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Abstract

We show how it is possible to define and study black holes of arbitrary shapes in the framework
of Newtonian mechanics.
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1 Introduction

According to Wikipedia, objects whose gravitational fields are too strong for light to escape
were first considered in the 18th century by the English astronomical pioneer and clergyman
John Michell and a few years later by Pierre-Simon de Laplace. The idea was briefly pro-
posed by Michell in a letter published in November 1784 [3]. It was a natural idea within
the framework of Newton’s gravitational theory, assuming that light was produced by corpus-
cles of positive mass, as assumed by Newton. Our present physics models discredit Michell’s
notion of a light ray shooting directly from the surface of a supermassive star, being slowed
down by the star’s gravity, stopping, and then free-falling back to the star’s surface. Actually
the general relativity framework assumes a constant velocity for light and more generally all
electro-magnetic waves travelling in the empty space.

The concept reappeared in a slightly different form after the creation of general relativity
by Albert Einstein. In 1916, Karl Schwarzschild [6] found the first modern relativistic solution
that would characterize a black hole. Then David Finkelstein, in 1958, first published the
interpretation of “black hole” as a region of space from which nothing can escape. It was
not until the 1960s that theoretical work showed they were a generic prediction of general
relativity, but nowadays almost all texts on black holes mention them only in connection with
the general relativity model.

In the recent years, the black hole concept has attracted more and more attention since
it is conjectured that a giant black hole is sitting in the center of every galaxy, including our
milky way. There are polemics about the existence of such objects in the exact form proposed
by Karl Schwarzschild, and indeed it is not clear whether the fine structure of atomic particles
really allow the formation of a point singularity, and moreover the effect of gravity at very
small distances is not known. It might even become repulsive as conjectured in the framework
of some alternative gravitational models.

In the present paper we shall not assume anything for small distances and our main point
will be to understand the exact kind of lockdown undergone by both matter and light in the
vicinity of a very large mass concentration. Since we wish to understand what happens for ar-
bitrary, not necessarily spherical matter concentrations, we adopt the Newtonian formulation
of gravity. As a drawback, we need to drop the assumption of photons travelling exactly at
the speed of light. We shall justify this point of view in our conclusion.

The paper is organized as follows: Section 2 is devoted to the classical spherically symmetric
case. It is rather natural to consider first the spherically symmetric space because the study
of black holes started with the idea of ”black stars” and stars are usually close to spherical
with a spherically symmetric distribution of mass. Section 3 concerns the case of arbitrary
distributions which might turn out to be relevant in the future if we consider low density
extremely large lack holes for which symmetrization under gravity is not yet achieved. In
Section 4, we apply the results of Sections 2 and 3 to the case of black holes. Section 5 is
devoted to a few remarks about cosmology.
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2 The escape velocity in the spherically symmetric case

2.1 The context

In this section, we recall the principle on which John Michell based his proposal on existence
of “black stars”. Let us consider a spherical body of radius r > 0 with local density depending
only on the distance to its center, taken as the origin of coordinates. It has been known for
a long time, at least since Gauss, that outside the sphere of radius r, the distributed mass
produces the same gravitational field as if the total mass was located at the center. Therefore,
in the absence of other forces, the equation of motion of a small body, modelized by a point
mass located at the spatial position u ∈ R3 is

u′′ = −GMu

||u||2
(2.1)

where M is the total mass of the body and G the gravitational constant. The equation does not
depend on the mass of the small body, which could, in the classical framework, be a photon.
Associated with (2.1), we have a conserved energy

E(u, u′) =
1

2
||u′||2 − GM

||u||
(2.2)

From equation (2.1), it follows that starting from any initial state u0, v0 with ||u0|| > r, there
is a unique local solution u ∈ C2([0, Tmax),R3) of (2.1) such that u(0) = u0, u

′(0) = v0. In
addition, the only way for the solution u to have a finite time of existence is collapsing to the
origin. For this solution to be a true solution of the mechanical problem, we need in addition
to warrant ||u(t)|| > r, ∀t ∈ [0, Tmax), since the equation ceases to be valid when we enter the
ball of radius r. By taking the inner product of both sides of equation (2.1), it is immediate
to check that the energy E is conserved:

∀t ∈ [0, Tmax), E(u(t), u′(t)) = E(u(0), u′(0)) (2.3)

Due to the structure of (2.2), it is now clear that if the trajectory u(t) passes through arbitrarily
distant points, we must have

E = E(u(0), u′(0)) ≥ 0.

It turns out that as soon as this condition is violated, the trajectory u(t) remains bounded,
and the condition for boundedness is optimal.

2.2 Below the escape velocity.

It turns out that as soon as E < 0, the trajectory cannot escape. We now consider, for some
R > r, the sphere

SR = {u ∈ R3, ||u|| = R}

Our main result is

Theorem 2.1. Let u0 ∈ SR and ||v0||2 <
2GM

R
. Then

∀t ∈ [0, Tmax), ||u(t)|| ≤ R

1− R||v0||2
2GM

(2.4)
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Proof. By the energy conservation property, we have

∀t ∈ [0, Tmax),
1

2
||u′(t)||2 − GM

||u(t)||
=

1

2
||v0||2 −

GM

R
:= −η

Hence

∀t ∈ [0, Tmax),
GM

||u(t)||
=

1

2
||u′(t)||2 + η ≥ η =

GM

R
− 1

2
||v0||2

The resulting inequality

∀t ∈ [0, Tmax), ||u(t)|| ≤ GM

η
=

GM
GM
R −

1
2 ||v0||2

is equivalent to (2.4)

2.3 Two results of optimality.

The result of Theorem 2.1 is optimal in two directions.

Proposition 2.2. If u0 ∈ SR and ||v0||2 =
2GM

R
, in some cases the solution u grows up,

which means that Tmax =∞ and
lim
t→∞
||u(t)|| =∞.

Proof. The condition ||v0||2 = 2GM
R means E = 0, in which case we have

∀t ∈ [0, Tmax),
1

2
||u′(t)||2 − GM

||u(t)||
= 0.

Let us consider the case where u0, v0 are colinear in which case the solution and its velocity
both remain on a straight line passing through 0. By setting u(t) = y(t)w with w some unit
vector, the equation reduces to

y′ = ±
(
γ

|y|

)1/2

with γ := 2GM . Looking for positive solutions we end up with two curves

y(t) =

(
R3/2 ± 3

2

√
γt

)2/3

The solution

y+(t) =

(
R3/2 +

3

2

√
γt

)2/3

is growing up, while the solution

y−(t) =

(
R3/2 − 3

2

√
γt

)2/3

(2.5)

collapses with the spherical body in finite time

Tmax =
2

3

R3/2 − r3/2

√
γ
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Proposition 2.3. Under the hypothesis of Theorem 2.1 the value
R

1− R||v0||2
2GM

(
=
GM

η

)
is

achieved as a maximum of ||u(t)|| for some particular solutions u.

Proof. Setting γ := 2GM and looking for scalar solutions u = zw with ||w|| = 1 as previously,
we end up with the ODEs

z′ = ±
(
γ

|z|
− 2η

)1/2

The solution z > 0 of

z′ =
(γ
z
− 2η

)1/2
; z(0) = R (2.6)

corresponds to a solution u = zw of (2.1) with

||u′(0)||2 =
γ

R
− 2η =

2GM

R
− 2η <

2GM

R

and grows until it reaches the value

z =
γ

2η
=
GM

η
.

3 A more general case

In this section, we consider a bounded open domain Ω of R3, and a mass M filling the domain

with local density µ ∈ L1(Ω). Therefore M =

∫
Ω
µ(x)dx. Equation (2.1) is replaced by

u′′ = −
∫

Ω

Gµ(x)(u− x)

||u− x||2
dx (3.1)

valid for solutions with positions outside the compact set Ω, in a region where there is no other
matter and where the influence of other gravitational sources is negligible. Now the energy
becomes

E(u, u′) =
1

2
||u′||2 −

∫
Ω

Gµ(x)

||u− x||
dx (3.2)

We observe that whenever u 6∈ Ω, we have

GM

maxx∈Ω ||u− x||
≤
∫

Ω

Gµ(x)

||u− x||
dx ≤ GM

dist(u,Ω)
(3.3)

The construction of local solutions when u0 6∈ Ω is routine. We now have

Theorem 3.1. Let u0 6∈ Ω and v0 ∈ R3 be such that

||v0||2 < 2

∫
Ω

Gµ(x)

||u0 − x||
dx. (3.4)

Then u is bounded on [0, Tmax) and more precisely

∀t ∈ [0, Tmax), dist(u(t),Ω) ≤ 2GM∫
Ω

2Gµ(x)
||u0−x||dx− ||v0||2.

(3.5)
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Proof. By the energy conservation property the same argument as in the symmetric case now

gives, introducing η =

∫
Ω

Gµ(x)

||u0 − x||
dx− 1

2
||v0||2 , the inequality

∀t ∈ [0, Tmax),
GM

dist(u,Ω)
≥
∫

Ω

Gµ(x)

||u− x||
dx =

1

2
||u′(t)||2 + η ≥ η.

The conclusion follows immediately.

Corollary 3.2. Let u0 6∈ Ω and v0 ∈ R3 be such that

max
x∈Ω
||u0 − x|| × ||v0||2 < 2GM.

Then

∀t ∈ [0, Tmax), dist(u(t),Ω) ≤ 2GM∫
Ω

2Gµ(x)
||u0−x||dx− ||v0||2

≤
maxx∈Ω ||u0 − x||

1− ||v0||2 maxx∈Ω ||u0−x||
2GM

.

Remark 3.3. Corollary 3.2 gives an estimate from below of the escape velocity V at some
point u0 6∈ Ω, given in the general case by the inequality

V 2 ≥ 2GM

maxx∈Ω ||u0 − x||
.

By introducing the average density d :=
M

|Ω|
it can be written in the form

V 2 ≥ |Ω| 2Gd

maxx∈Ω ||u0 − x||
.

4 Application to black holes

A black hole is a massive body for which the escape velocity overpasses the velocity of light c.

4.1 General results

Corollary 4.1. Assume that there is no gravitational mass except those in Ω. Let B be a
closed ball containing Ω, such that

c2 max
u∈B
{max

Ω
||u− x||} < 2GM.

Then B is a black hole. More precisely, if a photon enters the region B at some time t0, the
localization u(t) of the photon satisfies

∀t ∈ [t0, Tmax), dist(u(t),Ω) ≤
maxΩ ||u(t0)− x||

1− c2 maxΩ ||u(t0)−x||
2GM

.
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Remark 4.2. After Tmax, several things may happen: the photon may disappear in Ω for ever,
in which case the inequality remains trivially true but no equation can be written, especially
since the photon may be “digested” by the matter inside Ω; it may remain some time in Ω and
try to get out again, in which case the corollary can again be applied. Summarizing all the
possible cases, we can say that as long as the photon does not disappear, the inequality remains
true. So the lockdown is not only local, but global, but this cannot be said directly at the level
of the equation which may cease to be satisfied on some time intervals.

Remark 4.3. The hypothesis that there is no gravitational mass except those in Ω is of course
never satisfied in reality. But the mathematical theorem must be stated under this condition. In
practice physicists will consider that if the other masses are far enough, the lock-down property
will be satisfied with almost the same inequality. This is a stability assumption which looks
reasonable, but is not at all easy either to formulate or to prove mathematically. Without
approximations of this type, nothing can be calculated in the real world.

Remark 4.4. Equation (2.1) shows that if a photon is emitted orthogonally from the surface
SR = {u ∈ R3, ||u|| = R}, its velocity is decreasing at the beginning of a motion, so we
see that the Newtonian framework is inconsistant with the motion of the photon at constant
velocity c, as already pointed out in the introduction.

The previous corollay implies the following simpler looking statement:

Corollary 4.5. Assume that there is no gravitational mass except those in Ω. Let B be a
closed ball containing Ω, such that

c2diam(B) < 2GM. (4.1)

Then B is a black hole. More precisely, if a photon enters the region B at some time t0, either
the photon disappears in finite time, or its localization u(t) satisfies

∀t ≥ t0, dist(u(t),Ω) ≤ diam(B)

1− c2diam(B)
2GM

. (4.2)

Remark 4.6. In that last corollary, in the hypothesis we only lose a factor 2 with respect
to the spherically symmetric situation. The conclusion is of course weaker, depending on the
shape.

4.2 Characterization in terms of average density.

In the framework of average densities, Corollary 4.5 can be rewritten in the form

Proposition 4.7. Assume that there is no gravitational mass except those in Ω. Let B be a
closed ball containing Ω, such that

d >
c2diam(B)

2G|Ω|
. (4.3)

Then B is a black hole.

The spherically symmetric case is especially important.
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Proposition 4.8. In the spherically symmetric case, when Ω = B(x0, r) and B = Ω , the
sufficient condition following from Theorem 2.1 for B to be a black hole is

d >
c2r

2G|Ω|
=

3

8π

c2

Gr2
. (4.4)

Remark 4.9. If Ω = B(x0, r) and B = Ω, but the mass distribution in ω is not spherically
symmetric, our sufficient condition becomes

d >
c2r

G|Ω|
=

3

4π

c2

Gr2
=: K/r2. (4.5)

The two conditions (4.4) and (4.5) only differ by a factor 2, and we do not know whether the
second condition is optimal in general.

4.3 Some very large black holes

An immediate observation is that formula (4.5) allows arbitrary low average densities when r
tends to infinity. In [7], the author suggested that the entire observable universe may lie in
the interior of a black hole. His calculations were done in the relativistic framework. We can
recover this result in the newtonian framework as follows: first we can check easily that

K =
3

4π

c2

G
∼ 3.22.1026kg/m.

The radius of the observable universe is presently estimated to be

r ∼ 4.1026m

It follows that
K/r2 ∼ (3, 22/16)10−26kg/m3

approximately 2.10−27kg/m3.

Now the average density of the observable universe is presently estimated around 10−23kg/m3,
some 5 000 times more. So the necessary condition for a black hole is fullfilled. Then of course
everything will depend on what is outside the observable universe...

5 Concluding remarks

In this paper, we presented a classical approach to black holes which is completely indepen-
dent of the Schwarzschild singular model (cf. [6]) and does not make any hypothesis on the
distribution of mass inside the black hole. This approach suggests several remarks.

Remark 5.1. It follows from our last calculation that there might exist, inside our universe,
gigantic black holes of about one billion light years diameter having an average density com-
parable to that of the observable universe. Actually, mass concentrations will usually have a
much larger average density, so we can very well imagine that some huge concentrations of
baryonic matter are invisible for us. They should manifest themselves by gravitational lens
phenomena and could have been confused with dark matter. Moreover, if the usual optical
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aberrations which are found around “classical” black holes are probably absent in low density
gigantic black holes, they could contribute in a more discreet manner to the “ghost light” il-
luminating the cosmos which is not completely explained today (cf. [4]). Finally, if a large
proportion of stars were hidden inside such gigantic black holes, this could help to solve Olber’s
paradox (cf. [2, 10]) without invoking the hypothesis of a spatially limited universe.

Remark 5.2. There is presently, in connection with general relativity, some kind of consensus
to admit that photons have no mass. The mass should be in any case very small, cf. [1]. If
this mass is under 10−69kg, it could be impossible to detect it, cf. [9].

Remark 5.3. As previously mentioned in Remark 4.4, Newton’s framework is inconsistent
with a constant velocity of photons. But it might happen that the velocity of light be the
velocity of electromagnetic waves, while the velocity of photons could be much lower. It is what
happens with electricity, the velocity of electrons is infinitesimal compared to that of the electric
signal propagation.

Remark 5.4. Light emanating orthogonally from the surface of a black hole could be a unique
example of a light ray stopping without any visible obstacle and coming backwards due to
gravity, unfortunately it is probable that nobody will ever be able to observe such a phenomenon
even in the distant future: approaching a high density black hole is probably difficult and
dangerous, and low density black holes may be out of reach for ever.

As a conclusion, we hope that the naive classical approach of the present paper will lead
to further developments in more modern settings.
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