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A Capillary Bundle Model for the Electrical Conductivity of
Saturated Frozen Porous Media
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ICNRS, EPHE, UMR 7619 Metis, Sorbonne Université, Paris, France, 2School of Civil Engineering, Central South
University, Changsha, China, 3Thuyloi University, Ha Noi, Vietnam

Abstract Liquid water in frozen porous media provides the path for moisture and solute migration, which
is one of the essential problems to study thaw-weakening and frost-heave in freezing region engineering.
Determining and monitoring liquid water saturation and permeability in saturated frozen porous media are
therefore critical issues in cold regions. To this end, geophysical methods are tools of choice given their
non-invasive nature. Electrical conductivity as a physical property is related to both the bulk characteristics of
saturated porous medium submitted to frozen temperatures, like porosity as well as liquid water content, and
surface properties, such as the solid surface-liquid water and bulk ice-liquid water interfaces. In this study, we
upscale a microstructural procedure of liquid water-saturated frozen soils to predict the electrical conductivity
with different pore size distributions (PSDs). Then, we analyze the model sensitivity to the model parameters
and compare the lognormal and fractal PSD models. Furthermore, the proposed model successfully predicts the
experimental data of electrical conductivity for different samples from experiments that are part of this work
and published data. The proposed model for characterizing electrical conductivity opens up new possibilities
to describe the distribution and dynamics of liquid water with geoelectrical and electromagnetic techniques in
frozen environments.

Plain Language Summary Electrical and electromagnetic methods are non-invasive geophysical
techniques, which have been applied to address complex environmental issues such as those encountered in
cold regions, for example, the distribution and dynamics of liquid water/solute in frozen porous media, the
monitoring the spatio-temporal evolution of the active layer thickness, or snowmelt infiltration. However, the
application of these electrical and electromagnetic methods in cold regions requires more experimental and
modeling studies of the electrical conductivity of frozen soils. In this study, we establish a physically-based
capillary bundle model for describing the electrical conductivity of saturated frozen porous media with different
pore size distributions. We test the accuracy of the proposed model against the experimental data described in
this work and published experimental data. This physically-based approach may provide a better theoretical
means to quantitate and monitor the geo-environmental problems in cold regions.

1. Introduction

Climate change tend to cause substantial changes in cold regions leading to the degradation of permafrost,
instability of frozen soils and snowmelt infiltration (Li et al., 2014; Watanabe & Osada, 2016). Permafrost, an
increasingly unstable component of the global climate system, controls many geophysical processes, such as the
biogeochemical, hydrological cycling, as well as the permafrost-carbon cycle (Debolskiy et al., 2020; Schuur
et al., 2015; Walvoord & Kurylyk, 2016). For example, the permafrost degradation increases the thickness of the
active layer (the frozen zones above the permafrost that thaws and refreezes annually) and affects infrastructure
stability (X. Y. Jin et al., 2022; Walvoord & Kurylyk, 2016). Particularly in seasonally frozen soil regions, the
change of temperature causes structural damage and has a significant impact on the stability of the slopes (T.
Wang et al., 2020; Yang et al., 2021). Therefore, there is a need for studying the degradation of permafrost and
the geophysical processes of seasonally frozen soil using non-invasive geophysical tools such as those proposed
in hydro-geophysics to test liquid water distribution or flow quantitatively in cold regions.

Liquid water does not experience a complete phase change into solid ice in saturated frozen porous media at
a given temperature. A certain amount of liquid water, which is referred to as unfrozen liquid water, remains
due to capillary action and particle surface adsorption (Kozlowski, 2007; Xu et al., 2001; J. Zhou et al., 2018).
The liquid water most likely exists as a thin water film at the interface between the bulk ice and solid phases
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(D. M. Anderson, 1967; D. M. Anderson & Hoekstra, 1965). The soil freezing characteristic curve (SFCC) of
the porous media shows its water retention behavior during freezing or melting (Azmatch et al., 2012; Koopmans
& Miller, 1966). The liquid water saturation of frozen soils is linked not only with the pore size distribution
(PSD), but also with the extern factor (temperature and compaction), bulk characteristics such as electrolyte
concentration and type and surface characteristics (solid surface-liquid water and bulk ice-liquid water interfaces)
(Daigle, 2021; X. Jin et al., 2020; Xu et al., 2001). The liquid water provides the path for moisture and solute
migration, which is the direct reason for frost heave or thaw settlement, and it is critical to evaluate the hydraulic
conductivity (Teng, Liu et al., 2020; Watanabe & Flury, 2008). Therefore, accurate determination of liquid water
saturation in both experimental and theoretical studies has important implications for geo-environmental prob-
lems in cold regions (Li et al., 2014; Watanabe & Osada, 2016).

In recent years, different measurement methods have been developed to measure the liquid water saturation
in frozen zones, including frequency domain reflectometry (FDR), nuclear magnetic resonance (NMR), time
domain reflectometry (TDR), electrical and electromagnetic methods, etc., which have good accuracy for appli-
cation in cold region environment. However, the above-mentioned methods have some notable limitations. For
instance, the laboratory-based NMR method calculates the liquid water content determined by the inversion
results of hydrogen signal values in different states (different temperatures) by recording the energy values of
hydrogen atoms in samples (e.g., Shen et al., 2020; Teng, Kou et al., 2020). Unfortunately, when used in the
laboratory, this method has some limitations, notably because of the very small soil sample size or the high cost
of the device, but also because it cannot measure dynamic liquid water saturation (Tan et al., 2015; X. H. Zhou
etal.,2014). TDR has been widely applied in the determination of the liquid water content in frozen soils (e.g., He
& Dyck, 2013; Watanabe & Wake, 2009). However, according to Yoshikawa & Overduin (2005) and X. H. Zhou
et al. (2014), the liquid water content in frozen soils determined with the TDR via the relationship between the
liquid water content and soil volume permittivity is often overestimated. Although only a relatively small amount
of liquid water remains in the pores, it can be of paramount importance for hydrological and biogeochemical
processes in cold regions, therefore justifying the need for its accurate estimation (Schuur et al., 2015; C. Wang
et al., 2017).

Electrical and electromagnetic methods including the electro-magnetic induction (EMI), induced polarization
(IP), electrical resistivity tomography (ERT) and self-potential (SP) methods (e.g., Chalikakis et al., 2011;
Glover, 2015; Revil et al., 2012) are increasingly used to cover a larger range of applications: from the experimen-
tal measurements (Coperey, Revil, Abdulsamad, et al., 2019; Coperey, Revil, & Stutz, 2019; Kulessa et al., 2012;
Mendieta et al., 2021) to tests in the field, for example, for the multi-scale, multi-dimensional and permanent
monitoring of the critical zone (Duvillard et al., 2018; Mary et al., 2020; Watlet et al., 2018). These meth-
ods allow to characterize the spatial distribution of the electrical parameters (electrical conductivity, SP and
so on) in a fast and non-invasive manner. Recently, these electrical and electromagnetic methods have gained
a strong interest in the field of permafrost, frozen porous media as well as snowmelt infiltration, for example,
to characterize the thaw layer thickness dynamics (e.g., Dafflon et al., 2013; Duvillard et al., 2018; Murton
et al., 2016; Pedrazas et al., 2020) or to measure the liquid water content in frozen porous media (Coperey, Revil,
Abdulsamad, et al., 2019; Ming et al., 2020; Oldenborger & LeBlanc, 2018). For instance, the zeta potential is
very sensitive to the temporal evolution of snow porosity, pH and meltwater flux, which is important in snowmelt
and liquid water-ice phase change systems. Therefore, Kulessa et al. (2003, 2012) developed a novel experimen-
tal snow column method to measure the zeta potential of unsaturated flow in melting snow from SP methods.
Clayton (2017, 2021) present a field feasibility study to measure the percolation flux of unsaturated meltwater
using the SP method within the vertical profile of a snowpack. The electrical conductivity is highly related to the
basic physical properties of frozen porous medium such as porosity, liquid water content, or hydraulic conductiv-
ity. Duvillard et al. (2018, 2021) and Coperey, Revil, Abdulsamad et al. (2019), Coperey, Revil, and Stutz (2019)
characterized the spatial distribution of frozen and unfrozen zones from the electrical conductivity contrasts
between ice and pore water, and determined the relationship between electrical conductivity and temperature in
the frozen state using laboratory IP experiments. Results revealed that the above-mentioned geophysical methods
can be applied to the quantitative and qualitative study of soil hydrology at freezing temperatures. However,
few literature studies have carried out quantitative experimental studies on the content of liquid water and ice in
frozen porous media according to the electrical and electromagnetic methods. In a word, the geo-environmental
applications of electrical and electromagnetic methods in cold regions require more experimental and modeling
studies of the electrical conductivity of frozen porous media.
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Based on experimental data of electrical conductivity versus temperature, some predictive electrical conductivity
models have been performed, which can be categorized into three types in the literature. The first type involves
empirical electrical conductivity equations established by normalizing a reference conductivity at the reference
temperature (e.g., Dafflon et al., 2016; Fortier et al., 2008; Herring et al., 2019; Oldenborger & LeBlanc, 2018).
However, this type of model requires known values of the frozen and the reference conductivities (at given
reference temperature) and soil porosity, among other calibration information. The second type of method is the
electrical conductivity model of frozen porous medium based on the electrical theory, that is using series and
parallel combinations of soil, liquid water, and ice conductances (e.g., Shan et al., 2015; L. Y. Tang et al., 2018).
However, empirical parameters (or fitting parameters) appear in the electrical conductivity equations of frozen
soils in this case, and have no clear physical meaning. Although quite different, these two kinds of methods have
two factors in common: ignoring the effect of surface conductance (occurring at the solid surface-liquid water and
bulk ice-liquid water interfaces), and ignoring the effect of PSD in the expression of the electrical conductivity
as a function of temperature.

In response to this shortcoming, the third type includes the capillary bundle models of electrical conductivity of
frozen porous media, which consider either a variable PSD or the physical properties of the solid surface-liquid
water interface. Recently, Ming et al. (2020) calculated the liquid water content in frozen soils by establishing the
cylindrical capillary electrical conductivity model from a mathematical point of view. Even if the impact of PSD
on electrical conductivity is considered, this model does not consider the influence of surface conductivity at the
solid surface-liquid water and bulk ice-liquid water interfaces in frozen porous media, and the physical relation-
ship between electrical conductivity and basic soil properties such as porosity, liquid water content, permeability
or cation exchange capacity remains unclear. Duvillard et al. (2018) and Coperey, Revil, Abdulsamad et al. (2019)
analyzed the relationship between the electrical conductivity and unfrozen water content in frozen soils using the
IP method and the dynamic Stern layer model. They established the physically-based model of frozen porous
media that introduces unfrozen water content (specific exponential relationship) considering the variation of the
ionic concentration during the phase transition. Actually, they considered the effect of the different PSDs on the
unfrozen water content and then explored their effect on the electrical conductivity. This model also considers
the influence of the surface conduction at the solid surface-liquid water interface and has been applied to interpret
in situ measurements. It is currently a relatively advanced method for monitoring frozen soils and determining
liquid water content (Duvillard et al., 2018). However, this model ignores the influence of surface conduction
at the bulk ice-liquid water interface. To the best of our knowledge, there exist no capillary bundle model under
frozen conditions considering the effect of the pore water conductivity, of the different PSDs, and of the surface
conductivity at the solid surface-liquid water and bulk ice-liquid water interfaces.

In this study, we deduce such a new physically-based capillary bundle model of electrical conductivity in satu-
rated frozen porous media. The present manuscript is divided into three steps. First, we establish a capillary
bundle model (pore scale) based on the impacts of the Gibbs-Thomson effect, the pore water conductivity and
the specific surface conductance from the solid surface-liquid water and bulk ice-liquid water interfaces. Then
we deduce the expression of electrical conductivity as a function of temperature (macroscale) using an upscaling
procedure and considering the effect of different PSDs. Besides, we conduct experiments about the electrical
conductivity and liquid water saturation of three different types of soils based on laboratory electrical and elec-
tromagnetic methods and NMR. Furthermore, we also test the model parameters sensitivity and compare its
performance for different PSDs. Additionally, we confront the model results with various datasets: data from our
new experiments, and published data. Finally, from the proposed model, we obtain an equation for the effective
formation factor that is explicitly related to liquid water saturation.

2. Theoretical Developments of a New Electrical Conductivity Model in Saturated
Frozen Porous Media

In the following model we consider the porous medium consisted of a bundle of capillary tubes that represents the
connected pore space (e.g., Guarracino et al., 2014; Or & Tuller, 1999; Rembert et al., 2020; Thanh et al., 2019;
Tuller & Or, 2001; Yu & Cheng, 2002). We consider that the pores are initially filled with liquid water (i.e., liquid
water saturated). This porous medium is then subjected to temperature changes and the following developments
aim at describing the evolution of the electrical conductivity of the porous medium as a function of temperature.

The bulk ice is assumed to grow cylindrically from the center of the pores, with the sample temperature is lowered
below its freezing temperature (T, ), and a thin water film, which is immobile, volumetrically small and smaller
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Figure 1. Evolution of the critical freezing radius with temperature as predicted by the Gibbs-Thomson equation
(Equation 1).

than the thickness of the electrical double-layer of the solid surface-liquid water interface, stretches around the
ice column. Capillary forces (mainly the effect of the van der Waals forces) control the phase transform of
liquid water within the capillaries at equilibrium (Lebeau & Konrad, 2010, 2012; Watanabe & Flury, 2008). The
Gibbs-Thomson effect shows that the largest liquid water-filled capillaries freeze first, before smaller capillaries,
which shows how the depression in the freezing temperature is inversely proportional to pore radius (Ishizaki
etal., 1996; Watanabe & Mizoguchi, 2002), thus there is a critical freezing radius (r;) in the capillary tubes below
freezing temperature. The pore is filled with ice when its radius is larger than the critical radius, therefore, the
critical freezing radius (r,) at corresponding temperature (7) can be obtained based on the Gibbs-Thomson equa-
tion (see Figure 1):

YOsi To

n=1om )

where o, is the ice-liquid water interfacial free energy, o, = 0.029 J/m?, L.is the latent heat of phase transforma-
tion, L, = 3.35 X 10° J/kg; p, is the density of ice, p, = 917 kg/m?, T}, is the freezing temperature of bulk liquid
water (273.15 K), y represents the shape factor of the solid-liquid interface, which is sensitive to the pore geom-
etry. When liquid water changes into solid ice in cylindrical pores, the shape factor of solid-liquid interface is
considered as 2 for freezing processes (R. Anderson et al., 2009).

Figure 2 shows the conceptual model used to predict electrical conductivity at the representative elementary
volume (REV) scale (macroscale). We consider a distribution of radii of an equivalent bundle capillaries varying
andr,,.,
from an upscaling procedure considering different PSDs (lognormal and fractal distributions). The electrical

from a minimum to a maximum pore radius: r,

in respectively. The proposed electrical model is obtained
conductivity of a single capillary tube (i.e., microscale) is determined by the Gibbs-Thomson equation and the
specific surface conductance between the solid surface-liquid water and bulk ice-liquid water interfaces, then the
electrical conductivity at the REV scale is obtained by integrating the electrical conductivity of a single capillary
across the entire capillary bundle.

Considering a bundle of capillary tubes, the electrical conductivity is determined by the sum of the surface and
bulk electrical conduction of all capillaries. As a result, we made some of the following assumption in this study
in accordance with the Gibbs-Thomson effect: (a) for r; < r < r,, capillaries are filled with liquid water and
both the surface electrical conductivity of solid surface-liquid water interface (specific surface conductance X))
and the bulk conductivity are involved (Lebeau & Konrad, 2010; Or & Tuller, 1999; Thanh et al., 2020; Tuller
& Or, 2001); (b) forr, < r<r

‘naxe Capillaries are occupied by ice and water film, thus the electrical conductiv-

ity is the sum of the surface electrical conductivities at the solid surface-liquid water and bulk ice-liquid water
. ) (Lebeau & Konrad, 2012; R. Tang et al., 2019; Watanabe

interfaces (specific surface conductances X and X,

& Flury, 2008).
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Figure 2. (a) The electrical conductivity model is including a large number of capillary tubes at the cylindrical representative
elementary volume scale. (b) The tortuous capillaries follow a lognormal distribution or a fractal distribution and all the
capillaries have the same tortuous length L, (m). In accordance with the Gibbs-Thomson effect, at a given temperature, the
capillary is either filled by liquid water or by ice-water film depending on its radius (pore scale). (c) Sketch representing the
electrical double layer at the solid surface in contact with liquid water or at the bulk ice-liquid water interface (microscale) for
a given capillary radius r.

2.1. Pore Scale

When a capillary (r,;, < r, < r;) of frozen soil specimen of length L, and radius r, is filled by liquid water, and the

resistance (R)) of this capillary is obtained by Pfannkuch (1972), Thanh et al. (2019, 2020)

2
1 ”rlo-w + 277:"12:.“0 , (2)

R L. L.

where ¢, (in S/m) is the electrical conductivity of the liquid water (e.g., Revil & Glover, 1997; Woodruff &
Revil, 2011) and X (in S) is the specific surface conductance at the solid surface-liquid water interface. If a
capillary (r; < r, < r,,.) consists of the bulk ice and thin liquid water film, the resistance (R,) of this capillary
is

1 2zrniw | 27xrZ
R, L. L.

> 3)

where X, (in S) is the specific surface conductance at the bulk ice-liquid water interface. Consequently, the total
conductance Z(r) of the two capillaries (one is filled with water film-bulk ice and the other is occupied by liquid
water) is given by (Thanh et al., 2019, 2020)

1 1 1
Z(r)—m—R—l+R—2. (4)
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From Equations 2—4, the total conductance X(r,, r,) as a function of radius is:

Trow  27(r +r)Ew  27r T

5
L. L. L. ®)

Z(l‘] N 1‘2) =

The first term in Equation 5 is the contribution of the pore water electrical conductivity and the second and
third terms are the contributions from the specific surface conductances of solid surface-liquid water and bulk
ice-liquid water interfaces. These terms are related to the electrolyte concentration. Consequently, we develop the
models of the pore water conductivity and the specific surface conductances at the solid surface-liquid water and
bulk ice-liquid water interfaces based on the relationship between ionic concentration and liquid water saturation
and the surface complexation model. We can calculate the magnitude of the zeta potential (a key physic-chemical
parameter for determining and describing the surface electrical properties of charged porous media), surface
charge density as a function of salinity on the basis of the surface chemical reactions of mineral-liquid water or
ice-liquid water interfaces using the surface complexation model.

2.1.1. The Model of Pore Water Conductivity

Since phase transition of liquid water from liquid to solid leads to a change in the pore water ionic concentration,
the relationship between the electrolyte concentration and liquid water saturation is expressed as (e.g., Herring
et al., 2019; Oldenborger & LeBlanc, 2018)

= =3 (6)

where C, is the ionic concentration in frost state (in mol/L), C, is the initial ionic concentration above freezing
temperature (in mol/L), S, is the initial liquid water saturation above freezing temperature, and S, is the liquid
water saturation below freezing temperature. We can obtain the ionic concentration below the freezing point on
the basis of the liquid water saturation and initial ionic concentration. Note that such approach have been also
used for other kind of phase change, such as evaporation (e.g., Jougnot et al., 2010).

Based on the following equation, we can relate the electrolyte concentration to fluid electrical conductivity in the
following calculations (Revil & Glover, 1997):

ow= Y, NaghiC/, (7

where g, is the charge of species i in the free electrolyte (in C), N, is the Avogadro's number (6.02 X 102 mol~!),
C,./ is the concentration of ionic species i in the free electrolyte (in mol/L), f; is the mobility of ionic species i in
the free electrolyte (in m?s~! V~'), and it is related to temperature (e.g., Vinegar & Waxman, 1984), as follows

i = B [1 + ar(T — Trer)], 8)

ref

(298 K), and its values are shown in Table 1, a; is the temperature factor and in the range 0.019-0.022/K (e.g.,
Coperey, Revil, Abdulsamad, et al., 2019; Coperey, Revil, & Stutz, 2019; Revil et al., 2017). Therefore, on the
basis of Equations 7 and 8, the fluid conductivity can be obtained considering the effect of the temperature,

where g is the reference mobility of ionic species i in the free electrolyte at the reference temperature 7,

ou= Y NagBC/ 11 + ar(T = Toe)]. ®)

2.1.2. Electrical Double-Layer Model at the Solid Surface-Liquid Water Interface

The charge at the mineral surface, consisting of the solid surface, bulk ice or air, in the development of an elec-
trical double layer (EDL) that includes a diffuse layer with mobile ions and a Stern layer with strongly bound
ions. Ions can be adsorbed as inner and outer sphere surface complexes in the Stern layer, loosing and keeping
their hydration shell, respectively. In this work we hypothesis that the inner sphere surface complexes are so
tightly bound to the solid surface that they do not contribute to the surface conductivity. However, a significant
part of the counter-ions in the Stern layer of minerals are adsorbed as outer sphere surface complexes and behave
exactly like they were in the diffuse layer. Therefore, these ions may contribute to the surface conductivity of the

LUO ET AL.
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Table 1
Parameter Values of the Electrical Double-Layer Model Used in This Work
Symbols Meaning Value Reference
ﬂ]’\;} (m2s~1V-h Reference mobility of ionic species Na* in the free electrolyte 5.2 x 1078 Zimmermann et al. (2001)
ﬂ(":clf (m?s~!'v-h Reference mobility of ionic species Cl~ in the free electrolyte 7.9 %1078 Zimmermann et al. (2001)
prl (m? =1 V1 Reference mobility of ionic species H* in the free electrolyte 3.6 x 1077 Zimmermann et al. (2001)
Bt (m*s~' V) Reference mobility of ionic species OH in the free electrolyte 2.1x 1077 Zimmermann et al. (2001)
a; (K= Temperature factor 0.022 Coperey, Revil, Abdulsamad
et al. (2019)
F‘l’ (Sites nm~2) Total surface site density of the mineral 5 Leroy et al. (2008)
I'? (Sites nm~—2) Total surface site density of the ice 5.7 Daigle (2021)
Kyon Equilibrium constant of protonation at the mineral-liquid water interface 10673 Hiemstra &
Riemsdijk (1990)
Kyonz Equilibrium constant of second protonation at the mineral-liquid water interface 10073 Hiemstra &
Riemsdijk (1990)
Kyona Equilibrium constant of sodium adsorption at the mineral-liquid water interface 1070% Leroy et al. (2008)
K, Equilibrium constant for deprotonation at the ice-liquid water interface i@y Daigle (2021)
Ko Equilibrium constant for H* sorption on dangling O at the ice-liquid water interface 10760 Daigle (2021)
Ky, Equilibrium constant for sodium sorption at the ice-liquid water interface 1032 Kallay et al. (2003)
K, Equilibrium constant for second protonation at the ice-liquid water interface 10-0:062 Daigle (2021)
pH pH of REV 6-8 In this work
material. For instance, some researchers (e.g., Leroy et al., 2011, 2012, 2013, 2015; Li et al., 2016) showed that
considering Stern layer contribution from outer sphere adsorbed ions to surface conductivity was necessary to
quantitatively interpret zeta potential measurements with a surface complexation model. Similar findings were
proposed earlier by Lyklema & Minor (1998) and Revil et al. (1998), and this assumption is well accepted in the
colloid and interface community (Delgado et al., 2007). Besides, some also found that an extra contribution (not
from the Stern and diffuse layers) to surface conductivity was necessary to explain the zeta potential measure-
ments on hydrophobic materials in contact with brines such as quartz, amorphous silica and air bubble (Leroy
et al., 2012, 2013; Revil et al., 1998). When ions are adsorbed as outer sphere complexes in the Stern layer, the
Stern layers can be connected over multiple grains and contribute to surface conductivity in the same manner than
ions in the diffuse layer. Considering the bundle of capillary model presented in this study, thus the contribution
of the outer sphere complexes in the Stern layer and diffuse layer to the surface conductivity should be taken into
account where there is no disconnection on the pore surface. Therefore, we consider that the surface complexation
model consists of two layers: first layer is mineral surface and inner sphere surface complexes in the Stern layer,
and second layer is outer sphere surface complexes in the Stern layer and diffuse layer.
We can determinate the equation between the specific surface conductance and the surface charge density consid-
ering the effect of temperature (Niu et al., 2016; Revil, 2012; Revil et al., 2018):

& QBT + ar(T — Trer)], (10)
where X is the specific surface conductance (in S), Q, is the surface charge density of the EDLs (outer sphere
surface complexes in the Stern layer and diffuse layer) (in C m~2), and ﬁ;f} is the effective reference mobility of
cations at the reference temperature (7, = 298 K) (ﬁ{\z‘f+ =5.20 x 1078 m? s~! V1), The following development
focuses on the analysis of the relationship between the zeta potential, the surface charge density in the diffuse
layer and the specific surface conductance, and the electrolyte concentration in the electrical double-layer of solid
surface-water and bulk ice-water interfaces.

We consider a binary symmetric electrolyte (e.g., NaCl) in contact with the silica grains and assume that
the pH = 6-8. We determine the distribution of the coions and counterions at the solid surface/liquid water
interface on the basis of the EDL theory (e.g., Leroy et al., 2008; Revil & Glover, 1997). Therefore, the surface
LUOET AL. 7 of 33
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charge density QY of the minerals surface and inner sphere surface complexes in the Stern layer as well as the
surface charge density Q at the EDLs (outer sphere surface complexes in the Stern layer and diffuse layer) can
be expressed as, respectively

eOFO

2 2e
0) = a—l KXOHKXOH2(C£+) eXP<_kO—;’iO> - 1]’ (I
1 b

0. = /3¢ ,‘kacfsinh< £0Pd4 ) (12)

2k, T
with

e0 Qo 2 2eopo eoQd
a =1+ KxonCl, exp(— T > + KxonKxon2 (C2, ) exp(—kb—T> + KxonaClL, exp(— T > (13)

b

where ¢ represents the elementary charge (taken positive, e, = 1.6 X 107" C), I' (in sites nm?) is the total surface
site density of the mineral, Ky, Kyop2> Kxon, are the associated equilibrium constants for the different mineral
surface chemical reactions (X represents the silicon at the mineral surface), their specific meanings and values
are shown in Table 1. We only compare the specific surface conductance between the mineral surface-water,
bulk ice-water interfaces, and the contribution of the surface and bulk conduction to the electrical conductivity.
Therefore, we take the same equilibrium constant values for surface reactions of any types of material (i.e., quartz
sand, silty soil and clay) in order to decrease the number of parameters in the surface complexation model. The
symbols C/

Na*’

and the salinity in the free electrolyte (in mol/L), Clﬁ , =107 and Céq . = C,, e, represents the permittivity of the
pore water (g = 81¢, £y~ 8.85 x 10712 F m~!), k, represents the Boltzmann constant (1.381 x 10~ J K1), T'is
the temperature (in K), ¢, and ¢, are, respectively, the electrical potentials of the mineral surface and of the outer

C;;r and C; represent the concentrations of the sodium cations in the free electrolyte, the protons

sphere surface complexes (in V). The electrical potentials are related by (Leroy et al., 2008, 2012)

o
— g = =2 14
Po=pa= 5o 14
where C, is the (constant) integral capacities of the Stern layer in the interface of the mineral-water, and
C, = 1.07 F m~2 given by Leroy et al. (2008).

The global electroneutrality equation for the solid surface/liquid water interface is
0 +0,=0. (15)

We use F(l’ = 5 sites nm~2 (Armistead et al., 1969; Aydin et al., 2004) and the values of Ky on Kxonz and Kyon,
given by Hiemstra & Riemsdijk (1990) and Leroy et al. (2008) to calculate the values of ¢, Q% and = at different
concentrations based on the Equations 10-15.

2.1.3. Electrical Double-Layer Model at the Bulk Ice-Liquid Water Interface

Kallay et al. (2003) and Daigle (2021) describe the development of the surface reactions and the distribution of
charge in a manner analogous to existing modes in the electrical double-layer of the bulk ice-liquid water inter-
face. We consider that the electrolyte around the ice is NaCl, that the transport and adsorption of chloride ions are
ignored during the surface reactions, as well as pH equals 6-8. Therefore, the surface charge density QY of the ice
surface and inner sphere surface complexes in the Stern layer at the bulk ice-liquid water interface as well as the
surface charge density Q, at the EDLs (outer sphere surface complexes in the Stern layer and diffuse layer) can
be expressed as (Revil & Glover, 1997), respectively

I
0 Ki+ —
o _ el f _eopo ) Kio €0®o
$= K,C. exp< T ) o CXP( T > , (16)

H+

2k T

0. = —\/SefkaCfsinh( 0P ) (17

LUO ET AL. 8 of 33

95U9017 SUOLUWIOD SAIIR.D) 9|qed![dde auy Aq pausenob ae ssp e YO ‘8sn Jo Sajni o} Azeiq1aUluO A3[IAR UO (SUDNIPUOI-PUR-SWB 0D A8 1w Ale1q 1 jpul|UO//:SdNY) SUONIPUOD PuUe SWIS 1 8y} 89S ' [£202/20/52] U0 Afeiqiauliuo A1 ‘9aueld aUeIyd0D AQ #525208r2202/620T OT/10p/wod Ae |im AreiqipuljuosgndnBe;/sdiy Wwoy pspeojumod ‘€ ‘€202 ‘95866912



A"'l

ADVANCING EARTH
AND SPACE SCIENCE

Journal of Geophysical Research: Solid Earth 10.1029/2022JB025254

with

€0%o

1 [Ko o+ o+ Koo o exp(kb_T) +K,C! 2o (18)
a = — - _ Joexp|l ——
2 d Ko KH Na+ SXP T C l§+ pCyge CXP T

where I'? (in sites nm~) is the total surface site density of the ice-liquid water interface, K , K, K;;o and Ky, are
the associated equilibrium constants for the different reactions at the surface of ice, their specific meanings and
values are shown in Table 1, ¢, and ¢, are, respectively, the electrical potential at the ice surface and the zeta
potential (in V). The electrical potentials are related by Kallay et al. (2003) and Daigle (2021)

(o
— g = ==, 19
Qo= pa= 19
where C, is the (constant) integral capacities of the Stern layer at the bulk ice-water interface, and the values of
the (constant) integral capacities are given by in Table 1.

We use I') = 5.7 sites nm~* (Daigle, 2021) and the values of K, K;;, Ky, and Ky, given by Kallay et al. (2003)

and Daigle (2021) to calculate the values of ¢,, Q% and X, at different concentrations based on the Equations 10
and 16-19.

2.2. REV Scale

The electrical conductivity at the macroscale is obtained by considering the cubic REV of the frozen porous
media with the REV length L, and the corresponding cross-section area Agg,. We assume that the pores are
circular capillary tubes whose radii varies from r_; to r,_, . In addition, we assume that the PSD f(r) (PSD)
in the REV consists of the number of capillary tubes (radius from r to r + dr as f(r)dr). Note that we can
obtain the PSD of REV by using the hydrodynamic characteristic curves such as the water retention (capil-
lary head-saturation) or hydraulic conductivity (relative permeability-saturation) relationships (e.g., Jougnot

et al., 2012).

The conductance (X) of the frozen saturated REV is deduced as follows,

B 1 _ Ti L "max l
Y= / RG )f(r) r= / R, f(rdr +/r, % f(rdr. (20)

‘min

We define the electrical conductivity ¢ (S/m) at the REV scale by dividing the conductance with a geometric
factor f, = ”L—Rz = Al‘iﬂ (Rembert et al., 2020),
0 0

o= - / | 2oy )+ / 2 + / 2R pr, @1
.fg T, TA r, TA ri

min ‘min

where 7 is the tortuosity at the REV scale, and we consider a constant tortuous length L, for different size pores,
so the tortuosity 7 is also a constant value for different capillary radius and is defined as,
L.

T = o (22)
We can safely neglect the electrical conductivities of the ice column and the mineral grains, but surface conductiv-
ity in the electrical double-layer of the grains and ice column can be significant (e.g., Coperey, Revil, Abdulsamad,
et al., 2019; Daigle, 2021; Revil, 2013; Revil & Glover, 1997). As the temperature decreases, the connectivity of
bulk conduction declines due to the liquid water transitions, and the decreases in the liquid water saturation (S,)
also affects the bulk conduction. As a result, the electrical conductivity (¢, S/m) in the REV is obtained using a
modified Archie model for frozen media and an empirical parameter known as an unfrozen exponent (Coperey,
Revil, Abdulsamad, et al., 2019; Waxman & Smits, 1968):

=S / LT / 21”’2” Fdr + / sl L far. 23)

TAREV

min min Ti
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where 7 is an empirical parameter analogous to the so-called saturation exponent, but that we hereafter call the
unfrozen exponent and S, is liquid water saturation. In this study, we are interested in the effect of two different
PSDs: the (a) lognormal and the (b) fractal distributions. However, one should note that the Equation 23 can be
used for any PSD f{(r) (see discussion in Vinogradov et al., 2021).

2.2.1. Lognormal Distribution

Porous media often exhibit a lognormal PSD (e.g., Kosugi, 1994) that can be given by

2
ln( rL )
exp _ m

A
2zsr \/Es

fr) =

> P'min <r < Foax (24)

where r,, represents the geometric mean pore radius (in m), A is a normalizing prefactor, and s represents the
log-normal standard deviation. Therefore, we can calculate the total capillaries number (N) with following the
lognormal distribution in the REV scale

N = f(r)dr =
Tmin Tmin 2zsr \/Es

Al (=)

dt = =|erf
2

2 r
, i Zmax )
"max "max A ln( ; ) ’zn—: A P
X - In(

‘ (25)
—erf —ln( % )

V2s V2s

. . _ 2 z 7,2
with the error function erf(z) = 7 Jo e dr.

The porosity of the REV is calculated on the basis of the lognormal distribution of capillary tubes
(Jackson, 2008, 2010),

"R f(rdr, 6)

" Veev Arev Lo " Arev J,

Ve  JomtarLef0dr o, /rm

"min

where Vp is the total pore volume (in m?), Vyyy is the total volume of the REV (in m?), L, is the tortuous length
of the capillary (in m), L, is the length of the REV (in m). Then the cross-section area that is perpendicular to the
capillary tubes can be obtained:

r
s ‘max

ARgv = — 7 f(rydr, 27

"min

where

2 2

"max "max In ( ) "max In ( )
/ rf(rdr = r A expy — i dr = A / rexpd —| —=t
"min "min 2xs \/ES 278 Y rmin \/ES

ln(M> —2s?

"m

(28)
ln( Imin ) — 25?2
dr = ér,znezs2 erf —erf ‘m

2 V2s V2s

Similarly, substituting Equation 24 into Equation 23, we obtain the electrical conductivity of the frozen saturated
REV with the lognormal distribution as:
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2 2
ln<L> 1n<L>
c= S,:l /r’nmx 7”'26w A Fm 27rZsw A Fm

expq — dr + [ expq —

27sr V2s mn o TAREV | \/27sr V2s

2
In < — )
Fmax 27y wa A Fm

" TArev 27sr \/Es

min T ARgv

+,

Consequently, defining o as the ratio of the minimum pore radius to the maximum pore radius (& = Fmin/ max)>
from Equations 26-29, we can obtain the electrical conductivity of saturated frozen REV:

ln<M> —s? ln(—a.rmax> —s?
Im Fm
—erf
V2s V2s
S 2¢ 1e_3£

n
“0w+ — 2 Tow
2

2
T Im Fma
In[ —= | — 257
'm

(30)

21 %

+ > e
o In( [max ) o2
Fm

erf

Ziwv

1,1(%) _ 22
T
—erf -

V2s V2s

The above theoretical model based on the lognormal distribution shows that the electrical conductivity at frost
state is related not only to the liquid water saturation (S,), but also to the porosity (¢), the tortuosity (z), the
maximum pore radius (r,, ), the ratio of the minimum pore radius to the maximum pore radius (@), the geometric

mean pore radius (r,), the log-normal standard deviation (s), the pore fluid conductivity (c,) and the specific

surface conductance (X, X, ). To estimate the electrical conductivity ¢ from Equation 30 below the freezing

sw?

point, the parameters ¢, S , 7, 1.

> Fw max?
S, 1, 0,2, %, and the temperature 7T need to be calculated.

r,» o and s must be known. Besides, the relationship between the parameters

sw?

2.2.2. Fractal Distribution

Another frequently encountered PSD is the fractal PSD (e.g., Tyler & Wheatcraft, 1990; Yu & Cheng, 2002):
rmux DI‘
NEn=(m)7 31
r

where N(= r) is the number of the capillaries (with radius larger than r) in the fractal porous medium, r_, repre-

sents the maximum radius of capillary in the REV (in m), D, represents the fractal dimension, which is between 1
and 2 for a two-dimensional pore space as well as between 2 and 3 for a three dimensional pore space.

Differentiating Equation 31 with respect to r yields

—dN = Derat r P dr, (32)

max
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where —dN represents the number of pores with radius from r to  + dr. The sign (—) in Equation 32 means that the
number of pores declines with increasing pore radius (Yu & Cheng, 2002; Yu et al., 2001). Therefore, the fractal
distribution of capillary tubes is given on the basis of Equation 32:

f(r)y = Derle rm0e (33)

Therefore the total number (N) of capillaries (fractal distribution) in the REV is given by

"max "max D¢ Dy
N=[" rear= / Der% Pl dr = (’_) . <’m_> . (34)

P
"min ‘min min

r D( . . N . N
Here, we consider that rp,x > rmi, that is, (M) is much larger than 1, which is normally valid in porous

"min

media.

The porosity of REV is calculated on the basis of the fractal theory,

A o5
¢= VRev Agev Lo B 2-Dp)Arey

Then, the cross-section area that is perpendicular to capillary tubes can be obtained,

T Der [1 - az‘Df]

2 - D¢

Agev = (36)

Combining Equations 23 and 33, the following is obtained

Tmax 2 "max Tmax
TTr oy Di  —De—1 27rEsw D —Do_1 27rZiy D —Die—1
c=S! / Dirpfor 2 dr + == Derpt k0 dr + ——= Dirpir 7 dr. (37)
p T AREV T AREV r TAREV

‘min "min i

Consequently, we can obtain the electrical conductivity of saturated frozen REV from Equations 34-37,

¢Sy 20@-Dp{l-a'Pr) 26~ 0’ =)

w

Ziw- (38)

o sw T
72(1 = Dp)rmax(1 — a?=Pr) 22(1 = D2 (1 — a2-Pr)

max

72

The above theoretical model based on the fractal distribution shows that the electrical conductivity below freez-
ing temperature is linked not only with the liquid water saturation (S,), but also with the porosity (¢), the tortu-
osity (7), the fractal dimension (D), the maximum pore radius (r, ), the ratio of the minimum pore radius to
the maximum pore radius (a), the pore water conductivity (o,) and the specific surface conductance (Z,, Z, ).
To estimate the electrical conductivity ¢ from Equation 38 below the freezing point, the parameters of ¢, S, 7,
Tmax» Dp and a must be known. In addition, the variation of S, 7, ,, Z, , and X, with temperature T must be
determined.

sw?

For saturated porous media, an empirical relationship proposed by Winsauer et al. (1952) relates the formation
factor (F), the tortuosity () and the porosity (¢), which for our study can be expressed as:

F= lim (Z&)=Z.
asino,<a) ¢ (39)

S, =

When the temperature drops, the liquid water saturation of porous media decreases gradually, and the formation
of ice in the pores changes the tortuosity in the REV. At this time, considering the variation of the pore water
conductivity with ionic concentration (Coperey, Revil, Abdulsamad, et al., 2019), the effective formation factor
in the porous medium is
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(Su(T))'™". (40)

2
Fegr = limaﬁo(&) = 7T
s o ®

The derivation results (Equations 30 and 38—40) show that the electrical conductivity and the formation factor in
frozen porous media are not only influenced by the liquid water saturation, which is strongly associated with the
PSD of the porous medium, but also correlated with the tortuosity.

To describe the SFCC, from the freezing temperature T, to lower temperatures, we ignore the residual liquid
water and adsorbed liquid water contents in saturated frozen porous media and use the following equation (C.
Wang et al., 2017),

c

Sy = — s 41)

(2]

where a, b, and c are fitting parameters with values related to the pore volume fraction and the freezing temper-
ature of the REV.

In

The tortuosity as a function of porosity is assessed using the following relationship established for positive
temperature (e.g., Comiti & Renaud, 1989),

o(p) =1 +0.411n<%>. (42)

When the temperature decreases below the freezing temperature, the liquid water changes into ice. From Equa-
tion 42, the tortuosity then becomes (Teng et al., 2021):

T = 2(Sup) = 1 +0.41 1n<SL¢>. (43)

u

Porosity can be obtained by experimental measurements. Due to the heterogeneity of the capillaries (an unfro-
zen exponent n is introduced at freezing temperature in Equation 23), the proposed model can be applied to
predict the electrical conductivity of saturated frozen porous medium below the freezing temperature. There-
fore, in the proposed model based on lognormal distribution, the theoretical values of the electrical conductivity

in saturated frozen porous media can be calculated once the parameters of porous medium s, r_, r, and n

m’> " max’ a’
are defined. In the proposed model based on fractal distribution, the theoretical values of the electrical conduc-
tivity in saturated frozen porous media can be calculated once the parameters of the porous medium Dy, r, .., a,

and n are defined.

3. Laboratory Experiments
3.1. Experimental Setup

There are two methods to measure the electrical conductivity of a sample: the two-electrode method and the
four-electrode method. However, the physical properties such as electrical conductivity and liquid water satu-
ration of frozen porous media are easily destroyed by external factors during the measurement. Therefore, to
decrease the disturbance of the soil sample, the electrical conductivity measurements presented here were carried
out with the two-electrode method. A schematic diagram of the instrumentation is described in Figure 3, includ-
ing a sample temperature control device, an electrical conductivity measurement device and temperature meas-
urement instrument. By adjusting the temperature of the sample and measuring the electrical resistance of the
soil sample at various temperatures, the electrical conductivity of the frozen porous media can be determined
through the following equation:

o=——=—_— (44)
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(d)

(e)

Figure 3. Schematic diagram of the experimental apparatus, which consists of a temperature control system and a
measurement system. The temperature control system is composed of a high and low temperature experimental chamber (d),
and the measurement system includes the temperature measurement (b) and the resistance measurement of the sample (a).
Soil column (c) includes the resistance sample that measures the resistance of soil sample, and the temperature sample to
monitor the change of the internal temperature of sample.

where o is the electrical conductivity of the porous media (S/m); R is the resistance (€2); L is the length of the
sample (m), and S is the area of the sample (m?). The geometrical factor K, = S/L (m) is calculated from the
geometrical dimensions of the samples.

3.2. Samples and Procedures

Three kinds of soil samples are tested in the experiments including quartz sand, clay and silty soil (grain diam-
eter lower than 2 mm) and aimed to characterize the dependence of their electrical conductivity with respect to
temperature and ionic concentration. A commercial medium-coarse grained sand is selected as a material (quartz
sand) that particle sizes ranges from 0.5 to 1 mm. The clay is a typical red clay sampled from Changsha (China),
and the silty soil as a type of clayey silt was collected at Beijing (China). The basic properties of the three soils
are listed in Table 2.

The instruments include a high- and low-temperature chamber, a high-precision LCR digital bridge, a temperature
measurement device, electrodes and several electrode wires. The high- and low-temperature chamber provides
a test range from 40°C to —30°C with an accuracy of 0.1°C. The electrical conductivity measurement device is
a high-precision LCR digital bridge with an accuracy of 107* Q, and a frequency range from 50 Hz to 100 kHz.

Table 2
Properties of the Samples: Quartz Sand, Silty Soil, and Clay

Optimum liquid water ~Maximum dry density Specific Porosity
Sample Liquid limit  Plastic limit content (g/cm?) gravity (1))

Clay 36.02% 21.5% 16.2% 1.73 2.73 0.40
Silty soil 29.9% 21.5% 16.2% 1.71 2.70 0.368
Quartz sand - - - 1.60 2.64 0.240
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Figure 4. The flow chart to determine the electrical conductivity ¢ as a function of temperature from S,, C,, 6, r,, 7, Z, ,
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experimental data of electrical conductivity at freezing temperature.

A frequency of 100 Hz is adopted in this study (e.g., Abu-Hassanein et al., 1996; Coperey, Revil, Abdulsamad,
et al., 2019; Kemna et al., 2014; Suits et al., 2002) to reduce the influence of high-frequency ice polarization and
low-frequency electrode polarization phenomena. The temperature measurement device has a test accuracy of
0.1°C. A triaxial sample cavity (90 mm height and 40 mm diameter) is adopted for sample loading. To eliminate
the influence of metallic materials on the conductivity of the sample, the metallic parts of the triaxial cavity were
replaced by plexiglass parts. Copper electrode plates with a diameter of 40 mm and a height of 2 mm are applied
in addition to a set of copper wires.

The soil samples were first washed with distilled liquid water to remove mineral ions from the soil pores, and then
were dried during 24 hr at about 75°C. Then, the samples were mixed with sodium chloride solution at different
concentrations to achieve different initial ionic concentrations. Each sample was compacted into a container
at the required dry density, and then saturated under vacuum with the same solutions. At the end of the satu-
ration process, a 2 mm graphite powder layer was placed at both ends of the sample to reduce the impact of
contact resistance. Copper electrode plates were then placed at both ends of the soil sample, and the whole was
placed in a temperature control chamber. Corresponding sample was prepared under the same condition and
used to monitor the change of the internal temperature of sample and to measure the liquid water saturation at
corresponding temperature. The temperature range was —20°C to 25°C. When the sample temperature became
constant, the value of the electrical resistance was recorded at this temperature, thus the electrical conductivity
was determined. The results of experiments are summarized in Appendix A, including the values of liquid water
saturation and electrical conductivity of frozen porous media. The freezing characteristic curve of these three
soils was measured via the NMR method, which calculates the liquid water content based on the inversion results
of hydrogen signal values in different states by recording the energy level of hydrogen atoms in the samples (e.g.,
Shen et al., 2020; Teng, Kou et al., 2020).
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Figure 5. Liquid water saturation and ionic concentration as a function of temperature for saturated frozen porous media (quartz sand, silty soil and clay), as measured
experimentally (symbols) (initial ionic concentration is 0.046 mol/L, see Table 3) and predicted by the model (lines). (a) Liquid water saturation—Equation 41: quartz
sand, a = 1.60, b = 8.11, ¢ = 0.609; silty soil, a = 3.69, b = 10, ¢ = 0.50; clay, a = 4.41, b = 6.50, ¢ = 0.485. (b) Ionic concentration—Equation 6: quartz sand, silty

soil and clay.

4. Results and Discussion
4.1. Sensitivity Analysis of the Model

Under freezing temperature, the pore water in porous media gradually changes into ice. Consequently, it leads to
the decrease of the liquid water saturation and the increase of ionic concentration in capillaries, which affect the
pore water electrical conductivity and specific surface conductances. Besides, ice and liquid-pore solution result-
ing from the phase transformation of liquid water will form a new EDL that also affects the surface conduction.
Finally, the formation of ice in the pore has a great influence on the tortuosity, which may largely reduce the
electrical conductivity of the saturated frozen REV.

Figure 4 describes the flow procedure used to predict the value of proposed model and to perform a sensitivity
analysis of our model. First, we obtained the liquid water saturation based on the SFCC (Equation 41), then the
ionic concentration and the tortuosity can be determined from the known initial concentration and liquid water
saturation (Equations 6 and 43) and the critical freezing radius with temperature from the Gibbs-Thomas effect
(Equation 1). Second, the pore water conductivity and specific surface conductance at the solid surface-liquid
water and bulk ice-liquid water interfaces are determined according to the surface complexation model. Finally,
the electrical conductivity as a function of temperature with PSD in saturated frozen porous media is predicted
based on Equations 30 and 38 using representative values of parameters of lognormal distribution (n, s, ., 7.,
and D).

a) or of fractal distribution (n, r,,,, @,

To estimate the effect of the temperature on the electrical conductivity with a lognormal or fractal distribution
in saturated frozen porous media based on Equations 30 and 38, the change of the liquid water saturation, of the
ionic concentration as well as of the critical freezing radius with temperature on the basis of the Gibbs-Thomas
effect must be determined first.
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Figure 6. Variations of pore water conductivity and tortuosity as a function of temperature for different types of saturated frozen porous media (quartz sand, silty
soil and clay). (a) Pore water conductivity is obtained from Equation 9 and the initial ionic concentration of electrolyte is 0.046 mol/L; (b) Tortuosity is given by

Equation 43.
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Figure 7. Variations of zeta potential, surface charge density and specific surface conductance with temperature at the solid surface-liquid water and bulk ice-liquid
water interfaces. (a) Zeta potential in the interface between solid surface and liquid water; (b) Surface charge density at the electrical double layers (EDLs) in the
interface between solid surface and liquid water; (c) Specific surface conductance in the interface between solid surface and liquid water; (d) Zeta potential in the
interface between bulk ice and liquid water; (e) Surface charge density at the EDLs in the interface between bulk ice and liquid water; (f) Specific surface conductance
in the interface between bulk ice and liquid water.

Figure Sa presents the liquid water saturation as a function of temperature for quartz sand, silty soil and clay,
as obtained from our experiments (see Appendix A, initial ionic concentration 0.046 mol/L) and predicted by
Equation 41. The best fits are obtained with quartz sand (a = 1.60, b = 8.11, ¢ = 0.609), silty soil (a = 3.69,
b =10, ¢ =0.50) and clay (a = 4.41, b = 6.50, ¢ = 0.485), and the model prediction is shown to be in very good
agreement with the measured data. The continuous decrease in liquid water saturation with decreasing temper-
ature can be divided into two stages for the three soils: a stage of strong decline followed by a stage of slight
decrease. For a bundle composed predominantly of large capillaries like quartz sand, the liquid water saturation
drops sharply near the freezing temperature of bulk liquid water (7;, = 273.15 K), and then, the slope of the SFCC
gradually decrease as the ratio of capillaries with small radius to large radius in the bundle increases. For soils
with a smaller capillary radius, such as clay and silty soil, there is a lower SFCC turning point temperature. This
is because a smaller capillary radius corresponds to a higher matric suction in the soil, that is, the liquid water
should more difficult to change into ice, thus the freezing temperature of the bulk liquid water is lower for satu-
rated porous medium, and the amount of liquid water content remains higher than in soils with larger capillaries.

The variation of ionic concentration as a function of temperature for saturated frozen porous media is depicted in
Figure 5b and the predicted model is given by Equation 6. The ionic concentration is related to the initial concen-
tration and liquid water saturation, and goes up with decreasing temperature.

It can be seen from the model that the electrical conductivity of the frozen soils relies on the pore water conductiv-
ity and on the tortuosity. Consequently, we evaluate the evolution of these parameters with the changes of temper-
ature from Equations 9 and 43. Figure 6a illustrates the sensitivity of the pore water conductivity to temperature:
it first increases with a decrease in temperature near the freezing temperature before decreasing. This behavior
is explained on the basis of Equation 9 by the variation of the temperature and the ionic concentration. On the
one hand, when the temperature falls, the electrical conductivity of frozen porous medium declines because of
a decreasing ionic mobility (see Equations 8 and 9). On the other hand, as the temperature decreases, the ionic
concentration rises, thus the pore water conductivity increases. Note that the effect of electrolyte concentration is
largest near the freezing temperature whereas that of temperature is predominant at lower temperatures due to a
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maximum value of the pore water conductivity. The variation of tortuosity as a function of temperature in satu-
rated frozen porous media is shown in Figure 6b and the predicted model is given by Equation 43. The tortuosity
is linked to the porosity and liquid water saturation, and increases with the decrease of temperature.

Furthermore, the electrical conductivity of porous media in frost state associated with the specific surface
conductance at the solid surface-liquid water and bulk ice-liquid water interfaces. We therefore illustrate the
change in specific surface conductances with temperature at the solid surface-liquid water and bulk ice-liquid
water interfaces.

The variations of the zeta potential, the surface charge density at the EDLs and the specific surface conductance
of solid surface-liquid water interface with the temperature are obtained based on the surface complexation model
and given in Figures 7a—7c, and we assume that the electrical potential at d-plane is equal to the zeta poten-
tial, because the two are very close to each other (e.g., Revil & Glover, 1997). The corresponding equilibrium
constants of surface complexation reactions are given in Table 1. When an external electrical potential gradient
(or electrical field) is applied, then some of the electrolyte in pore water and the excess charge within the EDLs
including the outer sphere surface complexes in the Stern layer and diffuse layer are transported with the flow,
resulting in electrical conduction and streaming currents. It is clear from Figure 7a that the calculated value of
the zeta potential declines in magnitude with decreasing temperature. On the one hand, the liquid water content
drops when temperature decreases, resulting in decreasing conduction and streaming currents, but the streaming
current decreasing faster than the conduction current. The reason is that conduction current encompasses inter-
facial ion contribution, which is less sensitive to temperature than bulk ion contribution due to ion and liquid
water molecule crowding (less liquid water molecules available to transform from liquid to ice, this is the source
of the same effect than the effect of pore size on temperature freezing of liquid water molecules). Streaming
potential current only encompasses contribution of moving ions under liquid water flow in the diffuse layer and
bulk liquid water, which may be more sensitive to decreasing temperature. As the conduction current is opposed
to the streaming current (see Figure 1 of Li et al., 2016), decreasing temperature below the freezing temperature
may decrease the zeta potential magnitude because of an increasing effect of conduction current to the SP (Collini
& Jackson, 2022; Jackson, 2010; Li et al., 2016). On the other hand, the electrolyte concentration increases
with decreasing temperature, consequently the zeta potential of solid surface-liquid water interface decreases in
magnitude due to the compression of the diffuse layer, consistent with published works (e.g., Jougnot et al., 2020;
Pride & Morgan, 1991; Revil & Glover, 1997). The surface charge density at the EDLs has been computed from
Equations 10-15. Its value is given in Figure 7b for the three different samples at pH = 7. It is observed that the
surface charge density at solid surface-liquid water double layers increases when temperature decreases. The
increase of the computed surface charge density of the double layers magnitude with decreasing temperature is a
pure increasing salinity effect (more counter-ions in the diffuse layer compared to in bulk liquid water when the
electrolyte concentration increases), in agreement with the findings of Revil & Glover (1997). In Figure 7c, we
plot the specific surface conductance as a function of temperature predicted by Equation 10. When temperature
is close to the freezing temperature, the specific surface conductance increases with decrease of temperature, but
decreases with temperature below a certain value. Near freezing temperature and at low electrolyte concentration,
the specific surface conductance is dominated by the solid diffuse layer surface charge density, which rises when
temperature decreases (Figure 7b). In contrast, at lower temperature, the specific surface conductance mainly
depends on the temperature due to its effect of on ion mobility (decreasing ion mobility, Equation 10), hence
there is a maximum value in the curve of the variation of the specific surface conductance with temperature near
the freezing temperature (Figure 7c).

The variations of the zeta potential, the surface charge density at the EDLs and the specific surface conductance
of bulk ice-liquid water with the temperature are given in Figures 7d—7f. The zeta potential is assumed to be
equal to the Stern electrical potential. Table 1 display the equilibrium constants used for our computations (e.g.,
Daigle, 2021; Kallay et al., 2003). Figure 7d shows that the zeta potential at the bulk ice-liquid water interface
rapidly decreases in magnitude when the temperature drops near the freezing temperature, then the zeta potential
magnitude slowly decreases. The variation of the diffuse layer surface charge density with temperature is given
in Figure 7e and the result is in agreement with the results in Daigle (2021). The specific surface conductance as
a function of temperature is given by Equation 10 and plotted in Figure 7f. It is seen from Figures 7e and 7f that
the surface charge density and specific surface conductance of the frozen porous medium rapidly decline with
decreasing temperature near freezing temperature, except when the liquid water saturation remains stable (see
Figure 5a). In addition, the specific surface conductance of bulk ice-liquid water interface is one to two orders
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Figure 8. The dynamic electrical conductivity as a function of temperature predicted from the lognormal PSD-Equation 30, for a ionic concentration of 0.046 mol/L.

(a) Effect of the maximum pore radius r,,,, on the electrical conductivity o for three representative values of 7,

(5% 1071 x107%, 5 x 1077 m); (b) Effect of the ratio

max

a on the electrical conductivity ¢ for three representative values of a (0.1, 0.001, 0.0001); (c) Effect of the geometric mean pore radius r,, on the electrical conductivity

o for three representative values of r, (7,

120, r,

max > 7 max’

/40, r_160); (d) Effect of the log-normal standard deviation s on the electrical conductivity o for three representative

> " max’

values of s (0.1, 0.05, 0.01); (e) Effect of the unfrozen factor n on the electrical conductivity ¢ for three representative values of n (1.5, 2.0, 2.5). The value of the
parameters which remain constant is r,, =1 x 107 m, r,, = r,, /40, s = 0.01, a = 0.005 and n = 2.0.

of magnitude lower than that of the mineral surface-liquid water interface from Figures 7c—7f, thus the surface
conductivity contribution from ice/liquid water interface can be safely neglected in the case of field monitoring
or inversion (Duvillard et al., 2018).

The robustness of the model for both lognormal and fractal PSDs has been tested, through a sensitivity analysis

based on Equations 30 and 38. We test the effects of the maximum radius r

‘max> the ratio of the minimum pore

radius to the maximum pore radius a, the geometric mean pore radius r,, the log-normal standard deviation s, the
fractal dimension D; and the unfrozen factor n, because these parameters have significant impact on the lognor-
mal or fractal PSDs as well as on the geometry of the porous medium.

Figure 8 shows the dynamic electrical conductivity as a function of temperature predicted from the lognormal
distribution-Equation 30. In order to ignore the influence of lognormal PSD on liquid water saturation, Equa-
tion 41 is used to represent the amount of liquid water saturation in the sensitivity analysis of the model, so
that only the variations of r,

max’

r..» @, and s affect the surface conductivity of REV. The parameters of the SFCC
model are a = 1.60, b = 8.11, ¢ = 0.609 (quartz sand). Figures 8a and 8c show the effects of the maximum
(5x107% 1 x 10-°,

pore radius 7, on the electrical conductivity ¢ for three representative values of r,
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Figure 9. The dynamic electrical conductivity as a function of temperature predicted from the fractal pore size distribution-Equation 38, for a ionic concentration of

0.046 mol/L. (a) Effect of the maximum pore radius r,

. ON the electrical conductivity o for three representative values of 7, (5 x 1076, 1 x 1076, 5 x 1077 m); (b)

Effect of the ratio a on the electrical conductivity ¢ for three representative values of a (0.1, 0.001, 0.0001); (c) Effect of the fractal dimension D, on the electrical
conductivity ¢ for three representative values of D, (1.2, 1.5, 1.8); (d) Effect of the unfrozen factor n on the electrical conductivity ¢ for three representative values of n
(1.5, 2.0, 2.5). The value of the parameters which remain constant is r,,, =1 X 107°m, D;=1.5,a=0.005and n = 2.0.

5 % 1077 m) and of the geometric mean pore radius r,, on the electrical conductivity ¢ for three representative
value of r_ (r,,./20, . /40, r

'nax/00). They both produce significant differences in the predicted electrical
conductivity, which increases with decreasing r

max’
‘nax OF 7 Indeed, when the maximum pore radius decreases,
the geometric mean pore radius r,, also decreases, and the number of smaller radius capillaries increases as
shown in Thanh et al. (2021) (their Figures 2b and 2e). Therefore, one can see an increase of the surface
conductivity of the REV, hence an increase in electrical conductivity of the frozen porous medium. Figures 8b
and 8d show the effects of the ratio of the minimum pore radius to the maximum pore radius a on the elec-
trical conductivity o for three representative values of « (0.1, 0.001, 0.0001) and of the log-normal standard
deviation s on the electrical conductivity ¢ for three representative values of s (0.1, 0.05, 0.01). The electri-
cal conductivity is not very sensitive to a and s as shown by the curves overlap for the different parameter

decreases when a decreases at a fixed r.

max*

values, although the minimum pore radius r

min

because the geometric mean pore radius (r,) does not change, thus the number of capillaries characterized

This was expected

by a relatively small radius does not really increase, thus no variation is observed in the curves of electrical
conductivity based on lognormal PSD (see Figures 2¢ and 2f in Thanh et al., 2021). In addition, Figure 8e
shows the effect of the unfrozen factor n on the electrical conductivity ¢ for three representative values of n
(1.5, 2.0, 2.5). The electrical conductivity decreases with an increase of n, because of its effect on the bulk
conductivity of the porous media.

Finally, from this parametric analysis of the model with lognormal PSD, we can conclude that the electrical

conductivity is highly dependent on the parameters r,

‘nax and 7, which produce strong changes in PSD. Besides,

the uncertainty on the unfrozen factor n produces the most significant changes in the estimates of electrical
conductivity. The electrical conductivity is less sensitive to the parameters « and s.

Figure 9 presents the variation of the electrical conductivity with temperature for fractal PSD. In order to ignore
the influence of fractal PSD on liquid water saturation, Equation 41 is used to represent the amount of liquid
water saturation in the sensitivity analysis of the model, so the variations of r,, ., a and D; only influence the

surface conductivity of the REV. The parameters of the SFCC model are taken as a = 1.60, b = 8.11, ¢ = 0.609
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Figure 10. Electrical conductivity o as a function of temperature for three soil samples, as measured in our experiments (symbols) and predicted by the lognormal and
fractal pore size distributions (PSDs) models (solid lines). (a) Lognormal distribution, initial concentration 0.046 mol/L; (b) Fractal distribution, initial concentration
0.046 mol/L. The best fit parameters of lognormal and fractal PSDs are re-shown in Table 3.

(quartz sand). Figures 9a, b and ¢ show the effects of the maximum pore radius 7, on the electrical conductivity
(5x107%,1x 1075, 5 x 10~7 m), of the ratio of the minimum pore radius
to the maximum pore radius a on the electrical conductivity ¢ for three representative values of a (0.1, 0.001,

o for three representative values of
0.0001) and of the fractal dimension D, on the electrical conductivity ¢ for three representative value of D, (1.2,
1.5, 1.8), respectively. The electrical conductivity ¢ increases with the increase in D,, or with the decrease in
Tmax OF a. Indeed, when D, increases, or when r, . or a decreases, the number of capillaries characterized by a
relatively small radius rises, as indicated in Figures 2a and 2d in Thanh et al. (2021). Consequently, the surface
conductivity of the REV elevates, thus, the electrical conductivity o rises. Furthermore, we also observe that «
has a visible influence on the electrical conductivity in fractal PSD. The reason for this phenomenon is that the
electrical conductivity of the REV is mainly dominated by the geometric mean pore radius (r,,) in the lognormal
distribution, while it is mainly affected by the minimum pore radius («) in the fractal distribution. In addition,
Figure 9d shows the impact of the unfrozen factor n on the electrical conductivity o for three representative
values of n (1.5, 2.0, 2.5). The electrical conductivity of porous media declines with an increase of n, as for the
lognormal PSD.

Finally, from this parametric analysis of the model with fractal PSD, we illustrate that the electrical conduc-
tivity is highly sensitive to the parameters r,

maxs @ and Dg, which produce strong changes in PSD. Besides,

the uncertainty on the unfrozen factor n produces the most significant changes in the estimates of electrical
conductivity.

4.2. Comparison With New Experimental Data

Figures 10 and 11 present the fit of the proposed model to the experimental data for the electrical conductivity
in frost state as a function of the temperature by combining the SFCC model, the pore water conductivity and
the specific surface conductances at the solid surface-liquid water and bulk ice-liquid water interfaces with the
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Figure 11. Electrical conductivity o as a function of temperature for three soil samples, as measured in our experiments (symbols) and predicted by the lognormal and
fractal pore size distributions (PSDs) models (solid lines). (a) Lognormal distribution, initial concentration 0.180 mol/L; (b) Fractal distribution, initial concentration
0.180 mol/L. The best fit parameters of lognormal and fractal PSDs are re-shown in Table 3.
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Table 3
The Fitting Parameters Used for Modeling and Explaining the Experimental Data

D 1) C, (mol/L) a b G r

o (M) (M) s a n D

Clay 0.40 0.046 4.41 6.50 0485 3x10°% /15 001 0005 25 135
Clay 0.40 0.180 6.40 300 0530 3x10° /15 001 0.005 25 170
Silty soil 0.368 0.046 3.69 10 0.50 3x10° /70 0.01  0.001 19 1.86
Silty soil 0.368 0.180 5.67 1571 0427 3x10° /70 0.01  0.001 1.9 1.85
Quartz sand 0.240 0.046 1.60 811 0609 4x10° r, /10 0.01 0.005 1.9 140
Quartz sand 0.240 0.180 3.61 12 0446 4x10° r,/10 001 0005 19 1.60

Note. Parameters of the liquid water saturation model: a (no unit), b (no unit), ¢ (no unit). Parameters of the lognormal and
fractal pore size distribution models are r, . (m), r,, (m), s (no unit), & (no unit), z (no unit), and D, (no unit).

linear model for the temperature dependence of the mobilities. Experimental data are shown by the symbols
and are taken from Table 3, including the electrical conductivity data as a function of temperature. Based on the
experimental data of liquid water saturation, the parameters of the SFCC model are obtained from Equation 41,
and the values of the parameters are presented in Table 3. In accordance with the liquid water saturation, the
ionic concentration and the specific surface conductance at the solid surface-liquid water and bulk ice-liquid
water interfaces are estimated as seen in the previous sections. The fitting parameters are reported in Table 3.
Two stages are observed in the electrical conductivity variation with temperature below the freezing temperature
for the three different samples: a phase of rapid decline followed by a slower decline stage, which are consistent
with the SFCC curve. When the temperature drops beyond the freezing temperature, the electrical conductivity
of the porous medium rapidly decreases with decreasing temperature and liquid water content. When the liquid
water content in the frozen state stabilizes, the conductivity slowly decreases. It appears that the liquid water
saturation has a strong effect on the electrical conductivity. In addition, the fitting results illustrate the quality of
the predictions of the proposed models either with lognormal or fractal PSDs, which are in very strong agreement
with the experimental data, and the effect of the different PSD on the electrical conductivity will be presented in
the next section.

4.3. Comparison With Published Data
4.3.1. Coperey, Revil, Abdulsamad et al. (2019), and Coperey, Revil, and Stutz (2019)

To further verify the proposed model, a comparative analysis is carried out based on the experimental works of
Coperey, Revil, Abdulsamad et al. (2019), Coperey, Revil, and Stutz (2019) and Duvillard et al. (2018, 2021),
which provide measured electrical conductivity data below the freezing point. Figure 12 describes the variation
of electrical conductivity of the saturated frozen porous media with temperature at different initial electrolyte
concentrations reported by Coperey, Revil, Abdulsamad et al. (2019), Coperey, Revil, and Stutz (2019). To verify
7, 2, and X, . Values
of 6, and ¢ for those specimen are shown in Coperey, Revil, Abdulsamad et al. (2019), Coperey, Revil, and
Stutz (2019) and shown in Table 4. The value of C, can be estimated using Equation 6 and is shown in Table 4.

these experimental data by the proposed models, one need to determine C, ¢, S,, o,

w? sw?

Based on the porosity and the ionic concentration, the specific surface conductances at the solid surface-liquid
water and bulk ice-liquid water interfaces are determined (Section 2.1), and we also obtain the value of tortuosity
with temperature (Equation 43). In order to show that the proposed models are able to reproduce the experimen-
tal data, we empirically explore the field of fitting parameters that provide a relatively good fit. It is seen that
the proposed models using lognormal or fractal PSDs predict very well the experimental data using the fitting
parameters shown in Table 4.

4.3.2. Duvillard et al. (2018, 2021)

Figure 13 illustrates the variation of the electrical conductivity as a function of temperature measured by Duvillard
et al. (2018, 2021) for granite and rock glacier. Values of ¢ and ¢, for those samples are reported by Duvillard
et al. (2018, 2021) and shown in Table 5. The value of C, can be estimated using Equation 6 and is shown in
Table 5. The specific surface conductances at solid surface-liquid water and bulk ice-liquid water interfaces are
determined as seen in the previous sections on the basis of the porosity and the ionic concentration, and we also
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Figure 12. Electrical conductivity o as a function of temperature. Experimental data are taken from Coperey, Revil, Abdulsamad et al. (2019), Coperey, Revil, and
Stutz (2019) and the lines are predicted from Equations 30 and 38 using lognormal and fractal pore size distributions (PSDs). The best fit parameters of liquid water
saturation, lognormal and fractal PSDs are shown in Table 4, separately.

obtain the value of tortuosity using Equation 43. The proposed electrical conductivity models are used to repro-
duce the experimental published data with the two PSDs (i.e., lognormal and fractal). They provide a fairly good
match with the previously published data (fitting parameters shown in Table 5).

4.4. Formation Factor and Surface Conductivity Below Freezing Temperature

We can go one step further and compare the evolution of the bulk and surface conductivities with temperature
taking advantage of the experiments presented in this work (silty soil, initial electrolyte concentration of 0.046
and 0.180 mol/L; quartz sand, initial electrolyte concentration 0.046 and 0.180 mol/L) and in Coperey, Revil,
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Table 4

The Fitting Parameters Used for Proposed Models When Compared to Coperey, Revil, Abdulsamad et al. (2019), Coperey,

Revil, and Stutz (2019)

Sample 17

C, (mol/L) a

Cc r

max

(m)

Py (M)

s a n D;

(a) SW?
(b) Granite®
(c) Granite®

(d) NW*

0.23

0.028
0.052
0.21

0.418
0.380
0.380
0.380

0.011
0.0025
0.0025
0.011
0.005
0.002
0.09
0.01

11

(e) Clayey sand®
() Soil®
(g) Soil®
(h) Soil®

16.84

184.7
16.84
2.00
4.00
16.37
2.049

7.00
75
17.5
7.00
5.00
6.00
3.5
3.9

0.70

0.326
0.414
0.70

0.500
0.800
0.675
0.722

1x107°
5% 1073
5% 107
1x107°
1x107°
2% 107
2x 107
2% 1073

Tonaxd 25
rmax/S

rmax/s

Tonaxd 25
Tnax! 25
Tnax! 30
Tnax! 30
Tnax! 30

0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01

0.001
0.001
0.005
0.001
0.001
0.001
0.001
0.001

1.8
2.5
2.0
1.5
1.8
1.3
2.35
2.5

1.45
1.10
1.10
1.58
1.50
1.50
1.45
1.10

Note. Parameters of the liquid water saturation model: a (no unit), b (no unit), ¢ (no unit). Parameters of the lognormal and

fractal pore size distribution models: r,

max

(m), r,, (m), s (no unit), & (no unit), 7 (no unit), D, (no unit).

*Coperey, Revil, and Stutz (2019), the SW and NW samples are composed of local soils and sediments with a mix of clay,
silt, and gravels. ®Coperey, Revil, Abdulsamad et al. (2019).

Abdulsamad et al. (2019), Coperey, Revil, and Stutz (2019). Figure 14 presents the variation of the electrical
conductivity (bulk and surface conductivities) with the temperature, which is performed with the two samples

presented in this study (silty soil and quartz sand) at different salinities. The model and experimental values of

electrical conductivity are shown in Appendix A and Table 3. One can note that the bulk conductivity increases
with the increase in electrolyte concentration from Figure 14a to Figure 14b and from Figure 14c¢ to Figure 14d.
Indeed, the pore water conductivity is sensitive to the salinity, thus the concentration has a strong effect on the
bulk conductivity (Equations 8, 30, and 38). We also observe that the surface conductivity declines when the
grain diameter rises (see from Figure 14a to Figure 14c or Figure 14b to Figure 14d). This is consistent with
previous work: for the same concentration, samples with bigger particles (silty soil) have a lower specific surface
than samples with smaller particles (quartz sand) (in Glover & Déry (2010) and Rembert et al. (2020)).

Figure 15 shows the variation of the electrical conductivity (bulk and surface conductivities) with the tempera-

ture for two samples measured by Coperey, Revil, Abdulsamad et al. (2019), Coperey, Revil, and Stutz (2019).

The values of porosity and initial concentration are shown in Table 4. From Figure 15a, the values of the bulk

conductivity are higher than those of the surface conductivity, but the surface conductivity has a higher value
than the bulk conductivity from Figure 15b. This can be explained by the fact that the CEC of the NW sample
(8.7 meq/100 g) has a higher value than in the granite sample (0.80 meq/100 g). As the surface conductivity is

mainly sensitive to the CEC, its contribution to the total porous medium electrical conductivity is greater than the
bulk conductivity (see Coperey, Revil, Abdulsamad, et al., 2019).
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Figure 13. Electrical conductivity o as a function of temperature. Experimental data are taken from Duvillard et al. (2018, 2021) and the lines are predicted from
Equations 30 and 38 using lognormal and fractal pore size distributions (PSDs). (a) Granite, ionic concentration 0.0025 mol/L; (b) Rock glacier, ionic concentration
0.002 mol/L. The best fit parameters of liquid water saturation, lognormal and fractal PSDs are shown in Table 5, separately.
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’;Zl) l;itsting Parameters Used for Proposed Models When Compared to Duvillard et al. (2018, 2021)

Sample ¢ C, (mol/L) a b c Frax M) 7, (M) s a n Dy

(a) Granite® 0.028 0.0025 1593 500 0522 2x10° r,./5 001 001 20 1.10
(b) Rock glacier®  0.60 0.002 7.00 200 1440 2x10° /40 001 001 16 1.6

Note. Parameters of the liquid water saturation model: a (no unit), b (no unit), ¢ (no unit). Parameters of the lognormal and
fractal pore size distribution model are r,, (m), r,, (m), s (no unit), & (no unit), # (no unit), and D; (no unit).
2Duvillard et al. (2021). PDuvillard et al. (2018).

Figure 16 presents the evolution of the effective formation factor as a function of the temperature (experimental
data from Coperey, Revil, Abdulsamad et al., 2019), which reflects the change in the liquid water content of the
porous medium below the freezing temperature (fit with Equations 40, 41, and 43). From Figure 16a, the effective
formation factor is constant above the freezing temperature and is independent of the electrolyte concentration,
since it is only linked to the porosity and the tortuosity, see Equation 39. It sharply increases below the freezing
temperature, because the effective formation factor is strongly sensitive to the liquid water saturation from Equa-
tion 40. Furthermore, we also observe that the type of samples affects the effective formation factor, which can
be explained by the fact that they have various shapes and sizes and that their pore structure is extremely complex
(Thanh et al., 2019). Figure 16¢c shows the dependence of the effective formation factor with temperature for
experimental data from Coperey, Revil, Abdulsamad et al. (2019), and how the model fits the data well.

5. Conclusions

We have developed a physically-based model for the electrical conductivity dependence of temperature on the
basis of the conceptualization of a porous medium using lognormal and fractal PSDs of tortuous capillary tubes.
First, the electrical conductivity of a capillary tube is established based on the Gibbs-Thomas effect, considering
the impact of the pore water conductivity as well as specific surface conductance at the solid surface-liquid water
and bulk ice-liquid water interfaces. Then the electrical conductivity at the REV scale is obtained by means of an
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Figure 14. Evolution of the bulk conductivity and surface conductivity with temperature for lognormal and fractal pore size distributions. (a) Silty soil, initial
concentration is 0.046 mol/L; (b) Silty soil, initial concentration is 0.180 mol/L; (¢) Quartz sand, initial concentration is 0.046 mol/L; (d) Quartz sand, initial

concentration is 0.180 mol/L.
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Figure 15. Evolution of the bulk conductivity and surface conductivity with different temperature values for lognormal and fractal pore size distributions. (a) Granite,
initial concentration 0.0025 mol/L, Coperey, Revil, Abdulsamad et al. (2019); (b) NW sample, initial concentration 0.011 mol/L, Coperey, Revil, and Stutz (2019). The
model parameters are given in Table 4(b) and 4(d).

upscaling procedure with lognormal and fractal PSDs. Finally, the expression of the effective formation factor is
obtained from the proposed model of the electrical conductivity.

The sensitivity of the models with lognormal and fractal distributions has been tested. We explore wide ranges of
values for microstructural parameters of the porous medium to quantify their influence on the electrical conduc-
tivity. From the model analysis, we observe that the model with lognormal PSD is mainly sensitive to the geomet-
ric mean pore radius r,, but the model with fractal distribution is primary sensitive to the value of the smallest

pore radius r_. , which means that parameter « (the ratio of the minimum pore radius to the maximum pore radius)

has a different effect on the models. Besides, the proposed model can represent more capillary mechanisms (e.g.,
combination of the Gibbs-Thomson effect and surface complexation models) for the electrical conductivity of the

porous medium than others available in the literature in frost state.

The proposed model successfully predicts the experimental data of electrical conductivity versus temperature of
various types of samples from the experiments described in this work and published data. This physically-based
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Figure 16. Evolution of the effective formation factor as a function of the temperature. (a) Effect of the electrolyte concentration on the effective formation factor.
(b) Effect of different samples on the effective formation factor. (c) Comparison between the effective formation factor as a function of temperature (symbols) from
Coperey, Revil, Abdulsamad et al. (2019, soil) and calculated by the proposed model (solid line). Model parameters are given in Table 4.
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model with a lognormal or a fractal distributions can accurately fit the datasets. However, there are many physical
parameters in the proposed model in this study. For instance, the second protonation and the relative equilibrium
constant for the two types of interface are considered in the surface complexation models, but the laboratory
measurements of electrical conductivity are in case of neutral pH (6-8), so we do not need to consider the second
protonation equilibrium in the models in next time (it could be considered mostly from acid to very acid pH).
Also, one could experimentally determine the PSD to determine the values of r ;. and r, . to constrain and vali-
date the model, and furthermore to reduce the numbers of the parameters of the physically-based model in future
research.
We have considered the effect of bulk and surface conductivities in the proposed models. On the one hand, it is
noted that surface conductivity decreases when the grain diameter increases, since samples with smaller particles
have a larger specific surface than samples with bigger particles, while on the other hand, the surface conduc-
tivity is also sensitive to the CEC (the CEC). Additionally, from the proposed models, we obtain an expression
for the effective formation factor that is explicitly linked with porosity, tortuosity and liquid water saturation.
This expression for the effective formation factor is then well validated by published data. In the future, it will
be important to extend this approach to partially saturated conditions in order to develop a unified model for
application to a variety of complex environments. Moreover, we will take focus on extending the proposed model
toward a broader temperature range (i.e., considering the temperature above the freezing temperature) in the
following researches.
Appendix A: Experimental Data in This Study
This table shows the experimental data of liquid water saturation and electrical conductivity measured in this
study at different temperatures and NaCl solute concentrations.
SFCC Electrical conductivity
Sample Porosity (¢) Initial concentration (mol/L) T (K) S, T (K) o (S/m)
Clay 0.40 0.046 257 0.103
260 0.114
261 0.114 257 2.775E-04
263 0.125 260 5.500E—-04
265 0.157 263 8.769E—-04
266 0.160 266 2.513E-03
268 0.228 268 6.550E—-03
269 0.269 271 1.930E-02
270 0.373
271 0.537
272 1.000
Clay 0.40 0.180 257 0.121
260 0.136
261 0.153 257 1.494E-03
263 0.182 260 2.373E-03
265 0.199 263 4.436E-03
267 0.275 266 1.151E-02
268 0.294 268 1.977E-02
269 0.419 270 4.702E-02
270 0.552
271 1.000
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SFCC Electrical conductivity
Sample Porosity (¢) Initial concentration (mol/L) T (K) S, T (K) o (S/m)
Silty soil 0.368 0.046 257 0.082
260 0.085 257 0.0016
261 0.088 260 0.0022
263 0.090 263 0.0031
265 0.114 267 0.0053
267 0.150 269 0.0077
271 0.351 270 0.0128
272 1.000
Silty soil 0.368 0.180 257 0.108
260 0.112 257 0.0038
261 0.114 260 0.0051
263 0.121 263 0.0075
265 0.132 266 0.0141
267 0.167 270 0.0314
270 0.281 271 0.0615
271 0.541
272 1.000
Quartz sand 0.240 0.046 257 0.057 257 1.136E-04
260 0.060 260 1.606E—04
265 0.079 263 2.486E—-04
268 0.109 268 7.339E-04
272 0.410 270 2.343E-03
273 1.000 272 7.588E—-03
Quartz sand 0.240 0.180 257 0.122
260 0.126
261 0.134 257 1.311E-03
263 0.137 260 2.081E-03
265 0.143 263 3.300E—-03
267 0.145 268 7.571E-03
270 0.214 270 1.250E-02
271 0.394 272 4.030E-02
272 1.000
Notations
T Temperature of the REV (K)
T, Freezing temperature of bulk liquid water (K)
T, Freezing temperature of the porous medium (K)
T, Reference temperature (K)
AT, Shift in freezing point (K)
r Radius of the capillary tube (m)
r Radius of the capillary tube filled with liquid water (m)
T, Radius of the capillary tube occupied by bulk ice (m)
r; Critical freezing radius of the REV (m)
T Maximum radius of the capillary tube (m)
‘min Minimum radius of the capillary tube (m)
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o Geometric mean pore radius (m)
4 Shape factor of the solid-liquid interface
o, Ice-liquid water interfacial free energy (J m=2)
. Electrical conductivity of pore water (S/m)
o, Surface conductivity of the porous medium (S/m)
c Electrical conductivity of the porous medium (S/m)
O Effective electrical conductivity of the porous medium (S/m)
L Length of the sample (m)
L, Latent heat of phase transformation (J/kg)
L, Length of the capillary (the tortuous length) (m)
L, REV length (m)
2 Density of ice (kg m™3)
R Resistance of the frozen saturated REV ()
R, Resistance of the capillary (7, < r <) (Q)
R, Resistance of the capillary (7, < r < r_,) ()
R(r) Total resistance of the two types of capillary ()
z The conductance of the frozen saturated REV scale (S)
X(r) The total conductance of the two capillaries (S)
Z Specific surface conductance (S)
Z., Specific surface conductance at the mineral-liquid water surface (S)
z, Specific surface conductance at the bulk ice-liquid water surface (S)
ARy Cross-section area of REV (m?)
fn Capillary tube distribution function of the REV
F Formation factor of the porous medium
F Effective formation factor of the porous medium
A A normalizing prefactor
N Area of the sample (m?)
K Log-normal standard deviation
N Total number of capillaries
N(zr) Number of the capillaries (with radius larger than r)
n Unfrozen factor
¢ Porosity of the REV
Ve Total pore volume (m?)
Veey Total volume of the REV (m?)
T Tortuosity
S, Initial saturation of the REV
S, Liquid water saturation of the REV
a Ratio of the minimum pore radius to the maximum pore radius
erf(z) Error function
D; Fractal dimension for pore space
a Physical parameters of the SFCC
b Physical parameters of the SFCC
c Physical parameters of the SFCC
G, Initial ionic concentration of the REV (mol/L)
C, Ionic concentration of the REV in frost state (mol/L)
C; Salinity in the free electrolyte (mol/L)
Cﬁ . Ionic concentration of the protons in the free electrolyte (mol/L)
CI{;1 . Ionic concentration of sodium cations in the free electrolyte (mol/L)
C‘.f Concentration of ionic species i in the free electrolyte (mol/L)
N, Avogadro's number (mol~!)
q; Charge of species i in the free electrolyte (C)
B; Mobility of ionic species i in the free electrolyte (m? s~! V-1)
pret Reference mobility of ionic species i in the free electrolyte (m? s~! V1)
e Effective reference mobility (m? s~! V1)
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ar Temperature factor (K1)
0 Surface charge density at the sum of the surface and the Stern layer (C)
0, Surface charge density at the diffuse layer (C)
K, Geometrical dimensions of the sample (m)
Kyon Equilibrium constant of deprotonation at the solid surface-water interface
Ko Equilibrium constant of protonation at the solid surface-water interface
Kyona Equilibrium constant of sodium adsorption at the solid surface-water interface
K, Equilibrium constant for deprotonation at the bulk ice-water interface
Ko Equilibrium constant for H* sorption at the bulk ice-water interface
Ky, Equilibrium constant for sodium sorption at the bulk ice-water interface
K, Equilibrium constant for protonation
e, Elementary charge (C)
F(l) Total surface site density of the mineral (Sites nm~2)
o Total surface site density of the ice (Sites nm~2)
®, Surface potential (V)
@4 Stern potential (V)
£ Permittivity of the pore water (F m™!)
ky Boltzmann's constant (J K1)
C, Integral capacities of the Stern layer in the interface of the mineral-water (F m~2)
C, Integral capacities of the Stern layer at the bulk ice-water interface (F m~2)
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ble in open access in the Hydrogeophysics community of Zenodo and can be found at: https://doi.org/10.5281/
zenodo.6606291.
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