) du” = lim ¢ ¢ Z “(T’P’"’Qm)”(Y’P’”’Qm)dewa—q(Ty)
" W Geuel (T,Y)€ (P UQm)? cucl g
2m (Dyy—2) c C - |fm(T)—fm(Y)|q
:Wlliir(l)og w Z 1 AT, Py, Q) 1 (Y, Prns Q) Afm Dyviag
(T’Y)G(PmUQm)z deucl (T7Y)

Note that since the function f is continuous, the atomic coefficients A, ,, are necessarily bounded
(since I')y is compact, and hence, f is bounded).

Since we deal with the atomic decomposition of f, due to Definition part iii., we have that

eSS B

< ,U/E (Tapmagm) :U/ﬁ (Yapmagm) 5‘f,m

,U/C (T7 Pma Qm) :U/C (Y7 Pma Qm) 5‘f,m

DTy p T
We also have that

1 1 ey oDy

< S LV 2 s NI
deucl(T7Y) |hjm| m b
and
Aot (T,Y) < hyy, < L?,L_DW < leDw—Q)m .

Moreover,

and, in the same way,

(Y, P, Q) < NPT

We therefore deduce that

1

(N;mQ(SiDW))% P

dDw+a q—q(717 Y)

eucl

s-1 _ 1
< NQM(Dw—B) :\f,m (N;mq(Ci—Dw))Dw P N£2—Dw)m(Dw+aq—q)

NL (T,'Pm,Qm) H£ (Y77)m7Qm) S‘f;m ’
and

s=1

(Nb—WQ(3—DW)) d

dDw+a q—q(:F7 Y)

eucl

1
P

2P (TP, ) 1 (Y, P Q) Afm

)

s-1 _ 1
< 2m(Pw-2) Nb2m<Dw—3) X (Nb—mq<3—Dw))Dw » N§2—Dw)m(Dw+aq—q)
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@\H

—WQ(3 DW))

du? =
J'TEFW JYGFW iwmq "T,Y) !

1

(N_mQ(?’_DW))g;/t_p

= fi S (P Q) b (VP Q) s
(T»Y)E(PmUQm)2 deucl (T Y)
< lm 2nOVD ST (TP, Q) (VP ) (NI )BTy m D)
(TY)€ (P UQm)’
< lirrc1>o€2m(DW_2) Z Nme(DW—3) <Nb—mf1(3—Dw))Dw P N(2 Dyy)m (Dw+aq=q)
(T,Y) € (P U Qm)?

The function f will thus belong to the Besov space B5? (T'yy) provided that

Z €2m(DW_2) Nme(DW_3) (Nb—m!I(?) DW))W_E N(2 Dyy) m (Dyy+aq- Q) < 00,
meN
or, equivalently,
2w (O ( Nb—mlI(3—Dw));/t_zln NEDWImDwaea) oy
meN
converges, which requires that
s—1 1
=2 (Dy =2) +2 (Dy —3) —q(3 = Dy) Dy D +(2-Dw) Dy +aqg-q) <0,

ie.,

(-0 fa (- 5 )]+ 2= D) D+ (=D <2+ Condpn)

At the same time, thanks to Property and in light of Definition we have that

. m (Dyy—3 P
WILI_I’DOOE (Dw=3) Z M (X P, Qm) >‘|f| m,j, X |f|m,j,X
X €Pm UOm

A s

A

. Dyy—3
i e > WX P Q) Nyyx e (Pug) P
XePnU9m L
SM (Xapmagm)

s 1

- 1+
nlli—)néogm(Dw 3) Y Hﬁ (X, P, Q) P97
X€PmUQm oy —
€PmUQnm NP

~

A

- (Dy=3)m -5
— 00
" XePnU9m
(Dyy-3)m s __1
< lim N NP (+535-3).
m— 00
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The convergence of this latter expression requires that

143-Dy+ (D=3 [1+=— - 14 y-3) (== -1 <o
w w Dy P)~ w Dy p) >

ie.,

s 1
1< (3-Dy) (m—]—,>7

or, equivalently,

Dy Dy
5= Dy T S (Condpr)

11. Conversely, we can check that if the above conditions (Condpges,) and (Condyr) are satisfied,

AT = FOOI° 5]
R I I

eucl

as desired. O

Corollary 4.6 (The Specific Case of Bg’p (Tw))-

Giwen k € N, a real number p greater or equal to 1, we set

2 — Dy
B=k- .

A function f, given by means of an atomic decomposition of the form:

f = lim Z A x Fn x5

m— 00

X € PTYL U Qm

belongs to the Besov space Bg’p (Tyw) if and only if

-0 {p (5~ o |} + 2 D) (D + (8- 1) <2
and
Dw . Dw _
3-Dy  p °

Definition 4.8 (Trace of an L}OC(Rz) Function on the Weierstrass Curve).

Along the lines of [?], page 15, or [Wal91], we will say that an L},.(R?) function f is strictly defined
at a vertex X of the Weierstrass Curve if the following limit exists and is given by

_ 1
f(X) = lim f(Y)<oo-
m=00 1L (X, Py Qpn YZ;
This enables us to define the trace fr,, of the function f on the Weierstrass Curve, via

VX €T : fir,(X)=f(X)-
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Remark 4.8. The trace f of an L;OC(RQ) function thus naturally admits an atomic decomposition of
the form

f = nlll_r)%o Z 5\f,n‘L,X fm,X :

XePnlU9m

The following simple property was already used implicitly when introducing the polyhedral mea-
sure, earlier in Section
Property 4.7 (The Compact Set of R? which Contains the Weierstrass Curve).

The Weierstrass Curve T'yy is contained in the following compact set of ]R2,

QW = [07 1] X [mW7MW]7

where myy and My respectively denote the minimal and mazimal values of the Weierstrass function VW
on [0, 1], introduced in Notation [13,

Notation 16 (Interior of the Compact Set Qyy).

We hereafter denote by (olw the interior of the compact set €y .

Definition 4.9 (Sobolev Space on the Open Set ).

GiVGl} k € N, and p = 1, we recall that the Sobolev space on the open set SO)W C Rz, denoted
by W,f (QW), is given by

Wy () ={f € L"(Qw) . Yas<k, D f € L' (Qw)}

where L” (QW) denotes the Lebesgue space of order p on KOZW, while, for the multi-index « < k, D* f
is the classical partial derivative of order «, interpreted in the weak sense.

The following result is the counterpart, in our context, of the corresponding one obtained in [JW84],
Chapter VI.

Theorem 4.8 (The Trace of Sobolev Spaces as Besov Spaces).

Given a positive integer k, and a real number p =2 1, we set

2—-D
B=k-"— W,
We then have that
Wi (), = B5 (Tw) -
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Corollary 4.9 (The Specific Case k£ = 2, and its Consequences — Order of the Fractal
Laplacian).

Given a real number p = 1, we set

2 — Dy 1 InX
Brp =2 - P _2_Eln]\7b’
We then have that
w3 (Qw),. = Bi (Tw)
where
1 InX 2 — Dy

P20 =2- 5N, =27 7

In particular, in the case where p = 2, which corresponds to

2—-D
52,2:24_ 2W7

and provided that

(3= Dyy) {2(%—81)_W1)}+(2—DW) (DW—2<1+2_2DW)><2,

i.€.,

-1
1_DW_2(3_DW)(;—W+(2_DW) (2Dw—3)<0,

or, equivalently,

1—Dw+(2—Dw) (2Dw—3)
2(3=Dyy) ’

S>1+DW

we then have that

2 2,2
Wy (@), = Ba,, (Tw)
where
1 InA
Pra=2-3 mN, ~
Consequently, by analogy with the classical theories, the Laplacian on the Weierstrass Curve (see
Remark above) arises as a differential operator of order Boo € ]2,3[.

2.

Remark 4.9 (Connection with the Optimal Exponent of Hélder Continuity).

‘We note that

., ow
52,2_24_ 9
In A

In Nb
for the Weierstrass function, as was initially obtained by G. H. Hardy in [Har16]), and then, by a com-

pletely different method — geometrically — in [DL22D] (this latter result is recalled in Theorem [2.13]

and in Corollary [2.14]).

where the Codimension ayy = 2 — Dy = — € ]0,1[ is the best (i.e., optimal) Holder exponent
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Property 4.10 (Connection with Fractional Derivatives).

In Definition [{.7, the Besov norm of a function f defined on the Weierstrass Curve involves the

integral
D) = SO 5
JJ(T,Y)EFQ DW“’W(Ty) an ()

Forp=2,q=1and a =3 - Dy, i.e., if f € Bg’_lDW (), the integral in (X) just above can
be connected to the associated fractional derivative of order v =2 — Dy €10,1[, defined, for any
vertex Y € V,,, CT'yw, with my € N, by the following expression:

2-Dw |
—_— 1m
[(Dw = 1) m=e Jrepr,y).r~y 4

1) =,
3— Dw(jj7 Y)

eucl

D* P r(y)

2 - Dy |7 (D) = Fn f(Y))]

- F(DW _ 1) 771_)00 Z (T7 va Qm) )‘*,m 3 DW(T Y)

eucl

where, for any m € N, A, ,, is the m™ scalar coefficient involved, and where I' denotes the usual
Gamma function.

Remark 4.10 (On the Existence of Fractional Derivatives).

Note that due to the first condition given in Definition [5.1] of Section [5] below, there exist strictly
positive constants Cmf and Csup such that, for all vertices (T Y) € V,,xV,, CTy xTy,

Cing Aot (1Y) < | () = Fin(V)| < Cop d2p ) (T, Y) -

eucl

Hence, we have that, for all vertices (T,Y) € V,, x V,,, C T'yy X T'yy,

Cing | =l O] Cup
eucl(T Y) 3 DW(T Y) S eucl(TvY)’

eucl

or, equivalently, expressed in terms of the cohomology infinitesimal €™ (see Definition ,

Ciny | Fn(T) - fmf(Y)|

€m S 3 DW(T Y) Em ’

eucl
which, in conjunction with the estimates given in Property namely,

1 (X, P, Q) s ™70

yields

| Fm(T) - fmf(Y)| m(Dry-2)_m(3-Dyw) Coup
3 DW(T Y) 5’” ;

eucl

m - m (3— éln m
c (Dwy 2)5 (3-Dw) f c (Dw-2) (T P Om)

6m~
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ie.,

o )lfm(T) Fuf (V)| <o
msy <m 3 DW(T Y) sup

Since the vertex Y € V,,, admits at most two adjacent vertices in V,,,, we then deduce that

Cons < o (Dw=2) z:
m “"

eucl

|7 (D) = Fn f (V)]
3 DW(T Y)

eucl
Note that in the case of a continuous function f, the atomic coefficients A, ,, are necessarily

bounded (since Ty is compact, and hence, f is bounded).

Cint [ e ™ P2 5 (T, Py Q) [ e

< sup |>\~k ml

5 Towards an Extension of Morse Theory

Classical Morse theory (se, e.g., [Bot82], [Bot88] and [Mil63]) enables us to explore the shape (i.e.,
the topology) of a smooth manifold by means of the study of the critical points of suitable smooth
functions defined on the manifold. Such functions are required to be nondegenerate — in the sense
that their Hessian determinant is nonzero at critical points — and are then called Morse functions.

In the classical Morse theory, i.e., for smooth manifolds, the height function plays a major role.
More precisely, along with its critical points and its level sets, it encodes the information that enables
us to reconstruct the manifold.

For fractal curves or IFDs such as, for instance, the Weierstrass Curve, this does not make sense
anymore. Since fractals are involved, a change of shape occurs at each vertex of each prefractal ap-
proximation.

In particular, we will show that the Weierstrass function W is a fractal Morse function. Note
(as in [DL22b], [DL22c], [DL22a]) that W can be viewed as a function on I'yy, namely, the identity
function; see Remark [5.4] below.

By using some of the results of [DL22b], [DL22c], [DL22a], we hereafter begin to lay the foundations
of a fractal Morse theory that should eventually enable us to explore the shape of fractal manifolds
(viewed as higher-dimensional IFDs). The important example of the Weierstrass Curve I'y, — or,
rather, of the associated Weierstrass IFD — sheds a useful light, especially when it comes to studying
not only the (appropriately defined) critical points, but also other suitable (inflection) points of fractal
Morse functions, and the remainaing points, which are themselves subject to a change of shape, in
connection with the associated angle between the corresponding adjacent edges; i.e., a typical change
of curvature.

In this light, the simple knowledge of the equivalent of the usual Morse indexes, along with a
suitable analogue of the height function, does not appear as being sufficient when it comes to recon-
struct the fractal IFD. The missing data can be obtained by means of the sequence of cohomological
integers associated, at each step m € N of the prefractal approximation, with the set of vertices V,,;
see Definition [5.5

Also, in our context, the sequence of sets of critical point introduced in Definition is an in-
creasing sequence. For this reason, instead of the height function, we choose to consider the increasing
reordering of the absolute heights, as introduced in Definition [5.11] below. We believe that this increas-
ing reordering still bears the fractality of the Weierstrass Curve.
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As was previously encountered in Corollary at any given level m € N of the prefractal graph
approximation of the Curve, the extreme and bottom vertices of the polygons P,, 5, 0 < k < N -1,
are respectively local maxima and minima of the Weierstrass function W. Those points are isolated
ones, a result that directly comes from the construction of the Weierstrass Curve. Then, there remains
to identify points that could play the role of degenerate ones, and to define fractal suited Morse func-
tions. Also, as was evoked in the introduction, the respective notions of maximal Complexr Dimension
and cohomogical vertex integers naturally arise from our results obtained in [DL22c] on the fractal
cohomology of the Weierstrass Curve. For the sake of a better understanding, we next briefly recall
those results.

Definition 5.1 (Set of Functions of the Same Nature as the Weierstrass Function W [DL22c]).

i. We say that a continuous, complex-valued function f, defined on Ty, D V¥, is of the same nature
as the Weierstrass function W, if it satisfies local Holder and reverse-Holder properties analogous
to those satisfied by the Weierstrass function W; i.e., for any m € N and for any pair of adjacent
vertices (M, M') with respective affixes (z, z') € (C2, of the prefractal graph I'yy , we have that

= 1 2-D J = 1 2-D

Cing 12 = 2177 < [1() = f(2)| € Cugp 12 = 217777,
where C;,, ¢ and C’sup denote suitable positive and finite constants possibly depending on f. This can
be written, equivalently, as

2-Dyy 2-Dyy

< |f(2) = 1] s |22 (+)

(Compare with Theorem and Corollary above.)

I
zZ—Zz

Hereafter, we will denote by Hold (T'yy)) the set consisting of the continuous, complex-valued func-
tions f, defined on I'yy D V* and satisfying (#); see part i. just above.

i. Moreover, we will denote by Hold geom (I'yy) C Hold (T'yy) the subset of Hild (T'yy) consisting of the
functions f of Hold (T'yy) which satisfy the following additional geometric condition (#), again, for
any pair of adjacent vertices (M, M') of the prefractal graph V,, with respective affixes (z,z') € C?,
and for m € N arbitrary; namely,

|arg (£(2)) —arg (f())]| s 12 =4 - (#)

Remark 5.1. Note that, according to the results of [DL22b] and [DL22c], the Weierstrass function W
belongs to Hold geom (I'yy) — and hence, also, to Hild (T'yy).

Definition 5.2 ((m, p)-Fermion [DL22c]).

By analogy with particle physics, given a pair of integers (m, p), with m € N and p € N*, we will
call (m, p)-fermion on V,,, with values in C, any antisymmetric map f from V,flﬂ to C. Note that
these maps are not assumed to be multilinear (which would be meaningless here, anyway, since V,,, is
not a vector space).
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For any m € N, an (m,0)-fermion on V,, (or a O-fermion, in short) is simply a map f from V,,
to C. We adopt the convention according to which a 0-fermion on V;,, is a 0-antisymmetric map on V,,.

In the sequel, for any (m, p) € N?, we will denote by F* (V,,, C) the complex vector space of (m, p)-
fermions on V,,,, which makes it an abelian group with respect to the addition, with an external law
from C x F* (V,,,C) to F¥ (V,,,C).

Definition 5.3 ((m — 1, m)-Differentials [DL22c]).

Given a strictly positive integer m, we define the (m — 1, m)-differential 6,1 ,, from FO (Vim, ©)

Ny+1 .0 Ny+1
to F b (Vm,C),fOI" aHYflnF (FW7C) and any (Mi,m—laMi+1,m—17Mj+1,m7"'an+Nb—2,m) € Vmb+
such that

M;imo1 =M, and My m-1 = Mjsn,m

Ny
5m—1,m(f) (Mi,m—la Mi+1,m—17 Mj+1,m7 R Mj+Nb—1,m) = Cm-1,m (Z(_l)q f (Mj+q,m)) 5
q=0

where ¢,,_1 ,,, denotes a suitable positive constant.

Theorem 5.1 (Fractal Cohomology of the Weierstrass Curve [DL22c]).

Within the set Holdgeom (I'yw) of continuous, comples-valued functions f, defined on the Weier-

strass Curve Ty D V™ = U Vi (see part ii. of Definition |5.1| above), let us consider the Complex
neN
(which can be called the Total Fractal Complex of I'yy ),

(o]
H* = H (F* (Tw,C),6") = ) Ha,
m=0
where, for any integer m =1, and with the convention Hy = Imd_y o = {0}, H,, is the cohomology
group

H,, = ker 5m—1,m/1m 5m—27m—1 )

Then, H™ is the set consisting of functions f on T'yy, viewed as 0-fermions (in the sense of Def-
nation , and, for any integer m = 1, of the restrictions to V,, of (m, Ny" + 1)-fermions, i.e., the
restrictions to (the Cartesian product space) Vrflvgnﬂ of antisymmetric maps on T'yy, with N;" + 1
variables (corresponding to the vertices of V), involving the restrictions to V,, of the continuous,
complex-valued functions f on 'y, — as, naturally, the aforementioned O-fermions — satisfying the
following convergent (and even, absolutely convergent) Taylor-like expansions (with V* = |J V,, ),

neN
VMo €V f(Man) =Y o (f.May) E OO0 2N 0 (7,0,,) FETPVITEP (aae)
k=0 k=0
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where, for each integer k =0, ¢, (x, %) = ¢, (f,*x) € C, the number e >0 is the K™ component of
the k™" cohomology infinitesimal introduced in Deﬁnition and where ), denotes an integer (in 7.)

such that
Ine
{K"f In N, }

Note that since the functions f involved are uniformly continuous on the Weierstrass Curve T'yy D V™,
and since the set V™ is dense in Ty, they are uniquely determined by their restriction to V™, as given
by (#®®). We caution the reader, however, that at this stage of our investigations, we do not know
wether f(M) is given by an expansion analogous to the one in (#&#&®) for every M € Ty, rather
than just for all M € V™.

8k(Dw—l)

<
27

For each M, = M, ,, € V*, as is shown in [DL22d], the coefficients cj, (x, %) (for any k € N) are
the residues at the possible cohomological Complex Dimensions — (k (2 — Dyy) + i 4y p)) of a suitable
global scaling zeta function evaluated at M, .

o0
The group H* = EB H,, is called the total fractal cohomology group of the Weierstrass Curve I'yy,
m=0

(or else, of the Weierstrass function V).

Definition 5.4 (Maximal (Real) Complex Dimension of a Prefractal Approximation).

Given m € N, we define the mazimal real Complexr Dimension of the prefractal approxima-
tion I'yy, =~ as

wm = —m (2= Dy) -

Remark 5.2. Clearly, the successive prefractal approximations play the role of level sets, in our present
context.

We now to recall the following result, obtained in [DL22c].

Property 5.2 (Complex Dimensions Series Expansion of the Weierstrass Complexified
Function Weop,, [DL22c]).

For any strictly positive integer m and any j in {0, -+, #V,,}, we have the following exact expan-
sion, indexed by the Complex Codimensions k (Dyy —2) + il p, with 0 < k < m,

m=1
Wcomp (j €m) — (Nb _ 1)2_DW Cm gm(Q—DW)+Z€mp + (Nb _ 1)2_DW Z ch 6k (2—Dw)+7,fkp’
k=0

where ¢,, € C* and {,, € 7Z are such that
il P _ .7
" = Wy (577 ) (@)
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g™ is the (m — k:)th cohomology infinitesimal introduced in Deﬁm’tion and where, for any integer k
in {0,-,m—1}, ¢, € C* and {;, € Z are such that

m—k

. 2n . .
(N, - 1) Pw ' mp17® = ¢ P (00)

2
with p = ﬁ denoting the oscillatory period of the Weierstrass Curve, as introduced in [DL22Y|], and

where, as above, ™% s the (m— k:)th cohomology infinitesimal introduced in Definition . Note
that we write €™ " instead of 5222 in order to simplify the notation.

Definition 5.5 (Cohomological Vertex Integer).
Given m € N, and a vertex M;,, € V;,, of abscissa j ™, with 0 < j < #V,, — 1, we introduce the

cohomological vertex integer associated to M;,, as the unique integer /;,, € Z such that

é_iéj,m P —

J
|Cm| Wcomp(Nb_l) |:€j,m ln€:|

i In N,
Cm Wcomp m

denotes the oscillatory period of the Weierstrass Curve, as introduced in [DL22b], Weom,

)

T
where p = m
is the complexified Weierstrass function (see Deﬁnition, € = g,, stands for the cohomology infinites-
imal introduced in Definition and where the nonzero complex coefficient ¢, has been introduced
in Property just above. Note that since €, depends on m, the integer £;,, itself also depends on

the choice of m € N.

Remark 5.3. Note that each integer ¢;,, (choosen as in Definition just above) is associated to the
sequence of geometric angles introduced in part v. of Property see also Definition [5.1] In this
light, the cohomological vertex integer carries the information associated to an angle change between
adjacent edges (and, hence, to a change of shape) when switching from M; ,, to its consecutive neigh-

Zj,m Ine

W]’ we refer to [DL22c].

For the condition on the integer part [

Definition 5.6 (Sequence of Sets of Critical Points of the Weierstrass Curve).

We define the sequence of sets of critical points of the Weierstrass function W — or, equivalently, of
the Weierstrass IFD — as the sequence (Crit (FWm ))m ¢y Such that, for any m € N, the set Crit (I‘Wm)
is obtained as the union of the set of local extrema given in Corollary and of the set of vertices
with a reentrant angle of the prefractal approximation I'yy, , as given in Property
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Definition 5.7 (Topological Laplacian of Level m € N¥).

For any m € N*, and any real-valued function f, defined on the set V,, of the vertices of the
prefractal graph I'yy, , we introduce the topological Laplacian of level m, A7 (f), as applied to f, as
follows:

VX €V \ Vit ALF(X)= ) (F(YV) = £(X)) -

YeV,, Y~X
m

As a consequence, in the case of the Weierstrass function W, we also have that

VX €V \OVim : ALW(X)= ) (W(Y)-W(X)) -
YGVm,Y;zX

Note that we are excluding the case when m = 0 here, because Vy = 9Vj.

Proposition 5.3 (Topological Laplacian of the Weierstrass function at Vertices of a Pre-
fractal Graph Approximation).

For any m € N*, any integer k in {O, e Ny = 1}, and any j in {1, -+, N, — 2}, we have that

kE(Ny—1)+7 E(Ny—1)+j+1 E(Ny—1)+j—-1 E(Ny—1)+j
AW | =W + W -2W| | -
" ( (N, — 1) Ny (Ny = 1) N (Ny — 1) Ny" (Ny = 1) N
Property 5.4 (Sign of the Topological Laplacian of Level m € N*).
1. For any positive integer m, and any k in {0, L N - 1}, we have that, for the initial vertex

of a polygon P, ,

(oo )l =mar)

along with

(e owr) = mar)

which enables us to deduce that

A;W(M)w.

(N, — 1) N"
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1. When Ny < 7, for any positive integer m, any k in {0, e N = 1}, and any j in {1,+-+, N, — 2},
one has:

~ For the left-side vertices in Deﬁm’tion distinct from the initial one, of a polygon Pp, i,
we have that

WS oy )

along with

(o) (s ) (M) (o )|

which enables us to obtain that

A:nw(k‘(Nb—l)+J>>0_

(N, - 1) ;"

~ For the right-side vertices in Deﬁm'tion distinct from the last one, of a polygon Py, i, we
have that

WSy ) (msosr )

along with

(o)l oy | <P asm ) - (wsose )|

which enables us to obtain that

A%W<EQ£;211)>U

(N — 1) N
iti. When Ny 2 7, for any m € N*, any integer k in {0,-++,Ny" — 1}, and any j in {1,--, Ny — 2}
such that

N, -3 3N, -1
1 or ]

0<j< SJ<Ny-1,
we respectively have that:

~ For the left-side vertices in Deﬁnitian distinct from the initial one, of a polygon Pp, 1,

S ) (mosr )

along with

(o)l oy | <P o) - (wsose )|
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which yields

A;W(k(Nb_l)”)w-

(N, — )N

~ For the right-side vertices in Deﬁnition distinct from the last one, of a polygon Py, 1,

WSy ) (o)

along with

(o)l oy | P ) - (wsose )|

which enables us to obtain that

s (A

(N, - 1) ;"

Proof. This is an immediate consequence of the proof of Property above given in [DL22b].
O

Definition 5.8 (mth—Level Discrete Hessian).

Given m € N*, any k in {0,---,N}" = 1}, and any j in {1,+--, Ny — 2}, we define the m'™ level
discrete Hessian H,, as follows:

k:(Nb—l)+j)=A;W(k(Nb—1)+j)_

H’”( Ny DN Ny DN

The vertex

(ow =g (o =oar )

is said nondegenerate, with respect to H,,, if

(i)

Property 5.5 (Absence of Degenerate Points for the Sequence of Discrete Hessians).

Given m € N*, any integer k in {0,+--, Ny" = 1}, and any j in {1,---, N, — 2}, the m'"Jevel dis-
crete Hessian H,, introduced in Definition[5.8 just above never vanishes.
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Proof. This is a direct consequence of Property

Definition 5.9 (Fractal Morse Function).
A function f defined on the Weierstrass Curve I'yy, will be said to be a fractal Morse function it its

critical points are nondegenerate; i.e., if, for any m € N, its discrete Hessian %, (see Definition }
never vanishes.

Remark 5.4 (The Weierstrass Function Viewed as the Identity Function on I'}y).

As in [DL22¢], we set, for any real number ¢ in [0, 1],

w(t) = (£, W(2)) -

We then obtain the identity function on the Weierstrass Curve I'yy as 1p,,. In this manner, the
Weierstrass function can be viewed as the identity map on I'y,.

Property 5.6 (The Weierstrass Function Viewed as a Fractal Morse Function).

Since the discrete Hessian introduced in Definition[5.8 never vanishes, the Weierstrass function W
is a fractal Morse function, in the sense of Definition [5.9 just above.

Proof. This is a direct consequence of Property according to which the Weierstrass function W
does not have any degenerate point.
O

Definition 5.10 (mth-Level Fractal Morse Index).

Given m € N*, and any j in {1, -+, #V,, — 1}, the m'™ level fractal Morse index t;,, of the ver-
tex M, is defined as follows:

. J
1, if %m(—m><o,
L = (Ny = 1) Ny
,m . 7
0, if Hm(—m>>0-
(Nb_l)Nb

Remark 5.5. An overview of the values of the indexes for the different types of vertices involved is
given in Table
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Junction
point .. . . . . .
Bottom Plain interior point Left-side Right-side
Vertex (between .
. point (obtuse angle) acute corner acute corner

consecutive

polygons)
Index 1 0 0 1 0

Table 1: An overview of the values of the indexes for the different types of vertices involved.

Remark 5.6. One should note that, as in the classical Morse theory, the index of a nondegenerate
critical point is equal to the dimension of the largest subspace of what plays the role of a tangent space
between two points, i.e., in our context, the edge that connects them (a line segment), where the Hes-
sian is negative definite. It thus takes the value 1 at local maxima, and zero at local minima. It also
takes the value zero at the right-side vertices with reentrant interior angles provided in Property
This specific configuration corresponds, in a sense, to a sign change in the curvature.

Definition 5.11 (Absolute Height Sequence of the Weierstrass Curve).

We define the absolute heights sequence of the Weierstrass function W — or, equivalently, of the
Weierstrass IFD — as the sequence of positive numbers (AbsH (me))m cn Where, for any m € N,

J 1 ,
AbSH(PWM):{W<N_gn>+m,0sjs#vm_l} .

Remark 5.7. The fact that, for any m € N and any j in {0, -+, #V,, — 1}, the value Absy ('), ) is
positive simply comes from the fact that the minimum value of the Weierstrass function on [0,1] is

1
equal to myy = T see Notation |12]in Section

Property 5.7 (Fractal Morse Height Increasing Reordered Sequence).

Given m € N, the set Absy (me) introduced in Definition admits an associated increasing
reordered set.

Proof. This simply comes from the fact that, for any m € N, the set Absy (I‘Wm) is a finite set of
positive numbers, therefore allowing us to reorder the points of Absy (me) in increasing order.
O

Definition 5.12 (Fractal Morse Height Increasing Reordered Sequence).

We define the fractal Morse height reordered sequence of the Weierstrass function W — or, equiva-
lently, of the Weierstrass IFD — as the sequence of positive increasing reordered numbers (Absryford (I‘Wm ))

reord

where, for any m € N, Absy

m€EN
(me) is the increasing reordered set associated to the finite set Absy (me )
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Figure 8: Plot of the fractal Morse heights Abs?j‘”"d (PW1 ), Absfjwd (FW2 ), Absgfm"d (FW3 ), AbsfHeOTd (FW4)
and Absfﬂemd (FW5), presented from top to bottom and from left to right.
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6 Further Perspectives: The Weierstrass Curve as the Projection
of a Vertical Comb

In this section, we place ourselves in the Euclidean plane of dimension 3, equipped with a direct
orthonormal frame. The usual Cartesian coordinates are denoted by (x,y). The usual axes will be
respectively referred to as (z'z), (v'y) and (2'z).

Thanks to Property for any strictly positive integer m and any j in {0, -+, #V}, }, we have that

R R e

or, equivalently, expressed in terms of the cohomology infinitesimal € (see Definition ,

J
W<— -1 k
(Nb_l)Ngn) m (2—Dyy) ] A k(2-Dw) 27TNb ]
= _— - -2 . 8 o8
(N, —1)2Dw ~ °© W(Nb—l)Jr;g Gl DN (2e)

If we consider the three-dimensional vertical comb, respectively comprised of the set of points

. .
J k k(?—Dw) 27TNb ]
(m’m’g COS(m for 0<j<#V,,—1 andO<sksm—1,
along with the periodic set of points
J m (2-Dy) j ,
(N. —1)N™ ~ 71 f <7< -

we note that the expression in (¢ @ ) just above corresponds to the superposition of the teeth of the
comb; see Figures [9] and

We can thus envision the following three-dimensional vertical comb, respectively comprised of the
set of horizontal (rear) rows,

J k' k@-Dw)
_  — f <ksm-1
((Nb—l)me’m’g ),or() m ,

along with the front row

j m (2-Dyy) ( J ))
—,0,¢ W|————|],for0<sksm-1,
((Nb—l)Nén (Np —1)
and a moving observer who moves on this latter set of points (the front teeth of the comb): when it
comes to a specific value of the integer k in 0,:--;m — 1, the observer looks at the associated comb
under an angle of value
0 2rNFj 2mjemTRmDw)
TN SN (N -D

so that the expression in (% ) just above corresponds to the successive superposition of the pro-
jections of the teeth of the combs; see Figures [I1] and Namely, each horizontal row of the comb
corresponds to a prefractal level set; see Figure
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We note that
Uk
.77 7m
Vjortm = =
which means that the projection angle increases as one gets closer to the front row.
27 Ny j

(N, — 1) N
by a cohomological vertex integer £;x, as given in Definition [5.5} see Figure [I3]

Note also that in connection with the results of Section |5} the angle can be represented

Figure 9: The vertical comb, for m = 5 — front view.

Figure 10: The vertical comb, for m = 5 — side view.
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Figure 11: The vertical comb, before projection, for m =5 — side view.

Figure 12: The resulting vertical comb, after projection — face view.

In later work on the subject, it would be interesting to investigate the following open problem.

Problem 1. To what extent does the knowledge of the fractal Morse height reordered sequence given
in Definition [5.12] along with the fractal Morse indexes introduced in Definition [5.10, the maximal
real Complex Dimension introduced in Definition |5.4] and the cohomological vertex integers given in
Deﬁnition enable us to reconstruct the fractal (i.e., in our present setting, the Weierstrass Curve)?
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Figure 13: The top view of the vertical comb. Each horizontal row coincides with a

prefractal level set 5k(2_DW), 0<k<sm.
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