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Faster List Decoding of AG Codes

Peter Beelen and Vincent Neiger

Abstract—In this article, we present a fast algorithm per-
forming an instance of the Guruswami-Sudan list decoder for
algebraic geometry codes. We show that any such code can be
decoded in O(s*¢“ *p“~(n + g) + £~“u*) operations in the
underlying finite field, where 7 is the code length, g is the genus of
the function field used to construct the code, s is the multiplicity
parameter, / is the designed list size and . is the smallest positive
element in the Weierstrass semigroup of some chosen place.

Index Terms—Algebraic geometry codes, efficient list decoding,
Guruswami-Sudan algorithm.

I. INTRODUCTION

Context and main result. Algebraic geometry (AG) codes
form a large class of error-correcting codes that became
famous for providing asymptotically good families of codes
surpassing the Gilbert-Varshamov bound. Such codes are con-
structed using algebraic curves defined over a finite field, say
IF, where ¢ is the cardinality of the field. Instead of considering
algebraic curves defined over I, one can also use the language
of function fields with full constant field F,; we follow the
latter viewpoint in this article. Section II gives some more
background on AG codes and function fields; for a detailed
introduction, the reader may refer to [17].

Decoding algorithms for AG codes have been studied since
the late 80’s. One important such decoder is the well-known
Guruswami-Sudan (GS) list-decoder, that can be used to
decode any AG code.

Consider an AG code constructed from a function field F’
of genus g, with underlying finite field I, and code length n.
The design of the GS decoder further asks that one chooses
a list size ¢ and multiplicity parameter s, which are such
that s < /. It was shown in [2] that such an AG code can
be decoded using a particular instance of the GS decoder
using O(sf*u“~(n + g)) operations in F,, where 1 is the
smallest positive element in the Weierstrass semigroup at some
chosen rational place P,, of F. Here, the “soft-O” notation
O(-) is similar to the “big-O” notation O(-), but hides factors
logarithmic in the parameters s,?, u,n,g. This complexity
result is achieved under the mild assumption that one has
already carried out some precomputations, yielding objects
which depend on the code but not on the received word. These
objects can therefore be reused as such, with no additional
computation, in each subsequent call to the decoder (see [2,
Section VI] for more details).

To the best of our knowledge, this complexity result is
the best known one for this decoding task in general. More
precisely, any other implementation of the GS decoder has

Peter Beelen is with the Department of Applied Mathematics and Computer
Science, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
(e-mail: pabe@dtu.dk).

Vincent Neiger is with Sorbonne Université, CNRS, LIP6, F-75005 Paris,
France (email: vincent.neiger @lip6.fr).

a complexity bound which is similar or worse, with one
exception in the specific context of Reed-Solomon (RS) codes.
Indeed, in this case the above complexity from [2] becomes
O(st*n), while there are known list decoders for these codes
whose complexity is in O(s2(~'n) [4, Section IV] [9,
Sections 2.4 to 2.6]; recall that s < /.

The main goal of this paper is to refine the exploitation
of efficient univariate polynomial matrix computations in the
algorithmic framework from [2]. We will show that this indeed
is possible, leading to our main result: any AG code can be
list decoded, using an instance of the GS list decoder, in
complexity O(s20“~ 1“1 (n + g) + £“p*). This complexity
bound holds under mild assumptions about precomputations,
similar to those of [2] mentioned above. Since u < g + 1,
the term (“u® is in O((“u~~tg), and therefore this new
complexity bound improves upon the best previously known
bound O(s¢*u“~'(n + g)). Moreover, for Reed-Solomon
codes one has 4 = g+ 1 = 1 and also ¢ < sn, so that
the new complexity bound becomes O(s2¢“~!n), matching
the best previously known bound in this specific case.

Overview of the approach. The GS list decoding algorithm
consists of two main steps: the interpolation step, in which
one seeks a polynomial Q(z) € F|[z] satisfying certain
interpolation properties; and the root finding step, in which
one computes roots of the polynomial ()(z). The second step
is generally considered as computationally easier than the
first step. In this paper, we keep the root finding algorithm
described in [2, Algorithm 6], yet with a minor refinement
of the complexity analysis to ensure that it does not become
the dominant step after our improvement of the interpolation
step. Specifically, Section V-B shows a simple modification
of the analysis from [2] leading to the complexity estimate
O(slp“ =1 (n+g)), improving upon the one O ({21~ (n+g))
reported in [2].

We also keep the overall structure of the interpolation step
[2, Algorithm 7, Steps 1 to 9], which performs two main tasks:
first build a basis B of some I, [z]-module of interpolant poly-
nomials, and then find a small degree such interpolant (Q(z)
thanks to a suitable F,[x]-module basis reduction procedure.
The main novel ideas for obtaining our result are the following:

« For applying basis reduction to B, we rely on the algo-
rithm from [14] for computing so-called shifted Popov
forms. The same choice was made in [2], where it was
motivated by the fact that this algorithm supports any
shift, whereas earlier similarly efficient algorithms [5],
[16], [6] focus on the unshifted case. Here, we have
an additional motivation for this choice: a key towards
our complexity improvement lies in the fact that the
complexity of this basis reduction algorithm is sensitive
to some type of average degree of the input polynomial
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matrix.

e We describe a new algorithm to build a polynomial
matrix B whose average degree is small, and whose rows
generate all possible interpolating polynomials Q(z). Our
construction directly provides a matrix whose rows are
F,[x]-linearly independent, whereas the matrix built in
[2] has redundant rows and therefore requires additional
computations to obtain a basis of its F,[z]-row space,
which furthermore typically does not have small average
degree. In our case, this small average degree is ensured
through the combination of two ingredients. The first one
is a new description of a generating set of the module of
interpolants (see Sections III-A to [1I-C) which leads to a
matrix B with many zero entries in each row (like in [2]),
and also such that the nonzero entries are restricted to the
first ;s columns (unlike in [2] where they can be found
in all columns). The second ingredient is an iterative
computation of blocks of rows of B, avoiding any degree
growth at each stage via the computation of matrix
remainders in polynomial matrix divisions by well-chosen
matrix quotients (see Sections III-D and IV-B).

« A core tool in our construction of B is a generalization of
[2, Algorithm 4] which, given some function a € f(A),
finds a polynomial matrix representation of the multipli-
cation map f € A(B) — af € A(A+ B) (see Section II
for definitions and notation). The version in [2] was for
A =0, and we show how to generalize it to any divisor
A without impacting the asymptotic complexity.

Outline. Section II presents the main definitions and prelim-
inary results used throughout the paper. Section III focuses on
bases for the module of interpolant polynomials, starting with
a versatile description of a family of such bases, then showing
a polynomial matrix representation of an explicit choice of
such a basis, and finally gathering some properties that con-
structively prove the existence of a basis matrix B with small
average degree. Section IV describes the above-mentioned
generalization of [2, Algorithm 4], and a complete algorithm
for efficiently constructing B. Finally, Section V summarizes
the resulting list decoder and proves the announced overall
complexity bound.

Perspectives. After this work, the obvious perspec-
tive is to seek further complexity improvements beyond
O(s20“ = (n+g)+£° ). Remark that any improvement
concerning the exponents of ¢, s, or n would directly imply an
improvement of the state-of-the-art complexity for the case of
Reed-Solomon codes; a perhaps more accessible target would
be to reduce the dependency on the genus g or on the quantity
. Although our emphasis here is on the complexity of the
decoder for a fixed code, allowing to perform some precompu-
tations that depend only on this code, another natural direction
for further work is to carry out a complexity analysis for these
precomputations. This involves notably the computation of
Apéry systems as introduced in [12], which relates directly
to active research topics such as the computation of bases of
Riemann-Roch spaces (see for example [8] and the literature
overview in [3, Section 7]).

II. PRELIMINARIES

In this section we review some necessary concepts and
notations about function fields, AG codes, the GS list decoder,
and algorithms for polynomial matrices (i.e. matrices over
F,lz]). We largely use the same notation as in [2] and
definitions from [17].

A. Function fields and AG codes

Let a function field F' of genus g and full constant field F,
be given. A divisor A = )", n;A; of F is a formal Z-linear
combination of places A; of F, such that finitely many of
these places have a nonzero coefficient. Then the support of
A, denoted by supp(A) is the set of all places A; of F' such
that n; # 0. A divisor A is called effective if for all ¢ it holds
n; > 0. This is commonly denoted by A > 0. The degree of a
place A; of I is defined as the dimension of the residue field
F, of the place A;, viewed as an [F,-vector space. If a place
of F' has degree one, it is called a rational place of F'. The
degree of a divisor A = )", n;A;, is then simply defined as
deg(A) = >, n;deg(A;), where deg(A;) denotes the degree
of the place A;.

The Riemann-Roch space of a divisor A is given by

L(A) ={f e F\{0} | (/) + A= 0}u {0},

where (f) denotes the divisor of f. Divisors of nonzero
functions are called principal divisors. The Riemann-Roch
space L(A) is a finite dimensional vector space over [,
whose dimension will be denoted by {(A). The dimension of
L(A) is the topic of the theorem of Riemann-Roch [17, Theo-
rem 1.5.15]. In particular, it implies that I(A) > deg(A)+1—g
and that equality holds whenever deg(A) > 2g — 1. Moreover
[(A) = 0if deg(A) < 0 since the degree of a principal divisor
is zero.

Now let Pi,..., P, be distinct rational places of F' and
write D = P, + --- + P,,. Given any divisor G such that
supp(D) N supp(G) = 0, one defines the AG code

Ce(D,G) ={(f(P1),..., [(P)) | f € L(G)},

where £(G) denotes the Riemann-Roch space of the divisor
G. The dimension of the code equals I(G) — I(G — D),
the functions in £(G — D) being precisely all functions
in £(G) that give rise to the zero codeword. In particular,
Cc(D,G) is the zero code if deg(G) < 0. Moreover, the
theorem of Riemann-Roch implies that dim(C.(D, G)) = n,
ie. Cc(D,G) =Fy, whenever deg(G) > n+2g— 1. Because
of this, we may assume 0 < deg(G) < n+ 2¢g — 1 and in
particular deg(G) € O(n + g).

Further we denote by P, an additional rational place of F’
not occurring in the divisor D. (At first sight this seems to
restrict the length of the AG code C(D, G), since apparently
not all rational places can occur in D, but as explained in
[2, Section II.B] this is not the case: if needed, a small
degree extension of the constant field will always produce
“new” rational places from which P, can be chosen; a similar
observation about P,, was made independently in [11].) We
denote by i € Zso the smallest positive element in the
Weierstrass semigroup of P, and by = € F' a function that
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has pole order p at P, but otherwise is without poles. Note
that © < g+ 1, since the Weierstrass semigroup has g gaps; in
fact ;1 < g as soon as the set of these gaps is not {1,...,g}.
As explained in [2, Section II.B], again up to a small degree
extension of the constant field if necessary, we may ensure
that x is a local parameter for a rational place Py of F' not in
supp(G); this is is useful for the root-finding step.

For any divisor A of F, let I(A) = Jo-__ L(mPs +A)
and let 51 = 1(0). As in [12], for any nonzero a € 4(A)
we denote by d4(a) the smallest integer m such that a €
L(mPy+A),ie. 04a(a) =—vp_(a)—vp_(A)andletd(a) =
do(a) = —vp__(a). We will take as convention that d4(0) =
—oo. Note that for any a € $1(A) and b € $1(B), one has
0a+p(ab) = 04(a)+0p(b). We will use the quantity d4(a) to
indicate the “size” of an element a € £I(A); it generalizes the
degree of a univariate polynomial. For example, the following
known result, see for example [2, Lemma V.3] for a proof,
indicates the size of interpolating functions in 1(A):

Lemma II.1 ([2, Lemma V.3]). Let A be a divisor and EE =
FEy + - - -+ En for distinct rational places F1,...,En of F
different from Py, such that supp(A) Nsupp(FE) = 0. For any
(w1,...,wy) € FY there exists an a € S1(A) with

da(a) < deg(E) +2g — 1 — deg(A)

such that a(E;) = w; for j=1,...,N.

Since by definition, the function x only has a pole in P,
we have z € SI\F,. Hence, we can view Z(A) as a free F,[z]-
module. Following [12] and using the same notation as in [2],
we consider a specific kind of basis of I(A) as Fy[x]-module,
called an Apéry system of Z(A).

Definition IL.2. For a divisor A and an integer i =0, ..., u—

1, let y,(A) € S1(A) be a function satisfying:

1) 5A(y§A)) =4 mod p,
2) ifa € d(A) and 64(a) = ¢ mod p, then 5A(y§A)) <
(5A(a).

Further we define y; = y(o)

Using the theorem of Riemann-Roch, it is not hard to show
the following lemma, see for example [2, Lemma II1.3] for
details:

Lemma I1.3 ([2, Lemma II1.3]). For any divisor A it holds
that

—deg(A) < 5a(y™) < 29 — 1 — deg(A) + 4,
fori=0,...,u—1

As mentioned in [12], y(()A), . ,yl(ﬁ)l is an F,[z]-basis of

SA(A). Given a € 4(A), it is therefore possible to write a
as an F,[z]-linear combination of these basis elements, and
in fact the F,[z]-coefficients of this combination are unique.
As demonstrated in [2, Lemma II1.4], there is a very explicit
upper bound for the degree of these occurring coefficient
polynomials:

Lemma IL4 ([2, Lemma ITL4]). Ifa = >} a;y'™) € 51(A),
where a; € Fy[z] and A is a divisor, then

deg(a) < (5ala) = 6a (™)) < - (Gala) + dea()

B. The Guruswami-Sudan list decoder

The key idea in the Guruswami-Sudan list decoding al-
gorithm for Cz(D,G) [7] is to find a polynomial Q(z) =
Zf:o 2@ € F|z], nonzero of degree at most /, that vanishes
with multiplicity at least s at each point (P;,r;), where
r = (ry,...,mn) € Fy is the received word. The idea is that
if the coefficients (); € F' are chosen in suitable subspaces of
F and r has small enough Hamming distance from the sent
codeword (f(Py),..., f(Py)), then Q(f) is the zero element
in F' (see Theorem I1.5). This can then be used to recover f
from @ by finding the roots of Q) in F.

For the remainder of this paper fix s,¢ € Z~o with s < ¢,
where s is the multiplicity parameter and ¢ the designed list
size of the Guruswami-Sudan list decoder. The corresponding
list decoding radius will be denoted by 7.

More specifically, as in [2], we restrict ourselves to the
setting where Q = Zf:o 2tQ; with Q; € SI(—tG) and define
0¢(Q) = maxyd_yc(Qy). Further, given a received word
r=(ry,...,m,) € Fy, we define

L
Ms,@,r = {Q = ZZtQt € F[Z} ’ Qt S H(—tG),Q has a

t=0

root of multiplicity > s at (P;,r;) for all j}.

In this setting, one has the following result, which is the crux
of the correctness of the Guruswami-Sudan list decoder [7]:

Theorem ILS (Instance of Guruswami-Sudan). Ler r € Fy
be a received word and QQ € M ¢ with 6c(Q) < s(n — 7).
If f € L(G) is such that the Hamming distance between r
and (f(Py1),..., f(Py)) is at most T, then Q(f) = 0.

For algorithmic purposes, it is convenient to give a descrip-
tion of M, , , that is as explicit as possible. For the remainder
of this article let Gy = (t — s)D — tG for 0 < t < s and
Gy = —tG for s <t < {. From [2] we quote the following:

Theorem I1.6 ([2, Theorem IV.4 and Remark IV.7]). Let R €
A(G) be such that R(P;) =rj for 1 < j < n. Then
’
Ms,[,r = @(2’ - R)tﬂ(Gt)

t=0
s— 0

=P - R)'AG) o @' (2 — R)*SA(Gy).

t=0

(L1)

=

t=s

11.2)

In [2], the first description (Equation (II.1)) was used to
obtain a decoding algorithm for C. (D, ) with complexity
O« 1“1 (n 4 g)), while the second description (Equa-
tion (11.2)) improved this to O(s*u“~1(n + g)). We will see
in Section III that one ingredient in our improvement is to use
yet another description of M/ .
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C. Reminders on univariate polynomial matrices

In this paper, we will make use of a few classical notions
on univariate polynomial matrices. For brevity, since only
the univariate case will be encountered, we will just write
“polynomial matrix”.

For a polynomial matrix A = [a;;];; € Fqlz]"*™, its
degree is defined as max; ; deg(a; ;) and denoted by deg(A);
its column degree is the tuple formed by the degrees of each
of its columns. In the square case m = v, the matrix A is said
to be nonsingular if det(A) # 0, and unimodular if det(A) €
F,\ {0}. For a submodule M C F,[z]™ of rank v, any of its
FF,[x]-bases can be seen as a set of v row vectors in F,[z]'*™,
which can be gathered as a matrix B in [ [«]**™. This matrix
has rank v and its Fy[x]-row space is M. In particular, if M
has rank m, then B is square and nonsingular.

We are interested in finding special bases of such sub-
modules, which have some degree minimality property. This
is realized by the so-called Popov normal form [10], which
minimizes the maximum degree of each basis element and
further ensures a type of uniqueness. In our case, we will
need the more general shifted Popov form [1], where one is
allowed to put weights in the degree measure:

Zm

Definition IL.7. For any tuple s = (81,...,8m) €
™A\ {0}, the

any nonzero vector v = (v1,...,0y,) € Fglx]
s-degree of v is defined as

deg,(v) = max{deg(v) + sk }-

If k is maximal such that deg(vy) + s, = deg,(v), then we
say that vy, is the s-pivot of v, and k is its s-pivot index.

The tuple s is usually referred to as a (degree) shift.

Definition IL.8. For s € Z™, a matrix P € F [x]™*™ with no
zero row is said to be in s-Popov form if all the s-pivots of its
rows lie on the diagonal, are monic, and have degrees strictly
greater than all other entries in their respective columns.

In particular, such matrices are nonsingular and can be used
for representing bases of submodules M C F,[z]™ of rank
m. Shifted Popov forms have good properties in that regard:
for a given M, there exists a unique basis of M which is in
s-Popov form [1], and the rows of this s-Popov basis have
minimal s-degree (because it is in particular s-reduced; see
[18, Section 2.7]). Quite often, as will be the case in this
paper, one seeks the s-Popov form P of M, while already
knowing a nonsingular matrix B which forms a basis of M. In
this context P is the unique s-Popov form left-unimodularly
equivalent to B, and is called the s-Popov form of B. For
computing P from B, we will rely on [14, Theorem 1.3].

In this paper, we will need the case of rational shifts of the
form s € %Z””. The above definitions extend directly to this
case, and one can still rely on the algorithms designed for the
integer case (see the proof of Theorem III.15).

We will use the following result on the feasibility of poly-
nomial matrix division with remainder, and on the complexity
of performing such divisions using a Newton iteration-based
approach.

Lemma IL.9. Let A and B be matrices in F,[x]™*™ with B
nonsingular. Then there exists a matrix R € Fy[x]™*™ such
that A — R is a left multiple of B and deg(R) < deg(B).
There is an algorithm PM-REM which, on input A and B,
returns such a matrix R using O(m*(deg(A) + deg(B)))

operations in T,

Proof. The existence of R such that A— R is a left multiple of
B is proved in [10, Theorem 6.3-15, page 389]. This reference
also ensures that B~'R is a so-called strictly proper matrix
fraction, which implies deg(R) < deg(B) as showed for
example in [10, Lemma 6.3-10, page 383]. To find R, one
may start with computing a Popov form P € F,[z]"*™
of B, which costs O(m* deg(B)) [16, Theorem 21]. In
particular, B and P are left-unimodularly equivalent, so that
left multiples of B are the same as left multiples of P. Thus
R can be found as a remainder in the division of A by
P, since deg(P) < deg(B). Since P is column reduced,
to find this remainder we can apply [14, Algorithm 1]: this
boils down to one truncated expansion at order O(deg(A))
of the inverse of an m X m matrix (whose constant term is
invertible), and two multiplications of two m X m matrices
of degree in O(deg(A) + deg(P)). Hence the total cost is
O(m*(deg(A) + deg(P))), which concludes the proof since
deg(P) < deg(B). O

III. THE INTERPOLANT MODULE M ¢ . AND
POLYNOMIAL MATRIX REPRESENTATIONS OF IT

We now study the module M, ., more in depth. First
we generalize Theorem I1.6 to get more flexibility on the
choice of generators for M ¢ ., and we make such an explicit
choice (Section III-A). Then we introduce several maps and
the corresponding F,[xz]-matrices (Section III-B). This allows
us to describe a basis of M, as an F,[z]-module, and to
represent this module as the F,[zr]-row space of an explicit
polynomial matrix By, in F,[z]™*™, for m = p(f + 1)
(Section III-C). Finally, in Section III-D, we deduce another
basis matrix P ¢, which is less explicit than By 4 ,., but com-
putationally easier to construct and manipulate. Throughout, it
is assumed that the received vector is r = (r1,...,7,) € Fy
and that R € f(G) is a function satisfying R(P;) = r;
for 1 < 5 < n as well as the bound from Lemma II.1,
dc(R) <n+2g—1—deg(G).

A. A more flexible description of M ¢

In Theorem I1.6, two ways to describe the module M, ¢ .
were given. We now indicate a more general shape for
alternative descriptions for M ¢ .

Theorem IIL1. For s <t </, let fi(z) = Z:g fruzt=5t €
F[z], where f;; € §(iG) and deg,(f;) = t — s, hence in
particular fyo € Fy\ {0}. Then

A(Gy) @@ft

s—1

Ms,@,r = @(

t=0

(G-
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Proof. Using Equation (II.1) in Theorem II.6, and since by
definition G; = —tG for t > s, it is sufficient to show that

s—1
Moor= @( SA(Gy) @ @ z— (—tG)
t=0
is equal to

M = EB z— A(—tG).

We first prove the inclusion “M,;,, 2 M?”. For this we
show, for t = s, ..., ¢, the inclusion f;(z)(z — R)*A(—tG) C
@®: _.(2—R)*SI(—kQ). This follows from f;(z) € @)_,(2—
R)*=s4((t — k)@G), which itself comes from using the bino-
mial formula on f;(z) = Z;;Z (z-R+ R)!=%79 ;. Indeed,
this yields f;(z) = ZZ J(z—R)*=% fy, where, for s < k < t,
fue = Zt b (SRR fy is in (- K)G).

Now we prove the inclusion “M; ¢, C M”. For this we
show, for each t = s, ..., £, the inclusion (z — R)'4(—tG) C
@Z:S fe(2)(z — R)*A(—kG). Sitmilarly to the above, it is
enough to prove (z — R)'™% € @, _, fu(2)d((t — k)G). We
proceed by induction on t € {s,..., ¢}, showing that (z —
R)'=% =35 . fr(2)auy for certain ayy, € A((t — k)G). The
property is obvious for ¢t = s, since fs(z) = fso € Fq \ {0}.

R)'sI(Gy) @@ff R)®

t=s

Lett € {s+1,...,¢} and assume the property holds from s
to t — 1. Then
t—1
(z—R)'""% = Z R)Y™* fy
ftt —
t—1 _1
Tft )+ > fe(2) Z%kftg
tt h—s

which proves the property for ¢, since fir € Fy\ {0} and
ajifis € S((t - )G). 0

As a first observation, the second description in Theo-
rem I1.6 is now an easy consequence of Theorem III.1 (which
we proved using only the first description in Theorem I1.6).
To obtain a faster decoder, we will start from the following
description of the interpolant module.

Corollary IIL2. For s <t </, let

t—s
Z (Z e )Rizt_“"_i € F[z],
=0
then
s—1
M or = @( A(Gy) & @gt SA(G).
t=0

Proof. We only need to check that f;(z) = g¢(z) is a valid
choice in Theorem IIL1. The first condition (“**~')R' €
A(G) follows from R € 4(G). The second condition
deg,(g:(2)) =t — s is obvious. O

In this description, the polynomial ¢;(z)(z — R)® has at
most s + 1 nonzero coefficients, as we will see in the next
lemma (Lemma I11.3) which gives an explicit formula for these

coefficients. In fact, looking back at the description in Equa-
tion (I1.2), the polynomial z*~*(z — R)* also has at most s+ 1
nonzero coefficients. Yet, the advantage of ¢g;(2)(z — R)® over
2!7%(2 — R)*® is the range of monomials that may appear with
nonzero coefficients. Apart from the common leading term
zt, for the latter these monomials are z*~5, zf=s+1  2t—1,
whereas for the former they are 1,2, ..., zs 1 1ndependent1y
of t. As we will see in Sections III-C and I1I-D, this particular
location of nonzero coefficients is instrumental in our approach
for building an F[x]-basis of M ¢, which has small average
column degree.

Lemma IIL3. For s <t <, let g:(z) as in Corollary III.2.
Then 2t — g¢(2)(z — R)® has degree at most s — 1. Moreover,
for 0 < j < s, the coefficient of 27 in gi(z)(z — R)® equals
ol JR ~I, where

- £ 00 e

i=5—]

(IIL1)

Proof. Using a classical power series expansion formula in

2~ 1, we obtain that

= (2 — )% (1 - R) B

z
. s 1+s—1 .
—(:-R) Z( z. )Rz |

This shows that

Z —g:(2)(z—R)* = 2t — (z—R)® Z (H‘Si—l)Rizt—sfi.

i>0
i>t—s+1

Hence the polynomial 2! — g;(2)(z — R)® has degree at most
s — 1. To prove the second part of the lemma, one can simply
expand the product g;(z)(z — R)?, yielding that for 0 < j < s
the coefficient of 27 in g;(z)(z — R)® equals 7; j R'™7, just as
indicated. O

B. Inclusion and multiplication maps, and their matrices

In this subsection we study two types of Fy[z]-module ho-
momorphisms: the first type are inclusion maps of submodules
in a module, while the second type are maps of multiplication
by some R € 4(G).

We will also consider matrices over F,[x] which represent
these maps, as this will help us describe and compute bases of
M, ¢ as an F[z]-module. Note that, if the ranks as F,[z]-
modules of the domain and codomain of the considered map
are the same, then this map can, after choosing bases, be
represented by a square F[z]-matrix.

We start with the maps derived from the inclusions 5I(G;) C
A(—tG) for 0 < t < s; these inclusions follow from G; =
(t —s)D —tG < —tG.

Definition IIL4. For 0 < t < s, the map v : A(G) —
A(—tG) is defined as the natural inclusion map of f(Gy)
in A(—tG). We denote by D, € F,[x]"*" the matrix of v
with respect to the ordered F ,[x]-bases (y(()G‘), ce yic’f) for

A(Gy) and (y§ "9, y(” tla))for A(—tQ).
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Remark IILS. In this paper, such matrices of maps are con-
sidered in a row-wise manner. For example, in this definition,
the ith row of Dy yields the expression of zt(yEGt)) as an
F,[x]-linear combination of the mentioned basis of A(—tG).

For deriving complexity estimates, we will use the following
bound on the degree of any single entry of D).

Lemma IIL.6. The matrix Dy is nonsingular and deg(Dy) is
in O(s(n+ g)/ ).

Proof. Since 1; is an injection, D; is nonsingular. Let

Pijlo<ij<u be the entries of the matrix D;, so that
G = > ”yj 9 for 0 < i < p and deg(D,) =

max” deg(p” Using Lemmas I1.3 and I1.4 we see that

\./

(6_1c (')

(b, (4 5)) —

deg(pi;) < —tdeg(G))

IA
RFEIREIRTE |~

tdeg(G))

IN

(29 — 1+ p — deg(Gy) — tdeg(G))

- ;(29_ 1+pu+(s—t)n) €O0(s(n+g)/pn). 0

We will also use the following, similarly defined inclusion

maps and matrices, where we have defined H; = —sD — tG
for 0 <t < s.
Definition IIL.7. For 0 < ¢ < s, the map j : A(H;) —

A(—tG) is defined as the natural inclusion map of A(Hy) in
A(—tQG). We denote by E, € F,[z]**+ the matrix of j; with

respect to the F [x]-bases (y(()Ht), e 7yu | ) for A(H) and

—tG G
(y(() ! ), . 7y£ tl )) for d(—1G).
This matrix F; satisfies properties similar to those of Dy.

Lemma IIL8. The matrix E; is nonsingular and deg(E;) is
in O(s(n+ g)/p).

Proof. The proof can be directly adapted from that of
Lemma III.6. [

We now turn our attention to the maps of multiplication by
some R € {d(G).

Definition IIL9. For 1 <t < {, we let the multiplication map
R, : A(—tG) — A(—(t — 1)G) be defined by R : f — Rf.
We denote by R, € Fylx]"** the matrix of R, with respect
to the ordered F[z]-bases (y (_tG), Sy I(L th)) for d(—tQ)
e NG
TV YD) for s1(= (- )G
Although this definition is valid for any R € f(G), recall
that here we consider specifically R such that 6g(R) < n +
2g — 1 — deg(G). This allows us to bound the degree of any
single entry of Ry, as follows.

and

Lemma IIL.10. The matrix degree of R; is in O((n+ g)/p).
Proof. Using Lemma I1.3, we see that for any 0 < 4,t < p,

) = 66(R) + 0_ic(y! ")
<dg(R)+29 —1+tdeg(G) + p

5—(t—1)G(Ryf_tG

Let [pi;lo<ij<u. be the entries of Ry, so that Ry( &) _

S piy YYD for 0 < i < poand deg(Ry) =
max;; deg(pi;). Then from Lemma I1.4 and the fact that

dc(R) <n+2g—1-—deg(G), we obtain
1 _
deg(pis) < 7, (0o (Ry ™) +deg(~(t = 1)G))

< %(%(R) 29— 1+ tdeg(G) + i — (¢ — 1) deg(G)

=1+ i (0a(R) + 29 — 1 + deg(@))

1
<l+—-(n+49-2). O
Hn

In what follows we will also use this notation:
Definition III.11. For 0 <t < ¢ and 0 < j < {, the matrix
R®I) € F [x]*** is defined as
RR; - Rj+1 for 0 <j <t
the v X p identity matrix I for j =t;
the p x p zero matrix 0 for t < j < /.

The definition of the R,’s implies that, for 0 < 5 < ¢, R(t:9)
is the matrix of the following map of multiplication by R'~7:
o Ry : A(—tG) = A(—jG), f— RIf,

in the ordered bases (y((ftG)7 e 7y£ 1 )) for d(—tG) and

(y, (ﬂ'G),...,ny | )) for S(—jG). Similarly if j < t < s,

then D, R(*7) is the matrix of the map
(Gt) - H(_JG)v f — Rt_jf?

s,y Ty for A(G,) and
,...,yi ]IG)) for d(—jG).

R®) —

Rjy10Rjyp0--

Rj+1ORj+QO"'ORtOlt:

in the ordered bases
(s

C. A first polynomial matrix basis of M ¢ r

From Theorem III.1, one may deduce a basis of M, , as
an F,[z]-module.

Lemma IIL12. M, is an F,[z]-module of rank m :=
w(€+ 1), and admits the following basis:

{(z—R)tyi(Gt)|0§t<s,0§i<u}
U {#e)6- Ry s<t<eo<i<pf,

Sor any family of polynomials {fi(z) € Flz] | s <t < ¢} as

in Theorem I11.1.

Proof. Let B be the claimed basis of M,,,. Since
(yéG),...,y,S t1)> F,lo) = A(Gy) for 0 < t < £, from
Theorem III.1 it follows both that B C M, and that
any element of M, is an I [z]-linear combination of
polynomials in B; whence (B), ;] = M . To prove that
B is a basis, it remains to show that its elements are F,[xz]-
linearly independent. Let (o ;)o<i<po<t<k € Fqlz]™ be a
tuple such that

>

0<t<s,0<i<p

>

s<t<0,0<i<p

ayi(z — R)tygc‘)

anifi(2)(z — Ry = 0.
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Since fi(z)(z — R)® has degree ¢, the polynomials
{-=R)0<t<stU{fi(x)(z—R)*|s<t<{}

form a basis of the F-vector space F'[z]qeg <¢. Thus, from
the above identity we deduce that ) ,_, “u Oétﬂ.y’EGt) = 0 for
0 <t < ¢. By definition of the int)’s, this implies oy ; = 0
for all ¢ and 7. Hence the rows of B form a basis of M ¢,
and the rank of M, ;. is the cardinality m of B. O

To represent such a basis of M ¢, as a matrix B, ¢, over
Fy[z], we see M, ¢, as a submodule of the free F,[z]-module
Bo<i<p 2 A(—tG) of rank m, with basis zjy,(c_tc), 0<t<
2,0 < k < p. The following [F,[x]-module isomorphism will
be useful for describing By ¢

o Fylz]™*™ — 2 A(—tQ),

o~
Il ~
[e=]

which maps [poo-- po,u—1 | | peo- peu-1] to
Zf:o ZZ;S pt,ky(_tG)zt. Then, the rows of B; g, are the
preimages by ¢, of the elements of the basis of M,
described in Lemma II1.12. Choosing specifically for f;(z)
the polynomial g;(z) described in Section III-A, and using
the maps and matrices defined in Section III-B, we obtain the
following explicit description of By ¢ ;.

Definition IIL13. Let m = p(f + 1). The matrix B, €
Fglz]™>™ is defined by blocks as B r = [B 9] where

o I is the (m — us) X (m — us) identity matrix;

o 0 is the (us) X (m — us) zero matrix;

o D c T [2]#)x(13) s defined by blocks as

D = [y, ;D,R"9)]
Dy
—-D R, D,
D,R,R, —2D,R, D, :

0<t<s,0<j5<s

where y; ; = (—1)t77 (;) for0<t<s 0<j<s;
o R c T [z](m=1)x(1s) s defined by blocks as

_ t.j
R = [y,;R ])]sgtge,ogj<s
VS,OR(&O) 73,371R(S7s_1)
Ye,0RE0) Ye,s—1 R

where v, ; for s < t < £,0 < j < s is defined in
Equation (II1.1).

Theorem II1.14. The matrix By g, from Definition 11113
is a basis of Mgy, seen as an TFy[z|-submodule of
DBo<i<o 2 A(—tG). More precisely, indexing the rows of
B,y from0tom—1, for0 <t < fland 0 < i < p
its row at index tp + i is ;' ((z — R)tyl(Gt)) ift <s, and
o7 o (2) (2 = RPwE)) if s <t < L.

Proof. This follows directly from the construction of B, ¢,
and from the definition of D; and R*%) in Section III-B.

Indeed, for 0 <t < ¢ and 0 <14 < p, the image by ¢ of the
row tp 44 of B, as built in Definition 1113 is

t
[t ) )

E (—l)t_] (j) Rt_]ygc”)zj =(z— R)tygc‘) if ¢ < s,

j=0

and
s—1
—tG i (—tG .
Ztyg e Z’Yf,,th Jyg 1G) i
=0
=g(2)(z— Ry Vifs<t<y,
where the last identity comes from Lemma [I1.3. O

Observe in particular the effect of our choice of polynomials

gi(z) from Section III-A: only the left ps columns [£]

of By, are nontrivial, while the remaining columns [9]
are standard basis vectors. A parallel can be drawn with
the remark on the monomials appearing in g.(z)(z — R)®,
in Section III-A. In contrast, the two descriptions from [2]
recalled in Theorem II.6 lead to matrices which are block-
triangular as well, but with a lower triangular part which is
either dense (if using Equation (II.1)) or is a band matrix (if
using Equation (I1.2)). Although in the latter case the number
of nonzero blocks is the same as in B; ¢ .., the fact that these
nonzero blocks are confined to the leftmost columns brings us
closer to knowing an F,[z]-basis of M ¢, with small average
column degree, as we are going to see in the next subsection.

D. A small-degree polynomial matrix basis of M ¢

Keeping the same notation as in the previous subsection, we
deduce from the matrix B, ¢, a whole collection of suitable
matrices for representing bases of M ¢ . as an [, [x]-module,
which all share the property that their rightmost m — pus
columns are the standard basis vectors [9]. It is within this
collection that we will find an F,[x]-basis of M 4 ,. with small
average column degree, which means that its shifted Popov
form can be computed efficiently.

Theorem IIL15. For any matrix R € T[] =#5)%(15) such
that R — R is a left multiple of D, the matrix M, =
[29] € Fyla]™ ™ is a basis of Ms.y, seen as an Fy[z]-
submodule of @gc,<,2'A(—tG). In particular, if R has
degree in O(s(n + g)/u), then the sum of column degrees of
M ¢ is in O(s*(n + g)), and the d-Popov form of My ;.
can be computed in O(s2(~ 1 =1 (n4g) 4+~ ) operations
in Fy for any shift d € I%Z(ZJA)“.

Proof. The matrices B, ¢, and M, ;, are left-unimodularly

equivalent, since
I o|D o _[|DoO
-Q I||R I| |R I
where Q € Fy[z](m~#)* (%) is the quotient matrix such that
R = QD + R. Hence the rows of M, form a basis of

Ms,é,r-

The degree bounds in Section III-B and the construction of
R®J) show that, for 0 <t < s and 0 < j < s, both deg(D;)
and deg(R™7)) are in O(s(n + g)/u). Therefore the degree
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of D = [y, ;DR ]g<i s 0<j<s is also in O(s(n + g)/u).
Then, under the assumption on deg(R) stated in the theorem,
the first yzs columns of M ;. have degree in O(s(n+g)/p),
whereas its last m — pus columns have degree 0. The claimed
bound on the column degrees of M ¢, follows.

Computing the shifted Popov form of M, ,,, for any
integer shift d € Z(¢tD4 can then be performed in

Ot ps [52(?7:9)1) operations in Fy [14, Theorem 1.3]. It has
been showed that the case of a shift d with fractional entries
in LZ(+Dr directly reduces to the case of an integer shift by
both permuting the matrix columns appropriately and rounding
down the entries of d to integers; see [15, SectionIIL.A] [2,
Theorem V.9] for the present case, and [13, Section 1.3.4] for
transforming more generally any module monomial ordering
on F,[z]“+Vs into a corresponding shift in Z(+1#, The
inequality [82(”+g)] < £09) 4 1 leads to the cost bound
Im m
stated in the theorem. O

Finally, in Theorem III.17 we will make the above result
more effective by describing an explicit construction of such
a small-degree matrix R, using remainders in the matrix
division of R modulo the matrices Ey, ..., Es_1 defined in
Section III-B. Here are some explanations why such a degree
reduction is needed, and not straightforward.

Remark III.16. Observe that the matrix R, as defined in
Section 11I-C, may have degrees too large for our purpose;
that is, simply taking R = R in the above theorem is not
interesting as deg(R) is most likely not in O(s(n + g)/p).
In fact, by definition R has ¢ + 1 — s blocks of i rows each
with sy columns, and the degree of the ith block of rows is
in O((s + 1) ":g). In total, the dense representation of R
therefore uses

n—+g

ol >

1<i<l+1—s5

p(ps)(s + 1) C O (CPsp(n+g))

coefficients from ¥, and this asymptotic bound can be
reached. Indeed, it is reached already in the case of Reed-
Solomon codes, where R®9) jsa polynomial in T [x], which is
the power R of some polynomial R € F,[x] whose degree
is n — 1 generically. Thus, simply the size of the storage of
R can already be in conflict with our target complexity. This
also implies that we must aim to compute a smaller degree R
without computing all of R.

Theorem III.17. For each s < t < £ and 0 < j < s,
there exists a matrix R%7) such that R®7) — R is a left
multiple of E; and deg(R™7)) < deg(E;). Then, the matrix
R = [y ;R sci<p0<jes € Fyla]m=19)x W) has degree
in O(s(n+ g)/p) and is such that R — R is a left multiple
of D.

Proof. The existence of R(“7) with the specified properties

follows directly from Lemma I1.9. The bound on deg(R) fol-
lows from deg(E;) € O(s(n+g)/up), proved in Lemma II1.8.

By construction, R — R = [y, j(R®"7) — R c1cpo<jcs
is a left multiple of

Eq
E
! € F,z] (MS)X(MS)’

Esfl

hence it remains to prove that F is itself a left multiple of D.

We now show that each row of FE is a left multiple of D. Let
0 <i<pand 0 <t < s. Similarly to the considerations in
Section I1I-C, we observe that the row ¢+ of E corresponds
to the polynomial ztyEHt) € z'4(H;), which is in Mg,
since any function in S(H;) = d(—sD — tG) has valuation
at least s at each of the places Pi,...,FP,. Since ztyZ(H‘)
has z-degree less than s, it is in Py (2 — R)I51(Gy) by
Theorem 1.6, which means that the row ¢ + ¢ of E is a left
multiple of D. O

IV. EFFICIENT CONSTRUCTION OF A POLYNOMIAL MATRIX
BASIS OF M ¢

A. Computing multiplication maps

Consider the following problem: given two divisors A
and B and a function a € $(A), compute the products

yéB)a,...,yfﬁ)la € (A 4+ B), expressed in the basis
yéA+B),...,y(jﬁB). In order to do this, we generalize [2,

Algorithm 4]. We follow the same approach as in [2] for
showing the correctness and complexity of this generalization.

Definition IV.1. For any Q(z) € F|z|, for any rational place
P € Pp that is not a pole of any of the coefficients of Q(z),
and for oo € Ty, we denote by Q(P,a) the evaluation of
Q(a) € F at P.

Definition IV.2. Letr A, B be divisors and let E = FEi +
-+ EN for distinct rational places E1, ..., En of F different
from P, such that supp(A) N supp(F) = 0 and supp(B) N
supp(E) = 0. For a € f(A), we define the F,[x]-module

Nae(a) ={Q = Qo+ Q12 € (A + B) @ 24(B)
such that Q(P,a(P)) =0 for all P € supp(FE)}.

In the following lemmas, we use the same notation A, B,
FE as in Definition IV.2.

Lemma IV.3. Leta € SI(A). If Q = Qo+ 2Q1 € Na g g(a)
with
max{da+5(Qo),05(Q1) +da(a)} < deg(E) — deg(A+ B),
then Q(a) =0, i.e. Q € (z — a)d(B).
Proof. Since @ € Na p p(a), we have Q(a) € (A +
B). Hence by definition of d4yp, we have Q(a) €
L(04+8(Q(a))Psx+ A+ B). Since for all E; € supp(E), we
have Q(a)(E;) = 0 and supp(E) N (supp(A) U supp(B) U
{Px}) = 0, we conclude that Q(a) € L(04+5(Q(a))Psx +
A+ B — E). Moreover,

6a+8(Q(a)) < max{datp(Qo) 0a+5(Q1a)}
= max{d4+5(Qo),05(Q1) +da(a)}
deg(FE) — deg(A + B),

A
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which ensures that the aforementioned Riemann-Roch space
is trivial. O

Like in [2], our generalization will use the notion of
an x-partition of E. We recall the definition, see also [2,
Definition V.4]; the existence of an x-partition of E was shown
in [2, Lemma V.6].

Definition IV4. If E = E1+-- -+ En, where E1, . ..,
distinct rational places different from P, and Uy, ...,
are effective divisors satisfying

EN are
U,-1

E=U+ - +U,,,
2) supp(U;) Nsupp(U;) = 0 for all i # j,
3) |deg(U;) — deg(U;)| < 1 for all i, j,

4) for any E;, E, € supp(U;) it holds that x(E;) =
x(Ek) = Ej = Ek,
then we will say that Uy, ...,U,_1 is an x-partition of E.
Definition IV.5. For a polynomial matrix A € F,[z]***" and
polynomials ug, . .., u,—1 € Fqlz]\ {0}, we define H,(A) as
{'v € Fy[2]"*?* |vA, =0mod uy, for0<k< ,u},

where A, j, is the column k of A.

Note that we have the following inclusion of F,[x]-
submodules:

(H0§k<puk‘)Fq[$]1X2“ C Hu(A) C Fq[x]lxzﬂ~

In particular, H,,(A) is a free F[z]-module of rank 24, and
each of its bases can be represented as a nonsingular 2 x 2u
matrix over Fy[z].

Lemma IV.6. Let a € f(A). Let Uy,...,U,_1 be an z-

partition of E, and let S =[S, ] and T = [T; 1| be matrices
in Fylz]"** such that
A+B
Skl (Ey) =y (By)

and
T, k(x(Ej)) = a(E))y;

for E; € Ug. If u = (uo,...,uu—1) € Fylz]", where uy, =

HEjESupp(Uk)(I — z(Ej)), then the map

I
-

o
A+B B
Y (lyz(+)+tizy£ ))»—>(so,.‘.,

i

8#717?507 N ,tl,‘,l)

I
=3

is an F,[z]-isomorphism between N p g(a) and H.(A),
where
A= m € Fyla]#x#
T a '
Proof. Clearly ¢ is an Fy[z]-isomorphism between f(A +
B) @ 241(B) and F,[x]**, therefore it suffices to show that
for any Q € SI(A+ B) @ 251(B) it holds that Q € N4 g g(a)
if and only if (Q) € Hy(A), ie. thatforallk =0,...,p—1,
Q(Ej,a(E;)) = 0 for all E; € supp(Uy) if and only if 4(Q)-

A, = 0 mod uy. This is true since for every E; € Uj, the
following identity holds, where o = x(E}):

Q(Ej, a(Ej))

= (¥(Q) - Asi)(a). =

Lemma IV.7. Keeping notation as in Lemma IV.6, let
P ¢ F,[z]?W*C8) pe the d-Popov basis of Hu(A) =
Y(Na.g E( ), where deg(E) > 2g + u + da(a) + deg(A)

and d = (e + (deg(B),...,deg(B))) € %Zzl‘ with
e = (ars ), 6A+B(yfft3)),
35(ys") +da(a),.... oy >0 + dala)) € 220,

Then exactly ji rows of P have d-degree less than * (deg(E)

deg(A)). Furthermore, if P € F,[x]**21) s the submatrix
of P consisting of these rows, then for k =0,...,u—1 the
row k of P is y(Yy), where

Y, = ay,(CB) + zylgB) € (z—a)d(B) C Na,g r(a).
Consequently, if P = [P1 Py, where P, and P,
are in F,[x]"*", then ayk = S o ) where

(Pk,0s - - - s Dk u—1) Is the row k of —Pi.

Proof. We start with some observations on the matrix whose
rows are ¢ (Y)) for k = 0,...,u — 1. This is a pu x (2u)
matrix over F,[z], whose rank is p since Yp,...,Y, 1
are F,[x]-linearly independent. By construction, its p x
rightmost submatrix is the identity matrix. Writing Y, =

— S w4+ 2y B) ) where w; € Fylz], the fact that
Yi(a) = 0 1mphes

B)
m?X(SAJrB( zyz( *

=0datB (Z wzy(A+B)>

= 0as5lay”) = 6 (u")) + 6a(a).
Consequently, deg (¢ (Yy)) = i((YB( (B))+5A( )+deg(B)),
and this d-degree is reached at index p + k. This shows that
u + k is the d-pivot index of the row (Y}). This property
combined with the special shape (with an identity submatrix)
of the matrix formed by the ¢ (Y})’s ensure that this matrix is
in d-Popov form.

Furthermore, since for k = 0, ...
with

=1, (Y,) is in He (A)

1

degdww<i<5A<a>+2g+u> ~(cde(E) — deg(4).

where the strict inequality is due to Lemma 1.3, then at least
w rows of P have d-degree less than i(deg(E) — deg(A)),
because P is d-row reduced.
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Now, for any Q = Qo + 2Q; € J\/ABE( ), where Qo =
S sy e d(A+B) and @ = S tiy!™) € A(B)
with s;,t; € F,[z], it holds that degd(w(Q)) is equal to

(A+B) B
max { max (deg(si) I da+B(Y; . ) + deg( )) )

55y >+6A<a>+deg<3)> }
n

max <deg(ti) +
1
= ﬁ(max{‘SAJrB(QO)? 6p(Q1) + 64(a)} + deg(B)).
It then follows from Lemma IV.3 that

dega(¥(Q)) < i(degw)fdeg(m) — Qe (:-a)A(B),

which means that at most p rows of P can have d-degree less
than i(deg(E) — deg(A)), because (z — a)$1(B) has rank g
as an F [x]-module.

Thus, exactly p rows of P have d-degree less than
i(deg(E) — deg(A)), which proves the first claim of the
lemma. For the second claim, the above observations show
that the matrix formed by the (Y})’s is a left multiple U P
by a nonsingular p x p matrix U. Yet, since both P and
the matrix whose rows are the v(Y%)’s are in d-Popov form,
and since the rightmost x4 X p submatrix of the latter is the
identity matrix, the only possibility is U = I,,, proving the
second claim. The last claim is obvious. O

Theorem IV.8. Algorithm I is correct and costs O(u® = (N +
| deg(A)|)) operations in F,.

Proof. Correctness is given by Lemma IV.7. For complexity,
simply note that the computational bottleneck lies in Step 8,
in which case d4(a) > — deg(A) because a is nonzero and
a € L(da(a)Psx + A). By assumption, we have that N =
deg(FE) > deg(A) + da(a) + 2g + p, hence by Lemma I1.3

—deg(A) < da4+B(y; (A+B )) + deg(B)
<2g—1-—deg(A)+pn
< deg(FE) — 2deg(A) —da(a)
< deg(E) — deg(A) = N — deg(A)

and

—deg(A) < 6a(a) < 35(y") + 6ala) + deg(B)
<29—1+p+0da(a)
< —1+deg(F) — deg(A) < N — deg(A4).

— 1, then the total
, Cor. V.10] as

Since deg(uy) < N/u for k=0,...,pu
complexity of the algorithm is given by [2

O (" max{| deg(E)|, | deg(E) — deg(A)], | deg(A)]})

C O (N + | deg(A)]))

operations in F,. O

Algorithm 1 BASISPRODUCTS(A, B, E, a, z, y(A*+5) y(B))
Input:

o divisors A and B,

e a divisor F = Ey + --- + Ey, where Fq,...,En are
pairwise distinct rational places such that supp(E) N
(supp(A) Usupp(B) U{Px}) =

o cvaluations a = (a;);=1,.. n, Where a; = a(E;) for
a function a € fI(A) with known 04 (a) and such that
deg(E) = deg(A) + da(a) + 29 + p,

o cvaluations = (z;);=1,... n, Where z; = 2(E;) € F,

.....

o evaluations yAtE) = (yi(?+l3));z(i ’’’’’ hot, where
A+B A+B ’
y P =y P () e R,
« evaluations yB) = (yZ(J))Z:0 """" , where y( ) =
B
v (E)) € F,.

Output: matrix [py ;| € Fyz]**#* of the F,[x]-linear map
f € 4d(B) — af € Hd(A + B) with respect to

the ordered F,[xz]-bases (y((,B), . 7y,(iB)l) for d(B) and

(y(()’LH'B)7 e 7y,(le'B)) for S1(A + B), meaning ay,(c ) =

SE D Zy§A+B) forall k€ {0,...,u—1}.

1: if @ = O then return matrix 0 € F,[z]***

2: Up,...,U,u—1 ¢ an z-partition of E

3: 8 =[S, k] € Fglz]*** < matrix with S, 1 (z;) = yl(;prB)
for all j such that E; € Uy,

4. T = [T; ] € Fylz]"** + matrix with T} (z;) = a; yl(]f)
for all j such that E; € Uy,

50w = [ug] € Fyla]" < vector with up =[] p ey, (2 —2;)

6. de lZQF‘ 1 - (e + (deg(B),...,deg(B))), where

e= (5A+B( (A+B)) 5A+B(Q£Aj;B))a
5B( Yo )+5A( )s - 58(11/“ 1)+5A( )) €z
7. P € F,[z]WxC20) g Popov basis of H,(A) where

A= [2] € F, [a]rxn

8 [P, Py) € F,[x]"*2") « the submatrix of P consisting
of all rows with d-degree less than i(deg(E) —deg(A)),
where Py, P, € F[z]***

9: return —P;

B. Computing a small-degree F[x]-basis of Mg ¢ r

Theorem IV.9. Algorithm 2 is correct and costs O(Lp®~ N+
s20u~“~Y(n + g)) operations in F,.

Proof. The correctness follows from the correctness of the
called algorithms and from the results in Section III-D.

For complexity, let us first consider the total cost of the
calls to BASISPRODUCTS; for completeness we also give at
the same time the detailed verification that the constraint on
deg(F) required in the input of this algorithm is satisfied.

e Fort=0,...,5—1, the call at Line 3 is for the divisor
A = (s—1)D and the function a = 1, and therefore costs
O~} (N+] deg((s—) D)) = O(u~ ' (N+(s—t)n)
according to Theorem IV.8. Over the s iterations, this
cost is in O(sp® ' N + 52~ ~n). Furthermore the input
requirements of BASISPRODUCTS impose deg( ) >
deg((s—t)D)+6(s—)p(1)+2g+p forallt =0,...,s-1,
hence we must ensure deg(E) > sn + 2g + 1; this is
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Algorithm 2 INTERPOLANTPOLMATBASIS(7, D, G, E, x, y(~1G) y(Gt) 4(H1))

Input:
e received word r € Fg,
¢ the code divisors D and G,
e a divisor E = Ey 4+ --- + Ey, where Fjy, ..
deg(E) > sn+4g+pu—1,
o evaluations x = (z;);=1,... n, Where z; = z(E;) € F,

« evaluations y(~*¢) = (yf;tc));iq

., En are pairwise distinct rational places not in {Pu} U supp(G), with

(—t@)

" for t = —1,0,...,{, where Yij = yEitG)(Ej) eF,,

« evaluations y(¢t) = (y(ch))izo"”’l\f1 fort=0,...,5s—1, where G; = (t — s)D — tG and y(?) = ngG")(Ej) €y,

ij Ji=1,., s
o evaluations y(F*) = (yf?’));z??\fl fort =0,...,5 — 1, where H; = —sD — tG and yggt) = i(Ht)(Ej) eF,.

Output: a matrix M ¢, 1=

[29] € Fylz]™ ™ as in Theorem I111.15: My 4 is a basis of M ¢, seen as an F,[x]-submodule

of @<, 2 A(—tG) and deg(R) has degree in O(s(n + g) /).
. > Compute matrices Dy and Ey in Fq[x]***, see Definitions 1114 and I111.7

cfort=0,...,s—1do

D, + BasisProbpucts((s —t)D,G¢, E, (1,...,1),x

Lyt y(Go)

E, « BasisProbUCTS(sD, Hy, E, (1,...,1),x,y("tG) 4y (Ho)

. R € 1(G) + INTERPOLATE(T, D, G, =, y(@)
= ]Fév < EVALUATE(R, E, G, z,y(%))

1

2

3

4

5: > Compute matrices R, ..
6

7

g: fort=1,...,4 do

9

., Ry in Fy[x]"*#, see Definition 111.9

> [2, Algorithm 2]
> [2, Algorithm 1]

R; < BASISPRODUCTS(G, —tG, B, #, 2, y(~(t71G) 4 (=tG))

10: > Compute matrix D € F,[x]#*)*(#%) see Definition 11113
11: D= [D(t’j)]0§t<s70§j<5 — Diag(Do, ey
122 fort=1,...,s—1do

132 forj=t—1,...,0 do D) « DGIHVR,

14: forj=t—1,...,0do D®9) « (—1)tJ (j)DW)

D,_,), where D) € T, [x]**+

15: > Compute matrix R € Fy[x](H1=0mX W) see Definition 11113 and Theorem 11117
16: R=[R")] <44 0<j<s + zero matrix with blocks R(*9) € F,[z]#<#

17: for j =0,...,s— 1 do
18 R « PM-REM(RsRs_1 -+ Rj11, Ej)

> algorithm from Lemma 11.9

190 fort=s+1,...,¢ do R « PM-REM(R,R!~1) E;)

20 fort=s,...,0 do R « o, ;R
21: return [g ?] c Fq[x]((€+1)u)><((€+1)lt)

> ~v¢,; defined in Equation (111.1)

implied by the input requirements of INTERPOLANTPOL-
MATBASIS.

o The calls at Line 4 are for the divisor A = (s —t)D and
the function a = 1. Thus their total complexity fits within
the one in the previous item, and these calls do not bring
any additional restriction on deg(FE).

« Finally, the calls to BASISPRODUCTS at Line 9 are for
the divisor A = G and the function ¢ = R, for each
of the ¢ iterations. In total, this costs O(p~~Y(N +
|deg(G)) = O(u“"'N + u“"L(n + g)). These
calls all add the same constraint on deg(E), namely
deg(E) > deg(G) + da(R) + 2g9 + p. Since dg(R) <
n+2g—1—deg(G) holds by construction of R (see the
output specification of [2, Algorithm 2]), this constraint
is satisfied when deg(F) > n + 49 + p — 1, and this
inequality is indeed implied by the input requirements of
INTERPOLANTPOLMATBASIS.

The interpolation at Line 6 costs O(u~Y(N + g)), by

[2, Lemma V.12]. The evaluation at Line 7 costs O(uN +
dc(R) + deg(@)), by [2, Lemma V.2]; our assumption on

deg(E) implies that this is in O(uN).

The costly part of the computation of D at Lines 10 to 14
is the matrix products at Line 13. Foreacht=1,...,s — 1,
we start from D; which has degree in O(s(n + g)/u) (see
Lemma [I1.6), and then we multiply iteratively for ;7 =
t—1,...,0 by R; whose degree is in O((n + g)/u) (see
Lemma II1.10). Thus, altogether we perform about % multi-
plications of two p x 4 matrices of degree in O(s(n+g)/u),
for a total cost of O(s3u“~1(n + g)).

The costly part of the computation of R at Lines 15
to 20 is the matrix products and matrix remainders at both
Lines 18 and 19. Consider a fixed iteration j, for some j €
{0,...,s—1}. The above recalled bound on deg(R;) ensures
that the product R,R,_; --- R;4q at Line 18 can be computed
in O(s?u“~'(n + g)), and has degree in O(s(n + g)/u).
Then, since deg(E;) is in O(s(n + g)/p) as well (see
Lemma II1.8), the matrix division with remainder at the same
line costs O(su®~'(n+g)) and returns a matrix whose degree
is in O(s(n + g)/u) (see Lemma I1.9). At Line 19 there
are < /( iterations, and similarly to Line 18, each of them
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performs a matrix product and then a matrix division with
remainder which both cost O(su“~(n + g)), for a total of
O(slp~(n+g)). Note that degrees remain controlled since
each of these iterations produces a matrix remainder whose
degree is less than deg(E;), which is in O(s(n + g)/u).
Summing over the iterations for 7 = 0,...,s — 1, and using
5 < 0, we get a cost bound of O(s2(u“~"(n + g)) operations
in [F, for Lines 15 to 20.

Finally, summing the costs of each analyzed part above
yields the result. O

V. DECODER WITH BETTER COMPLEXITY
A. The decoding algorithm

The overall decoding algorithm is the one in [2, Algo-
rithm 7] with the first three lines replaced by a call to INTER-
POLANTPOLMATBASIS, which provides Pk g . in complexity
O(s2pu“~"(n + g)) according to Theorem IV.9; indeed one
can take N € O(sn+ g+ pu) C O(s(n + g)). After that,
two expensive computations remain. The first one asks to find
the shifted Popov form of P, [2, Algorithm 7, Line 5],
which costs O(s20“~ '~ (n + g) + £“u*) operations in
F, according to Theorem III.15. The second one is the root
finding step [2, Algorithm 7, Line 10], whose complexity is
in O(stu~(n + g)) as detailed in Section V-B. Hence the
overall cost bound O(s2¢“ 1 =~ (n+g) + £ u*) for the list
decoder.

Due to the modification of the first steps, the precomputed
data slightly differs from the one listed in [2, Section VI].
Here, we do not need to know the evaluations of ¢I-module
generators for S1(G¢), t = 0,...,¢, denoted by “g” in the
above reference. As a kind of replacement, we need the
evaluations y(¢*) and y#*) for t =0,...,s — 1 and y(~*&)
fort =0,...,/, as defined in the input of INTERPOLANTPOL-
MATBASIS. Observe that this algorithm also requires (<)
for t = —1; but y(©) is already part of the precomputation in
[2, Section VI] (denoted by vy). Except for “g”, the rest of the
precomputed data listed in [2, Section VI] is kept as such.

B. The root finding step

In [2], an algorithm is given that finds all roots of the found
polynomial Q(z) € M, ¢, in complexity O(£2p“ = (n + g)).
The term ¢? is at odds with our target complexity. Fortunately,
a slightly better complexity analysis shows that [2, Algo-
rithm 6] actually has complexity O(s¢u“~'(n + g)). More
precisely, in the proof of [2, Proposition V.33], the 2 term
comes from the estimates O(ulB) C O(u(n + g)) and
O(Bdeg (Q)) € O(2(n + g)), where j is chosen such that
B > 20deg(G) + s(n — 7) and where deg,(Q) = /. In
[2] the estimate deg(G) € O(n + g) is used to show the
mentioned inclusions. A third part of the complexity analysis
of [2, Algorithm 6] adds a term O(£u“~'(n + g)), yielding
as total complexity the mentioned O (21~ (n + g)).

However, the root finding has as input a polynomial @) €
M 0, satisfying 0¢(Q) < s(n—7). In particular §_yc(Qr) <
s(n — 7), which implies that Q, € L(—{¢G + sPx). This
implies that either —¢deg(G) + sn > 0, or Q, = 0 in all
cases. In the latter case one might as well have started the

decoding algorithm for a smaller value of designed list size
£. We may conclude that without loss of generality one can
assume ¢ deg(G) < sn. This implies that 8 € O(sn) and
therefore O(uulf) C O(slun) and O(B deg, (Q)) € O(stn).
Leaving the remaining part of the complexity analysis exactly
the same as in the proof of [2, Proposition V.33], we see that
the root finding part can be handled using [2, Algorithm 6] in
complexity O(slu® =1 (n + g)).
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