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Abstract

In this research paper, we carry on our exploration of the connections between the Complex
Fractal Dimensions of an iterated fractal drum (IFD) and the intrinsic properties of the fractal
involved — in our present case, the Weierstrass Curve.

In order to gain a better understanding of the differential operators associated to this everywhere
singular object, we use atomic decompositions, which enable us to characterize Besov spaces on the
Weierstrass Curve I'yy, and then, by means of trace theorems which extend the results of Alf Jonsson
and Hans Wallin obtained in the case of a d-set, to identify the trace of the classical Sobolev spaces
on I'yy. For this purpose, we construct a specific polyhedral measure, which is done by means of
a sequence of polygonal neighborhoods of the Curve. We then determine the order of the fractal
Laplacian on T'yy, thanks to the connections between Sobolev spaces and the usual Laplacian.
Moreover, we lay out some of the foundations of an extension of Morse theory dedicated to fractals,
where the Complex Fractal Dimensions appear to play a major role, by means of level sets connected
to the successive prefractal approximations.

In the end, we envision the Weierstrass Curve as the projection of a 3-dimensional vertical comb,
where each horizontal row is associated to the &' cohomogical infinitesimal, the fractal signature
of the k'™ prefractal approximation, according to our previous results on fractal cohomology.

Keywords: Weierstrass Curve, iterated fractal drum (IFD), Complex Dimensions of an IFD, box-
counting (or Minkowski) dimension, cohomology infinitesimal, polyhedral measure, atomic decompo-
sition, trace theorems, order of the fractal Laplacian, fractal Morse theory, fractal Morse indexes.
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1 Introduction

that F ¢ R" is a d-set if it has finite and positive d dimensional Hausdorff measure.)

In [DL24], [DL22Db|, we introduced the concept of Weierstrass Iterated Fractal Drums (in short,
Weierstrass [FDs), by analogy with the relative fractal drums (RFDs) involved, for instance, in the
case of the Cantor Staircase, in , Section 5.5.4, as well as in and in . Those
iterated fractal drums simply consist in a sequence of appropriate tubular neighborhoods of prefractal
polygonal approximations of the Curve.

By exploring the connections between the Complex Dimensions of those IFDs and the cohomo-
logical properties of a fractal object, we showed, in [DL22b], that the functions belonging to the
cohomology groups associated to the Curve are obtained, by induction, as (finite or infinite) sums in-
dexed by the underlying Complex Dimensions. In particular, to each prefractal approximation of the
given iterated fractal drum, we associate the minimal real part of the Complex Dimensions involved.
Contrary to fractal tube formulas, which are obtained for small values of a positive parameter €, the
aforementioned expansions are only valid for the value of the (multi-scales) cohomology infinitesimal €
associated to the scaling relationship obeyed by the Weierstrass Curve (or else, for a smaller positive
infinitesimal). (See also [DL24] for an exposition of these results, as well as of the computation of the
Complex Dimensions via a fractal tube formula obtained in [DL22a].)

Our differentials § and & (see [DL.22h]) enable us to define the associated Laplacian 6 6 + & 6. This
naturally raises questions as to the possible connections with the usual Laplacian (i.e., the one of
classical analysis). Based on the seminal works of Alf Jonsson and Hans Wallin in [Wal89], [TW84],
a hint was that it could involve the Complex Dimensions, insofar as, in the case of a d-set F C R",
for n € N* and d > 0, characterizations of the restrictions of classical Sobolev spaces to F can be
obtained by means of trace theorems. More precisely, the restrictions to F of those Sobolev spaces
are obtained as Besov spaces Bg’q (F) on F, where the index 8 depends explicitly on d. (Recall

In the present research paper, we hereafter extend the results of Alf Jonsson and Hans Wallin in

the case of our Weierstrass IFDs. This requires, in particular, the construction of a specific measure
(called the polyhedral measure) on the Weierstrass IFD, which is done by means of a sequence of
polygons — a polygonal neighborhood of the Curve. This enables us to define the Besov spaces on the
Weierstrass Curve, by means of an atomic decomposition.



We next recall a few important facts about atomic decompositions. They came into play in
the 1970s, in order to obtain a better characterization of the smoothness, in a more general con-
text of the “measure of smoothness”, which is the expression used by Hans Triebel in the Preface
of his book [Tri06], page xi. Atomic decompositions were studied by several authors. We may
cite, for instance, Ronald R. Coifman in [Coi74], where the author provides an explicit represen-
tation theorem for functions belonging to the Hardy space H'(R) = {f € LP(R), R;(f) € L’(R) },

for 0 < p <1, (where R;(f) denotes the i"™ Riesz transform of the function f) by means of p-atoms,
o0

i.e., functions a, with compact support and vanishing k™ order moments J 2" ap(x) dx, for all
— 00

1
integers k € {O, e [5} - 1}, where [.] denotes the integer part.

The n-dimensional case of distributions in H”(R"), for n = 1, was then developed by Robert H. Lat-
ter in [Lat78]. The latter results were extended by Alberto P. Calderon to distributions in parabolic H”
spaces, for 0 < p < 00, in [Cal77]. Extensions to the case of homogeneous Besov spaces were given by
Michael Frazier and Bjorn Jawerth in [F.J85].

However, one had to wait until the work of Hans Triebel for the extension to d-sets of R",
with 0 < d < n; see [Tri06], Chapter 8, Section 8.1.3, on pages 350-356. Along these lines, fur-
ther extensions were obtained by Maryia Kabanava in the case of nested fractals; see [Kabl12].

In our present context, we follow and extend Maryia Kabanava’s approach, which enables us to
characterize Besov spaces on the Weierstrass Curve. Thanks to the connections between Sobolev
spaces and the usual Laplacian, we are then able to connect explicitly the order of the restriction of
the usual Laplacian on the Curve — or, rather, on the IFD — and the maximal real part of the Complex
Dimensions, namely, the Minkowski Dimension of the Curve.

Note that whereas atomic decompositions may appear as magical tools, which, in a sense, convert
the study of function spaces into the study of sequence spaces, they have drawbacks, insofar as all the
information relative to the involved function space is not contained in the associated sequence space.
Indeed, the coefficients of the optimal atomic decomposition of a function f generally only depends
on f. One can think of local, vs global decompositions. In order to overcome the resulting loss of
information, a slightly different approach was presented by Hans Triebel in [Tri97]; see, especially,
in the case of general Besov spaces, Chapter 4, Section 20, building on the spectral theory for frac-
tal pseudodifferential operators. More precisely, the function spaces on the involved fractal (viewed
as a d-set) are directly adapted from the case of the boundary 9 C R"! of a C®-domain in R",
where 9 is reduced “via an atlas of finitely many C'® charts to corresponding spaces on R (the
quote is from Section 20.1, on page 151, in. loc. cit.).

Still to circumvent the aforementioned drawbacks of atomic decompositions, significant advances
were then made by Ingrid Daubechies, who introduced localized, compactly supported wavelets; see
the expositary paper [Dau92]. In our present context, we cannot, for the moment, apply such elegant
methods. However, we retain the important idea that an essential — and unavoidable step — is to
question the quality of the sequence involved in the atomic decomposition. In the specific case of
a closed subset F of R", the above disadvantages were also highlighted by Alf Jonsson in [Jon09],
where the author explains that, contrary to the (more general) case studied by Michael Frazier and
Bjorn Jawerth in [FJ85], “the definition of BEY(F) is not satisfactory from the point of view that it
is not constructive” (the quote is from page 586, in. loc. cit.). It is for this reason that Alf Jonsson
considered the (even) more specific case of sets preserving Markov’s Inequality. In its original form,
that goes back to 1889 (see [Mar48]), Markov’s Inequality states that, for any nonnegative integer n,
and any complex polynomial P of degree dp:
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||P’||[—1,1] <dp || P|l[-1,17-

By extension, a closed nonempty subset F of R" preserves Markov’s Inequality if, for all positive
integers IV, any real polynomial P with dp variables, of degree at most equal to N, any point X € F,
and any real number r € ]0,1]:

c(P,n,N,F)

max |V P|ls—————= max |P|,
FB(X,r) r FnB(X,r)

where ¢ (P,n, N, F) denotes a positive constant that depend on n, P, N and F.

Such an assumption enabled Alf Jonsson to build polynomial approximations, by means of orthog-
onal polynomials. Such an approach therefore ensures “more satisfactory trace theorems” (the quote
is from page 595, in loc. cit.). Indeed, all is finally about describing the smoothness properties of
functions, where the degree of the polynomials involved in the approximation (defined on the inter-
section of F with squares or balls) provides the informations related to the level of smoothness. In
this light, we clearly understand that Markov’s Inequality ensures the quality of the approximation.

Going further, in the case when p = 1, Alf Jonsson introduces a space Eg’q(]: ), obtained via local
polynomial approximation, and proves that it is equal to the Besov space B2Y(F) obtained thanks to
atomic decomposition.

Now, a very interesting point is that fractal curves generally preserve Markov’s Inequality. For in-
stance, it is the case of the von Koch’s snowflake, as is studied in the work by Hans Wallin in [Wal91],
where the author provides the trace to the (fractal) boundary for functions in a Sobolev space.

in our present context, the Weierstrass Curve I'yy, also preserves Markov’s Inequality, as in proved
in Property on page This ensures that our characterization of Besov spaces on '}y, is obtained
in a constructive manner

Switching to more geometric topics, following our quest for the connections between the Complex
Dimensions and the intrinsic properties of a fractal, we showed, in our previous work [DL22b|, that, in
the case of junction vertices, i.e., points belonging to consecutive prefractal graphs, the aforementioned
maximal real part of the Complex Dimensions, associated to the cohomology group involved, changes.
Hence, a change of shape — when one switches from a prefractal approximation, to the consecutive
polygonal approximation, also corresponds to the occurrence of new polygons — is closely connected
to a change of fractal dimensions. In this light, it was natural to explore further connections between
the Complex Dimensions of a fractal object — the Weierstrass Curve, or the Weierstrass IFDs — and
a suitable analog of Morse theory: given the Complex Dimensions and the fractal Morse indexes, can
we, in some sense, reconstruct the fractal? Towards the end of the paper, we begin to lay the foun-
dations for addressing this challenging and very interesting inverse topological and geometric problem.

Our main results in the present setting can be found in the following places:

1. In Section [3| Property [3.6] on page where we introduce the polyhedral measure on the
Weierstrass IFD. In particular, we prove that this polyhedral measure is well defined, as well as
nontrivial, and is a bounded and singular Borel measure on the Weierstrass Curve, whose total
mass is positive and given by a suitable renormalization procedure (see Theorem on page

#i. In Section [d] where our polyhedral measure enables us to extend the aforementioned results
of Alf Jonsson and Hans Wallin to the case of the Weierstrass IFD. More precisely, we define
the atomic decomposition of a function defined on the IFD; see Definition [£.6] on page We



also give a direct proof of the fact that the Weierstrass Curve satisfies Markov’s Inequality; see
Property on page We can then define and characterize the Besov spaces on the IFD;
see Definition on page [49] along with Property on page In the end, we establish a
trace theorem in this context (Theorem on page , and (in Corollary on page
deduce from it the order of the fractal Laplacian on the IFD, which is in agreement with previous
results of Robert S. Strichartz in the case of the Sierpinski Gasket SG in [Str03]; namely, the
fractal Laplacian is not of order 2, unlike for the classical Laplacian. We also note that our
trace theorem |4.11} on page connects, in particular, the Sobolev space on a suitable open
neighborhood of the Weierstrass Curve I'y,, with the Besov space on I'yy, for the appropriate
values of the exponents involved.

1. In Section b on page where we use the Complex Dimensions, along with the fractal coho-
mology, of the Weierstrass IFD, obtained and developed by the authors in [DL22al, [DL22b]
(see also [DL24]), in order to propose an extension of Morse theory devoted to fractals. In par-
ticular, a minimal real Complex Dimension is associated to each prefractal approximation (in
Definition on page , along with a cohomological vertex integer, associated, this time, to
each vertex of the prefractal approximation; see Definition [5.5] on page We also define new
Morse indexes — applicable to fractal curves such as the Weierstrass Curve; see Definition [5.10
on page [69] Furthermore, we introduce the notion of a fractal Morse function (in Definition
on page [68]), and show, in Property on page that the Weierstrass function is a fractal
Morse function.

iv. In Section [6] on page we explain how the Weierstrass Curve can be viewed as the projection
of a 3-dimensional vertical comb, the teeth of which are directly connected with the cohomologi-
cal vertex integers. This provides us with new research directions for future work, in connection
with our fractal Morse theory.

For a thorough discussion of the theory of Complex Dimensions, we refer the interested reader
to [LvEF13] and to [LRZ17a], in the case of fractal strings and of (relative) higher-dimensional fractal
drums, respectively; see also the survey article on the subject, [Lap19].

In closing this introduction, we mention that, for clarity and by necessity of concision, we work
throughout this paper with the important example of the Weierstrass Curve and the associated Weier-
strass IFD. We stress, however, that we expect that our main results will extend to a large class of
fractal curves and their associated IFDs — as well as, eventually, to a large class of higher-dimensional
fractal manifolds obtained by means of polyhedral prefractal approximations.

2 Geometry of the Weierstrass Curve

We begin by reviewing the main geometric properties of the Weierstrass Curve (and of the associ-
ated IFD), which will be key to our work in the rest of this paper.

Henceforth, we place ourselves in the Euclidean plane, equipped with a direct orthonormal frame.

The usual Cartesian coordinates are denoted by (z,y). The horizontal and vertical axes will be
respectively referred to as (z'z) and (y'y).

Notation 1 (Set of all Nonnegative Integers, and Intervals).



As in Bourbaki [Bou04] (Appendix E. 143), we denote by N = {0, 1, 2, ...} the set of all nonneg-
ative integers, and set N* = N'\ {0}.

Given a, b with —co0 € a < b < 00, ]a,b[ = (a,b) denotes an open interval, while, for example, ]a,b] = (a,b]
denotes a half-open, half-closed interval.

Notation 2 (Wave Inequality Symbol).

Given two positive-valued functions f and g, defined on a subset Z of R, we use the following
notation, for all x € Z: f(x) < g(x) when there exists a strictly positive constant C such that, for
allz € Z, f(z) < Cg(x).

Notation 3 (Weierstrass Parameters).
In the sequel, A and N, are two real numbers such that

0<A<1l , NyeN and AN,>1. (&)

Note that this implies that N, > 1; i.e., Ny = 2, if N, € N*, as will be the case in this paper.

As is explained in [Dav19], we deliberately made the choice to introduce the notation N, which
replaces the initial number b, in so far as, in Hardy’s paper [Harl6] (in contrast to Weierstrass’ original
article [Wei75]), b is any positive real number satisfying Ab > 1, whereas we deal here with the specific
case of a positive integer, which accounts for the natural notation N.

Definition 2.1 (Weierstrass Function, Weierstrass Curve).

We consider the Weierstrass function W (also called, in short, the W-function) defined, for any
real number z, by

W(z) = z N cos(2m Ny ) .
n=0

We call the associated graph the Weierstrass Curve, and denote it by I'yy.

Due to the one-periodicity of the W-function (since N, € N*), from now on, and without loss of
generality, we restrict our study to the interval [0,1[=[0,1). Note that W is continuous, and hence,
bounded on all of R. In particular, ')y is a (nonempty) compact subset of R

Property 2.1 (Scaling Properties of the Weierstrass Function, and Consequences [DL22al).

o0
Since, for any real number x, W(x) = Z A" cos (QWfo), one also has

n=0

W(Nyz) = i A" cos (27rNgl+1 x) =

1 s n n 1
2 Y 7;/\ COS(27TNb x) = (W(x) —cos(2mz)),

6



which yields, for any strictly positive integer m and any j in {0,..., #V,},

W(WW(W)%(%)-

By induction, one then obtains that
. . m—1 k .
J m J k 27 Ny j
W(—m>=)\ W(—)+ A cos| T | -
(Ny = 1) Ny (Ny—1) Z (Ny = 1) Ny

Definition 2.2 (Weierstrass Complexified Function).

We introduce the Weierstrass Complexified function Wy, defined, for any real number z, by

Wcomp(l') _ Z )\n 62i7ran:c. (1>

n=0

Clearly, Weomyp is also a continuous and 1-periodic function on R.

Notation 4 (Logarithm).

Iny

denotes the
Ina

Given y > 0, Iny denotes the natural logarithm of y, while, given a > 1, In,y =
logarithm of y in base a; so that, in particular, In = In,.

Notation 5 (Minkowski Dimension and Hélder Exponent).

For the parameters A and N, satisfying condition (&) (see Notation |3, on page @, we denote by

In A
lan

the box—counting dimension (or Minkowski dimension) of the Weierstrass Curve I'yy, which happens
to be equal to its Hausdorff dimension [KMPY84], [BBR14],

[Shel8], [Kell7]. We point out that the results in our previous papers([DL23b] and [DL23a] respec-
tively), also provide a direct geometric proof of the fact that D)y, the Minkowski dimension (or
box-counting dimension) of I'yy, exists and takes the above values, as well as of the fact that W is
Holder continuous with optimal Holder exponent

DW=2+

1
=2—lanX € ]1,2[ (2)




Convention (The Weierstrass Curve as a Cyclic Curve).

In the sequel, we identify the points (0, W(0)) and (1, W(1)) = (1, W(0)). This is justified by the
fact that the Weierstrass function W is 1-periodic, since Ny is an integer.

Remark 2.1. The above convention makes sense, because, in addition to the periodicity property of
the W-function, the points (0, W(0)) and (1,/(1)) have the same vertical coordinate.

)

N =

Property 2.2 (Symmetry with Respect to the Vertical Line x =

Since, for any x € [0,1],

Wl -z)= Z)\n cos (27 Ny =27 Ny ) = W(x),

n=0

the Weierstrass Curve is symmetric with respect to the vertical straight line x = 5

Proposition 2.3 (Nonlinear and Noncontractive Iterated Function System (IFS)).

Following our previous work [Davi8|, we approxzimate the restriction Ty to [0,1[XR, of the
Weierstrass Curve, by a sequence of graphs, built via an iterative process. For this purpose, we use
the nonlinear iterated function system (IFS) consisting of a finite family of C* maps from R? to R?
and denoted by

TW = {T0>"'7TNb—1} 5

where, for any integer i belonging to {0, ..., Ny — 1} and any point (x,y) of R,

T+ T+1
Ti(x,y) = Tb,/\y+cos 27 N, .

Note that unlike in the classical situation, these maps are not contractions. Nevertheless, I'yy can
be recovered from this IFS in the usual way, as we next explain.




Property 2.4 (Attractor of the IFS [Dav18], [Dav19]).

The Weierstrass Curve T'yy is the attractor of the IFS Ty, and hence, is the unique nonempty

Ny—1 Ny—1
compact subset K of R%satisfying K = U Ti(K); in particular, we have that Ty, = ] T;(Tyw).
1=0 i=0

Notation 6 (Fixed Points).

For any integer ¢ belonging to {0, ..., N, — 1}, we denote by

? 1 2mi
Py = (zi,y:) = (m7m COS(N;, _ 1))

the unique fixed point of the map T;; see [Dav19].

Definition 2.3 (Sets of Vertices, Prefractals).

We denote by Vj the ordered set (according to increasing abscissae) of the points

{Po,....Pny-1} -

The set of points Vy — where, for any integer ¢ in {0,..., N, — 2}, the point P; is linked to the
point P;,1 — constitutes an oriented finite graph, ordered according to increasing abscissae, which we
will denote by I'yy,. Then, Vj is called the set of vertices of the graph T'yy,.

Ny-1
For any positive integer m, i.e., for m € N*, we set V,, = |J T; (Viu1).
i=0

The set of points V,,,, where two consecutive points are linked, is an oriented finite graph, ordered

according to increasing abscissae, called the m™ order W-prefractal. Then, V,, is called the set of
vertices of the prefractal Iy, ; see Figure [2] on page

Property 2.5 (Density of the Set V* = U V. in the Weierstrass Curve
neN
[DL22a)).

The set V* = |J V,, is dense in the Weierstrass Curve T'yy.
neN

Definition 2.4 (Adjacent Vertices, Edge Relation).

For any m € N, the prefractal graph I'),, is equipped with an edge relation ~, as follows: two
m

vertices X and Y of I'yy,  (i.e., two points belonging to V},,) will be said to be adjacent (i.e., neighboring
or junction points) if and only if the line segment [X,Y] is an edge of I'yy,  ; we then write X ~ Y.
Note that this edge relation depends on m, which means that points adjacent in V,,, might not rerﬂrh;ain
adjacent in V1.



We refer to part iv. of Property on page [10], along with Figure[T], on page[11] for the definition
of the polygons P, ,, and Q,, ), associated with the Weierstrass Curve.

Property 2.6. [Davl8] For any m € N, the following statements hold:

i. Vm C Vm+1 .
ii. #Vi = (Ny — 1) Ny + 1, where #V,,, denotes the number of elements in the finite set V,,.
iii. The prefractal graph Ty, has exactly (N, — 1) Ny" edges.

iv. The consecutive vertices of the prefractal graph I'yy, =~ are the vertices of N, simple nonregular
polygons Py, 1. For any strictly positive integer m, the junction point between two consecutive
polygons Py, ;. and Py, 41 is the point

((Nb—nk W( (N, - 1) k )) , 1sk<N-1.

N, - DN (N, — 1) N

Hence, the total number of junction points is Ny  — 1. For instance, in the case Ny = 3, the
polygons are all triangles; see Figure[l], on page[11}

We call extreme vertices of the polygon Py, . the junction points

Vi () = (DI o=k )

(N, - 1) N™ N, - 1) N;”

for0<k <Ny -1, and

Vord (Poi) = ((Nb_ 1) (k+1) W( (No —1) (k + 1))) ’

(N, - )N (N, - 1) NJ”

forO<k <N -2

In the sequel, we will denote by Py the initial polygon, whose vertices are the fixed points of the
mapsT;,0 <1 < Ny — 1, introduced in Notation@ and Deﬁnition on page@ i.e., {PO, e ,PNb_l};
see, again, Figure[], on page[T]]

In the same way, the consecutive vertices of the prefractal graph T'yy, , distinct from the fized
points Py and Py, (see Notatz'on@ on page @, are also the vertices of Ny' — 1 simple nonreg-
ular polygons Q, ;, for

1<j <N, =1, this time with at most N, sides. For any integer j such that 1 < j < Ny"' —2,
one obtains each polygon Q,, ; by connecting the point number j to the point number j + 1
if j=imod Ny, for 1 <i< Ny—1, and the point number j to the point number j — Ny + 1
if 7 = 0mod Ny.

As previously, we call extreme vertices of the polygon Q,, ;. the points

Vi (@) = LDy DB=DE ),

N, - )N\ (N, = )N

10



for1<k <Ny -1, and

(=D (N =) ()
Voutons) = (S T )

for1<k< Ny —2.

Definition 2.5 (Polygonal Sets).
For any m € N, we introduce the following polygonal sets

'Pm={'Pm,k,OSk‘$N:l—1} and Qm={Qm,kaO$kSNZn_2}‘

<

Initial polygon

polygon P,

polygon Py,

I3 polygon P4

‘.::'\
polygon @ 2

polygon Q4

Py

Figure 1: The initial polygon Py, and the respective polygons P; o, P11, P12, 21,15 21,2

1
in the case when A = ) and N, = 3. (See also Figurelgl7 on page (14})

11



Notation 7. For any m € N, we denote by:

ii. X € Pp (resp., X € Qp) a vertex of a polygon Py, with 0 < k& < N;" — 1 (resp., a vertex of
a polygon Q,, i, with 1 < k < Ny - 2).

it. P J Qm the reunion of the polygonal sets P,, and Q,,, which consists in the set of all the
vertices of the polygons P, 1, with 0 < k < N;" — 1, along with the vertices of the polygons Q. ks
with 1 € k£ < N" — 2. In particular, X € P,,|J Q,, simply denotes a vertex in P, or Q,,.

iii. P [) Qm the intersection of the polygonal sets P, and Q,,, which consists in the set of all the
vertices of both a polygon Py, 1, with 0 < £k < N;" — 1, and a polygon Qm k', with 1 <k < N =2,

Definition 2.6 (Vertices of the Prefractals, Elementary Lengths, Heights and Angles).

Given a strictly positive integer m, we denote by (ijm)Osjs(Nb—l)Ng" the set of vertices of the
prefractal graph I'y, . One thus has, for any integer j in {0, o (N =1) Nén}:
J J
M. = .
vl ()

We also introduce, for any integer j in {0,..., (N, — 1) Ny" — 1}:

1. the elementary horizontal lengths:

1

Ly=——
(N =) N

1. the elementary lengths:

— _ 2 2
Lgeim = (M, Mye1m) =\ Lo + 15 g1 m

where hj 11, is defined in 7. just below.

751. the elementary heights:

S ) w2 )
h],]+1,m - IW((NI)_ l)Nl;m> W((Nb— 1)Ngn)‘ ’

1. the minimal height:

inf
= f h; , 3
m Osjs(Nbr_lnNg”—l gy+lm (3)
along with the maximal height:
b = sup hjj+1m (4)

0sj<(Ny—1) N -1

v. the geometric angles:

——

0i-1im = (W) (Mjo1.;mM;m)) 5 0j1m = (V') (M Mji1m))

12



where (y'y) denotes the vertical axis, which yield the following value of the geometric angle
between consecutive edges, namely,

[Mj_l’m M, M, Mj+1’m], with arctan = tan™':

L
9j—1,j,m + Hj,j+17m = arctan h—m + arctan 7 LS
j_l’j7m j:j+1’m
Ly, Ly,
(Note that, of course, 0;_; j,, = arctan T and 0; j11,, = arctan 7 .
j_lvjvm j7j+17m

13



<
<

<
<

Figure 2: The prefractal graphs 'y, I'yy,, T'w,, T'w,, T'w,,

1
I'yy,, in the case when A = 5 and NN, = 3. For example, I'yy, is on the right side of the
top row, while I'yy, is on the left side of the bottom row.

14



Property 2.7. For the geometric angle 0j_1 jm, 0 < j < (N, — 1) N}, m € N, we have the following
relation:

hj_lvjym

tanf_y ., =
J sJs Lm

1
Property 2.8 (A Consequence of the Symmetry with Respect to the Vertical Line x = 5).

For any strictly positive integer m and any j in {0, ..., #V,,}, we have that

W (o=r ) ()

which means that the points

((]Ev; i)ljﬁl?:j’w(%v; i)ljﬁl?:j)) wnd ((Nb = N,T’W(wb —jnNg”))

1
are symmetric with respect to the vertical line x = 57 see Fz'gureH on page .

N | =

M;j_1,m Mn,,-1) Ny j+1,m

-
T

T M;j_1.p,m M(N,-1) Ny™-js1-p,m

Figure 3: Symmetric points with respect to the vertical line x = 5
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Definition 2.7 (Left-Side and Right-Side Vertices).

Given nonnegative integers m, k such that 0 < k < Ny' — 1, and a polygon P i, we define:

[Ny — 1
i. The set of its left-side vertices as the set of the first b2 vertices, where [y] denotes the
integer part of the real number y. ) )
g L ‘ . [ Ny — 1] .
1. The set of its right-side vertices as the set of the last 5 vertices.

When the integer IV, is odd, we define the bottom vertex as the ( b ) one; see Figure on

)
page 16

Bottom vertex”
Bottom vertex

Right - side vertices

Figure 4: The Left and Right-Side Vertices.

16



Property 2.9 ([DL22al).

For any integer j in {0,..., Ny — 1}:

i NS S R DR o B O .7 N B
W(Nb—1>_7;)/\ COS(QWNb (Nb_1)>—nzoz\ COS(Nb—l )—1_)\

Property 2.10 ([DL22a]).

Ny —1 Ny —1
For0<j< % (resp., for(bT) < j < Ny —1), we have that

j+1 J j+1 J
W(Nb_l)—W(Nb_l)SO (resp., W(Nb—1>_W<Nb—1

Notation 8 (Signum Function).

The signum function of a real number x is defined by

-1, if <0,
sgn (z) = 0, if z=0,
+1, if >0.

Property 2.11 ([DL22a]).

Given any strictly positive integer m, we have the following properties:

i. For any j in {0,...,#V,.}, the point

((Nb —jl)Nﬁ’W(wb —jnw))

is the image of the point

w1
(Ny—1)NH (N = 1) N ’

which can also be written as

J= Ny =) NP =i (N = 1) N
(N =N (N =) N

under the map T;, where i € {0,..., Ny, — 1} is arbitrary.

Consequently, for 0 < j < Ny — 1, the jth vertex of the polygon P, .,
0<k< N, -1, ie., the point

17
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(v (o)

is the image of the point

Ny 1) (k=i Ny = )NP ) +5 (N =1) (k=i (N D) M)+
™V, - DN ’ (N, - D) N |

under the map T;, where 1 € {0,..., N, — 1} is again arbitrary. This latter point is also the jth

vertex of the polygon P,y ;_;(n,-1)ny-1. Therefore, there is an exact correspondance be-
tween vertices of the polygons at consecutive steps m — 1, m.

ii. Given j in {0,...,Ny =2} and k in {0,...,Ny" — 1}, we have that

o S ) o)) M=) s =)

Proof.

i. Given m € N*, let us consider i € {0,..., N, — 1}. The image of the point

J . J :
m—1 ) w m—1 ¢
(Np — 1) Ny (Np — 1) Ny
under the map T is obtained by applying the analytic expression given in Property 2.3 on page [8]
to the coordinates of this point, which, thanks to Property on page [6] above, yields the expected
result, namely,

J J . 21y
— AW|—"—— -1t |+ cos ————— |,
(Ny — 1) Ny" ((Nb ~1) N ) (N, — 1) N[

w3
(N, —1) Nt

(by 1-periodicity)

i.e., also,

(o —]1)N$’W(<Nb —]1>N$>> |
ii. See [DL22a].

18



Property 2.12 (Lower Bound and Upper Bound for the Elementary Heights [DL22al).

For any strictly positive integer m and any j in {O, ey (Ny = 1) Ngn}, we have the following esti-
mates, where Ly, is the elementary horizontal length introduced in part i. of Definition[2.6, on page[13:

Cing Ly " < W (( +1) L) =W (j Lin)| < Coup Ly ™, (5)

hjj+1,m

where the finite and positive constants Cy, s and Cy,, are given by

2-D . J+1 J
cmn e elget) vl
OSjsNb—LW(%);eW( le_l) b b

and

j+1 )
v -lws)

One should note, in addition, that these constants Cy, ¢ and Cg,, depend on the initial polygon Py.

N 27 )
(Ny=1) (AN, = 1))~

As a consequence, we also have that

2—

2-D
Cinf Lm e

DW an Q—DW 2_DW
< hi! < Cop Loy and  Cip Loy ™" < hyp < Coup L 77,

where hi;‘f and h,, respectively denote the minimal and maximal heights introduced in part iv. of Def-

inition [2.6, on page[13

Theorem 2.13 (Sharp Local Discrete Reverse-Holder Properties of the Weierstrass Func-
tion [DL22a]).

For any m € N, let us consider a pair of real numbers (:L',{L") such that

C(Ny-1)k+j

x—m=((Nb—1)k+j) L

and

W DRA I AL (1) kajao) Ly,

(N, = 1) N
where 0 < k < Ny' — 1. We then have the following (discrete, local) reverse-Holder inequality, with
. In A : '
sharp Holder exponent T, T 2 — Dyy:

Cing 2" = 277 < W(a') - Wi(=)]

where (x, W(x)) and (w', W(ZL")) are adjacent vertices of the same m'" prefractal approximation, I'yy, ,
with m € N arbitrary. Here, Cy,y is given as in Property[2.19 just above, on page[19 .

Corollary 2.14 (Optimal Holder Exponent for the Weierstrass Function (see [DL22al)).

19



The local reverse Holder property of Theorem just above — in conjunction with the Holder
condition satisfied by the Weierstrass function (see also [Zyg02], Chapter II, Theorem 4.9, on page 47)

— shows that the Codimension
In X\

_1HNb

is the best (i.e., optimal) Holder exponent for the Weierstrass function (as was originally shown, by a
completely different method, by G. H. Hardy in [Harl6)]).

2— Dy = €10,1[

Note that, as a consequence, since the Hélder exponent is strictly smaller than one, it follows that
the Weierstrass function W is nowhere differentiable.

Corollary 2.15 (Coming from Property on page .

Thanks to Property[2.13, on page one may now write, for any strictly positive integer m and
any integer j in {0,...,(Ny— 1) N;" —1}:

i. for the elementary heights:

2-D
hj-tjm = L " O (1) ; (6)
ii. for the elementary quotients:
hj_lyjym 1_DW
—5— =L, " 0Q), (7)
m

and where

0<Cipng<O(1) Cgyp < 0.
Recall from Property|2.19, on page|19, that Ci,¢ and Cl,, are independent of m € N*.
f P
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Corollary 2.16 (Nonincreasing Sequence of Geometric Angles (Coming from Property
on page [L7} see [DL22a])).

For the geometric angles 6;_1 j ,, 0 < j < (N, —1) N}, m € N, introduced in part v. of Defini-
tion [2.6, on page[13, we have the following result:

L,

Ty (Ny = 1) > tan ;1 j 1,
J—1,7,m

tan ej_lujzm =
which yields

Dyy—1
Oj-1jm > j-1jme1 and 051 jme1 < Ly .

Corollary 2.17 (Local Extrema (Coming from Property [2.11], on page see [DL22al)).

i. The set of local mazxima of the Weierstrass function on the interval [0,1] is given by

Ny —1 Ny—1 m
{(( ) m)k,W(( ] m)ki)):()sksNb -1,meN},

and corresponds to the extreme vertices of the polygons Py, and Q. (see Property on
page @) at a given step m (i.e., they are the wvertices connecting consecutive polygons; see

part iv. of Property on page @)

1. For odd values of Ny, the set of local minima of the Weierstrass function on the interval [0,1]

is given by

{((Nb—nm% ((Nb—1)k+%

— — :0sksN' -1, m e N,
(N, -1 N; (N, - 1) N )) ’ }

and corresponds to the bottom vertices of the polygons Py, i, and Q,, . at a given step m; see also

part iv. of Property on page 10,

Property 2.18 (Existence of Reentrant Angles [DL22al)).

i. The initial polygon Py, admits reentrant interior angles, at a verter P;, with 0 < j < Ny — 1,
in the sense that, with the right-hand rule (according to which angles are measured in a coun-

terclockwise direction), we have that
((PPjs1), (PiPja)) >,

for

Ny -3 3Ny -1 .
or ———— <
4 4
(see Figure @ on page @), which does not occur for values of Ny < 7.

0<j<

Ny —3
The number of reentrant angles is then equal to 2 |: b4 j|

21



ii. At a given step m € N*, with the above convention, a polygon Pk admits reentrant interior
angles in the sole cases when Ny =7, at vertices My, ;, 1 <k < N, 0<j<Ny—1, as well as
in the case when

. Ny—3 3Ny, —1 .
0<j< 1 or 1 SjJ<Ny—-1.
_ m | Ny —3
The number of reentrant angles is then equal to 2 Ny — |

Remark 2.2. Note that due to the respective definitions of the polygons P,, ; and Q,, i, the existence
of reentrant interior angles for P, ;, at a vertex My, ;,

for 1 <k <N, 0<j<N,—1, also results in the existence of reentrant interior angles for O i at
the vertices My;_1, 1 €k < N;',1<j<N,—1and My i1,

1<ksN',0<j<Ny,—2.

y

A

-

AN
V4 \

interior
reentrant
angle

Pj+1

Figure 5: An interior reentrant angle. Here, N =7 and A = 3
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3 Polyhedral Measure on the Weierstrass IFD

Our results on fractal cohomology obtained in [DL22b] (see also [DL22al,
[DL221]) have highlighted the role played by specific threshold values for the number ¢, > 0 at any
step m € N of the prefractal graph approximation; namely, the m'" cohomology infinitesimal intro-
duced in Definition [3.1} on page [23] just below.

Definition 3.1 (mth Cohomology Infinitesimal [DL22a], [DL22b] and m'™ Intrinsic Co-

homology Infinitesimal [DL23b|, [DL23a]). From now on, given any m € N, we will call m"

cohomology infinitesimal the number e, > 0 which also corresponds to the elementary horizontal

1 1
length introduced in part i. in Definition [2.6, on page |12} i.e., &, = (€)= ——— —.
N-1N

Observe that, clearly, e, itself — and not just ;. — depends on m.
In addition, since Nj, > 1, e, satisfies the following asymptotic behavior,

m
€m — 0, as m — 00,

which, naturally, results in the fact that the larger m, the smaller ,,,. It is for this reason that we call €,
— or rather, the sequence (52):::0 of positive numbers tending to zero as m — oo, with ¢, = (¢,,)"",
for each m € N — an infinitesimal, called the cohomology infinitesimal. Note that this cohomology
infinitesimal is the one naturally associated to the scaling relation of Proposition [2.1] on page [0}

In the sequel, it is also useful to keep in mind that the sequence of positive numbers (5m)fno=0 itself
satisfies

1
Em ~ =, a8 M — 00 ;
. 1 . . .
Le., &m = 37, as m — 00. In particular, ¢, # 0, as m — oo, but, instead, ,, tends to a strictly
b

positive and finite limit.

We also introduce, given any m € N, the m™ intrinsic cohomology infinitesimal, denoted by €™ > 0,
such that

Emzi
le’“
where
1
€= N,

We call € the intrinsic scale, or intrinsic subdivision scale.

Note that

m
m £

g = —

N, — 1

and that the m'” intrinsic cohomology infinitesimal €™ is asymptotic (when m tends to 00) to the m'"

cohomology infinitesimal ;.
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Remark 3.1 (Addressing Numerical Estimates).

From a practical point of view, an important question is the value of the ratio

Cohomology infinitesimal Em ‘
Maximal height " hy

see relation , on page

Thanks to the estimates given in relation , on page we have that

33

oy =ent "oy,

> o™
7

with
0<Cipng<O(1) $Cgyp < 0.
Given ¢ € N*, we then have
1 Em 1

107 Cins < 3,,, S 107 G

when

Cmf < e(l—DW)lan < Csup
10¢

/
—_
]

S

or, equivalently, when

1
Numerical values for Ny = 3 and A = 5 yield:
1. Forg=1: 2<m < 3.
it. Forg=2: 7<sm<9.

111. For ¢ = 3: 13 < m < 15.

Hence, when m increases, the ratio decreases, and tends to 0. This numerical — but very practical
and explicit argument — also accounts for our forthcoming neighborhoods, of width equal to the

cohomology infinitesimal.

We refer to part iv. of Property 2.6 on page above, along with Figure [T, on page for
the definition of the polygons P, ; (resp., Q,, ;) associated with the Weierstrass Curve in the next
definition, as well as throughout the rest of this section. See also Definition [2.5] on page [II] where the

polygonal families are introduced.

Definition 3.2 (Power of a Vertex of the Prefractal Graph I')y, , m € N*, with Respect to

the Polygonal Families P,, and Q,,).

Given a strictly positive integer m, a vertex X of the prefractal graph I'yy, ~will be said to be:

i. of power one relative to the polygonal family P, if X belongs to (to be understood in the sense

that X is a vertex of) one and only one Ny-gon P, ;, 0 < j < N -1

24
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1
1 Csup 1-Dyy ]_ C’L’I’Lf 1-Dyy
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1
7. of power 5 relative to the polygonal family P,, if X is a common vertex to two consecutive Np-
gons Py, j and Py, j11, 0 € < Ny —2;

i1i. of power zero relative to the polygonal family P, if X does not belong to (to be understood in
the sense that X is not a vertex of) any Nj-gon Py, ;.

0<j< N, -1

Similarly, given m € N, a vertex X of the prefractal graph I'yy is said to be:

i. of power one relative to the polygonal family Q,, if X belongs to (as above, to be understood in
the sense that X is a vertex of) one and only one Ny-gon Q,, ;, 0 < j < Ny =2

1
1. of power 5 relative to the polygonal family Q,, if X is a common vertex to two consecutive N,—

2

gons Q,, ; and Q,, 41, 0 < j < Ny —3;

iti. of power zero relative to the polygonal family Q,, if X does not belong to (as previously, to be

understood in the sense that X is not a vertex of) any Ny-gon Q,, ;j, 0 < j < N =2,

Notation 9. In the sequel, given a strictly positive integer m, the power of a vertex X of the prefractal

graph 'y, relative to the polygonal families Py, and Q,, will be respectively denoted by

p(X,Pn) and p(X,Qpn).

Notation 10 (Lebesgue Measure (on R?)).

In the sequel, we denote by p, the Lebesgue measure on R

Notation 11. For any m € N, and any vertex X of V,,,, we set:

1 (X, Py Q) = :

2 Ny

(X, Pn)

O$j$Nl;m—l,X vertex of Py, j

1 .
PGP > pe(Pry) if X € Q,
0<j<N}"~1,X vertex of Py j
1 .
NP >y pe(Qmy) s if X & P,
1$j$me—2,X vertex of Qp ;
Z M (Pm,j)+p(X7 Qm) Z

fXeP,Nn9,.

Notation 12 (Euclidean Distance).

We hereafter denote by dg,. the Euclidean distance.

lsjsNg”—ZX vertex of Qp ;

He (Qm,j) )

Property 3.1. For any m € N, and any pair (X,Y) of adjacent vertices of V,, belonging to the

same polygon Py, ;, with 0 < j < Ny* —1 (resp., Qp j, with 0 < j < Ny —2), we have that
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dpua(X,Y) =\ 15, + L3, > |hjml

which, due to the inequality given in Property[2.19, on page[19, ensures that

1 1 Dyy—2 (2-Dyy)m
< <L,V s NV
dpua(X,Y)  Thjml =" ’
At the same time, we also have that
(Dw—Q)m

dpua(X,Y) S hy s LY s Ny

Proof. This follows at once from Property on page

Corollary 3.2. For any m € N, any integer j of {(), e, N = 1}, and any pair of points (X,Y)
of Ppn,j or of Qu, j, we have that

Y

1 D=2 (2-=Dw)m
——— <L)V " <N, w
dEucl(Xa Y) " b

and

dpua(X,Y) s h,, s L,zn_DW < NZSDw—2)m'

Property 3.3. For any m € N, and any vertex X of V,,:

and

Proof. This also directly comes from Property on page

Definition 3.3 (Trace of a Polygon on the Weierstrass Curve).

Givenm € N,and0 < j < V" =1 (resp.,0 < j < N — 2), of extreme vertices Vinjtial (vaj) eV,
and Vg (PmJ) €V (resp., Vinitial (vaj) € V,, and
Vend (de) € V,,; see Deﬁnition on page , we define the trace of the polygon P, ; (vesp., Q,, ;)
on the Weierstrass Curve as the set tr, (PmJ (resp.,
tr"/w (Qm,j)) of points {Vinitial (Pm,j) s My, Vena (Pm,])} (I‘eSp.,
{Vim-tial (QmJ) s Moy, Vena (mej)}), where we denote by M, any point of the Weierstrass Curve strictly
located between Vi,;tial (Pmd-) and V.4 (Pm,j) (resp.,
Vinitial (Qm,j) and Vend (Qm,j ))
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Definition 3.4 (Sequence of Domains Delimited by the Weierstrass IFD).

We introduce the sequence of domains delimited by the Weierstrass IFD as the sequence (D (me))me N
of open, connected polygonal sets (P, U Q,,,),,, en, Where, for each m € N, P,, and @,, respectively
denote the polygonal sets introduced in Definition [2.5] on page

Property 3.4 (Domain Delimited by the Weierstrass IFD).

We call domain, delimited by the Weierstrass IFD, the set, which is equal to the following limit,

D () = 111%0D(rwm) ,

where the convergence is interpreted in the sense of the Hausdorff metric on ]R2; see Remark; on
page below. In fact, we have that

D (Tyw) =Ty .

Proof. Note, first, that the sequence (D (me))meN can be replaced by its closure (5(me))meN,

with closed polygons 7_3m j and @m,j, instead of open polygons P, ; and Q,, ;, used in the counterpart
of Definition on page 27| just above. We can then easily prove that the sequence (5 (me))meN
converges to the Weierstrass Curve I'yy. This simply comes from the fact that, given any (positive)
infinitesimal € = (ez)m €N (in the sense of Definition on page , there exists an integer mg such
that

Ymzmg: DTy )CD(Tw em),

where D (T, ,&,,) denotes the (tubular) (m, e, )-neighborhood of the Weierstrass IFD introduced
in [DL22al; namely,

D (T, cm) ={M € R*, d(M,Ty, ) <en}.

This also ensures that

lim p, (5(me)) =0.

m— 00

Remark 3.2. In our proof, we have considered the limit of the sequence

(5(me))m€N

in the set—theoretic sense. In fact, we could have considered, instead, the Hausdorff limit of this
sequence; i.e., by using the Hausdorff metric dy on R?. This would not have changed our result, since

dy (D (Tyw,,) . Tw) = dy (D (Ty,.) . Tw) -

As we explained in our proof just above, there exists an integer mg such that,

Ym= mg - 5(me) C D(me,{fz) .
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This ensures, for all m = mg, any j in {0, LN — 1}, any point P € P, ; C 5(me)
(resp., Q € Qp; C 5(me)), and any point M € tr,,, (Pmyj) (resp., M € try,, (vaj)), that the
Hausdorff distance dy (P, M) (resp., dy(Q, M)) between P (resp., @) and M is such that

] I m
d’H(PvM) = max o sup dEucl(PaM ) ’ sup dE’ucl(P ,M) r < Em
M etr, (Po;) P'ePpn;
<éenm <em
] I m
resp., dH(Qv M) = maxy sup dEucl(Q: M ) ) sup dEucl(Q 7M) S Em |
MIEtT'yw(Qm,j) Q'eQm,j
<en S em

as desired. It follows that
dy (Y_D(me) ,Fw) < 62 - 0.

Hence, D (I'yy) is the Hausdorff limit of (D (T'yy, ))
we deduce that D (T'yy) = T'y.

mens and so, by the uniqueness of such a limit,

Notation 13 (Minimal and Maximal Values of the Weierstrass Funnction W on [0, 1]).

We set
in W(t) = —— M W(t) = —
myy = min = -0 = max =—.
W elo] 1-A W el 1-A
Notation 14. Henceforth, for a given m € N, the notation Z means that the associated
XePmlUQm

finite sum runs through all of the vertices of the polygons belonging to the sets P,, and Q,,, introduced
in Definition [2.5] on page [I1} see also Notation [7, on page [12] following that definition.

Property 3.5. Given a continuous function u on [0,1] X [myy, My, ], we have that, for any m € N,
and any vertex X of V,,:

-(3-Dw)m

|15 (X, P, Q) w (X)) < 1 (X, Prns Qi) ( s N,

max |u|)
[0,1]x[m, My ]
Consequently, with the notation of Definition[3.1], on page[23, we have that

em W 1E (X, Py Q) w (X)] s e
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Since the sequence ( Z E;nm) is a positive and increasing sequence (note that the num-
meN

XePyUQm
ber of vertices involved increases as m increases), this ensures the existence of the finite limit

lim e 7N (X P, Q) u(X)

where we have used Notation[IJ), on page 28

Proof. Thanks to Property on page for any m € N, and any vertex X of V,,,, we have that

(X P @) s NPT and i (X, P, Q) 5 NGO

We then recall from Sectionthat, for any m € N, the total number of polygons P,, is N,", while
the total number of polygons Q,, is equal to N} — 1; see Property on page We then have that

S (X P, Q) < N NI

XePnJOm

ie.,

S WX P, Q) s NI

XeP,J9Qm

or, equivalently, due to the relation between the m" cohomology infinitesimal €, introduced in Defi-
nition on page [23] and the Weierstrass parameter NN, ,

S (X P Qu) s ep T,
X€PnJ9m

which, as desired, ensures the existence of the finite limit

( max |u|) lim 62(Dw_2) Z ML (X, Py Q) -
[0,1]x[mw, My ] m=0eo XePnUOm

Property 3.6 (Polyhedral Measure on the Weierstrass IFD).

We introduce the polyhedral measure on the Weierstrass IFD, denoted by p, such that for any con-
tinuous function u on the Weierstrass Curve, with the use of Notation[11], on page[25, and Notation [T},

on page [2§,
[ wdn= tw ™S (X Q) u(X) () ®)
Tw " XePnU9m
which, thanks to Property[3.4, on page can also be understood in the following way,

[ wdy = [ wdp .
Tw D(Tw)
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Remark 3.3. In a sense, our polyhedral measure can be seen as a measure which is an extension of
the Riemann integral, where the step functions are replaced by upper and lower affine functions which
approximate the Weierstrass Curve.

Theorem 3.7.

The polyhedral measure u is well defined, positive, as well as a bounded, nonzero, Borel measure
on D (T'yy). The associated total mass is given by

p(D(Ow)) = p(Tw) = Tim e W™ 5" (X P, Q) (x#) (9)
XePnlUQm

and satisfies the following estimate:

W) < 5 (Vo= 1)’ Cop (x5%) (10)

Furthermore, the support of p coincides with the entire curve:

suppp =D (Ty) =Ty .

In addition, p is the weak limit as m — oo of the following discrete measures (or Dirac Combs),
given, for each m € N, by

= em VST W (X P, Q) O
XeP,Uom

where €, denotes the m!" cohomology infinitesimal introduced in_Definition on page Ox 18 the
Dirac measure concentrated at X, and we have used Notation on page % for uﬁ (X, P, Qm),

along with Notation [I4, on page[28

Proof.

For the sake of simplicity, we restrict ourselves to the case when N, < 7. When
Ny, = 7, there are reentrant interior angles (see Property on page , which result in the fact
that for m € N* and 0 < j < N} — 1, each polygon P,; 1s not necessarily convex. This significantly
lengthens the corresponding proof which, however, consists of a mere, but cumbersome adaptation to
this configuration of the present proof.

i. 1 is a well defined measure.

Indeed, according to Proposition [3.5 on page the map ¢

u e p(u) = L udp
w

is a well defined linear functional on the space C (I'yy) of real-valued, continuous functions on I'y,.
Hence, by a well-known argument, it is a continuous linear functional on C (T')y), equipped with
the sup norm. Since I'yy, is compact, and in light of relation in Property on page o is
a bounded, Radon measure, with total mass ¢(1) = (D (T'yy)), also given by inequality (9), and
where 1 denotes the constant function equal to 1 on I'yy,.
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Then, according to the Riesz representation theorem, the associated positive Borel measure (still
denoted by ) is a bounded and positive Borel measure with the same total mass . (D (T'yy)) = p (Twy).

1. The nonzero measure — Estimates for the total mass of p.

For0 < j < N;" — 1, each polygon P, ; is contained in a rectangle of height at most equal to (N, — 1) Ay,
(where h,, is the maximal height introduced in part iv. of Definition on page , and of width at
most equal to (N — 1) L,,,. This ensures that the Lebesgue measure of each polygon P,, ; is at most

equal to (IV, — 1)2 hyn Loy, We now recall that, thanks to Property on page for any m € N,
we have the following estimate:

2-Dyy
hin, < Cgyp Ly, ,

where

2-D
Coup = (Ny — 1 " max
sup = (Np = 1) 0<j<Ny—1

Jj+1 J
W(Nb—l)_W(Nb—l) "

Consequently, the Lebesgue measure . (Pmyj) of each polygon P, ; is such that

27 )
(Ny—=1) (AN, =1) )

127 (Pm,j) < (Nb - 1)2 Csup ng_DW . (11)

In the same way, for 0 < j < Ny — 2, the Lebesgue measure p, (’Pm,j) of each polygon Q,, ; is
such that

127 (Qm,g) = (Nb - 1) CsupL3 DW

We then deduce that, for any vertex X of V,,,,

(12)
1 3-D
ﬂ(Xa,Pmagm) < M(N ) CsupL e

Hence, since the total number of polygons involved is at most equal to
2N, —1<2N,", we can deduce that

2N 3-D
Z (X Pma Qm) = —b( 1) CsupL W
XerUQm
or, equivalently,
e” (3-Dw)
Z (X Pm7Qm) \2_(Nb_1) Csup % v
XerUQm

We then have that

m - 2
gm(DW 2 Z /Lﬁ (vama Qm) < F (Nb - 1)2 Csup <00
b
XeP,J9m

from which we can deduce that the polyhedral measure is a bounded measure.

For 0 <j < Ny" -1, each polygon Pmyj (which is convex) contains an inscribed circle, whose
znf
C’N ’

Definition [2.6lon page [12, and where CNb is a strictly positive constant, which depends on the value

of the integer N, (depending on the number of sides of the polygon, i.e., depending on the value of

Lebesgue measure is greater than where hiﬁf is the minimal height introduced in part iv. of
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this integer, we can express the radius of this circle in function of the side lengths of the polygon). We
now recall that, thanks to Property on page for any m € N, we have the following estimate:

Cing L2 < bl

where

2-D . Jj+1 J
Cing = (Ny = 1) 7" min , IW(N—l)_W(N—l)"
OsjsNb—l,W( 254 );ew( NZ-l) b b

Consequently, the Lebesgue measure pi, (vaj) of each polygon P, ; is such that
Hr (Pm,j) = C = C
N, N

b

In the same way, for 0 < j < Ny — 2, the Lebesgue measure 1, (Pm,j) of each polygon Q,, ; is
such that

hin! Ly Cing Lo ™

N, N,

b

We then deduce that, for any vertex X of V,,,

3-D
1 ClnfLm W
(X, P, Q) 2 FbC—Nb

m
Hence, since the total number of polygons involved is greater than IV, — 1 = Tb’ we can deduce
that

3-Dyy
c Ny Cing Ly,
2 X P Q) 2 5

XeP,U9m

or, equivalently,

-m Cz m (3—=Dyy)

Y (X P, Qn) 2
XeP, U 2= M,

We then have that

m - 1 Czn
emP N (X P Q) 2 L>o,

XePnUQn 2(Np = 1) Mo O,

from which, upon passing to the limit when m — 0o, we can deduce that the polyhedral measure is a
nonzero measure, and that its total mass satisfies inequality , on page

119. The support of p coincides with the entire curve I'yy,.

This simply comes from the proof given in i¢. just above that the measure p is nonzero. In the
case of a positive, continuous function u defined on the Weierstrass Curve, we have that

Q(Nb_l)NbCM

en N W (X Py Q) ul(X) 2

min|u|) >0.
XeP,lUom

I'w
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Hence, upon passing to the limit when m — oo, we deduce that
p(u) = J udp >0,
T'w
and thus, ¢(u) # 0, from which the claim follows easily.
Indeed, otherwise, if supp u # I'yy, there exists M € Ty, \ supp u, and thus, by Urisohn’s lemma
(see, e.g., [Fol99], [Rud87] or [Rud9l]), there exists u € C (I'yy,) and an open neighborhood V(M)

of M in T'yy, disjoint from supp p and such that

w(M)=1 , 0<wus<l , andur,\vu)=0.

Hence, by the above argument, ¢(u) # 0, which contradicts the fact that
M ¢ suppp (see, e.g., loc. cit.).

iv. p is a singular measure.

First, note that

L
1% (FW) =Oa

because Dyy < 2, and, up to a multiplicative positive constant, ML coincides with the 2-dimensional
measure on R?. Now, since supp u C T'yy, and ,uﬁ (T'yy) =0, it follows that p is supported on a set
of Lebesgue measure zero, which precisely implies that p (viewed as a Borel measure on the rectan-
gle [0,1] X [myy, Myy] in the obvious way), is singular with respect to the restriction of uﬁ to this
rectangle.

v. p is the weak limit of the discrete measures p,,.

Indeed, this follows at once from the latter part of Property on page according to which,
for every u € C ('),

J wdy = lim U d by,
Ty m—00 )y,
as desired.

This completes the proof of Theorem given on page

Remark 3.4. This choice of measure is obtained in the same manner as the one we introduced while
working on the Arrowhead Curve [Dav20]. In our present case, however we define the measure more
precisely, as well as establish several new properties.

Considering a two-dimensional measure is both essential and natural in so far as we will consider
geometric conditions and two-dimensional nets in Section

33



4 Atomic Decompositions — Trace Theorems, and Consequences

We begin this section by discussing Markov’s Inequality and a closely related smoothness condition.
Our goal, in this first part of Section {4l is to show that the Weierstrass Curve satifsfies Markov’s

Inequality (see Property on page .

Definition 4.1 (Markov’s Inequality on a Subset F of R" (see [JW84], Chapter II, Defini-
tion 2, on pages 34-35)).

A closed, nonempty subset F of R" preserves Markov’s Inequality if, for all positive integers N,
any real polynomial P with dp variables, of degree at mots equal to N, any point X € F, and any
real number r € ]0,1]:

Pn,N, F
max |V P| SLH) max |P|,
FnB(X,r) r FnB(X,r)

where ¢ (P,n, N, F) denotes a positive constant that depend on n, P, N and F.

Definition 4.2 (Smoothness Geometric Condition (see [JW84], Chapter II, Theorem 2,
on page 38)).

A closed, nonempty subset F of R" satisfies the smoothness geometric condition Ggmeotp if, for
any strictly positive number ¢, there exists a point X € F, a real number r € ]0,1], and a normed

vector b € R" such that the intersection

FnB(X,r)

is contained in a band of the type

{x e R?, |b.(x — X)| < 67"} :

Remark 4.1. A smooth curve satisfies the geometric condition Ggpooth-
In a sense, the Markov inequality means that locally, the curve is sufficiently flat.

Theorem 4.1 (Necessary and Sufficient Condition for a Subset F of R"” to Satisfy Markov’s
Inequality (see [JW84], Chapter II, Theorem 2, on pages 38)).

A closed, nonempty subset F of R" preserves Markov’s Inequality if and only if, for every strictly
positive number €, the geometric condition Gepmooth, does not hold.

Proof.

The following proof is inspired by the proof given in [JW84], Chapter II, on pages 38-39, but
rewritten and containing much more detail and precision.
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Figure 6: A smooth curve satisfying the geometric condition Gg,,00th -

i. Let us assume that the geometric condition Gg,,00ts holds. Then, for all € > 0, there exists X = (zq,...,2,) € F,
along with € ]0,1] and a unit vector

b= (b ...,b,) € R" such that
FonBX,r)c{z eR", |b:(z-X)|<er},

which of course, in the case when € < 1 implies that

FnBX,r)yc{z eR", |b-(z-X)|se<1}.
By considering the polynomial P € R[X7,..., X,,] such that

P(IB) =b'($—X) :bl(xl_X1)+"'+bn(mn_Xn)a
we obtain that
0< max |P|<max|b:-(xz—X)|<1.
FnB(X,r) z€R™
At the same time, we have that
Vo= (zy,...,2,) € R": VP(z)=b,
which, since b is a unit vector (i.e., |b| = 1) ensures that
max |VP|=1|b|=1> max |P].
FnB(X,r) FnB(X,r)
Consequently, there cannot exist any positive constant ¢ (P, n, N, F) depending on n, P, N and F
such that

Pn, N, F
max |VP|$M max |P|.
FaB(X,r) " FnB(X,r)

Indeed, note that, in such a case, we would have that

max |V P| max |P|
r FnB(X,r) FnB(X,r)

Pl — v P| > > ,
Fmax 1P c(P.n,N,F) Fhmax VP c(P.n.N,F) _ c(P.n.N,F)
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where max |P| > 0.
FnB(X,r)

i1. Conversely, let us assume the existence of a strictly positive real number € such that the geometric
condition Gg,oetn does not hold.

By considering a first degree polynomial P € R[ X7, ..., X,,] such that
n
Vas=(o,....0,) €R": P(z)=b-(v-Xo)+a=) bj(x;—X;0)+a,

7j=1
where b= (by ...,b,) € R" is a unit vector, a € R and Xy = (Xo1 ..., Xo,) belongs to F, we then
obtain that

and, obvioulsy,

Vo= (x1,...,2,) €ER": |VP(z)| =|b]=1.
Since the geometric condition Gg,e0tn does not hold, there exists € > 0 such that, given r € ]0,1],
we can then find a point
X, = (X171 . ,le) € FnN B(Xo,T),
satisfying

[b- (X1 = Xo)| zer,

i.e., equivalently,

|P(X1) — P(Xg)| zer.

Consequently,

1
|P(X1)| Z er+ |P(Xo)| =er+a| = & |[P(X1)| 2 e+ |;L|-

We then have to consider the following two configurations:

~ — < |a| €7, where k > 1 :

r
k

In this case, we have that

==
\
[}
+

1
T |P(X1)| Z €+
We then obtain that

1 1
(5+%) r fﬁB(X,r)

or, equivalently,

1
Ty max |P| 2 max |VP|,
(5 + E) r FOB(X,r) FAB(X,r)
[ —

in which case the inequality holds.
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~ lal > r:

In this case, we have that

1
T |P(X1)| >e+1.
We then have that

1 1

_ Plz — |P(X =1
(1+¢e)r fr{%f(l?(,r)l | (1+€)r| (X1 ’

or, equivalently,

1
O+or max |P|2 max |VP|,
e)r FaB(X,r) FB(X,r)
| —
1

in which case the inequality also holds.

The remainder of the proof, i.e., when P € R[ X7, ..., X,,]is not a first degree polynomial P € R[ X7, ...
is obtained by induction. For the sake of concision, we only present the case when P is of degree N = 2
and is of the following form:

n N
Vo=(x,...,2,) ER ¢ Plz)=(-(z-Xy)) ,
where b = (b; ...,b,) € R" is a unit vector and X = (XOJ -~-,X0,n) belongs to F. In this case, we
have that
n N-1
Va=(x1,...,2,) ER ¢ VP(xz)=N (b (xz—Xp)) b

and, consequently,

Vo= (21,....,0,) ER": |VP)|=N|b-(xz-X)|V .
Again, since the geometric condition Gg,,,00tp does not hold, there exists € > 0 such that, givenr € ]0, 1],
we can then find a point
X, = (Xl,l .. 'aXl,n) eFn B(Xo,r)
satisfying

b (X1 —Xo)| zer.
We then have that, for all z = (x1,...,2,) € F N B(Xq, ),
max |P| 2 [b- (X, - Xo)| b+ (z - Xo)| "7,
.FnB(Xo,T)
which ensures that
max |P|=|b-(X; - Xo)| max |b-(z-X)|" ",
FnB(Xy,r) FnB(Xo,r)
i.e., equivalently,

er
max |P|z-— max |VP|,
FaB(Xo,r) N rFaB(Xor)
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in which case the inequality holds.

When, more generally, P is of degree N = 2, of the following form:

N N
Vos=(op,....2,) €R": Pla)=) B (bp-(z= X)) =) B (- (o= X))
k=0 k=0

where, for 0 < k< N, (8, denotes a real number, while by = (bk,l ...,bk,n) € R" is a unit vector
and Xo = (Xo1 ..., Xo,) belongs to F, we apply the result given in [JW84], on page 37 (Proposi-
tion 4), which states that if Markov’s Inequality is valid for all polynomials P of degree 1, then F
preserves Markov’s Inequality. It is based on the fact that, since the geometric condition Gg,p0tp, does
not hold, for 0 < k < N, there exists € > 0 such that, given » € ]0,1], we can then find a point

X =(X1g ..., X10) € F 0 B(Xg,7)
satisfying
b+ (X1 — Xo)| zer

and hence, obviously,

k k k
|Bk| |bk;‘(X1—X0)| = |ﬁk| €r .

This ensures that

N N
k k k
max Pl = b - (X1 — X = €r .
F o o 1P1> 2 18] I (6 = X0) "> )15
We also have that

N k

max |P| < Z |Bk| .
k=0

FnB(Xo,r)

Since, at the same time,

N
Vo= (,...,0,) €ER": VP(x) =) k(b (z-Xox))" B
k=0

and, consequently,

N
n k-1
Vas=(o,...,2,) €R": |[VP@) <) kBl |br- (2= Xop)|"
k=0

we have, in the same manner, that

N
_ 1
max |VP|< Zk | B | 1< 2 max |P| ,
FnB(Xo,r) = T FnB(Xo,r)

which is the desired result.
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Property 4.2 (The Weierstrass Curve Satisfies Markov’s Inequality).

The Weierstrass Curve does not satisfy the geometric condition Geneoth, 0nd, therefore, satisfies
Markov’s Inequality.

Remark 4.2. A general result that could directly be applied to the Weierstrass Curve is given in the
book by A. Jonsson and H. Wallin ([JW84], page 39):

Theorem 4.3. If F C¢ R" is a d-dimensional set such that d > n — 1, then F preserves Markov’s
Inequality.

Yet, the proof requires the use of d-measures. We propose a specific geometric proof that applies
to fractal curves.

Proof. Building upon our results on the polygonal neighborhoods of the Weierstrass Curve (see [DL23h]),

we can restrict ourseves to the m'" prefractal approximations I'yy, _, for m € N* sufficienly large. In-
deed, thanks to Property |2.5] on page|§|7 the set V* = U Vi, is dense in the Weierstrass Curve Tw,,-
neN
Let us consider a point X = X,,, belonging to the m'" prefractal approximation I'yy, , for m € N *
sufficienly large. We presently aim at determining a strictly positive number e such that the intersec-
tion B(Xy,, Ly,) N Ty, (where L, denotes the elementary horizontal length, introduced in part i. of
Property on page cannot be contained in a band of the type

D={x eR* |b-(z—-X)|<eLp}={z € R® |b-(z - Xp)l <eLn},
where b denotes a unit vector of R

Intuitively, one understands that the geometric condition cannot hold, because of the specific prop-
erties of the maps T;, 0 < i < N, — 1, which extend distances vertically (see [Davl19]).

Thus, the simplest way to show that the condition cannot be satisfied could be achieved by finding
a nonnegative integer p and an adjacent vertex Y € I'y,  of X such that Y does not belong to the
band D.

N

L
P Tu (Pje1)

The Euclidean distance dg,(X,Y) is given by
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where hy, 4, is the (m + p)th maximal height introduced in relation (4)), on page

Thanks to inequality [5 on page [T9] there exists a nonnegative integer p such that

\/§hm+p < Lm:
since
2-D
hm+p < Csup Lm+pw
L, L,, ’
where the constant Cy,, is the constant involved in Property on page and where
2-D _
Lm+pW _ L'})’L DW _ ].
L, Nb(3—Dw)p (N — 1)1=Dw Né3—Dw)p+(1—Dw)m '

In the case when N, — 1 > 1, the positive integer p has thus to be choosen such that:
(3—Dw)p > (DW - l)m

As is done in the previous work of the first author in , we recall that a convenient cover
of I'yy  between X and an adjacent vertex Y € Wy of X requires at least:

3-D
Rpgp X L Cint Lmar”
m+p2 3 P < me n;p squares of side length € L,,, ,
e Lz, e Lz,

___________________

_______

______________

.........

_________

e e o e

where
-D _ _
L'?n+pw ~ L73n Dyy _ L}n Dyy
L2, L2, NOPwie N(fB—DWM'

We thus deal with the restriction of the band D to a vertical band of width 2 L,,,, which can be
thus covered by at most

2¢L, x2L,, 4C

C x = —
(€ Lyp)? €

. with C' >0,

40



squares of side length equal to € L,,.

Therefore, provided that

40 G Lin_+?3w

< — ,
€ e L2,
ie.,

3-D
Cinf Lm+pW

4C 12,

or, equivalently

Cing Ly P
4C A/(3-Dw)p’
Ny w

€<

the vertex Y does not belong to the band D, which is the expected result.

Remark 4.3. We can check that our upper bound

C’m,f LI—DW

m

40 NIS3_DW)p

is explicitly a very small one, in fact as small as one chooses, whereas the one given in the book [JW84],
on page 40, is of the following form:

N
Constantd-(»~-1) 1< d<n,

where the real positive constant is not explicitly known, in particular, it is not specified wether the
constant is greater or less than 1.

Notation 15 (Set of Polynomials in Two Real Variables).
In the sequel, R[ X, Y] denotes the set of all real polynomials in two real variables.

Given k € N, we will denote by Pol;, C R[X,Y ] the set of all real polynomials in two real variables
of degree at most equal to k.

Definition 4.3 (Two-Dimensional 7,.-Net ([Wal91], on page 119)).

Given a strictly positive real number r, we will call two-dimensional w,-net a tessellation of R? into
half-open, non-overlapping squares of side lengths r, obtained by intersecting R? with lines orthogonal
to the coordinate axes.

Definition 4.4 (Two-Dimensional Polygonal 7 ,,-Net, m € N).
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Figure 7: A two-dimensional 7,-net.

Given a strictly positive integer m, we call two-dimensional polygonal myy ,-net a tessellation of R?
into half-open Nj-gons of side lengths at most equal to v/2 h,, which contains the set of polygons

Ny -1 Ny -2

U Pm,j U U Qm,k
§=0 k=1

Figure 8: A two-dimensional polygonal my ,,-net. Note that the polygons are not necessarily isometric.

Property 4.4. Given a strictly positive integer m, the following properties hold:
i. For any integer j € {0, LNy - 1}, and any pair of vertices (X,Y) € (V,, N vaj)Q:

dpua(X,Y) € Ny hyy 5 Ny W70

ii. For any integer j € {1,...,Ny" =2}, and any pair of vertices (X,Y) € (Vi N Qm’j)2:
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dpua(X,Y) $ Nyhy < N, " E7P9)

Proof. This simply follows from the fact that the polygons have N, sides, and that two adjacent

vertices are distant from at most an Euclidean distance equal to h,,.
O

Notation 16 (Set of Piecewise Polynomial Functions on a Polygonal Net).

Given a pair of nonnegative integers (k,m), and a polygonal my ,,,-net, we denote by Polj, (WW,m)
the set of non-smooth splines of degree £ on myy ,,, i.e., piecewise polynomial functions on myy ,:

Poly, (ﬂ'W’m) = {splz'ne such that for any polygon P € myy

there exists P € Poly, :  spline;p = Pl'p}

Definition 4.5 (Atoms (Generalization of [Kab12])).

Given a strictly positive real number s < 1, a real number p > 1, two nonnegative integers m
andj € {O, LN - 1}, a function f,, ; defined on the prefractal graph I'yy, will be called a (Py, ;, 5, p)—
atom if the following three conditions are satisfied:

i. Supp fm,j c Pm,j;

it. VX € Vi, 0Pyt
_s _1
| fin i (X)| < pip (Pj) PP

or, equivalently,
s 1
| Fm g (X)] 5 (NP

iti. ¥ (X,Y) € (Vi N Ppy)”

s=1 _ 1
|fm7,](X) - fm,J(Y)| < dE’u,Cl(X7Y)H£ (Pm,])DW D ,
or, equivalently,

1

s—1
(Dw=3)m\ Dy ~
| £ (X) = fon (V)] S dpua(X,Y) (NP0
Similarly, given a strictly positive real number s < 1, a real number p > 1, two nonnegative

integers m and j € {1, LN = 2}, a function g, ; on the prefractal graph Ty, ~will be called
a (Qm,j»s,p)-atom if the following three conditions are satisfied:
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i. SUPP gm,j C Qm.j;

ii. VX € VN Qpj

s _1
|gm,j(X)| < g (Qm,j)DW P
or, equivalently,

_s _1
lgm g ()] = (7 0m )P

iii. ¥ (X,Y) € (Va0 Q)

=11
|gm,j(X) - gm,](Y)| < dEucl(X7Y) 1374 (Qm,j)DW

or, equivalently,

1
|9m. (X)) = gim (Y| £ dpua(X,Y) (NéDW_g)m)DW "

Remark 4.4 (Atoms as Holder Functions).

Insofar as,

V(X,Y) € (VN Ppy) ¢ dpaa(X,Y) s N, 7P

b )
the above condition 4i. for a (P, ;, s, p)-atom can be also written as

V(X,Y) € (V0 Ppy)

—-m(2-D Dw—-3 s=1 1
|fm7j(X)_fm,j(Y)| 5Nb ( w)+(Dywy )m( )

Dy »p
9y
which corresponds to a Holder exponent of

2—-Dy, \ Dy P

Note that, due to their definition, (P, ;, s, p)-atoms are necessarily continuous.

1_(3—DW) (3—1_1)'

An entirely similar property holds if the polygons P, ; are replaced by their counterpart Q,, ;,
and the (P, ;, s, p)-atoms are replaced by the (Q,, ;, s, p)-atoms.

Remark 4.5 (Atoms Associated with the Weierstrass Function).

In the case of the Weierstrass function W, for any m € N, and any pair (X,Y") of adjacent vertices
in V,,,, we have that
2-D
|W(X) _W(Y)l < dEucl(X7Y) j
By the triangle inequality, we immediately deduce that,
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V(X,Y) € (Vi 0 Poy)? (resp, (Vi Q) ) :

IW(X) = W(Y)| € dgua(X, V)77V

At the same time, thanks to the estimates given in Property on page and in part .

of the proof of Theorem on page (see relation and relation ), for any polygon P, ;
(resp., @, ;), we have that

.7\/',)(DW_3)m < ur (Pm,j) < NIEDW_3)m (resp., NéDW_g)m < ur (Qm,j) < NéDW_g)m)

9

or, equivalently,

3-D

3-Dyy SOW
dEucl(X7 Y)2_DW < pg (Pm,j) S dEucl(X7Y)2_DW
3-Dyy 3-Dyy
(resp., dEucl(Xa Y)2_DW < g (Qm,j) < dEucl(Xa Y)Q_DW> .

We then deduce that

V(X,Y) € (Vpn Pm,j)Q (resp., (Vi N Qm,j)2> :

2-Dyy

IW(X) = W) S dpua(X,Y) g (Pry) ) 500

2-Dyy

(resp., IW(X) =W(Y)| < dpua(X,Y) pr (Qm,j)(l_DW) 3‘DW> .
It then follows that

s 1 2-Dy . _ Dy (1 - Dy) (2 - Dw)
m—ﬁ—(l—Dw)m, l1.e., S§= +DW 3—DW s
and that the restriction of the Weierstrass function to each polygon Py, ;, (resp., @y, ;) is a (Pr, ;, 5, p)-

atom (resp., a (Qy, j, s, p)-atom).

Definition 4.6 (Atomic Decomposition of a Function Defined on the Weierstrass Curve).

Given a continuous function f on the Weierstrass Curve, we will say that f admits an atomic
decomposition in the following form:

Ny -1
fe ot Y Y P A fx
Jj=0 X vertex of Py, ;
Ny -2
+ ) > p(X,9n) Ag,m,j,Xgm,j}
j=1 Xvertex of Q,, ;
Ny -1

= lim { Z Z Atmg, X fmojx

m— 00
Jj=0 Xwvertex of Pp, ;, X ¢ Qp,

+ Z Z {Nmgix frgx + Xgm,j,x Gmoj}
Jj=1 X vertex of Pp, j, X €Pp,NQp,
N -2

+ Z Z )‘g,m,j,X gm,j} )

Jj=1 X vertex of Q, ;, X ¢ Py,
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where, for any m € N, the functions f,, ;, 0<j < N;" —1 and Im,j, 1<J < N;" — 2 are respec-
tively (P j,s,p) and (Qy,j, s, p)-atoms, s < 1, p > 1, while the coefficients A\s,, ;, 0<j < N, —1
and A\g, i, 1 <7< N;" — 2, denote real numbers.

For the sake of simplicity, we will write the above decomposition in the following briefer form, where

N -1
the two summation signs Z and Z have been condensed in the equivalent summation
7=0 X vertex of Py, ;
sign Z as follows:
XeP,UOm
fo=olim Y Apaxfex o= limo Y Ap
XeP,JOm XePnU9m
where
Armg X fmjx i X & Qp, X isavertex of P, ;,0<j < N -1,
< - Ngmg X 9mjx i X & Ppy, X is a vertex of Q,,;, 1 S j<N," -2,
)‘f,m,X fm,X =

Afomg X fm, g x¥Agm g, X Gm.j,x fmojx, X € Py Qpy s
X is a vertex of Py, ; and Q,, ;, 1 <jSN, - 2.

For any m € N, we say that S\ng is the m™"-atomic coefficient.

From now on, the functions fm « and f,, will be called (m, s, p')-atoms. In the sequel, we will use
the most suitable notation among these two possibilities.

Property 4.5 (Atomic Decomposition of Spline Functions in
Poly, (WN(DW—3>n), n € N).
b

Given a pair (n, k) of nonnegative integers, a spline function (denoted by spline) in Poly, (WN(DW—3)n)
b
admits an atomic decomposition of the form

spline = lim Z Asm.x Spline,, x
m— 00 e ’

XePnJOm

Proof. This directly comes from the definition of functions of Polj (WNI:L) as piecewise polynomial
functions.
O

Property 4.6. Given the polyhedral measure i on the Weierstrass Curve I'yy, and a continuous
function f on 'y, of atomic decomposition

f = lim Z Am.x fnx s

m—00

XePrlU9m

we have that

. m (Dyy— Y 3
[ = i Y R i (X, P Q)
bIw) XePnUQnm
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Note that since the Weierstrass Curve I'yy satisfies Markov’s Inequality (see Pmperty above, on
page @), this ensures a good quality of our atomic decomposition, in the sense that the corresponding
and forthcoming characterization of Besov spaces on 'y, will be obtained in a constructive way, along
the lines of the work by Alf Jonsson in [Jon0Y].

Proof. This simply follows from the definition of the polyhedral measure on the Weierstrass Curve

provided (and justified) by Property on page
O

Remark 4.6. Such a decomposition makes sense since the set of vertices (V,,),,en is dense in I'yy.
Thus, because we deal with continuous functions, given any point X of the Weierstrass Curve, there
exists a sequence (X,,),, ey such that

F(X) = Tim f(X0n),

where, for any m € N, X,,, belongs to the prefractal graph I'yy, .

We can naturally write f(X,,) as
FXm)= Y F(¥) 0x,y, (Xim) (13)
Y €V

where 0 is the classical Kronecker symbol; i.e.,

VY, €V, : 5mem(ym)={é, if Y, =X,,

This, of course, yields
FX)=Tm Y f(¥im)dx,v, (Ym).
m— 00
Yim € Vi
Now, we can go a little further and, as in [Str06], introduce spline functions z/z?}m such that
. m | ox,v, VY €V,
VY e 'y me(Y)—{ 0. VY &V,
and write
FOX) = dim o (V) WK, (V)
Y €V

which is nothing but an application in this context of the Weierstrass approximation theorem. In
particular, spline functions are a natural choice for atoms.

Convention. In the sequel, all functions f considered on the Weierstrass Curve are implicitly sup-
posed to be Lebesgue measurable.
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Definition 4.7 (L’-Norm of a Function on the Weierstrass Curve).

Given a function f on the Weierstrass Curve, we define its L”-norm as follows:

(L)(rw) |f|pdu>;

1

P

(%L‘%oszww—” > X P Q) 7]
XEP’ULUQ’UL

1 2o o)

Property 4.7 (L”’-Norm of a Function on the Weierstrass Curve Defined by Means of an
Atomic Decomposition).

Given a positive integer p, and a continuous function f on I'yy, whose absolute value | f| is defined
by means of an atomic decomposition as

Ifl=lim > X [l

m—00

XE€PnU9m

the L -norm of f with respect to the measure j is given by

(j Iflpdu)p
D(Tyw)

1

p

. m (Dyy—3) L p P

('rrlll—{r(lx) Em Y Z 'u (X, Pm7 Qm) A|f|77’n:.]7)( |f|m’~]’X
XeP,U9m

1l Loy

In particular, we have that

1 = d
Wl = [, 171
. m (Dyy—2 L 3\ 7
- W:E,I—I}(}X) 5m( ¢ ) Z H (X7 Pm’ Qm) )\|f|7m7.77X | |m7j7X ’
XGPmUQm

Remark 4.7. In the above definition, two limits are a priori considered at the same time; the limit
associated to the integral, with respect to the polyhedral measure p, namely,

. Dyy—-2 L
lim PV N (X P, Q) RO
m—00
XeP,U9m
and the limit associated to the atomic decomposition
: % P
dm oY Mg [P
X E€Pm, U Om

In fact, these two limits coincide.
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Definition 4.8 (Besov Space on the Weierstrass Curve (Extension to the Weierstrass
Curve of the result given by Theorem 6, on page 135, in [JW84])).

Given k£ € N, a real number « such that

k<ask+1,
and two real numbers p and ¢ greater or equal than 1, the Besov space B2 (T'yy) is defined as the set of
functions f € LP(u) such that there exists a sequence (¢, ),,en € £7 of nonnegative real numbers such
that for every WNIEDWfS)m—l’let, one can find a spline function spline ﬂNéDWfS)m) € Pol[a] (WNIEDW—S)m)
satisfying

) < NZEDV"_?’)mOécm7 for allm € N,  (Condpesov spline)
I

|lf — spline <7TNb(DW—3)m)
where, if we write the respective atomic decompositions of f and spline <7r N(Dw—3)m) as
b

f = lim Z 5\f,m,X .fm,X7

m—00
XePn, U Om
and
spline (Wﬂ (Dyw-3) ) = lim ( ) spline (7T (Dw%)m) )
NyowTem m—00 spline| _3Ym |,m, N, X
b XE’Pm U Qm D NIEDW 3)m m,
we then have that
P
Hf — spline (W”NWW%) m) =
b LP(u) — »
= lim EZZ(DWJ) Z uﬁ (X, Py Q) N 'f — spline (TI'N(DW—S)m) ;
moe XePmUQm ‘f""l’””e(”NéDw—sm) m, X b mX

here, for the sake of simplicity, we have introduced the atomic decomposition of ' f — spline (77 A DW=3)m )'
b
as

‘f — spline (WWNIEDW_S)M)

= lim Z A 'f — spline (77 (Dw—3)m)' .
m— 00 —spli -3)ym ||,m,X Nb X

Remark 4.8. The atomic decomposition used in [Kabl2] is obtained by introducing small neighbor-
hoods of the curve under study (union of balls). Our polygonal domain introduced in Definition
on page |41 appears to be a more natural choice. Indeed, unlike the aforementioned balls, the polygons
involved do not overlap with each other, which works better for the required nets.

Definition 4.9 (Besov Norm).
Given k£ € N, a real number « such that

k<ask+1,
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and two real numbers p and ¢ greater or equal than 1, one can define, as in [Wal91], the BE? (T'yy)-
norm of a function f defined on the Weierstrass Curve as

1
q
Il szor,,) = ||f||LP(FW)+inf{ZCZ} ,

neN

where the infimum is taken over all the sequences (c,,),,eny € ¢¢ of nonnegative real numbers involved

in condition (Cond Besov splme) in Definition on page [49| just above.

Remark 4.9 (Alternative Definition of a Besov Space on the Weierstrass Curve).

One of the interesting properties of Besov spaces is that they can be defined in two different ways:
first, as given previously in Definition on page [49] by means of a polynomial approximation,
which provides information on the degree of regularity of the functions involved; also, as the set of
functions of a finite specific norm as in Definition on page [49] This latter definition is all the
more interesting, because it enables one to establish connections with discrete and fractal Laplacians,
by means of the fractional difference quotients involved. Our present case is, of course, distinct
from the classical one on R", with N € N. Yet, the case of R", as it can be found in [TW&4],
Chapter 1, Section 1.5, on page 7, enables us to understand the underlying connection; namely,
fora>0,1<p<ooandl<qg< o0,

, N
By (RY) =

1

firstdiff. ~j #||9 a7
A D' f|
N j || h LP(Tyy)
=1f e L*(R), D’ f + J - dh}t < oot ,
|j|sz[a] || | LP(Ty) |]|=Z[a] RN |h|N+(a [a])q
where [a] denotes the integer part of the positive number «, while Aimtdiff " is the usual first

difference, defined here by

VteTy Yh e R, AT pay = pt+h) - f(t).

The difficulty, in our case, is to obtain an equivalent formulation. For our forthcoming purpose of
determining the order of the fractal Laplacian on the (fractal) Weierstrass Curve I'yy, in Corollary
below, on page we will restrict ourselves to the case where o < 2. 'We thus have to deal with
expressions of the following form,

LGRS GETES L
D) || VH(ertala '

Thanks to the Minkowski inequality, we of course have that, for all points (X,Y,T') in (D (FW))3,

I A1)+ FO0) =2 f (O 7
D(Fw) |h|N+(a_[a])q =

_ F(T) - FCOT ) - )
) UD(FM || N*(eleDa dh} +Up<rw> || N+ (eleDa dh} '

In our present context, the term
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F(T) + f(Y) =2 £ )7
“mrw) |h|V+(a-TaD)a dh} 7 (15)

where N has to be replaced by Dy, is obtained thanks to the atomic decompositions by means of the
sum of the following positive series,

Sl > (u" (X, P Qo) 1 (Y, i Qi)
(XY, T)€(PrUQm)” Y ~X,T~X (16)
= = = q
p | F@) + P f (V) = 2 £ (V)
/’L (T7Pm7Qm) )‘*,m DW+(a—k)q )
dEucl (X7 Y)

since, for vertices Y ~ X or T' ~ X, we have, thanks to Property on page that

dEucl(X> Y) < d(Xa T))
and where, for the sake of simplicity, we have denoted by 5\*7m the atomic coefficients involved.

As for the terms
|f(Y) - (X))
dh,

D(Tyy) |h|N+(a_[a])q

or, equivalently,
|A(T) - F(X)|*
dh,

D(ry) || VHeleDd

they are obtained by means of the sum of the following positive series,
epa P2 > (/f (Y, Por. Q)
(TY)E (P UQm)?, Y ~T
e a7)

| Fn(T) - fmmlq)

ARy

This ensures that, if the (positive) series in expression (17]) just above converges, the (positive)
series in expression (|16]) also converges, which ensures the existence of the integral given in expres-

sion .

15 (T, Py Q) Awm

Going further, we may note that by applying the same reasoning, we could extend the validity to
higher values of «.

Remark 4.10.

This enables us to obtain the first side of the comparison relation required in order to establish the
equivalence of norms. It is the side that plays the most significant part in the definition of Besov spaces
on the Weierstrass Curve. Thus, characterizing Besov spaces on I'yy by means of the norm introduced
in Deﬁnition on page is directly associated to the definition of a sequence of (suitably renormal-
ized) discrete graph Laplacians (A,,),, ey on the sequence of prefractal approximations (me)
In a sense, it is also connected to the existence of the limit

meN"

lim A,

m—00

o1



by means of an equivalent pointwise formula expressed in terms of integrals, somehow the counter-
part, in a way, of the one which is well known in the case of the fractal Laplacian on the Sierpinski
Gasket [Kig01], [Str06].

Property 4.8 (Characterization of Besov Spaces: Sufficient Condition).
Given a real number o such that

l<as<?2,

two real numbers p and q greater or equal than 1, and a continuous function f given by means of an
atomic decomposition of the form

f=lmo ) N fax

XePnJ9Qm

belongs to the Besov space B (') if the following two conditions are satisfied,

(-0 {a (5= 5o )} + 2= D) D+ (@ = Da) <2 Condnn)

and
Dy Dy
3= Dy D
where the real number s € 10, 1[ has been introduced in Deﬁm’tz’on on page .

<s, (Condpp)

Remark 4.11. As was explained in the introduction, since the Weierstrass Curve preserves Markov’s
Inequality, this ensures the quality of the approximation, when it comes to characterize Besov spaces by
means of atomic decompositions (see [Jon09]), since Besov spaces are then obtained in a constructive
manner.

Proof. (Of Property

Since 1 < a < 2, we have that

1
)+ f(Y) -2 f(X)|? 5"
(] 1£¢ L)
I W, Wz (X.Y.T) € (D)) AT Y) !

By applying the results at the end of Remark on page we can restrict ourselves to expres-

sions of the following form:
1
( H |£(T) = FO)I dﬁz)q
(TY)e (D) dp YT, Y) ’

where, via the atomic decomposition of f,
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JJ |F(T) = F()|* i =
(T.y)er?, dorYTY)

Eucl

= Jm VS (0P, Q) i (VP Q)
(T.Y)€(Pm UQm)?

|£(T) = f(Y)]°
dpr (T, Y)

| 7o) = £ (V)|

= hm Efnm(DW72) /LE (T7 va Qm) /"‘L (K va Qm) 5\ m
3 M age i y)

(T,Y)e(Pm U Qm)?

and where, for the sake of simplicity, we have denoted by 5\*7m the atomic coeflicients involved.

Note that since the function f is continuous, the atomic coefficients A, ,,, are necessarily bounded
(since T'yy is compact, and hence, f is bounded).

Since we deal with the atomic decomposition of f, due to part iii. of Definition [4.5] on page
we have that

|7(T) = Fu]"
gt ryYy)
(N—mq<3—Dw>)‘°';1-;

:uﬂ (Tv Pma Qm) ,uﬁ ()/a Pma Qm) S‘f,m

b

< £ £ \
= /«L (T,P ;Qm) )u (KP ,Qm) )\f7 oaq—
" " U dp T Y)

We also have that

. L Dy=2 (2=Dyy)m
< S LV s NIV
dE'ucl(Ta Y) |hjm| m b
and
dpua(T.Y) S by < Ly 2 s NPT
Moreover,

(T, Py Q) S b L < L2 < NPW=9m

and, in the same way,

U (Y, Py Q) s NIOWTH™

We therefore deduce that

(N—mq<3—Dw))if—é
c c 5
1% (T7 Pm: Qm) 2 (Y, Pm: Qm) )‘f,m

<

ucl

) de)qu_q(T,Y)
< N;m(DW—:%) S\f,m (Nb—mq(?)—Dw))bTv—; Nb(2—Dw>m<Dw+aq—q>

b
and

(Nb—mq (3=Dyy) ) ==
2m (Dyw-2) L c %
Em 1% (T7 Pon,s Qm) 2 (Y7 Pon,s Qm) )\f,m dgw_,_aq_q(T’ Y) <

ucl

B =

< 2mDw2) N2mDw-3) 5 ( Nb—mq<3—Dw))Bvi—i NEDw)m(Dwaa-a)
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along with

-1 1
—WQ(3 Dw))T_E
2
J J D +aq—q d/L =
Tely JY el EZVZ (T,Y)
=l e B (TP 0) 1 (V. Py @) X
(TY)e(PrUQm)?

(N—mq<3 Dw))nyb ;

doel “(T,Y)
< lim e PN (T P, Q) i (Y P, Q) X

m—00

(TY)€ (P UQm)”
% mefI(3 Dyy) Dw pN(2 Dyy) m (Dyw+aq—q)
m—00
(TY)e(PrnUQm)’

< N—mq(?»—Dw))B'vt-i A (2-Dw)m (Dy+ag-a)
b b :
The function f will thus belong to the Besov space B5? (T'yy) provided that

y 2m(Dw=2) 2 (Dy=3) ( Nl:mq(a—Dw>)E>'vt-i NEDWImDwsaea) o

)
meN

or, equivalently,

<00,

s=1 _ 1
Z Nb—2m(Dw—2) NbQW(DW—?)) (Nb—WQ(?’—DW))DW P N£2—Dw)m(Dw+aq—Q)
meN

converges, which requires that

=2 (Dyy=2)+2 (D = 3) = (3= D) (S50 = 5]+ (2= D) (D + aa =) <0,

ie.,

(=D {4 (5= 5 )} + 2= D) Dy 4 (a= D) < 2. (Condpecn)

At the same time, thanks to Property [4.7] on page and in light of Definition on page
we have that
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. Dyy—3 L 3 TP
”f”ip(rw): nlll_{%o 5$( W) Z w (X, P, Om) )\Z|)f|7m7j7x |f|m,j,X
XePmU9m

A

. Dy-3 L Y v
Jim ™ > WX P Q) Ny yx e (Pg) P97
XePnUQm L
M (X, Pma Qm)

1

— 1+=2
lim e N (X P Q) Y
m—00 IS )
XePmlU9m

A

~

lim NS (o (i ay )

m— 00
XePnUOm

A

_ (Dyy=3)m (1+=—-1

m— 00

A

The convergence of this latter expression requires that

143 =Dy +(Dw-3) [1+—=— -} =14 (Dw-3) [=— - 1) <o0;
w w Dy p)~ w Dy P) "

i.e.,
S 1
1<(3-D —_— - =
(3= Dw) (Dw p) :

or, equivalently,

Dyy Dyy

— <
3= Dy + D S5 (Condpyr)

We can check that if the above conditions (Condpgese,) and (Condr) are satisfied,

F(T) + F(V) =2 (X7 5]
p d ’
17 a7y + {HLX,T,Y)e(D(FW))3 AT Y ! } <%

as desired.

Corollary 4.9 (The Specific Case of Bg’p (T'w)).

Given k € N, a real number p greater or equal than 1, we set

2 — Dy
B=h- ="

A function f, given by means of an atomic decomposition of the form

f =7rlzl—>n<l>o Z 5\f,m,X .]Em,X

XeP,U9m

belongs to the Besov space Bg’p (Ty) if

55



-0 {p (5= 5o |} + 2= D) D+ (8- 1) <2
and
Dw . Dw _
3Dy~ p °°

Definition 4.10 (Trace of an L}OC(R2) Function on the Weierstrass Curve).

Along the lines of [JW84], on page 15, or [Wal91], we will say that an Llloc(]Rz) function f is strictly
defined at a vertex X of the Weierstrass Curve if the following limit exists and is given by

_ 1 r
f(X) = lim (Y, Py Q) f(Y) <00,
m=00 (& (X, P, O YZX
This enables us to define the trace fr,, of the function f on the Weierstrass Curve, via

VX € FW :f|FW(X) :f(X)

Remark 4.12. The trace f of an L}OC(R2) function thus naturally admits an atomic decomposition of
the form

F=lm ) A fux

XePnU9m
Also,

Cing NPV ™ < (V) € Oy NPV

Cins NIEDW—:s)m NéDw—2)m < NéDW—:s)mf(Y) < Cuny N(EDW—B)mNIEDW—Q)m‘

The following simple property was already used implicitly when introducing the polyhedral mea-
sure, earlier in Section
Property 4.10 (The Compact Set of R? which Contains the Weierstrass Curve).

The Weierstrass Curve 'y, is contained in the following compact set of ]R2,

QW = [07 1] X [mW7MW]7

where myy and My, respectively denote the minimal and mazimal values of the Weierstrass function W
on [0, 1], introduced in Notation on page [28,

Notation 17 (Interior of the Compact Set Qyy).

We hereafter denote by (olw the interior of the compact set €2y .
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Definition 4.11 (Sobolev Space on the Open Set Q).

Given k € N, and p = 1, we recall that the Sobolev space on the open set SQZW c R? (which boundary
is a rectangle), denoted by W,f (QW), is given by

Wi (Qw) ={f € L"(Qw) . Y a such that |a| <k, D" f € L"(Q)}

where L (QW) denotes the Lebesgue space of order p on QW, while, for the multi-index o, D” f is
the classical partial derivative of order «, interpreted in the weak sense.

The following result is the counterpart, in our context, of the corresponding one obtained in [JW84]
(Theorem 1 of Chapter VI, on page 141), or, in a more powerful way, when p > 1, in the case of the
von Koch Snowflake (which preserves Markov’s Inequality), as shown in [Wal91], Proposition 4, on
page 120.

Theorem 4.11 (The Trace of Sobolev Spaces Viewed as Besov Spaces).

Given a positive integer k, and a real number p = 1, we set

2—-D
Bk,p =k-— D W .
We then have that
Wy ( QW)M = BEY (Tw) .

Remark 4.13. Note that, as was previoulsy explained in the introduction, the fact that the Weierstrass
Curve preserves Markov’s Inequality plays an important part in this theorem. Indeed, it ensures that
the correspondance between the Sobolev space and its trace on the fractal boundary, is obtained in a
constructive way.

Corollary 4.12 (The Specific Case k = 2, and its Consequences — Order of the Fractal
Laplacian).

Given a real number p = 1, we then have that

Wf( QW)|FW = By, (T'w)
where

2 — Dy 1 In\
Brp=2=—5— =243,

In particular, in the case when p = 2, which corresponds to

<2.

2-D
B2,2=2_ 2Wa

and provided that

(3= Dyy) {2(%— SD_WI)}+(2—DW) (DW—2 (1+#))<2,
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i.e.,

-1
1_DW_2(3_DW)SD—W+(2_DW) (2DW_4)<07

or, equivalently,

3>1+DW(1_DW+(2_DW) (2Dw—4))’

2(3 = Dyy)

we then have that

2 2,2
Ws (QW)|FW = B,gm (T'w) ,
where

1 InX
P2 =2-5 N <

Consequently, by analogy with the classical theories, the Laplacian on the Weierstrass Curve (see
Remark on page above) arises as a differential operator of order 2o €11,2[.

Remark 4.14. Indeed, a fractal Laplacian arising in this way is non-local. Our aim is to sketch a con-
nection between such a fractal Laplacian and the fractal Laplacian in the sense of Kigami, Strichartz
and others, which is defined for certain classes of fractals by means of discrete approximations. The
point is that those operators each correspond to a specific order of differentiation, which is not the
same. As it can be found in [Str03|, when the fractal Laplacian in the sense of Kigami, Strichartz
and others, is involved, the associated function spaces are distinct from the function spaces obtained
via traces, as is the case in the work of A. Jonsson and H. Wallin, which can be found, for instance,
in [JW&4].

Remark 4.15 (Connection with the Optimal Exponent of Hélder Continuity).

‘We note that

—o_ 9w
62,2 =2 2
] ) In A . . . .
where the Codimension ayy =2 — Dy = BrA €10, 1[ is the best (i.e., optimal) Holder exponent
b

for the Weierstrass function, as was initially obtained by G. H. Hardy in [Har16]), and then, by a com-
pletely different method — geometrically — in [DL22a)] (this latter result is recalled in Theorem

on page and in Corollary on page [19)).

Property 4.13 (Connection with Fractional Derivatives).

In Definition [4.9, on page [{9, the Besov norm of a function f defined on the Weierstrass Curve

involves the integral
T) - f(Y)|
(f 1) = SO 2 s
(TY)eTsy dpr " (T,Y)
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Forp=2,q=1and a=3-=2Dyy, i.c.,if f € Bg’_ng (Tyw), the integral in expression (18) just
above can be connected to the associated fractional derivative of order

v=2-Dy €]0.1[,

defined, subject to its existence, for any vertexY € V,, C Ty, with my € N, by the following expres-
sion:

prDwsyy — 2=Dw NGENCI

[(Dy = 1) m=e Jrepry), 7~y a3y PW(T,Y)

i.e., equivalently,

D*PV(Y) =
_ 2—DW . m(DW_Q) L |fm(T _fmf( )|
- F(DW _ 1) rrlz,l—r»%o Z 1% (Ta Pmy Qm) A*,m dEuch(T Y)

where, for any m € N, A, ,, is the m™ scalar coefficient involved, and where I' denotes the usual
Gamma function.

Remark 4.16 (Bounds for Fractional Derivatives).

Note that due in the forthcommg case of functions f satisfying the first condition given in Defi-
nition |5.1| below, on page there exist strictly positive constants C’mf and Csup such that, for all
vertices (T Y) eV, xV, cTyy xTy,

Cing A’ (T.Y) < | FnlT) = Fir(V)| < Coup dipu (T.Y).
Hence, we have that, for all vertices (T,Y) € V,, X V,,, C T'yy X T'yy,

Cing D) = Fnf )] Cuy
dEucl(T Y) d3Eu€lW(T7 Y) dEucl(T Y)

or, equivalently, expressed in terms of the m" cohomology infinitesimal ), (see Definition on

page [23),
Cins |fm(T)—fmf(Y)|

mo S P D mo
m Euch(T Y) Em

which, in conjunction with the estimates given in Property on page [26], namely,

(X, Py Qi) 5.5 7
yields

m (Dy—2) m(3—Dyy) éinf m (Dyy—2) |fm(T) - fmf(Y)|
Em Em E_m < Em (T Pma Qm) Dy

i dEucl (T Y)

and

m (Dy—2) m(3—Dyy) Cznf m (Dyy—2) m(3 Dyy) Csup
Em Em om S om ;
m
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ie.,

D) =t )] _
d3E_uZW(T’ Y) ~ sup

Since the vertex Y € V,, admits at most two adjacent vertices in V,,,, we then deduce that

éznf < 5:2 (Pw=2) :U’l: (Ta va Qm)

Mdﬂ—ﬁJWﬂ<é )

3_D =~ “sup *m| -

dEuch (T7 Y)

Note that in the case of a continuous function f, the atomic coefficients A, ,, are necessarily
bounded (since Ty is compact, and hence, f is bounded).

Cing M| < em P2 (T, Py Q) [ e

5 Towards an Extension of Morse Theory

Classical Morse theory (see, e.g., [Bot82], [Bot88] and [Mil63]) enables us to explore the shape
(i.e., the topology) of a smooth manifold by means of the study of the critical points of suitable
smooth functions defined on the manifold. Such functions are required to be nondegenerate — in the
sense that their Hessian determinant is nonzero at critical points — and are then called Morse functions.

In the classical Morse theory, i.e., for smooth manifolds, the height function plays a major role.
More precisely, along with its critical points and its level sets, it encodes the information that enables
us to reconstruct the manifold.

For fractal curves or IFDs such as, for instance, the Weierstrass Curve, this does not make sense
anymore. Since fractals are involved, a change of shape occurs at each vertex of each prefractal ap-
proximation.

In particular, we will show that the Weierstrass function W is a fractal Morse function. Note
(as in [DL22a], [DL22D], [DL24]) that W can be viewed as a function on I'y,, namely, the identity
function; see Remark on page [68| below.

By using some of the results of [DL.22a], [DL22b], [D1.24], we hereafter begin to lay the foundations
of a fractal Morse theory that should eventually enable us to explore the shape of fractal manifolds
(viewed as higher-dimensional IFDs). The important example of the Weierstrass Curve I'yy, — or,
rather, of the associated Weierstrass IFD — sheds a useful light, especially when it comes to studying
not only the (appropriately defined) critical points, but also other suitable (inflection) points of fractal
Morse functions, and the remainaing points, which are themselves subject to a change of shape, in
connection with the associated angle between the corresponding adjacent edges; i.e., a typical change
of curvature.

In this light, the simple knowledge of the equivalent of the usual Morse indexes, along with a
suitable analogue of the height function, does not appear as being sufficient when it comes to recon-
struct the fractal IFD. The missing data can be obtained by means of the sequence of cohomological
integers associated, at each step m € N of the prefractal approximation, with the set of vertices V,,;
see Definition [5.5] on page

Also, in our context, the sequence of sets of critical point introduced in Definition on page

is an increasing sequence. For this reason, instead of the height function, we choose to consider the
increasing reordering of the absolute heights, as introduced in Definition on page [69 below. We
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believe that this increasing reordering still bears the fractality of the Weierstrass Curve.

As was previously encountered in Corollary on page at any given level m € N of
the prefractal graph approximation of the Curve, the extreme and bottom vertices of the poly-
gons P, 0 <k < N," — 1, are respectively local maxima and minima of the Weierstrass function W.
Those points are isolated ones, a result that directly comes from the construction of the Weierstrass
Curve. Then, there remains to identify points that could play the role of degenerate ones, and to de-
fine fractal suited Morse functions. Also, as was alluded to in the introduction, the respective notions
of minimal real Complex Dimension and cohomogical vertex integer naturally arise from our results
obtained in [DL22b] on the fractal cohomology of the Weierstrass Curve. For the sake of a better
understanding, we next briefly recall those results.

Definition 5.1 (Set of Functions of the Same Nature as the Weierstrass Function W [DL22b]).

i. We say that a continuous, complex-valued function f, defined on T'yy D V', is of the same nature
as the Weierstrass function VW, if it satisfies local Holder and reverse-Holder properties analogous
to those satisfied by the Weierstrass function W; i.e., for any m € N and for any pair of adjacent
vertices (M, M') with respective affixes (z,z') € C?, of the prefractal graph Iy, , we have that

= ! 2-D 1 ~ 1 2-D

Cing 12 = 2177 < |1(2) = f(2)| € Cugp 12 = 217777,
where C;,, ¢ and C’sup denote suitable positive and finite constants possibly depending on f. This can
be written, equivalently, as

|z—z'|2_DW < |f(z) - f(z')l < |z—z'|2_DW (®) (19)

(Compare with Theorem on page and Corollary on page (19| above.)

Hereafter, we will denote by Hold (T'yy) the set consisting of the continuous, complex-valued func-
tions f, defined on I'yy D V* and satisfying relation .

i. Moreover, we will denote by Hold geom, (I'yy) C Hold (T'yy) the subset of Hild (T'yy) consisting of the
functions f of Hold (T'yy) which satisfy the following additional geometric condition , again, for
any pair of adjacent vertices (M, M') of the prefractal graph V,, with respective affixes (z,z') € C?,
and for m € N arbitrary; namely,

|arg (f(2)) —arg (f())] = 12 =217 (@) (20)

Remark 5.1. Note that, according to the results of [DL22a] and [DL22b], the Weierstrass function W
belongs to Hold geom, (I'yy) — and hence, also, to Hold (I'yy).

Definition 5.2 ((m, p)-Fermion [DL22b]).

By analogy with particle physics, given a pair of integers (m, p), with m € N and p € N*, we will
call (m,p)-fermion on V,,, with values in C, any antisymmetric map f from Vflﬂ to C. Note that
these maps are not assumed to be multilinear (which would be meaningless here, anyway, since V,,, is
not a vector space).
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For any m € N, an (m,0)-fermion on V,, (or a O-fermion, in short) is simply a map f from V,,
to C. We adopt the convention according to which a 0-fermion on V;,, is a 0-antisymmetric map on V,,.

In the sequel, for any (m, p) € N?, we will denote by F* (V,,, C) the complex vector space of (m, p)-
fermions on V,,,, which makes it an abelian group with respect to the addition, with an external law
from C x F* (V,,,C) to F¥ (V,,,C).

Definition 5.3 ((m — 1, m)-Differentials [DL22b]).
Here and thereafter, for (m,p) € Nx N*, V! denotes the p-fold product of V,, by itself.

Given a strictly positive integer m, we define the (m — 1, m)-differential §,,—1 ,, from F(V,,,C)
to FNet! (Vi, €), for any f in FO (T, C) and any
1
(Mi,m—laMi+1,m—1an+1,m7-~-an+Nb—2,m) € V""" such that
M; o1 =M, and M1 m-1 = Mjin, m,
by

Ny
Sm=1,m () (M =1, Mix1.m=1, Mjz1m, - - MjsNy=1.m) = Cm—1.m (Z(—l)q f (Mj+q,m)) ;
q=0

where ¢,;,_1 ,,, denotes a suitable positive constant. The value of this constant is unimportant for the
remainder of this discussion.

Theorem 5.1 (Fractal Cohomology of the Weierstrass Curve [DL22b]).

Within the set Holdgeom (Iyw) of continuous, complez-valued functions f, defined on the Weier-
strass Curve Tyy D V™ = |J V,, (see part ii. of Definition on page above), let us consider the

neN

Complex: (which can be called the Total Fractal Complex of Ty ),

H* = H" (F* (Iw,C),6%) = P Ha,
m=0

where, for any positive integer m, with the additional convention §_5_1 =0 and 619 =0 (which
ensures that Hy = {0}), H,, is the cohomology group

H,, = ker 5m—1,m/1m 5m—2,m—1 .

Then, H* is the set consisting of functions f on Ty, viewed as O-fermions (in the sense of
Definition on page , and, for any integer m = 1, of the restrictions to V,, of (m,Np" +1)-
fermions, i.e., the restrictions to (the Cartesian product space) anj’:nﬂ of antisymmetric maps on L'y,
with Ny + 1 variables (corresponding to the vertices of Vi, ), involving the restrictions to V,, of the con-
tinuous, complez-valued functions f on I'yy — as, naturally, the aforementioned 0-fermions — satisfying
the following convergent (and even, absolutely convergent)Taylor-like expansions (with V* = U Vi),

neN
VM, €V":
F(Ma2) =Y e (f M) eh @0 0P 2 N7 0y (£ 0, ) eb@mPwhvitip, 1)
k=0 k=0

62



where, for each integer k =0, ¢ (*, %) =c, (f,*x) € C, the number SIZ >0 is the k™ cohomology
infinitesimal introduced in Definition on page and where { denotes an integer (in Z) such
that

k k(Dw-1)
0< e Iney, €
1 N [T 27

with {.} being the fractional part.

Note that since the functions f involved are uniformly continuous on the Weierstrass Curve T'yy D V¥,
and since the set V™ is dense in Ty, they are uniquely determined by their restriction to V™, as given
by relation , on page @ We caution the reader, however, that at this stage of our investigations,
we do not know wether f(M) is given by an expansion analogous to the one in relation , for
every M € Ty, rather than just for all M € V™.

For each M, = M, ,, € V*, as is shown in [DL22B], the coefficients cj, (%, %) (for any k € N) are

the residues at the possible cohomological Complex Dimensions — (k (2 — D) + i k£ p)) of a suitable
global scaling zeta function evaluated at M, .

(]
The group H* = EB H,, is called the total fractal cohomology group of the Weierstrass Curve I'yy,
m=0

(or else, of the Weierstrass function V).

Definition 5.4 (Minimal (Real) Complex Dimension of a Prefractal Approximation).

Given m € N, we define the minimal real Complex Dimension of the prefractal approximation I'yy,
as

wm:Dw—m(2—Dw).

Remark 5.2. Clearly, the successive prefractal approximations play the role of level sets, in our present
context.

We now recall the following result, obtained in [DL22b].

Property 5.2 (Complex Dimensions Series Expansion of the Weierstrass Complexified
Function Weop,p [DL23b], and of the Weierstrass function W).

We have, for any sufficiently large positive integer m and any j in {0, ..., #V,, — 1}, the following
exact expansion, indexed by the Complex Codimensions k (Dyy —2) + i kﬁm,m p, with 0 < k < m,
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. m je"
Wcomp (.7 8m) Wcomp (m)

. m—1
2-D J k(2-D i Ly i m
Sm( W) Wcomp(Nb — 1) + Z Ck,j,m5 ( W) 61 k,jmP (22)
k=0

m
k(2-D il s
Z Chjim ( w) c k,j,mp’

k=0
where, for 0 < k < m, ¥ is the k™ intrinsic cohomology infinitesimal, introduced in Definition

27
on page |25, with p = N, denoting the oscillatory period of the Weierstrass Curve, as introduced
b
in [DL22a and where:

i. Lgjm € Z is arbitrary.
i, Comjm = Weomp (ﬁ) and, for 0 <k <m -1, ¢; jm € C is given by

29T -k
chgom = e (i< ™) (00) (23)

For anym € N, the complex numbers {CO,j,m+17 . ,cm+1’j,m+1} and the integers {Eo,j,+1, ... ,€m+17]~7m+1}
respectively satisfy the following recurrence relations:

J
Cm+1,j,m+1 = W(Nb — 1) = Cm,jm (24)

and

i i U,
VEk € {1, . ,m} : Ck,jom+1 = Ckjm > 61 kagmil P o EZ kugsm B . (25)

In addition, since relation @) is valid for any m € N* (and since, clearly, relation m-
plies that the coefficients cy, j, are nonzero for 0 <k <m), we deduce that the associated Complex
Dimensions (i.e., in fact, the Complex Dimensions associated with the Weierstrass function) are

DW - k (2 - Dw) + Z£k7]7mp

where 0 € j < #V;, =1, 0k <m and Uy, ;,, € Z is arbitrary.

This immediately ensures, for the Weierstrass function (i.e., the real part of the Weierstrass com-
plezified function Weomy), that, for any strictly positive integer m and for any j in {0,...,#Vi},

. m—1 .
W (] 5:—2) ™M (2-Dyy) Wcomp (ij_ - ) + Z Ek (2-Dyy) Re (Ck;,j,m é_sz,j,mp)

k=0

m—1

_ m(2-Dw) J 1 k(2-Dyy) il jm P — il jm P
- € Wcomp (Nb -1 * 5 Z € (ck,j,m € ’ + Ck,jm € ’ )
k=0

m
k(2-D i by —_ =il
Z e ( W) (Ck7j7m€ k,jm P + Ck7j7m5 k,j,m p) .

k=0

No| —

(26)
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Definition 5.5 (Cohomological Vertex Integer).

Givenm € N, and a vertex M((n,—1)k+j),m € Vi, of abscissa (N, — 1)k + j) e, where 0 < k < Nj* — 1
and 0 < j < N, — 1, we introduce the cohomological vertex integer associated to M; ,, as

e]}k,m = (Nb_ 1)k+j.

Remark 5.3. Note that each integer ¢ j , (choosen as in Definition on page (65| just above) car-
ries the information associated to the vertex point M((n,—-1)k+;),m € Vi (and, hence, to a change of
shape) when switching from M(n, 1) k+;),m € Vi to its consecutive neighbor M(n,-1)k+j+1),m € Vin-

Definition 5.6 (Sequence of Sets of Critical Points of the Weierstrass Curve).

We define the sequence of sets of critical points of the Weierstrass function W — or, equivalently, of
the Weierstrass IFD — as the sequence (C’rit (me ))m ¢ Such that, for any m € N, the set Crit (I‘Wm)
is obtained as the union of the set of local extrema of W given in Corollary [2.17] on page [2I] and of the
set of vertices with a reentrant angle of the prefractal approximation I'yy, , as given in Property

on page [21}

Definition 5.7 (Topological Laplacian of Level m € N*).

For any m € N*, and any real-valued function f, defined on the set V,, of the vertices of the
prefractal graph I'yy , we introduce the topological Laplacian of level m, A, (f), as applied to f, as
follows:

VX €V \OV o ALF(X)= Y (f(Y)-f(X)).
VeV, Y ~X

As a consequence, in the case of the Weierstrass function W, we also have that

VX €V \OV 0 ALW(X)= ) (W(Y) - W(X)) .
VeV, Y ~X

Here, 0V, consists of the two (identified) endpoints of V,,, .

Note that we are excluding the case when m = 0 here, because V = V4.

Proposition 5.3 (Topological Laplacian of the Weierstrass Function at Vertices of a Pre-
fractal Graph Approximation).

For any m € N*, any integer k in {0, Ny - 1}, and any 7 in {1,..., Ny — 2}, we have that

Amgﬁlz (N, 1) +j -1 RNy = 1) +J
:W( (]ffb—l)Ng” )+W( (Jf’b—l)Ngn )_QW((M’b_—l)Nﬁ).
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Property 5.4 (Sign of the Topological Laplacian of Level m € N¥).

1. For any positive integer m, and any k in {0, LNy — 1}, we have that, for the initial vertex of a polygon P,
k(Ny,—1)—-1 k(Ny—1
w(EQu=D 1) (kW=D )
(Nb_l)Nb (Nb_l)Nb
along with

(oar) o (woar)

which enables us to deduce that

(S <o,

(N, - )N

ii. When N, < 7, for any positive integer m, any k in {0,..., Ny =1}, and any j in {1,..., N, — 2},
one has:

~ For the left-side vertices in Definition on page [16, distinct
from the initial one, of a polygon Pp, i, we have that

WS ) msosr )

along with

‘W(k:(]\fb—l)+j—1)_W<k(Nb—1)+j)

(]IXIZ]:/ 12];%m+j +1 (ka;_(]if) ]jéf) +j
- (M) - (s

which enables us to obtain that

A;W<—k(Nb_1)”)>o

(Ny — 1) N

~ For the right-side vertices in Definition on page distinct
from the last one, of a polygon P, ), we have that

(S )Mo

along with

W(k(Nb—l)+j—1)_w<k(Nb—1)+j)

(DN A DN
G R e

which enables us to obtain that

A:nw<k(Nb—1)+j) 0

(N, - 1) N;"
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iii. When Ny = 7, for any m € N*, any integer k in {0,...,Ny" =1}, and any j in {1,..., N, — 2}
such that

N, -3 3N, — 1
1 or ]

0<j< SJ<Ny-1,

we respectively have that:

~ For the left-side vertices in Definition on page [16, distinct
from the initial one, of a polygon Py, i,

(S ) Moo

along with

(k:(Nb—l)+j—1>_W<k(Nb—1)+j)

w

(Ny = 1) N (Ny = 1) N
(k(Nb—1)+j+1> (k(Nb—1)+j)‘
< W m - m )
(Np — 1) Ny (Np — 1) Ny
which yields
T k(Nb—1)+j)
2o (T Sy ) <

~ For the right-side vertices in Definition on page[16, distinct
from the last one, of a polygon Py, i,

(S ) oS

with

W(k:(Nb—l)+j—1)_W(k(Nb—1)+j)

(]IXIEJ:/' 12];%)m+j +1 (ka:_(Jif) ]—ng) +j
() (e

which enables us to obtain that

- Ny -1 j
Amw<w)>0

(N, - 1) NJ"

Proof. This is an immediate consequence of the proof of Property 2.1§ above, on page 21 given
in [DL22a).
O

Definition 5.8 (mth-Level Discrete Hessian).

Given m € N*, any k in {0,...,N,§” — 1}, and any j in {1,..., N, — 2}, we define the m™_level
discrete Hessian H,, as follows:
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KD 47)_ gy (EQR=D ),

Hm( (Np — 1) V" (N, — 1) N

The vertex

(oo (o)

is said to be nondegenerate, with respect to H,,, if

HNoD)

H’”( (N, - 1) N

Property 5.5 (Absence of Degenerate Points for the Sequence of Discrete Hessians).
Given m € N*, any integer k in {0,...,N;" =1}, and any j in {1,...,N, — 2}, the m'" level

discrete Hessian H,,, introduced in Definition[5.8, on page[07 just above, never vanishes at the critical
points of f.

Proof. This is a direct consequence of Proposition on page

Definition 5.9 (Fractal Morse Function).
A function f defined on the Weierstrass Curve I'yy, will be said to be a fractal Morse function it its

critical points are nondegenerate; i.e., if, for any m € N*, its discrete Hessian #,, (see Definition
on page , never vanishes at the critical points of f.

Remark 5.4 (The Weierstrass Function Viewed as the Identity Function on I')y).

As in [DL22b], we set, for any real number ¢ in [0,1],

w(t) = (£, W(1)) .
We then obtain the identity function on the Weierstrass Curve I'yy as 1r,,,. In this manner, the
Weierstrass function can be viewed as the identity map on I'y,.

Property 5.6 (The Weierstrass Function Viewed as a Fractal Morse Function).

Since the discrete Hessian introduced in Definition[5.8, on page[67, never vanishes, the Weierstrass
function W is a fractal Morse function, in the sense of Definition[5.9, on page[68 just above.

Proof. This is a direct consequence of Property on page according to which the Weierstrass
function W does not have any degenerate point.
O
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Definition 5.10 (mth—Level Fractal Morse Index).

Given m € N*, and any j in {1,...,#V,, — 1}, the m™" “level fractal Morse index t;,, of the
vertex M;,, is defined as follows:

1, if Hm(+><0,

Ny~ DN
Ljm = j
0 if — | >0.
! Hm((Nb—nW

Remark 5.5. An overview of the values of the indexes for the different types of vertices involved is
given in Table[I], on page

Junction point
(between Bottom Plain interior point
Vertex . .
consecutive point (obtuse angle)
polygons)
Index 1 0 0
Vertex Left-side Right-side
acute corner acute corner
Index 1 0

Table 1: An overview of the values of the indexes for the different types of vertices involved.

Remark 5.6. One should note that, as in the classical Morse theory, the index of a nondegenerate
critical point is equal to the dimension of the largest subspace of what plays the role of a tangent space
between two points, i.e., in our context, the edge that connects them (a line segment), where the Hes-
sian is negative definite. It thus takes the value 1 at local maxima, and zero at local minima. It also
takes the value zero at the right-side vertices with reentrant interior angles provided in Property
on page 21} This specific configuration corresponds, in a sense, to a sign change in the curvature.

Definition 5.11 (Absolute Height Sequence of the Weierstrass Curve).

We define the absolute heights sequence of the Weierstrass function W — or, equivalently, of the
Weierstrass IFD — as the sequence of positive numbers

(Abs3 (Cw,, e -

where, for any m € N,
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J 1 ,
AbSH(FWm):{W(N—I,T)-F1_)\,0$j$#vm—1}.

Remark 5.7. The fact that, for any m € N and any j in {0,...,#V,, — 1}, the value Absy (T'yy, ) is
positive simply comes from the fact that the minimum value of the Weierstrass function on [0,1] is

1
equal to myy = —T ) see Notation on page [28|in Section

Property 5.7 (Fractal Morse Height Increasing Reordered Sequence).

Givenm € N, the set Absy (me) introduced in Definition on page@ admits an associated

increasing reordered set.

Proof. This simply comes from the fact that, for any m € N, the set Absy (me) is a finite set of

positive numbers, therefore allowing us to reorder the points of Absy (me) in increasing order.
O

Definition 5.12 (Fractal Morse Height Increasing Reordered Sequence).

We define the fractal Morse height reordered sequence of the Weierstrass function W — or, equiva-
lently, of the Weierstrass IFD — as the sequence of positive increasing reordered numbers (Absry_[eord (me ))
where, for any m € N,

meN

Absh " (Tyy, )

is the increasing reordered set associated to the finite set Absy (me).
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Figure 9: Plot of the fractal Morse heights Abs;ford (FW1 ), AbsTHGOTd (FW2 ), Abs;fm"d (FW3 ), Absfjwd (FW4)
and Absz;ford (FW5), presented from top to bottom and from left to right.

6 Further Perspectives:
The Weierstrass Curve as the Projection of a Vertical Comb

In this section, we place ourselves in the Euclidean plane of dimension 3, equipped with a direct
orthonormal frame. The usual Cartesian coordinates are denoted by (z,y). The usual axes will be

respectively referred to as (z'z), (y'y) and (z'2).

Thanks to Property on page [6] for any strictly positive integer m and any j in {0,...,#V,,},
we have that
. . m—1 k .
J m J k 27 Ny j
Wl = W( ) + A cos| —= |, 27
((Nb—l)NZ”) Ny -1 ,;) ((Nb—l)Ng"> (27)

or, equivalently, expressed in terms of the k" cohomology infinitesimal 5112 (see Definition on

page [23)),
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J
W(— -1 k
(N, — 1)N£”) m (2—Dyy) J K k(2-Dwy) 2T Ny j
= —_ —_— . 28
N TEDw = m W(Nb_1)+ > £l s\ N, Sy N (28)

If we consider the three-dimensional vertical comb, respectively comprised of the set of points

J k _k@-Dw) 27 Ny j
(N, = 1) NJ» m? 7k (Ny—=1)N ||’

for0<j<#V,,—1 and 0 < k < m — 1, along with the periodic set of points

—_ f S jS#V,, -1,
((Nb—l)Ngn’O’sm W(Nb_1>), or0<j

we note that the expression in relation just above corresponds to the superposition of the teeth
of the comb; see Figures on page [79] and Figure on page

We can thus envision the following three-dimensional vertical comb, respectively comprised of the
set of horizontal (rear) rows,

( J k' k(2-Dw)

W7E75k ),fOI‘OSkgm_l’
b~ b

along with the front row

J m (2-Dyy) ( J ))
7005 Em W|———=]||,for0sksm-1,
((Nb - 1)Nb (Nb - 1)

and a moving observer who moves on this latter set of points (the front teeth of the comb): when it
comes to a specific value of the integer k in 0,...,m — 1, the observer looks at the associated comb
under an angle of value
k. . (m—k)(2-Dyw)
271 N, 2mje
ﬁj,k,m _ bJ _ = J 7
(Ny = 1) N, (Ny = 1)

so that the expression in relation just above corresponds to the successive superposition of the
projections of the teeth of the combs; see Figure on page and Figure on page Namely,
each horizontal row of the comb corresponds to a prefractal level set; see Figure [14] on page

‘We note that

_ Ykm

ﬁj,k+1,m - < )

which means that the projection angle increases as one gets closer to the front row.

27 Ny j
(N, ~ )N
by a cohomological vertex integer £, as given in Definition on page [65} see Figure[14] on page

Note also that in connection with the results of Section |5} the angle can be represented
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Figure 10: The vertical comb, for m =5 — front view.

Figure 11: The vertical comb, for m =5 — side view.

In later work on the subject, it would be interesting to investigate the following open problem.

Problem

To what extent does the knowledge of the fractal Morse height reordered sequence given in Defini-
tion [5.12] on page along with the fractal Morse indexes introduced in Definition [5.10] on page
the maximal real Complex Dimension introduced in Definition on page and the cohomological
vertex integers given in Definition on page enable us to reconstruct the fractal (i.e., in our
present setting, the Weierstrass Curve)?

7 Concluding Comments

All of the results obtained in this paper for the Weierstrass Curve (and for the associated Weierstrass
IFD) are expected to extend naturally to a large class of fractal curves and their higher-dimensional
analogues. Our methods and results should apply, in particular, to the Koch Curve (and the associ-
ated Koch IFD), for example, whose exact Complex Dimensions have been precisely determined by
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Figure 12: The vertical comb, before projection, for m =5 — side view.

Figure 13: The resulting vertical comb, after projection — face view.

the authors in [DL23c], thereby extending the earlier results in [LP06].

We expect to consider these extensions to a more general setting of the notion of polyhedral
measure, Sobolev and Besov spaces, along with the associated trace theorem, and of fractal Morse
theory, in later work.
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Figure 14: The top view of the vertical comb. Each horizontal row coincides with a

prefractal level set 51,2(2_DW), 0<k<sm.

References

[BBR14]  Krzysztof Baransky, Baldzs Barany, and Julia Romanowska. On the dimension of the
graph of the classical Weierstrass function. Advances in Math., 265:791-800, 2014.

[Bot82] Raoul Bott. Lectures on Morse theory, old and new. American Mathematical Society.
Bulletin. New Series, 7(2):331-358, 1982.

[Bot88] Raoul Bott. Morse theory indomitable. Inst. Hautes Etudes Sci. Publ. Math., 68:99-114
(1989), 1988. URL: http://www.numdam.org/item?id=PMIHES_1988__68__99_0.

[Bou04] Nicolas Bourbaki. Theory of Sets. Elements of Mathematics (Berlin). Springer-Verlag,
Berlin, 2004. Reprint of the 1968 English translation [Hermann, Paris; MR0237342].

[Cal77] Alberto-P. Calderén. An atomic decomposition of distributions in parabolic H” spaces. Ad-
vances in Math., 25(3):216-225, 1977. URL: https://doi.org/10.1016/0001-8708(77)
90074-3.

[CoiT4] Ronald R. Coifman. A real variable characterization of H”. Studia Math., 51:269-274,
1974. URL: https://doi.org/10.4064/sm-51-3-269-274.

[Dau92]  Ingrid Daubechies. Ten Lectures on Wavelets, volume 61 of CBMS-NSF Regional Con-
ference Series in Applied Mathematics. Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA, 1992. URL: https://doi.org/10.1137/1.9781611970104.

[Dav18] Claire David. Bypassing dynamical systems: A simple way to get the box-counting di-

mension of the graph of the Weierstrass function. Proceedings of the International Ge-
ometry Center, 11(2):1-16, 2018. URL: https://journals.onaft.edu.ua/index.php/
geometry/article/view/1028.

75


http://www.numdam.org/item?id=PMIHES_1988__68__99_0
https://doi.org/10.1016/0001-8708(77)90074-3
https://doi.org/10.1016/0001-8708(77)90074-3
https://doi.org/10.4064/sm-51-3-269-274
https://doi.org/10.1137/1.9781611970104
https://journals.onaft.edu.ua/index.php/geometry/article/view/1028
https://journals.onaft.edu.ua/index.php/geometry/article/view/1028

[Dav19]

[Dav20]

[Dav22]

[DL22a]

[DL22b)]

[DL23a]

[DL23b]

[DL23c]

[DL24]

[FJ85)

[Fol99)]

[Har16]

[Jon09]

[TW84]

[Kab12]

Claire David. On fractal properties of Weierstrass-type functions. Proceedings of the
International Geometry Center, 12(2):43-61, 2019. URL: https://journals.onaft.edu.
ua/index.php/geometry/article/view/1485.

Claire David. Laplacian, on the Arrowhead Curve,. Proceedings of the International
Geometry Center, (2):19-49, 2020. URL: https://journals.onaft.edu.ua/index.php/
geometry/article/view/1746/1990.

Claire David. Wandering across the Weierstrass function, while revisiting its properties,
in press. In Analysis of PDE-Morningside Lecture Notes (edited by Jean-Yves Chemin,
Ping Zhang and Fang-Hua Lin), 6, 2022. URL: https://www.intlpress.com/site/pub/
pages/books/items/00000504/index . phpl

Claire David and Michel L. Lapidus. Weierstrass fractal drums - I - A glimpse of complex
dimensions, 2022. URL: https://hal.sorbonne-universite.fr/hal-03642326.

Claire David and Michel L. Lapidus. Weierstrass fractal drums - II - Towards a fractal
cohomology, 2022. URL: https://hal.archives-ouvertes.fr/hal-03758320v3.

Claire David and Michel L. Lapidus. New insights for fractal zeta functions: Polyhedral
neighborhoods vs tubular neighborhoods, 2023.

Claire David and Michel L. Lapidus. Polyhedral neighborhoods vs tubular neighbor-
hoods: New insights for the fractal zeta functions, 2023. URL: https://hal.science/
hal-04153049.

Claire David and Michel L. Lapidus. Understanding fractality: A polyhedral ap-
proach to the Koch curve and its complex dimensions, 2023. URL: https://hal.
sorbonne-universite.fr/hal-04348346.

Claire David and Michel L. Lapidus. Fractal complex dimensions and cohomology of
the Weierstrass curve. In Kasso A. Okoudjou Luke G. Rogers Patricia Alonso Ruiz,
Michael Hinz and Alexander Teplyaev, editors, From Classical Analysis to Analysis
on Fractals: A Tribute to Robert Strichartz, volume 2 of Applied and Numerical Har-
monic Analysis. Birkh&user, Boston, in press, 2024. URL: https://hal.science/
hal-03797595v2.

Michael Frazier and Bjorn Jawerth. Decomposition of Besov spaces. Indiana Univ. Math.
J., 34(4):777-799, 1985. URL: https://doi.org/10.1512/iumj.1985.34.34041.

Gerald B. Folland. Real Analysis: Modern Techniques and Their Applications. Pure and
Applied Mathematics. John Wiley & Sons, Inc., a Wiley Interscience Publication, New
York, second edition, 1999.

Godfrey Harold Hardy. Weierstrass’s Non-Differentiable Function. Trans-
actions of the American Mathematical Society, 17(3):301-325, 1916. URL:
https://www.ams.org/journals/tran/1916-017-03/S0002-9947-1916-1501044-1/
S0002-9947-1916-1501044-1.pdf|

Alf Jonsson. Besov spaces on closed sets by means of atomic decomposition. Com-
plex Var. Elliptic Equ., 54(6):585-611, 2009. URL: https://doi.org/10.1080/
17476930802669678.

Alf Jonsson and Hans Wallin. Function Spaces on Subsets of R". Mathematical Reports
(Chur, Switzerland). Harwood Academic Publishers, London, 1984.

Maryia Kabanava. Besov spaces on nested fractals by piecewise harmonic functions.
Zeitschrift fiur Analysis und ihre Anwendungen, 31(2):183-201, 2012.

76


https://journals.onaft.edu.ua/index.php/geometry/article/view/1485
https://journals.onaft.edu.ua/index.php/geometry/article/view/1485
https://journals.onaft.edu.ua/index.php/geometry/article/view/1746/1990
https://journals.onaft.edu.ua/index.php/geometry/article/view/1746/1990
https://www.intlpress.com/site/pub/pages/books/items/00000504/index.php
https://www.intlpress.com/site/pub/pages/books/items/00000504/index.php
https://hal.sorbonne-universite.fr/hal-03642326
https://hal.archives-ouvertes.fr/hal-03758820v3
https://hal.science/hal-04153049
https://hal.science/hal-04153049
https://hal.sorbonne-universite.fr/hal-04348346
https://hal.sorbonne-universite.fr/hal-04348346
https://hal.science/hal-03797595v2
https://hal.science/hal-03797595v2
https://doi.org/10.1512/iumj.1985.34.34041
https://www.ams.org/journals/tran/1916-017-03/S0002-9947-1916-1501044-1/S0002-9947-1916-1501044-1.pdf
https://www.ams.org/journals/tran/1916-017-03/S0002-9947-1916-1501044-1/S0002-9947-1916-1501044-1.pdf
https://doi.org/10.1080/17476930802669678
https://doi.org/10.1080/17476930802669678

[Kell7]

[Kig01]
[KMPY84]

[Lap19]

[Lat78]

[LP06]

[LRZ17a]

[LRZ17D]

[LRZ18]

[LvF13]

[Mar48]

[Mil63]
[Rud87]
[Rud91]
[Shel8]

[Str03]

Gerhard Keller. A simpler proof for the dimension of the graph of the classical Weierstrass
function. Annales de I’Institut Henri Poincaré — Probabilités et Statistiques, 53(1):169-181,
2017.

Jun Kigami. Analysis on Fractals. Cambridge University Press, Cambridge, 2001.

James L. Kaplan, John Mallet-Paret, and James A. Yorke. The Lyapunov dimension of
a nowhere differentiable attracting torus. Ergodic Theory and Dynamical Systems, 4:261—
281, 1984.

Michel L. Lapidus. An overview of complex fractal dimensions: From fractal strings
to fractal drums, and back. In Horizons of Fractal Geometry and Complex Dimensions
(R. G. Niemeyer, E. P. J. Pearse, J. A. Rock and T. Samuel, eds.), volume 731 of Con-
temporary Mathematics, pages 143—-265. American Mathematical Society, Providence, RI,
2019. URL: https://arxiv.org/abs/1803.10399.

Robert H. Latter. A characterization of H”(R") in terms of atoms. Studia Math., 62(1):93—
101, 1978. URL: https://doi.org/10.4064/sm-62-1-93-101.

Michel L. Lapidus and Erin P. J. Pearse. A tube formula for the Koch snowflake curve,
with applications to complex dimensions. Journal of the London Mathematical Society.
Second Series, 74(2):397-414, 2006.

Michel L. Lapidus, Goran Radunovi¢, and Darko Zubrini¢. Fractal Zeta Functions and
Fractal Drums: Higher-Dimensional Theory of Complex Dimensions. Springer Mono-
graphs in Mathematics. Springer, New York, 2017.

Michel L. Lapidus, Goran Radunovi¢, and Darko Zubrinié¢. Zeta functions and complex
dimensions of relative fractal drums: theory, examples and applications. Dissertationes
Mathematicae, 526:1-105, 2017.

Michel L. Lapidus, Goran Radunovi¢, and Darko Zubrini¢. Fractal tube formulas for
compact sets and relative fractal drums: Oscillations, complex dimensions and fractality.
Journal of Fractal Geometry, 5(1):1-119, 2018.

Michel L. Lapidus and Machiel van Frankenhuijsen. Fractal Geometry, Complex Dimen-
sions and Zeta Functions: Geometry and Spectra of Fractal Strings. Springer Monographs
in Mathematics. Springer, New York, second revised and enlarged edition (of the 2006
edition), 2013.

Andrei A. Markov. Selected Works (in Russian. Moscow-Leningrad, 1948.

John Willard Milnor. Morse Theory. Annals of Mathematics Studies, No. 51. Princeton
University Press, Princeton, N.J., 1963. Based on lecture notes by M. Spivak and R. Wells.

Walter Rudin. Real and Complex Analysis. McGraw-Hill Book Co., New York, third
edition, 1987.

Walter Rudin. Functional Analysis. International Series in Pure and Applied Mathematics.
McGraw-Hill, Inc., New York, second edition, 1991.

Weixiao Shen. Hausdorff dimension of the graphs of the classical Weierstrass functions.
Mathematische Zeitschrift, 289:223-266, 2018.

Robert S. Strichartz. Function spaces on fractals. Journal of Functional Analysis,
198(1):43-83, 2003.

7


https://arxiv.org/abs/1803.10399
https://doi.org/10.4064/sm-62-1-93-101

[Str06]

[Tri97]

[Tri06]

[Walg9]

[Wal91]

[Wei75]

[Zyg02]

Robert S. Strichartz. Differential Equations on Fractals. A Tutorial. Princeton University
Press, Princeton, 2006.

Hans Triebel. Fractals and Spectra, volume 91 of Monographs in Mathematics. Birkhauser
Verlag, Basel, 1997. Related to Fourier analysis and function spaces. URL: https://doi.
org/10.1007/978-3-0348-0034-1.

Hans Triebel. Theory of Function Spaces. III, volume 100 of Monographs in Mathematics.
Birkhauser Verlag, Basel, 2006.

Hans Wallin. Interpolating and orthogonal polynomials on fractals. Constructive Approz-
imation, 5:137-150, 1989.

Hans Wallin. The trace to the boundary of Sobolev spaces on a snowflake. Manuscripta
Mathematica, 73:117-125, 1991.

Karl Weierstrass. Uber continuirliche Funktionen eines reellen Arguments, die fiir keinen
Werth des letzteren einen bestimmten Differential quotienten besitzen. Journal fiir die
reine und angewandte Mathematik, 79:29-31, 1875.

Antoni Zygmund. Trigonometric Series. Vols. I, II. Cambridge Mathematical Library.
Cambridge University Press, Cambridge, third edition, 2002. With a foreword by Robert
A. Fefferman.

78


https://doi.org/10.1007/978-3-0348-0034-1
https://doi.org/10.1007/978-3-0348-0034-1

	Introduction
	Geometry of the Weierstrass Curve
	Polyhedral Measure on the Weierstrass IFD
	Atomic Decompositions – Trace Theorems, and Consequences
	Towards an Extension of Morse Theory
	Further Perspectives: The Weierstrass Curve as the Projection of a Vertical Comb
	Concluding Comments

