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Abstract. We develop semiclassical approximations for calculating photoabsorption cross sections beyond
the continuum threshold in quantum many-body systems. These approximations use the fully quantum-
mechanical Wigner function of the ground state and semiclassical expansions only for the part of the cross
section depending on the continuum states, thus avoiding the difficult explicit calculation of the continuum
states. Even though the approach is general, we test it in electronic-structure theory for the photoionization
cross sections of the hydrogen and helium atoms. The results suggest that these semiclassical approxima-
tions can be used to obtain good estimates of cross sections at high energy.

PACS. 03.65.Sq Semiclassical theories and applications — 31.15.Gy Semiclassical methods — 32.80.-t
Photoionization and excitation — 02.70.-c Computational techniques; simulations

1 Introduction

In many-body quantum systems, the calculation of properties
involving continuum states constitutes a challenge for compu-
tational methods. The simplest example is perhaps given by the
photoabsorption cross section beyond the continuum threshold,
corresponding to transitions of the system from a bound state
to continuum states induced by the absorption of a photon (see,
e.g., Refs. [[1,2]). In the context of the electronic-structure the-
ory of atoms and molecules, this property is also known as the
photoionization cross section since it corresponds to the ioniza-
tion of the system by ejection of one or more electrons into the
continuum (see, e.g., Ref. [3]). Hence, calculations of photoab-
sorption/photoionization cross sections require an appropriate
description of excitations to continuum states and are usually
performed with quite sophisticated and computationally expen-
sive approaches, i.e. using extended basis sets such as B-spline
basis sets [4,5L6] with continuum boundary conditions [[7,/8./9]]
or using techniques involving the complex-energy plane such
as complex scaling [[10l[11]], analytical continuation [[12], or in-
tegral transforms [[13].

In this work, as a possible alternative to these involved fully
quantum mechanical calculations, we develop semiclassical ap-
proximations for calculating photoabsorption cross sections,
based on the Wigner phase-space formulation of quantum me-
chanics (see, e.g., Refs. [[14L[151}[16]) or also known as defor-
mation quantization [17l[18]]. Wigner-based semiclassical ap-
proximations have been used in nuclear physics to calculate
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various quantities (see, e.g., Refs. [[1]). In particular, the full
semiclassical Wigner-Kirkwood expansion (in powers of the
reduced Planck constant 7) of the linear-response function has
been determined [[19,20]]. Here, we consider semiclassical ap-
proximations of the photoabsorption cross section using the
fully quantum-mechanical Wigner function of the ground state
and semiclassical expansions only for the part depending on the
continuum states. This is motivated by the fact that semiclassi-
cal expansions are expected to work better for continuum states
than for the ground state. Similar semiclassical approximations
have been used in molecular physics to calculate photodisso-
ciation cross sections [2112211231124] (see, also, Refs. [25.26]),
but to the best our knowledge this type of semiclassical approx-
imations have never been developed for photoabsorption cross
sections (see, however, Ref. [27] for a Wigner-based approach
of light absorption in solids). As an illustration, we test this
approach in electronic-structure theory for the photoionization
cross sections of the hydrogen and helium atoms, but it can be
a priori applied to the photoabsorption cross sections appearing
in other fields such as nuclear physics.

The paper is organized as followed. In Section 2, we lay
down the general theory for semiclassical approximations of
photoabsorption cross sections for an arbitrary N-particle sys-
tem. In Section[3] we treat the case of one-particle systems with
spherical ground states. In Section ] we work out the specific
case of hydrogen-like atoms with a Coulomb potential, and
give results for the hydrogen atom. In Section 3] we treat the
case of helium-like atoms, and give results for the helium atom.
Finally, Section 6] contains conclusions and future directions.
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Hartree atomic units (a.u.),in whichzi=m =¢e = 1/(dng) = 1,
are used throughout this work.

This work was started together with the late Peter Schuck
who developed semiclassical approximations in nuclear physics
and was eager to extend them to other fields. The present au-
thor is thus very much indebted to Peter Schuck for having in-
troduced him to these Wigner-based semiclassical techniques
and guided him through the early stages of the present work.
The paper is thus dedicated to his memory.

2 General theory for N-particle systems

2.1 Photoabsorption cross section in terms of Wigner
transforms

We consider a non-relativistic N-particle Hamiltonian,

)
I A
H=—+V, 1

5 (1)
where p = (P1,P2, -, Pwn) cqllects all momentum operators
of the individual particles and V is a potential-energy operator,

with eigenstates {| ¥, )}, e and eigenvalues {E, },en

HIY,) = E,|'P,). 2)

Denoting by Eines the continuum threshold energy, the eigen-
states with E,, < Eyes are bound states and the eigenstates with
E, > Eues are continuum states assumed to be discretized for
simplicity (e.g., obtained by putting the system in a large finite
box with periodic boundary conditions), so that {| ¥, )},en forms
a discrete complete orthonormal basis of the Hilbert space. The
linear-response photoabsorption cross section, corresponding
to transitions between the ground state |¥,) and the excited
states |¥,), in the velocity-gauge electric-dipole approximation
at frequency w is defined as

100 O D MPIPIEE 6w~ (E, ~ Eo)).

pefx,y,z} n=0

o(w) =

3

where ¢ = 137.036 a.u. is the speed of light, P, = Y\¥ | p;, is
the Cartesian pu-component of the total momentum (or velocity)
operator, and ¢ is the Dirac delta function. We are interested
in the cross section beyond the continuum threshold, i.e. w >
Ewes — Eo. The cross section can be rewritten as

Z Z<%|P V)Pl + Eo = H)P,|#0)

HE€X) ,z) n=0

o(w) =

4n? n na
= o0 2 (PolPud(w+ By~ BP,I%0)
Helx.y.z}

47?

= 3—Tr[B Dol 4)

where we have used the Schrodinger equation [Eq. @)] and the
completeness relation Y7 |¥,)(¥,] = 1, and we have intro-

duced the operator
B= Z PAP,,

HE{x,y,z}

&)

with the spectral-density operator A = §(w + Eo — H) and the
ground-state density-matrix operator

po = [¥o)(Pol. (6)

In the position representation, the cross section takes the
form

2

4
s f drdr’ B(r, 1')po(' ),
RéN

3cw 7

o(w) =
where r = (r,r2,---,ry) € RV and v’ = (r},r}, - ,1)) €
R3N are position vectors of the N particles, and B(r, 1) = (r|B|r’)
and po(r’,r) = (r'|polr) = ¥, (r")¥;(r). We now introduce the
Wigner (or Weyl) transforms/representations of the operators B
and py (see, e.g., Refs. [1128])

[Blw(q,p) = Bw(q,p) = f ds e"PS(q + s/2|Blq - 5/2),(8)
RBN

Bolw(a. P) = pow(q. p) = f ds e P5(q + /2ol — $/2).09)
RBN

where ¢ = (r + r')/2 € R* is the average position vector,
s = r—r € R¥ is the relative position vector, and p =
P1,p2,-- >PN) € R is the conjugate momentum vector of
s. The Wigner transformation preserves the trace of a product
of operators, so we have

47%

3cw

dqdp

rev (23N Bw(q,p)pow(q,p).  (10)

o(w) =

‘We have thus put the photoabsorption cross section in the form
of a phase-space integral. So far, everything is exact. We will
assume that we know the Wigner function of the ground state
pow(q, p), and we will now use a semiclassical expansion ap-
proximation for Bw(q, p).

2.2 Semiclassical expansion approximation

A convenient formula for calculating Wigner transforms and
their semiclassical expansions is the following expression for
the Wigner transform of the product of two operators C and D,
also known as Groenewold’s formula or Moyal product or star
product (see Ref. [1]),

[CDlw(q, p) = Cw(q, p)e™ > Dy(q, p), (11)

where A = V-V, =V, - Vg is the Poisson bracket differen-
tial operator (the arrows indicate on which side act the nabla
operators) and the reduced Planck constant 7 = 1 a.u. is kept
to keep track of orders in 7. Expanding Eq. (IT)) in powers of 7
generates a semiclassical expansion.

By repeatedly applying this formula, we can write Bw(q, p)
as

D PuAwP, -

pe{x,y.z}

Bw(q.p) = P A(AWAP ), (12)
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where Aw = Aw(q, p) is the Wigner transform of the oper-
ator A. We have used the fact that the Wigner transform of
total momentum operator f’ is the total momentum variable
P, = Zl | Piys 1€ [P lw = Py, and we have used the fact that
the antisymmetry of the Poisson bracket differential operator
A implies that P,AAw = -AwAP, and P,AP, = 0. Note that
there is no higher-order terms in Eq. (I2) since acting twice

with A on P, gives zero. The last term in Eq. (I2) is

P A(AwAP,) = =V P, - Vq(VqAw - VpPy)
N N 62AW

T Z Z 6‘11#6‘11;4

i=1

13)

We thus obtain the following exact expression for Bw(q, p)

N N
Bw(q,p) = ZZ Z

i=1 j=1 pe{xy.z}

h2
= P*Aw(q,p) + IDZAW((L p)

n? 8*Aw(q, p)
DipPipAwW( @, P) + ————F—
[ e 4 09iu0qjy

(14)

where we have introduced the total momentum vector P =
Zl , Pi and the differential operator D = Zl | Vq,

It remains to find an expression for Aw(q, p), i.e. the Wigner
transform of the operator A = 8(w+Eo—H). This Wigner trans-
form cannot be calculated exactly but we can write its second-
order semiclassical expansion

Aw(g,p) = AV (q,p) + PAL(q,p) + 0",  (15)
where the zeroth-order term is
AV(q,p) = 6(w + Eg — H(gq, p)), (16)

where H(q,p) = p?/2 + V(q) is the classical Hamiltonian,
and the second-order correction is obtained from Eq. (13.43)
of Ref. [1]] (by differentiating with respect to A, and correct-
ing the minus sign in front of ¢” into a plus sign) (see also
Refs. [29,30,311321)

AY(q.p) = | -V2V(q) 6" (w + Eo — H(q,P))

+5 ((VgV(@) + (p- V9)*V(@) 6" (w + Eo - H(q,p)) |-(17)

b)l»—

We thus obtain the second-order semiclassical expansion for
Bw(q,p)

Bw(q,p) = BY(q,p) + i*BY(q,p) + O*),  (18)
with
(0) _p24,0)
By, (q,p) = P°Ay/(q, p), (19)
and
1
By(a.p) = ;D°AY(@.p) + PPAT@.p).  (20)

The expression of DzAg\),)(q, p) is obtained directly from Eq. (16)

D*A0(q.p) = - (D*V(@)) &' (w + Eo — H(q,p))
+(DV(Q))* 6" (w+Eo— H(q,p). (21)

Finally, we obtain the second-order semiclassical expansion of
the photoabsorption cross section [Eq. (10)]

cOw) + P W)+, (22)

o(w) =

with the zeroth-order cross section

o© 30
@ =30 |, Gy BV (@ PIrow(a.p)
472' dqdp )
= — P + En— H s , ,
3cw Jgov (2m)3N (w 0 (q,p)) po,w(q,p)
(23)
and the second-order correction
472 dad
O TP B0 g, phow(a.p).  (24)

3cw ROV @n)N By
‘We will write the latter term as a sum of three contributions
0'(2")((0) + O'(Zb)(w) + 0'(2")((»),

o (w) = (25)

where 07 (w) is the contribution coming from the ¢’ function

in Eq. 1)
n dqdp
RON (27T )3N

o (w) = e (DZV(Q))

X 8'(w + Eo — H(q, p)) po.w(Q, ), (26)

0®(w) is the contribution coming from the ¢” function in

Eqgs. (I7) and @1)

n? dqdp P’_,
3c—a)fRsN 2N [( V(@) - V V(Q)}

x 6" (w+ Eo — H(q,p)) pow(q, p),

c®(w) =
27)

and 0?9 (w) is the contribution coming from the 6" function
in Eq. ()

2 dqdp
18cw RON (27T)3N

X 6" (w+ Ey — H(q,p)) po,w(q, P)-

¥ (w) =

P2 ((VV(@) + (p - Vo)* V()
(28)

We have thus arrived at an approximation to the photoab-
sorption cross section that only requires to know the ground-
state Wigner function pow(q, p) but does not require the calcu-
lation of the continuum states. Note that Eq. 22)) is not a full
expansion in powers of 7 since we do not expand pg.w(q, p) in
powers of 7.

3 Theory for one-particle systems with
spherical ground states

We now apply the general theory of the previous section to the
case of one-particle systems (N = 1) with spherical ground
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states. The phase-space variables are now q = q; € R’ and
p = p1 € R?, and the classical Hamiltonian is
P
H(q.p) = 5 + V(g). (29)

where p = ||pll and ¢ = ||q||, and V(g) is a central potential.
This case encompasses not only one-electron atoms but also
many-electron atoms within a mean-field approximation with a
spherical local potential such as Kohn-Sham density-functional
theory. The ground-state Wigner function then depends only on

g, p,and q - p, i.e. pow(q, p) = pow(q, p,q - P).

3.1 Zeroth-order semiclassical approximation

The zeroth-order photoabsorption cross section [Eq. (Z3)] sim-
plifies to

o [ dadp
e (270)
X PO,W(q, 12 q : p)’

c(w) = p*S(w + Eg— p*/2 - V(q))

(30)

3cw

which gives, after performing the integrals in spherical coordi-
nates,

rO(w) = 3‘2—’; f dg ¢* [0(E)2EY*pow (¢, V2E)]

where we have introduced the spherically averaged Wigner func-

tion pow(g, p) = f_ll dx pow(g, p,gqpx) and made the change
of variables E = p?/2 before applying the delta function. In
Eq. (Z1), 6 is the Heaviside step function.

3.2 Second-order semiclassical approximation

Using VaV(g) = V(@) + 2/9)V'(@), (VqV(9))* = V'(g)*, and

@ - V*V(g) = V'(@)Qq - p/9)* + V(9P - (q-p/9)/q
we can obtain the different contributions to the second-order

semiclassical correction of the photoabsorption cross section.
The first contribution in Eq. (26) is

(2a) _ 1 ’
o “(w) = - 3cwf 20 D v+ lovie)

x &'(w+ Eo = p*/2 = V(@) pow(q. P4~ P).(32)

which gives

c®(w)=——— | dg (V' (@)+2/9V'(q)
12cw
d
G(E)d—E[?l,w (q, VZE) . (33)
E=w+Ey-V(q)
where we have introduced p1 w(q, p) = ppow(q, p).

E=w+Ey-V(g)’

€1y

2

Similarly, the second contribution in Eq. 7)) is
O.(Zb)(w) - -
3cw

dqdp 4 2 p2 77 ’
X fR6 2n7 [V (@) - 5 (v (q)+(2/q)V(Q))}
x 0w+ Eo = p*/2 = V(@) pow(q. p.q

which gives

p), 34)

(W) = T2 ), 4 qz[e(E)(v’(q)Z@ﬁl,w (4. V2E)
——(V”<q>+<2/q>V’<q>) zpaw(cl «/ﬁ))] (35)
E=w+Ey-V(q)

where we have introduced 33 w(q, p) = p*pow(q, p).
Finally, the third contribution in Eq. 28)) is

n dqdp ,
18cw Joo @np ¥

x (Vi@ + V(@@ pla) + V'(@(P* - (a-p/9))/q)
x 6" (w + Eg = p*/2 = V() pow(q. p.q - ). (36)

)N (w) =

which gives

Q@) =
NG 18cw

3
“dgq [0<E>(V'<q> —Psw (. V2E)

3

d
+(V"(9) = (1/)V' (@) 35w (. V2E)

d3
+(1/9)V'(@)3Ps.w (¢ V2E) )] :

E=w+Ey-V(q)

(37)

where we have introduced 7o w(g, p) = L ]1 dx xzpo,w(q, D, gpx),
psw(g. p) = p’pow(q. p), and Fs.w(q, p) = p>Fow(q. p).

4 Hydrogen-like atoms

In this section, we consider hydrogen-like atoms, i.e. one elec-
tron in the Coulomb potential V(g) = —Z/q. The ground state
energy is Eg = —Z%/2 and the ionization threshold Eges = 0.
Beyond the ionization threshold, the photoabsorption cross sec-
tion is usually called photoionization cross section.

4.1 Expression of the photoionization cross section

The Wigner function of the ground state of the hydrogen atom
(Z = 1) has been given in Ref. [33] in the form of a one-
dimensional integral that, with the help of the software Mathe-
matica [34], we write here as(l

1
P @ pap) = fo du flq.p.q-pu).  (38)

! Note that we needed to multiply the Wigner function of Ref. [33]]
by 4 x (27)* to match the present definition.
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where
f(q: p» q . pv u) = ]662iq-p(2u_])_2qg(p#)
(1 -wu (3 +6gg(p,u) + 44°g(p, u)z)
X
g(p,u)’
with g(p, u) = /1 + 4p2(1 — u)u. Here, u is not a physical vari-

able but a disentanglement variable introduced to be able to
perform the integration over s in Eq. (9). From this, we easily
obtain the spherically averaged Wigner function as

. (39)

1
P (. p) = f du fiq. p.u), (40)
0
where
f(q, p,u) = 16e7248P) sin 2gp(2u — 1))
(1= wyu (3 +6qg(p.1) + 4¢°g(p.u)’)
X . @

qp2u—1)g(p,u)y
The ground-state Wigner function for a hydrogen-like atom
with arbitrary nuclear charge Z can then be simply obtained
from scaling: pZ., (¢, p.q - P) = pZ5) (Zq, p/Z,q - p) and
Pow @, p) = B (Zq, pl2).
The zeroth-order semiclassical photoionization cross sec-
tion [Eq. (BI)] thus takes the form

1
e (w) = A f duj\m dq ¢*2(w + Eo + Z/q))*/?
3cw Joy 0
x f(Zg, 2w+ Eo + Z/)/Z,u),

and is calculated by performing a double numerical integration
over g and u with the software Mathematica [34]].

The terms involving the Laplacian of the Coulomb poten-
tial, V?]V(q) = 477Z5(q), do not contribute to the second-order
semiclassical correction to the photoionization cross section.
Thus, the first contribution [Eq. (33)] vanishes

o (w) = 0, (43)

and the second contribution [Eq. (33)] simplifies to, using V’(q) =
Z/q*,

(42)

— dq—[—ﬁl,w Zq, 2E/Z] ,
[ da 5 |3z (20 V2E |

(44)

where E(w, q) = w + Eg + Z/q. Finally, using V"' (q) = —2Z/¢°,
the third contribution [Eq. (37)] takes the form

0o ZS d3
fo dg [?@ﬁs,w (2q. V2E/Z)

)N (w) =

18cw

Zé d3

+ 7 qEPsw

. (45)
E=E(w,q)

(zq. «/275/2)}

Using the software Mathematica [34], the quantity 5| w (q, vV 2E),

3w (q, \/ﬁ),ﬁs,w (q, \/Z_E), and 75w (q, \/Z_E), and their deriva-1

tives with respect to E are obtained as one-dimensional inte-
grals over u similar to Eq. (40).

0.25

o©
)

(=]
-
(3]

o©
—

0.05

Photoionization cross section o(w) (a.u.)

1.8

06 08 1 2

Photon energy w (a.u.)

Fig. 1. Photoionization cross section of the hydrogen atom (Z = 1).
The exact cross section T eaq(w) [Eq. @] is compared with the
zeroth-order semiclassical approximation ®(w) [Eq. @2))], the par-
tial second-order semiclassical approximation o****(w) = @ (w) +
o (w) [Eqs. @2) and (@4))], the full second-order semiclassical ap-
proximation 0 **?(w) = O (w) + e (w) + ) (w) [Eqs. @2, @),
and (3)], and the Padé approximant o-p,qs(w) [Eq. @S)].

4.2 Results and discussion

The photoionization cross section of the hydrogen-like atom is
known exactly (see, e.g., Refs. [35136])

3272.226 e—4n’(w) arccotn’ (w)

O-exacl(a)) = 36‘(4)4 1= e—27rn’(w) 5 (46)
where n’(w) = Z/ V2(w + Ep).

In Figure[Il we compare the exact cross section of the hy-
drogen atom (Z = 1) with the zeroth-order semiclassical ap-
proximation o (w) [Eq. @2)], the partial second-order semi-
classical approximation o ®*??(w) = @ (w)+0®”(w) [Eqgs. @)
and (@4)], and the full second-order semiclassical approxima-
tion 0?2 (w) = e V(w) + o (w) + c®(w) [Eqs. [@2), @),
and (@3)]. While the cross section o**??)(w) is a significant
improvement over the zeroth-order cross section 0 (w), the
addition of the contribution c-®°(w) has almost no effect.

As expected, the semiclassical approximation becomes more
accurate as w increases. The exact asymptotic behavior of the
cross section of the hydrogen atom for large w is [137]

167V2 0.172

> (47)

(o w) ~
exact( )w_)oo 3cw’’?

Numerically, we find lim,,_,, @”/?0®(w) ~ 0.11 and
limy—e w202 (w) = 0.17. So, @ (w) has the correct be-
havior in 1/w’/? but not the correct prefactor, while %2 (w)
has the correct prefactor.

To improve the accuracy at small w, one may resum the
semiclassical expansion in Eq. (22)) using a [0/1] Padé approx-
mant

a® (w)
1 -0 (w)/cO(w)’

(48)

Opage(w) =
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Fig. 2. Photoionization cross section of the hydrogen atom. The ex-
act Cross Section Oexaei(w) [Eq. @8)] is compared with the zeroth-
order semiclassical approximation o?(w) where the Coulomb poten-
tial V(g) has been neglected in Bw(q, p).

which is also plotted in Figure[Il We see that the Padé approxi-
mant is quite effective indeed to improve the accuracy at small
w.

Finally, FigurePlshows the effect of neglecting the Coulomb
potential V(gq) in Bw(q, p), equivalent to using the free-particle
plane-wave continuum states. This changes completely the shape
of the spectrum. In particular, the cross section is now zero at
the ionization threshold, in accordance with the Wigner-threshold
law [381139]] which predicts this behavior for potentials lacking
a long-range attractive —1/q Coulomb tail. The obtained spec-
trum has in fact a similar shape as the one obtained in Hartree-
Fock [40] whose continuum states only see an exponentially
decaying effective potential.

5 Helium-like atoms

In this section, we consider helium-like atoms, i.e. N = 2 elec-
trons. The phase-space variables are now q = (q;, q2) € R® and
P = (p1,p2) € R®, and the classical Hamiltonian is

2 2
P op
H(q,p) = == + = + V(q1, q),

5 > (49)

where p; = ||pill and ¢; = ||q;ll, and the potential is V(qi,q2) =
~Z/q1 = Z/q2 + 1/llq1 — q2ll.

5.1 Wigner function of the ground state

As an approximation to the exact ground-state wave function,
we consider the Hartree-Fock (HF) wave function, @(q;, q2) =
&(q1)¢(q2), where ¢ is the HF 1s orbital. The associated Wigner
function can be factorized as

PHEW(Q1, Q2, P1, P2) = pe.w(q1, P1, Q1 - P1)Psw(q2, P2, Q2 - P2),
(50

Julien Toulouse: Semiclassical approximations of photoabsorption cross sections beyond the continuum threshold

where pyw(q, p, q - p) is the Wigner function associated with
the 1s orbital ¢

Pow(q. P, q - P) = fR . ds e®S¢(q — s/2)p(q +5/2). (51)

As usual in quantum chemistry, the orbital ¢ is expanded on M
Gaussian basis functions y:(q) = (2a;/x)**e=%4", where a; are
fixed exponents,

M

$@) = cxila),

i=1

(52)

and ¢; are coeflicients found by solving the HF self-consistent
equation. Following Ref. [41]], the corresponding Wigner func-
tion is easily obtained as

M M
Pow(@.p.q-P) = Y > ciciPij(¢,p.q-P)  (53)
i=1 j=1
where
ds e PSy;(q — s/2)x;(q +5/2).

Pijq,p.q-p) =

fR3
3

34 2 B 2 it q
-9 (ﬂi,ﬂ’i,j) eV g Pl o ATAP (54

with ﬂ,"j =1/(a; + (Ij), Yij = 40’1‘(1_]ﬂ,‘yj, Tij = (a; —
Wigner function can be rewritten as

(Ij)ﬂ,‘yj. The

M M M
pow(@.p.q-P) = Y Ffila )+ Y. D eicififa,p.q- P,
i=1 i=1 j=i+l
j (55)
where
£i@.p) = Pii(g. p.q-p) = e 2 /W (56)

and

fijta,p,q-p) = Pij(q,p,q-p)+ P,i(q,p,q-Pp)
— 24(ﬂi’j,yi’j)3/4e*)’[\jq2e’,BL/Pz COS(ZT[,jq . p)
(57)

5.2 Expression of the photoionization cross section
5.2.1 Zeroth-order contribution

Using the HF Wigner function in Eq. (30) and the correspond-
ing exact HF ground-state energy Ef" = —2.861680 a.u. (giv-

ing an ionization threshold of Ees — E(l)'IF =0.861680a.u.), the
zeroth-order photoionization cross section in Eq. (23) becomes
d(]1 dq2 dp1 dp2

\[1;12 (27T)6

X 6w+ Eq" = pi/2 = p3/2 = V(qi, @)
X P w(q1, P1, 41 - PVPgw(qg2, P2, Q2 - P2). (58)

4r?

O, =
o(w) 3cw

(Pt +p5 +2p1 - p2)
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Using spherical coordinates for p; and p,, and integrating over
the angles, we get

47? 0 0
0) - da:d d fd 2.2, 2 2
(W) e fR6 q quo P 2105 (PY + p2)

X 8w+ Ey" — pi/2 - p3/2 - Va1, q2))
X Pow(q1, P1)Pgw(q2, P2). (59)

where psw(q,p) = f_ll dxpsw(q, p,qpx), and we have used
that the fact the integral over the angles of the term involving
p: - p2 vanishes because py w(g, p, gpx) is an even function of
x. Using polar coordinates p; = ncosg and p, = nsing, and
making the change of variables E = 1?/2 before applying the
delta function, we find

o (w) =

2 00 00 1 /2 )
2 [ [ [ Csiricoions
3ew Jo 0 -1 Jo

X|6(E)2E)*psw(q1, V2E cos )

%fg.w (g2, V2E sin go)] . (60)

E=E(w,q1,92-%)
where

1

NG+ 6 = 2q190%

(61)

w2
E(w,q1,92,x) =w+E; +—+— —
9 Q2

5.2.2 Second-order contribution

Similarly to hydrogen-like atoms, the Laplacian-like terms,
D?V(q) and Va V(q), should not contribute to the second-order

photoionization cross section. Thus, c®?(w) [Eq. @8] is zero
and o®(w) [Eq. (Z2)] simplifies to

o (w) = ”_2 f dq;dq,dp;dp>
RI12

e e (DV(q1, q2))*

X(SN(O)"‘E(I){F _p%/Z—pg/z— V(QI,(]Z))

XPpw(q1, P1, 41 - PP wW(q2, P2, Q2 - P2), (62)

where DV(q1,q2) = Z(q:/q; + q2/¢3). Using spherical coordi-
nates for p; and p,, we get

2 00 00
)= —" | daid fd fd 2,2
o (w) 3ew(an) j; q:dq> | a | dp2pirs

X (DV(q1,q2))* &(w + E§" — p1/2 = p3/2 = V(q1, q2))
XPg,w(q1, P1)Pg,w(q2, P2). (63)

0.3
OTDHF
o(0):novi2
025 o(0+2b),noV12
(1) R,
0.2 (Of’Zb)
()

e
-

0.05

Photoionization cross section o(w) (a.u.)
o
&

1 1.5 2 25 3 3.5 4
Photon energy w (a.u.)

Fig. 3. Photoionization cross section of the helium atom (Z = 2).
The reference TDHF cross section orpur(w) [4019]] is compared with
the zeroth-order semiclassical cross section ¥ (w) [Eq. ®0)] and
the partial second-order semiclassical cross sections o™?(w) =
o O(w) + o (w) [Egs. (60) and (&4)]. Also reported are the approx-
imate zeroth-order and partial second-order semiclassical cross sec-
tions OV12(4p) and o O+2mOVIZ(0y) = OMOVIZ((yy 4 CIMOVIZ ()
[Egs. (60) and (&4)] in which the two-electron Coulomb interaction
Vi2(q1, q2) = 1/1lq: — g2l has been neglected.

Using now polar coordinates p; = rpcos¢ and p, = 5 sin ¢, and
making the change of variables E = 1?/2, we find

ZZ 00 00 1 /2
o (w) = —f dqlf dqudxf d (cos ¢)*(sin ¢)?
6cw Jo 0 -1 0
2

2 2
X (‘1_; + q_; + Zx) [Q(E)d—z((ZE)zﬁ(ﬁ,w(ql, V2E cos ¢)
q; 4 dE
XPpw(qa, V2E sin (p))] . (64)

E=E(w,q1,92,X)

Based on the results obtained for the hydrogen atom, we
expect the last second-order contribution o9 (w) [Eq. (28)] to
be small and so we will not attempt to calculate it.

5.3 Results and discussion

We performed a HF calculation with the uncontracted Gaus-
sian cc-pVDZ basis set [42//43] (containing M = 4 s Gaussian
basis functions) to obtain the 1s HF occupied orbital of the he-
lium atom (Z = 2). The exponents «; are 38.36, 5.77, 1.24,
0.2976, and the corresponding coefficients ¢; are 0.02380882,
0.15489122, 0.46998667, 0.51302690. We then calculated by
numerical integration with the software Mathematica [34] the
zeroth-order semiclassical cross section @ (w) [Eq. (60)] and
the partial second-order correction c®? (w) [Eq. (64)]. The nu-
merical integration for 0?”)(w) turned out to be delicate and re-
quires a somewhat costly local-adaptive algorithm. For this rea-
son, we also considered the approximation (refer to as “noV12”)
consisting in neglecting the two-electron Coulomb interaction
V12(q1,q2) = 1/|lq1 —q2|| in the expression of V(q;, q2). This is
done simply by replacing E(w, ¢1, ¢z, x) in Egs. (60) and (64)
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by E™V'%(w,q1,92) = w + Ef¥ + Z/q\ + Z/ . This eliminates
the numerical integration over the variable x and makes the re-
maining numerical integration easier to perform. The resulting
zeroth-order and partial second-order semiclassical cross sec-
tions are designated by o@°V12() and o @2PoVI2(4)), re-
spectively.

Figure[Blreports these photoionization cross sections for the
helium atom. As reference, we use the linear-response time-
dependent Hartree-Fock (TDHF) cross section calculated with
a B-spline basis set [40L9]. Similarly to the case of the hydro-
gen atom, the zeroth-order cross section cO(w) is always too
small but improves at w increases. The partial second-order
cross section 0%2?) (w) constitutes an improvement over @ (w)
and is accurate at high energy. The approximate partial second-
order cross section o0*2)1°V12(()) i5 significantly less accurate
at high energy, showing that one should avoid neglecting the
two-electron Coulomb interaction.

6 Conclusions and future directions

In this work, we have developed semiclassical approximations
for calculating photoabsorption/photoionization cross sections.
The approximations only require to have the Wigner function
of the ground state and bypass the need to explicitly calculate
the continuum states. Examples in electronic-structure theory
on the hydrogen and helium atoms suggest that these approxi-
mations can be used to obtain good estimates of photoabsorp-
tion/photoionization cross sections at high energy.

However, at least two limitations remain. First, we do not
have any a priori estimates of the errors made by these semi-
classical approximations. Second, it seems difficult to extend
the present calculations done by deterministic numerical in-
tegration to a larger number of particles. Regarding the latter
point, a possible strategy to treat general systems would be to
calculate the 6 N-dimensional phase-space integrals by Monte
Carlo sampling of the Wigner function [44]. The functions to
average in Eq. 23) and in Eqs. 28)-([28) are singular (they con-
tain the Dirac delta function and its derivatives) but the Monte
Carlo techniques developed in Refs. [45,46,47] could be used
to efficiently calculate these averages.

More generally, the type of Wigner-based semiclassical ap-
proximations developed in the present work could be useful
in quantum many-body theory to calculate efficiently the con-
tribution of the high-lying continuum states to various quanti-
ties such as second-order or coupled-cluster correlation ener-
gies [481149] which are known to converge slowly with the size
of the one-particle basis set for a two-particle interaction with a
hard short-range part such as the Coulomb interaction [50,51].
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