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Lagrangian Voronol meshes and particle dynamics with shocks

Bruno Després*f

July 25, 2023

Abstract

We present a new first order numerical method on lagrangian and moving Voronoi meshes for the numer-
ical simulation of compressible flows with shocks and internal interfaces between different gas. The method
is based on the closed form formula of the partial derivative of the volume of Voronoi cells with respect
to the generators. The mathematical proof of the formula seems original with respect to the literature. A
corollary is that the volume of Voronoi cells is generically of class C' with respect to the generators. The
final scheme is conservative in local mass, total momentum and total energy, and it is endowed with an
entropy inequality which insures the correctness of shocks calculations. Numerical illustrations in dimension
d = 2 are displayed for basic problems on coarse meshes. The implementation developed to obtain the
numerical illustrations uses a freely available library for the generation of the Voronoi cells at all time steps.

AMS Classification: 65M08, 51M20, 76M28, 76M12

1 Introduction

We present the mathematical and numerical foundations of a discrete scheme based on lagrangian and moving
Voronoi meshes adapted to the numerical simulation of compressible flows with shocks and internal interfaces
between different gas. This method can be understood as the combination of two different classes of numerical
methods.

The first class of methods concerns Voronoi meshes [22] on moving points [2, 19, 15]. In such methods one
recalculates the mesh from some special points called generators at every time step. The initial motivation
for the present work was mathematical issues raised by the recent remarkable use [32] of quasi-Voronoi mesh
techniques for astrophysical flows and compressible fluid flows. In particular, we refer again to [32], the local
connectivity of Voronol meshes can be arbitrary, so Voronoi meshes are attractive to remove some mesh viscosity
which may show up with more traditional lagrangian solvers. These works found a recent extension in [18].

The second class of numerical methods is particle methods for compressible flow dynamics with shocks.
Many different particle methods exist. The smooth particle hydrodynamics (SPH) [28, 34] was developed
initially in the astrophysical community. The particle in cell (PIC) method [8, 4] is concerned with the coupling
of charged particles with a Poisson solver or a Maxwell solver. Lagrangian solvers/schemes [1, 6, 14, 7, 27, 26]
are not traditionally considered as particle methods but more as methods on moving grids. Since the mass of
individual cells is constant in these solvers by construction, lagrangian solvers/schemes can be considered as
specific particles methods as well, even if the frozen connectivity of the mesh induces strong constraints on the
cells displacement. Actually the already quoted works [32, 18] use more quasi-Voronoi and they allow mass fluxes
across the cell boundaries. In a different language, one would say these method are Arbitrary Lagrange-Euler
(ALE) techniques. Also in [25] which is an assembly of different techniques, a two-steps scheme is developed
where the first step is based on a purely lagrangian solver and the second step is Voronoi remeshing (so it is
ultimately an ALE scheme).

To our knowledge, the mathematical foundations of moving Voronoi mesh techniques interpreted as particle
methods are not discussed per se in the literature. Hereafter, we adopt an axiomatic viewpoint. That is we
explore if it is possible to develop numerical methods which on the one hand are based on rigorous lagrangian
Vononoi meshes and which on the other hand can be interpreted as particle methods which rigorously preserve
mass, total impulse and total energy and for which an additional discrete entropy inequality can be proved. We
will show that a positive answer exists to these questions. It will result in the construction of an original first
order (space and time) numerical scheme which will be analyzed and illustrated with basic test problems. The
implementation of the scheme takes advantage of the fact that Voronoi librairies of excellent quality are freely
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available. This method can be the basis of more elaborated methods where all the arsenal of modern computa-
tional fluid dynamics techniques (high-order techniques, non linear limiters, various remeshing techniques) can
be introduced to enhance the final quality of practical simulations. These issues are not discussed hereafter and
are left for further research.

To formalize the main mathematical and numerical questions addressed in this work we introduce some
notations. Let  C R? (d > 1) be a non empty open bounded domain which is additionally supposed to be a
convex polytope for the simplicity of the presentation (in the numerical test Section 5,  will be chosen to be a
rectangle). Let x; € Q, 1 < i < N, be a finite collection of generators (also called centroids). These generators
are our particles, even if we will refer to them as the generators. The Voronoi cell €; C €2 generated by x; is
defined as

Q; = {x € Q such that |x — x;| < |x — x| for k # i}, 1<i<N. (1)

Since we will assume without condition that the generators are different
x; #Xp, foralll<i#k<N, (2)

then the Voronoi cells are non empty Q; # 0. By construction, the Voronof cell §2; is an open convex polytope
[2]. Its d-dimensional measure, referred to as its volume in the rest of this work, is

m:/ >0 3)
xell;

i

In numerical particle dynamics, a constant-in-time mass is attached to points. Specifically M; > 0 will denote
the mass attached to the generator x;. The mass is the product of the density p; > 0 of the particle times the
volume of the particle, that is M; = p;|€Q;|. Following the classical Lagrange principe, the mass is constant in
time during any kind of evolution process. In such evolution process the generators move. They will be denoted
as x;(t) for a time-continuous evolution, and x for a time-discrete scheme where n € N is the iteration index,
and t, = nAt is the corresponding time. Similarly, the volume will be denoted as [€;|(¢) or |€;|". For the
simplicity of the exposure, we concentrate on a time-continuous evolution, and time-discrete schemes will be
obtained by an immediate explicit Euler technique. In the context of a time-continuous evolution, the time
derivative of the specific volume 7;(t) = p;(t)~* > 0 is given by the chain rule

Mi%n(t) = %\QJ =§<ka(2i|(t),ixk(t)>. ()

This formula is the basis of lagrangian flow solvers such as [1, 6, 14, 7, 27, 26]. To be able to use it in in our
context, we need to address some issues.

The first difficulty: it concerns the calculation in closed form of the partial derivatives Vy, |©2;|. Due to the
very unpredictable nature of how a Voronoi cell €2; depends on all generators xj in the vicinity of the Voronoi
cell, it is even conceivable at first examination that |2;] might be a discontinuous function of the neighboring
generators, due to the reconnection process which is common for Voronoil meshes on moving generators. For
example, the number of neighboring Voronoi generators to one Voronof cell is clearly a discontinuous function.
So the volume |€2;| might be as well a discontinuous function with respect to the generators. Actually it is
opposite, in the sense that a closed form formula Vy, [2;| can be justified in all dimension d > 1, and that |$2;]
is generically of class C! because Vy, [€2;] is generically a continuous function with respect to the generators.
The second difficulty: one needs to define the velocities v;(t) = 4£x;(t) for all 1 < i < N such that basic
principles in computational fluid dynamics are satisfied. We will use the system of compressible non viscous
Euler equations as a model problem. We will show that it is possible to satisfy some important principles
such as mass preservation, total momentum preservation, total energy preservation and increase of the physical
entropy. We will explain in the appendix that the gradient operator which is constructed (in particular for the
discretization of the gradient of the pressure) is weakly consistant (a notion which comes from Lax).

A third difficulty: many particle methods have stability issues and the new particle scheme is no exception
when the dynamics of some generators is such that they become very close. In view of the condition (2), this
is a singular behavior. That is why we will develop a stabilization algorithm to enhance the range of use of the
method by making sure that the generators cannot coincide.

The organization of this work is as follows. Section 2 solve the main mathematical difficulty for lagrangian
Voronoi meshes, which is the calculation the gradient of the Voronoi volumes. The main Theorem of this work
yields a characterization of the differential properties of of lagrangian Voronoi cells. In particular an original
formula is proposed which explains that the measure (the volume in 3D) of lagrangian Voronoi cells is a C!
function with respect to the generators (called the centroids of the Voronoi mesh). In Section 3, the previous
results are used to define an original lagrangian fluid solver. The model equations are the entropy consistant
compressible Euler equations in general dimension x € R%. The solver is first order at most in space and time.
It is conservative in mass, total momentum and total energy, and it comes with a stabilization technique which



can be used to avoid degenerate situations. The Section 4 presents two enhancements of the method (still at
first order). Some very basic numerical illustrations are proposed in the numerical Section 5. In the appendix,
we provide a justification of the weak consistency of our approach.

2 Lagrangian Voronoi meshes

As discussed previously, the first difficulty is to calculate in closed form the partial derivatives Vy, |©;]. To the
best of the author’s knowledge, standard tools in computational geometry provide useful algorithms based on
the chain rule to calculate the numerical value of partial derivatives [22, 2, 19, 15, 3, 24], but do not provide a
closed form formula. In order to calculate Vi, |€2;| in closed form in all dimensions, we follow recent works in
applied statistical physics [17, 30] by introducing partition functions

676|x7xi|2

- N —Blx—xp|2’
Zk:le ﬁ‘ kl

Zf(x:xl,...,xN) 1<i<N,

where the positive parameter 5 > 0 has the scaling of the inverse of a temperature in statistical physics. By
construction, one has that 0 < Zf < 1 and that Zivzl Zf = 1. The interest of the partition function is that
one can avoid to study in too much details the local geometry of Voronoi cells. In dimension d = 2, it is
possible to rely on a local geometrical parametrization of Voronoi cells to calculate the partial derivatives as
shown in [16], even if the number of local geometrical configurations to examine can be important. However in
dimension d > 3, it seems almost impossible to cover all possible geometrical configurations. For these reasons,
the use of partitions functions provides an interesting alternative. However, in these quoted references [17, 30],
the partition functions are studied with mostly heuristic arguments (see [30, Appendix E]). In this Section, we
justify the results [30] by studying the convergence § — 400 of the partitions functions in general dimension.
The final part of our proof uses the dominated convergence of Lebesgue which allows to obtain the final result
in full rigor. A preliminary natural result is the following.

Proposition 2.1. One has the limit

\Qi|:ﬂlim Ziﬁ(x:xh...,xN)dx forall1 <i<N. (5)
—+00 Jxeq

Our proof is based on an elementary result.

Lemma 2.2. There exists C' > 0 such that

C
/ Z0(x:x1,...,xy)dx < 3 for all i # j. (6)
x€€;
—Blx—x;|?
Proof. One has the natural bounds 0 < Zf (x:x1,...,xn) < % < e Pfii®) where we note
e J
2 2 X; + Xj S,
i) =[x =% =[x = %P =2 (x = =% =% ), 1<iFj< N (7)

Since €; is the Voronoi cell centered on x;, one has 0 < f;;(x) for x € Q;. The function f;; vanishes if

Figure 1: The separating plane in dimension two between two distant Voronoi cells. However the Voronoi cells
can touch as well (but still with o = |x; — x| > 0).



X;+X;
2
as illustrated in Figure 1. The two Voronoi cells are distant in the Figure, but they can touch as well. One
has that Q; C {<xf xi;xj,xj - X¢> < O} is in one half-plane while Q; C {<x - xi;xj , X fxi> > 0} is
in the other half-plane. So the two Voronoi cells are separated by the hyperplane and the mid-point stands
on the hyperplane. It is always possible to assume that the frame has been chosen so that the first axis is

aligned with x; — x;. One can start from an arbitrary frame and perform a rotation-translation of the frame

and only if <x - X5 — xi> = 0. This is the equation of an hyperplane which separates two half-spaces

so that this alignment condition is fulfilled. In the aligned frame one has ’“JFTXJ =0, x; = (—«/2,0,...,0) and
x; = (a/2,0,...,0) where a = |x; — x;| > 0. Since the Lebesgue measure is invariant by translation-rotation,
all integrals can be evaluated in the aligned frame. One obtains

/ efﬁfij(x>dx:/
x€Q; (x1,...,xq)EQ;

J J

1
e Podry . drg < diam(Q)dil/ e Pty < —diam(Q)?L
#1>a/2>0 af

diam(Q)4—! 0

Varying the indices ¢ # j, one obtains the claim with the constant C' = T
SUFIS Qg J

End of the proof of Proposition 2.1. For a given 1 < i < N, one has the decomposition

/ Zf(x:xl,...,XN)da::/ Zf(x:xl,...,XN)dx—F / Zf(x:xl,...,xN)daj (8)
x€Q x€Q x€Q;

i 1<j#i<N
:/ I—ZZf(x:xl,...,xN) dm+2/ Ziﬂ(x:xl,...,xN)dx
x€Q; G#i i XGQJ‘
:|Ql|—2/ Zf(x:xl,...,x]\/)dm—l—Z/ Zf(x:xl,...,XN)dx.
A x€Q; j#i xXEQ;
By means of Lemma 2.2, all integrals tend to zero in the limit 8 — 400, so it proves (5). O

2.1 Partial derivatives in closed form

Now we come to the involved part of the Section, which is to show that partition functions can be used to
calculate in full rigor the closed form of the partial derivatives

V|| = Vx, lim / Zf(x 1X1y,...,Xy)dr = lim kaZf(x 1Xq,...,XN)d. 9)
" B——+oo x€Q B——+oo xE€Q )
There is a mathematical subtlety, which is to show that the limit 5 — 400 and the gradient operator Vi,
commute

\% lim = lim V.
xk B—+o00 B—+o0 *k

This can be justified with the facts that: the gradient Vi, |€;] can be calculated with the chain rule and the
result is bounded; the limit limg_, fxeﬂ Vx, Zf (x : x1,...,Xy5)dz has a finite value as shown in Theorem
2.3; and a touch of theory of distributions. We will not comment on this issue anymore.

The method of the calculation of the rightmost term is similar to the one used for showing Proposition 2.1,
even if it needs more steps and is more technical. Our notations are as follows. The d — 1-dimensional measure
of the interface between 2; and Qy is denoted as o = mesy_1 (02; N IN). The outgoing normal from €; in

the direction of Qy is n;, = |§’;:§?|. The center of mass of the interface is

. . 1

xF = xF = / xdo € 08; N OQy,.
Oik JxeQ;NQy

The midpoint between x; and x;, is denoted as X;; = Xp; = Lzm € 09,; N9Q. In dimension d = 1, one always

has that x/% = X;k. The main result of the Section is as follows.

Theorem 2.3. The derivatives of the volume |;| with respect to the generators satisfy the two properties:
i) For k # i, one has the closed form formula
n; xF — x;
vxk ‘Qz| = Oik (Zk 1k>

2 |xr — X

(10)

it) One has the addition formula

€02;NON

N
S Vi ] = —/ n(x)do (11)
k=1 x

where n(x) is the exterior normal from Q.



Remark 2.4. For k # i, the partial derivative Vx, || is the sum of two orthogonal vectors. In dimension
d =1, the second vector always vanish and Vy, |Q;] = :I:% away from the boundary, a fact that we will recover
directly in the one dimensional configuration (12).

Remark 2.5. The addition formula can be used to calculate Vx, |;].

Remark 2.6. The analysis of the reqularity of |Q;| with respect to the generators will be examined on the basis
of formulas (10-11) in Corollary 2.11.

Remark 2.7. We illustrate the meaning of (10-11) by considering consider a simple situation in dimension
d =1, with the domain is Q = (0,1). The generators are

O<zi <---<ay <l (12)

The Voronoi cells are the intervals Q1 = (0, 24%22), Q; = (%, %) for2 <i < N —1, then Qny =

(M,l). The lengths are || = S22 Q| = Z#22=1 for 2 < < N — 1, then [Qy| = 1 — Z¥=1FE0

Three cases can be distinguished.

e For2 <i< N —1, one verifies that 9y,,, || = 3, 0u, || = —3% and 0,, || =0 for k #i+1. It is in
accordance with the first part of the Theorem.

e Fori=1, one verifies that Oy, || = 3, 05,|Q| = 3 and 9,,|Q;| = 0 for k > 3. It is in accordance with
the second part of the Theorem.

e Fori= N, one verifies that 9, _,|QUN| = —3, 0oy |QOn| = —3 and 85, || =0 for k < N —2. It is also
in accordance with the second part of the Theorem.

A separate geometrical proof of (10) in a simplified two-dimensional situation is provided in the appendix.

2.2 Proof the main Theorem 2.3

To evaluate the gradient of the volume (9) with respect to xj, # x;, we evaluate

5 e Blx—xi|* o= Blx—xi|?
Vi, Z; (X :X1,...,XN) = =20 (x — xp) . (13)

2
(S, sl

One has the natural decomposition

kaZiB(x:xl,...,xN)dx:/ kaZf(x:xl,...7xN)dx (14)
xeQ xEQ;NQ,
+ Z kaZiﬂ(x:xl,...,xN)dx.
i and jzk " X4

Then the calculation of limg_, f Vi, Zf(x :X1,...,Xy)dz is decomposed in several elementary steps.

x€EN

e The first step consists to show that the integral in (9) can be restricted to x € ©;UQ. This is the purpose
of Lemma 2.8.

e The second step consists to show that one can discard al terms e=Blx=x:” for r # i and r # k in the
denominator in (13). This is the purpose of Lemma 2.9. It will yield the simpler expression (20).

e The last step will be to pass the limit 8 — oo in the final expression (9). This will be done with
elementary manipulations and the dominated convergence Theorem of Lebesgue. Two technical results
are shown in Lemmas 2.13 and 2.14.

Lemma 2.8. There exists C > 0 such that if j # i and j # k, then ‘fer_ kaZf(x iX1,. .., Xy)de| < %

Proof. Using (13), one has the bound

/ kaZiB(X:xl,...,xN)dx
xeQ

J

< QBdiam(Q)/ Zf(x DX, ,XN)ZIE(X DX1,. .., XN)dT.
x€);




Figure 2: Three Voronoi cells with linearly independent directions x; — x; and x, — x;. Here the cells are close
neighbors, but it is not mandatory.

Consider the functions f;; and fi; defined by (7). One has

/ Ziﬁ(xzxl,...,xN)Z,f(x:xl,...,xN)dx§/ e AU () +Fi (X)) gy
x€N xS

J J

The claim is proved if one can obtained sharp bound on the last term. There are two cases.

In the first case, the vectors x; — x; and x; — x; are linearly independent as depicted in Figure 2. Then
it is always possible to use a frame such that x; = 0, x; — x; = (a;;,0,...,0) is on the first axis, and
X — Xj = (0kj,7k;,0,...,0) belongs to the vectorial subspace spanned by the two first unit vectors. Since the
vectors are linearly independent, it is also possible to make the frame such that o;; > 0 and 7; > 0. In this
aligned frame, one has

fij(@1, 22, ..., xN) = 2(x1 — 5 /2)uj and fij (@1, @2, ..., xN) = 2(x1 — 0;/2) Brj + 2(x2 — Vi /2)Vkj-

By construction, one has that x € Q; = f;;(z1,22,...,2n5) > 0 and fi;(1,22,...,2n) > 0. So one can write
/ e B )+ (%) g < diam(Q)dfz/ 6*2ﬁ((1’1*aij/z)aij“r(ﬂ?l*ﬁkj/2)Bkj+2(€1727'}’kj/Q)Wk_j)dxldxz
XEQ; (z1,22)EQ

where Q is defined by
Q= {(xl,mg) € R? such that (z; — ai;/2)a; > 0 and (21 — 0x;/2)0k; + (T2 — Vj/2) Vs > O} .

A natural change of variable is u = (z1 — o /2)ay; and v = (z1 — 0k /2)0k; + (T2 — Yrj/2)Vks. Since cvjvi; > 0,
the change of variable is invertible and dudv = o;;v;dr1dx2. So one has

. d—2 - d—2
/ B 0+ 1rs(09) g < LMY / =28 u0) gy gy — () -’ (15)
x€9Q Qi Vi u>0, v>0 4o ves B

One obtains
diam(92)4-1

16
207,58 (16)

/ kaZf(x:xl,...,xN)dx <
x€Q;

which is the claim for one particular value of the constant.

In the second case, the vectors x; —x; and x;, — x; are linearly dependent so the previous method of analysis
cannot work. This is illustrated in Figure 3. However it is possible once again to consider an aligned frame such
that x; =0, x; — x; = (@;,0,...,0) is on the first axis, and x; — x; = (x;,0,...,0). Since (2) holds without
restriction, then a;; # 0r; and one can assume that 0 < a;; < 5. The functions write

fij(l'l,xg,. .. ,QTN) = 2(.1'1 — Oéij/Q)Oéij and fkj(xl,x27. .. ,ZEN) = 2(.’[31 — (Skj/Q)(Skj.
For x € Qj, then fi;(z1,22,...,2n) > 0 which yields 21 — dx;/2 > 0. Then

fij(zla Loy ... ,JCN) = 2($1 - aij/2)aij Z 2(5k1/2 - ozij/2)ozij = (516] — Oéij)Oéij = |Xk — Xj|05ij > 0



Figure 3: Example of three Voronoi cells with linearly dependent directions x; — x; and x; — x;.

and
B(fi;( . s 2 S 1280 . ,,diam(Q)dil
/ =B )+ 0 gy < o Blxi—xilevs / =B =013 28 gy < o= Blxxylay, DT o)
xeﬂj m1>5k]'/2 2/3516‘7
The last inequality is non optimal but sufficient for our purposes. One obtains
diam ()4 Cij
/ Vx,cZiB(x PX1,. .., Xy )de| < diam (€)7 e~ PParxslaiy < ik (18)
x€Q; ka B
for some constant Cjji, > 0 because lim Be Plxe—xjlai; —
B—~+o00
The final estimate is obtained by taking the largest constant in (16-18). O

Using Lemma 2.8, the decomposition (14) can be simplified under the form
/ kaZiB(xle,...,xN)dx:/ kaZi*B(x:x17...,xN)+O(B_1).
xe) x€Q;UQ
We continue the analysis by simplifying the term under the integral as much as possible, until a direct calculation
of the limit 8 — +oo is possible. Considering (13), one can write
e—Blx—xi|? o= Blx—xy|?

Vi ZP(x %1, xn) = 28 (x — x) - —— + Rir(x) (19)
(efﬁ\xfxl'l + e~ Blx—xx] )

where the residual R;;(x) is expressed with the simplified notation a,. = e Bx=xrI* for all 1 <r<N

1 _ 1
(o] e

1 1 Dorth, rti O
=-20(x—x i | |
B( k) (i) <Zi\’_1 Q. + (g +Oék)> (a; + ag) (Zivzl ar)

o'
@itan)? X Lorsh, ri SN o

Rip(x) =268 (x — xx) ()

One has the preparatory inequality |R;r(x)| < 48diam(92)

Lemma 2.9. There exists C > 0 such that

feriUQk Rik(x)dx’ < % for all indices 1 < i,k < N.

Proof. We firstly consider the integral feri R;;(x)dz. One has the bound

|Rik(x)| < 4ﬁdiam(§2)% X Z ﬁ = 4fdiam(Q2) Z e P30+ Fri(x))
Y, e M r#k, r#i

where f;; and f,; are defined by (7). It is sufficient to use (15-17) to obtain

feri Rik(x)} < C/B. Similarly

Jreq, ik (X)‘ < C/f, which ends the proof. O




So one can write

, o—Blx—xil? —Blx—xs[? )
Vi, Z; (x:X1,...,xy)de = —208 (x — %) sdx+O(B7). (20)
xeQ x€Q,;UQy (e=Blemxil? 4 e—Blx—xk|?)

Now that the main contribution is isolated in the above expression of the gradient, one can end the proof of the
Theorem.

Proof of the first part of Theorem 2.3. What we need to obtain is the limit (9) and of course we use (20). Let us
use the translation-rotation of the frame so that one has HT"’C =0,x; = (—a/2,0,...,0), xx = (a/2,0,...,0)
and a = [x; — xi|. We illustrate in Figure 4 a situation where the Voronoi cells have a non trivial interface,
but the situation can be the degenerated one of Figure 1 as well. We write x = (z1,y) with y € R, so

A

Figure 4: Example of two neighboring Voronof cells.
Ix — x;|? = |#1 + /22 + |y|? and |x — xx|? = |21 — a/2|? + |y|?>. Therefore one has the simplification

e~ Blx—x;|? o—Blx—xy|? e—2B(zi+a?/4) 1

(e—ﬂ|X—xi|2 + e—ﬂ\x—xk|2>2 - (G—B(wf—w1a+a2/4) 4 6—6(m§+z1a+a2/4))2 o (e—ﬁxla +eﬁx1a)2

Then the integral in the right hand side of (20) is expressed as

I=-25 (x1 —a/2,y) dz1dy.

2
xEQ;NQ, (e=Fr1a 4 efmia)

Let us perform the change of variable fz; = Z;. One obtains

1
12_2/ (fl/ﬂ_a/27Y) ,—,Qdfldy
(T1/B,y)€QiNQ (e~T1a 4 T1a)

which can be decomposed as I = I; + I> where
2 1

L =—— (fl,O) — dTdy
s (Z1/B,y)EQ:iNQ (e—wwt + eazla)Q

and

1
12 = 72/ (706/27y) 7—72df1dy
(T1/B,y)EQiNQ (@—33104 + exla)

e}

Lemma 2.10. There exists a constant C > 0 such that I; < 5

Proof. One notices that one has the embedding (z1/8,y) € Q& N Q. = (71/8,y) € @ = ‘Eﬁ%‘z +|y|? < R?

for some radius R > 0 (which depends on Q only). Moreover the weight inside the integrals m =
B—o0

- tanh’(Z; ) is integrable over R. It shows |I;| < %f‘yKRdy X [z cr %dﬁ <55 =0 O

Therefore the claim is proved provided we calculate the limit of I. Our method of analysis if to determine
the formal limit of I (this is an easy task), then to compare I with its formal limit. Let us decompose the
separating hyperplane between the interface and its complementary part

% =000, and & = ({F; =0} N Q) /.
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Figure 5: Decomposition of the separating hyperplane {Z; =0} NQ =X U s

This is illustrated in Figure 5. The separating hyperplane is {ZT; = 0} with ¥ C {Z; = 0}. We decompose
Iy = I3 + I4 where of I3 is evaluated with respect to the complementary part of the interface

—a/2
I3 = —2/ / %d@ dy
0.y)es \J@/8,y)euna, (7T 4 eT1ev)

and I is evaluated with respect to the interface

—a/2
L= 72/ / _(02Y) e gy,
O.y)es \J@i/py)eine, (€771 +e™1)

e Let us firstly consider I3. One can use Lemma 2.14 since the exterior integral si over . One gets that for
almost all y € X, one has that (Z,/8,y) € Q; N implies that |Z1|/8 > € > 0 where € depends on h. Therefore

(—04/2, y)

1 A~
/ — dz; — 0 for almost ally € ¥. (21)
@1/B,y)€unQ;, (67T 4 eT1a)

Ti>ep (7T 4 eT1a)? T fortoo

dz,| < C

Moreover this term is bounded uniformly with respect to y. It is null for |y| large enough because € is bounded
by hypothesis. Then the Lebesgue’s dominated convergence Theorem yields that

B—400

o Next we consider I,. Its formal limit is

—a/2 1
e ([ CEY =t (a/2. ~y) dy
(O,y)GE 7 ER (6*1104 + 693105) « (O,y)eaﬂiﬁaﬂk

by exact integration of the weight. The difference between the integral and its formal limit is

oo (704/2337)
Iy =157 = 72/ L (1(51/57}’)69105% - 1) Z i 2dj1 dy
0,y)es \Jz er (e~Tra 4 eTr1c)

To prove the difference tends to zero, we use Lemma 2.13 which shows that 1z, /5.y)e,nq, —1 — 0 for almost
all y such that (0,y) € ¥ and almost all Z; € R. Therefore

(—a/2,y)
le e, 1) ———————=dr; — 0 foralmost ally € %. 29
/xleR (e /sreinon = 1) (e~Zra 4 efla)Q ! P or almost all y (22)
By integration over X, one gets by invoking the Lebesgue’s dominated convergence Theorem that limg_, oo I4 =

I3°. Let us denote n = ;’;:;q such that n = (1,0, ...,0) in the new frame. One gets I° =
g J

1
3 f(07y)eQiOQk dyn—
éf(o,y)eﬂmﬂk ydy. Using the fact that X’JFTX’“ = 0 in the adapted frame, we rewrite thus expression as I =

o Xitxp
ino — *—=do. With the notations used in Theorem 2.3, this is the first claim (10). O

2 foQiﬂQk



Proof of the second part of Theorem 2.3. Let us assume that all generators move in a uniform translation, that

is %xk (t)y=ace€ R for 1 < k < N. Provided the Voronoi cell moves is away from the boundary, its volume

is constant in time <Zg=1 ka_|Qi|,a> = 0 for all velocity vector a € R%. Tt yields Z,If:l V|| = 0. The
general case is that the Voronoi cell shares a part of the exterior boundary of 2. Then, when all generators

move with the same velocity vector a € R?, the volume evolves with the law || = — Jrcon,non (n(x), a) do
that is '

N

S Ve lla ) = —/ (n(x), a) do.

b1 x€0Q,;NON
Since it holds for all a € RY, it proves the second part of the Theorem. O

Corollary 2.11. The volume |€;| is locally Lipschitz with respect to the generators.

Proof. The formulas (10-11) show that the partial derivatives are bounded in maximal norm provided the
generators are not too close, that is provided |x; — x;| > ¢ > 0 for some constant € > 0 which can be as small
as desired. So the volume |Q;] is locally Lipshitz. O

Remark 2.12. Since the geometrical elements visible in the right hand side in (10) are naturally continuous
with respect to the generators, one can anticipate that the regularity of the volume is generically C' with respect
to the generators. However it is not completely clear that the right hand side in (11) is also continuous with
respect to the generators, for example if a Voronoi cell touches the boundary 0Q2. We leave this issue for further
research.

2.3 Proof of the technical results (21) and (22)

The notations are the one of Figure 5 and we note n the outgoing normal from £2;. We assume that n is aligned
with the first axis, that is n = (1,0,...,0).

Lemma 2.13 (Proof of (21)). For almost all y such that (0,y) € X, there exists € > 0 such that for all
h € (—e,€), then one has y + hn € Q; U Q.

Proof. Since ); and ) are Voronoi cells embedded in ) which is a polytope by hypothesis, then the interface
Y C {#; = 0} is a d — 1 dimensional polytope. For y € R%~! we will note the d — 1 dimensional sphere
S.(y) = {z € R%"! such that |z — y| < &}.

Now for almost all y such that (0,y) € ¥, there exists ¢ > 0 small enough such that z € S.(y) = (0,2z) € X.
Consider all points obtained by linear interpolation between (0,z) and x;

a(0,z) +(1—a)x; € Q;for 0 <a<1.
The idea is to look for a pair (z,a) € R*"! x R such that
a(0,z) + (1 —a)x; = (u,y) for some p # 0.

To solve this problem we use the decomposition x; = (7, w) with v # 0 (since x; is in the interior of the Voronoi
cell) and substitute. We find the linear system

{ p=(1-a)y,

y=oaz+ (1 —-a)w.

In the case w =y, a solution is « = 0 and p = 7.
In the case w # y, a natural solution is obtained by taking z = y —

x WY and a = Y The
\ [ SHlw—y]

£
2 w—y
construction is illustrated in Figure 6. It yields pu = Since (0,z) € Q; and x; € ; one has by

ey
e+2lw—yl["
convexity (u,y) = (0,y) + pn € ;. So by convexity,

(0,y)+hneQ; forall0 < h < p.
Doing the same analysis on the other side, that is in {2, one gets a similar result
(0,y) —hn € Q; for all 0 < h < fi.

The claim is obtained with € = min(y, fz) > 0. O

Lemma 2.14 (Proof of (22)). For almost all'y such that (0,y) € {T1 = 0}/3, there exists ¢ > 0 such that for
all h € (—e, ), then one has'y + hn & Q; U Q.

10



Figure 6: Illustration of Lemma 21. For almost points (0,y) € X, there exists a non zero interval/segment
pointing inward in the normal direction which belongs to €2;.

Proof. The proof is by contradiction. We start by assuming the statement: there exists y such that (0,y) €
{Z1 = 0}/% and dist(y, 0Q; N OQ) > 0 and a sequence w,, =y + h,n € Q; U Q. which satisfies h, — 0.

If this statement is true then, passing to the limit, one obtains that y € 9€Q; N 0. Since y belongs to
the separating hyperplane, then dist(y,9; N 9€Q) = 0 which is in contradiction with the statement. So the
opposite statement holds: for ally such that (0,y) € {z1 = 0}/% and dist(y,9Q; N Q) > 0, then there exists
€ >0 such that w =y + hn & Q; UQy, for |h| < e. Tt yields the claim. O

3 An application to lagrangian particle dynamics

We show in this Section that lagrangian Voronol meshes can be used to define new numerical methods for the
discretization of fluid mechanics equations. These numerical methods can be seen as particles methods since the
mass of the particles is constant. The model problem is the system of compressible non viscous Euler equations
with entropy inequality
Oep+V - (pu) =0,
Opu+ V- (pu®u)+ Vp=0,
Ope + V - (pue + pu) = 0,
OpS+ V- (pusS) >0,

(23)

written in a bounded domain  C R?. We use a perfect pressure law p = (y — 1)p (e — 3|u/?) with v > 1. The
entropy inequality in the sense of distributions allows for a consistent mathematical treatment of shocks [20, 9].
The problem is equipped with a sliding condition (Neumann boundary condition)

(u,n) =0 for x € 9N (24)

where n is the exterior norm.

In this Section we reproduce the construction principles of the GLACE scheme [14, 7, 12] where the whole
construction relies on the derivative of the volume with respect to some control points. In a more classical finite
volume scheme, the control points are the vertices of the mesh. In the present work the control points are the
generators/particles and the derivatives are given by Theorem 2.3. We will use the compact notation

Cir = Vi, . (25)

3.1 Semi-discrete scheme

The dependance with respect to the time is continuous, the time discrete scheme will be presented later. One
starts with a moving lagrangian Voronoi cell t — Q;(x1(t),...,xn(t)). The lagrangian mass of the cell is
constant
M; = 1Q,(t)|p,(t) is constant with respect to t. (26)
The inverse of the density p;(t) > 0 is noted 7;(t) = p;(¢t)~!. The classical lagrangian integral form of (23) for
all1<i< N
Mj%ﬂ;(lf) = faﬂi(t) {(u, n) do,
M;Lu;(t) = — fam(t)pndo,
Mj%@i(t) = —fmi(t)p<u,n> do,
M;45;(t) >0,

(27)

Y

11



is based on integration in cells. In our case, we discretize (4) under the form

N
Z iks Vi) (28)

k=1

where v, = jt Xy, is the velocity of the generator, which is of course still an unknown at this stage of the analysis.

In this construction a difference of velocities is possible, that is v, # uy (a similar principle is used in [32]).
Clearly legvzl (Cik, Vi) is a discretization of the term faQ.(t) (v,n)do = [, V -udz, so it contains a discrete
J J
representation of the divergence operator. One notices that |, 09, () pndo = fQ Vpdz contains a discretization
J J

of the gradient operator V. This analogy is already used in the GLACE scheme. We reproduce the analogy
hereafter under the form

d N
Mi%ui(t) = - kz_: CikDik» (29)

where the discrete pressure gradient in the right hand side depends on pressures p;; which are still unknowns
at this stage of the construction. Then the equation of the total energy is the natural formal consequence

-

d
M; 76 (t) Cik, Vi) Dik- (30)

k=1

One obtains the system of ODEs (28-29-30). This system is not closed so far since the quantities vy and p;i
are still unknowns. It is the role of the closure relations to provide a value for these quantities. We distinguish
two cases. In the first case, the Voronoi cell shares no boundary with 2, which means that it is strictly inside
Q. In the second case, the Voronoi shares a part of its boundary with €, and we will use the sliding condition
(24) to close the system.

3.1.1 Closure in the general case

The closure is based on two principles widely used in cell centered finite volume discretization of (27). The first
principle is to use an acoustic Godunov solver [14, 7, 12, 27, 26] written under the form of a linear relation
between p;, pix, u; and vy

C;
Dik — Di + Aik <Vk:_uia|(3:|> =0 (31)

1
where A;r > 0 is a local value of the impedance A ~ (%) . For a complete specification of the scheme

proposed in this work, we will take (other values are possible)
)\ik = P;iCi. (32)

Acoustic Godunov solvers are known to be well adapted for discrete shock calculations even if they are basically
first order only. Considering that the Voronoi cell is strictly inside of the domain (it is the general case), we
postulate that C;ip;r is some kind of force exchanged between ; and ;. Writing that the sum of internal
forces vanishes at the point xj, yields the linear relation the equation

N
> Cirpix =0 for all k, (33)

i=1

where many terms vanish in this expression for the pairs (4, k) which have no interaction (C;; = 0). The solution
is the linear system (31-33) is easy to obtain. One eliminates the pressure terms in (33) and gets

C; ®CZ C;
(Z i k k) Z Cii <pl <u1, ‘Cz:| >) for all k. (34)

The matrix is a sum of rank one symmetric matrices with positive coefficients \;;. Under standard conditions
on the mesh, the number of terms if large enough so matrix of the linear is symmetric positive and non singular.
One can calculate the velocity vi. Then one calculates the pressure p; with (31).

Remark 3.1. This procedure is the direct generalization of the corner system in GLACE or EUCCLHYD, refer
to [14, 7, 12, 27, 26].

12



3.1.2 Closure near the boundary

Here we generalize the analysis made in GLACE for a Voronoi cell 0, near the boundary such that 99, N9 # (
has a positive d — 1 measure. For the simplicity of the exposure, let us assume that 9Q; N 9N # 0 is a flat
boundary. It is clear on mechanical grounds that the sliding condition (24) induces a mechanical reaction of
the boundary in the direction normal to the boundary. How we use this interpretation is described below.

Firstly the acoustic relations (31) remain unchanged. Secondly we consider that an exterior force is produced
by the boundary on the direction normal to the boundary. We write

N
Z Cirpik + Cext,kPext,k = 0 (35)
1=1

where Cext p = foBQ' M99 n(x)do. The exterior pressure peyt is an additional unknown. Since there is an
additional unknown, we need an additional linear equation. We consider the discrete sliding condition

Cext,k
|Cext,k|

(36)

<Vk7next,k> = 07 Next,k =

The linear system (31-35-36) has a unique solution under normal conditions on the mesh.
To prove this fact, we consider the homogeneous linear system made of (35-36) and of the homogeneous ver-

sion of (31) pix+Nik <vk —u;, |g—7’;‘> = 0. Indeed one deduces from (35) that (I — Next k @ Next k) Zf\il CixDik =

0. Elimination of the pressures yields (I — Dext ik @ Next,k) (Zf\; ik %) v = 0. Since the solution vy, is

sought in the subspace which is orthogonal to the normal vector, one has vy = (I — Next k ® Next k) V. One
obtains {(I — Dext,k @ Next k) (Zi:l ik %) (I — Next ke @ Next k) + Next k & next’k} v = 0. The matrix is

symmetric and positive under standard conditions on the mesh, so v = 0 which shows that the linear system
(31-35-36) has a unique solution.

3.1.3 Conservation properties and entropy inequality

In this Section, we show that the fundamental conservation properties, which allow a sound mathematical
treatment [20, 9] of weak solutions with shocks and contact discontinuities, are satisfied.

Since the mass of the individual cells is lagrangian, then the total mass is preserved. The total impulse
cannot be exactly preserved because of the exterior pressure terms (35). However it is locally preserved.

Lemma 3.2. The total impulse is preserved (up to boundary contributions).
Proof. The proof is a consequence of (35). Indeed one obtains % Zivzl Mu;(t) = —Zﬁvzl ijzl Cikpir =

— Zé\;l Zf\il Cik pir = Zivzl Cext,kPext Where by convention Cf; , = 0 is the Voronoi cell € is strictly in
the interior of the domain. The last term is a discrete integral on the boundary, so the proof is ended. O

On the other hand the total energy is exactly preserved.
Lemma 3.3. The total energy is preserved.
N N N N N o
Proof. One has % doimi Miei(t) = = 32521 D 1 (Cikys Vi) Pik = — D py <Zi:1 C,-kpik,vk>. If the cell in in
the interior of €2, then Zfil C,xpir = 0 by definition of the closure relation. If the cell is on the boundary, then

Ji C,rpir is a vector parallel to the exterior normal, see (35-36). In both cases J\L Cikpik, Vi ) = 0 for
=1 =1
1 < k < N from which the claim is deduced.

The consistency with the entropy inequality is obtained as a consequence of (28-29-30) combined with the
closure relations (31-33) in the general case or (31-35-36) near the boundary.

Proposition 3.4. The scheme (28-29-30) with the closure relations (31-33) or (31-35-36) satisfy the local
entropy inequality

d
—85; >0 foralll <i<N.
dt
Remark 3.5. The satisfaction of the entropy inequality is beneficial for two reasons. The first reason is that it

corresponds to the mathematical theory of weak solutions to hyperbolic equations. The second reason is that it
s ultimately a way to guarantee to some non linear stability of the numerical method.

13



Proof. The fundamental principle of thermodynamics yields the differential identity T'dS = de + pdrT which is
rewritten as TdS = pdr — (u, du) +de where the temperature is T > 0 which is positive under normal conditions.
So one has

N

N
d d d d
MiTiaSi :piMiaTi - <ui;Midtui> + 26 P Z (Cik, Vi) + <uz', ;Cikpik> szk iks Vi)

k=1

In the general case (31-33) the Voronoi cell €; shares no part with the boundary 9. In this case one has
Zszl C;; = 0 from which one gets

Zpl Cik,u;) =0. (37)

Note that (37) also holds when the sliding condition is incorporated in the closure system, see (31-35-36). One
obtains in both cases

N N
d
MiTi—, Si = pi ; (Cik, Vi) + <Uj7; Cikpik> szk iks Vk) >

which can be factorized under the form M,T;%4S; = Zk 1( pzk) (CZ;€7 v — ;). The closure identity (31)

is common to the two cases. Therefore one gets M;T; ldf Zk 1 |C kl (Cik, Vi — ui>2 > 0 which ends the
proof. O

N
Pi (Cik, u;)
1

3.2 Fully discrete first-order scheme

We present the general scheme in any dimension d > 2, then we analyze the resulting method in the one
dimensional case d = 1.

3.2.1 The general form

The fully discrete first order scheme is obtained by using an explicit Euler discretization. The lagrangian masses
M; are initialized at initial time to = 0. As it is usual, one uses (26) instead of (28) to predict the density. One
obtains the following time loop where the discrete time is ¢, = nAt and At > 0 is the time step.

o All generators x} for 1 < k < N are known at the beginning of the time step. Then one generates the
Voronoi cells and many subroutines are publicly available for this task. The volumes |Q27| are calculated for
1 <k < N. The partial derivatives C7, are calculated for 1 <4,k < N.

e The values of the physical variables u}’ and e}’ are known from the previous time step. The density is recal-
culated using p? = M,/ |Q2|. Then the pressures p} are calculated from the equation of state which is a perfect
gas pressure law in our case.

o One solves the closure relations (31-33) or (31-35-36). It yields the discrete velocities v 1 < k < N and the
pressures pyj. for all 1 <4,k < N.

e One updates the velocity

Ml.“zi:_zclk P, 1<i<N, (38)
and the total energy
n+1 n N
Mi i Z zlmvk pzk’ I<i< N. (39)

k=1
e Finally one recalculates the new position of the generators
xp T = x4+ Atvy, 1<k<N. (40)

This fully discrete directly inherits of the properties of the continuous-in-time scheme. It is conservative in
local mass, conservative in total impulse up to the boundary and conservative in total energy. A CFL time step
restriction is needed to reach numerical stability. The physical entropy increases under CFL as in [14, 7, 27, 26].

14



3.2.2 The scheme in 1D

It is instructing to write the scheme in dimension d = 1 because it will make evident two properties. The
first property is that the scheme reduces to a special version of the Godunov lagrangian scheme. The second
property is that the scheme is endowed with a odd-even decoupled structure.

We use the notations of Remark 2.7 and do not consider boundaries to simplify the analysis. With the
notation (25), then the vectors (10) are scalars

1
Ciit1 = :i:§ and C;, = 0 for k # =£1.
The discrete time evolution of the volume V;" = (22, — 27" ;) is naturally
n+1 n 1 n 1 n
Vi =V + §Atvi+1 - §Atvi71.

Since the mass is preserved, one can rewrite this law as

The pressure closure identity (31) writes as
Piix1 — pi Epic} (Uznil - uf) =0.

The equation for the velocity of the generators is

1 1 1
5(/0?—10?—1 + piciy)vi = —§(p?+1 — Pi1Ci1Uih) + 5(17?—1 + pioqcioqug)
which yields
o — Pi1Ci Ui+ Pl il Uity Pi—1 — Pit1 (42)
’ Pi_1Ci—1 T PG Pi1Ci—1 T PivaCiia

In dimension d = 1, the closure relation (33) imposes that the pressures are equal p;—1,; — pi+1,; = 0. It yields

n n n n n n n n n e
p —p _ Pis1CiiaPi T PG 1Pt Pi—1Ci—1Pi+1Ci+1 (
i—1,0 — Vit1l,0 — n n n n n n n n
Pi—1Ci—1 T Piy1Cit1 Pi—1Ci—1 T Piy1Cit1

uiy — U?+1)~ (43)

One recognizes the formulas of the famous Godunov lagrangian scheme [21, 12]. The final scheme is closed by
considering (38)

n+1 n
u; " — g 1. 1 .
MZT = *§Pi,i+1 + 51%‘,11—1 (44)
and (39
( ) e?Jrl — 6? 1 n n 1 n n
MZT = —ipi,iﬂviﬂ + ipi,iflvifl' (45)

Since the mass is M; = (27, — a7 ;)p!', one can simplify the coefficient § in all discrete equations (41), (44)

or (45).

Lemma 3.6. The one-dimensional scheme (41)-(44)-(45) with the solver (42)-(43) shows an odd-even decou-
pling.

Proof. Consider ¢ = 2k which is even for simplicity. Then the discrete evolution equation (41) in cell i = 2k
shows that the discrete fluxes are calculated at i +1 =2k + 1 and ¢ — 1 = 2k — 1. But the discrete fluxes (42)
are themselves calculated in function of quantities evaluated at i + 1+ 1 and ¢ — 1 & 1. Therefore the discrete
evolution equation in cell ¢ = 2k is evaluated in function of quantities evaluated at i — 2 ¢ and i + 2. The other
equations (44) and (45) have the same structure. So finally the discrete evolution in the cell does not depend
on closed neighbors ¢ — 1 and ¢ + 1, but on ¢ — 2 = 2k — 2 and ¢ + 2 = 2k + 2 which are even as well. This is
the odd-even decoupling. O

Remark 3.7. Due to this property, one expects some kind of numerical instability in discrete calculations. We
will show this is indeed the case and it is the reason why a stabilizer is proposed in Section 4.2. The stabilizer
reintroduces numerical interactions between closed neighbors. With the stabilizer, the 1D scheme cannot have
the odd-even structure.
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4 Optimization of the numerical method

We describe two natural modifications or enhancements of the previous method.

4.1 Enhancement of 1D symmetries

Ley us assume that one starts from distribution of generators such that the ensemble of Voronoi cells is yields
regular cartesian mesh, and that the flow is aligned with the initial mesh. It seems natural to evaluate if the
scheme is able to preserve the cartesian structure at least in the direction of the flow. Basic tests show that
the scheme with the closure (31-33) or (31-35-36) does not preserve the aligned-with-the-flow structure of the
mesh even at the first iteration. Our goal hereafter is to show a simple modification which better preserves the
cartesian structure.

With the notations of Section 2, we decompose the vector C;; between a normal part N, = o “'2”“ and a

i
tangential part T, = —o |ik - Iﬂ
Cir = Nig + Ty

Then (31) is decomposed as well between a normal part and a tangential part

Pi% = Pi + 1 Ak <Vk —u;, &7’;& =0,

| (46)
Pi — i + 1 Ak <Vk -, Eﬁ> =0.

Remark 4.1. One observes that the single acoustic Godunov relation (31) is now decoupled in two acoustic
Godunov relations (46). This decoupling reflets the logic of the EUCCLHYD scheme with respect to the GLACE
scheme, see [14, 7, 12, 27, 26].

Here the new coefficients are MF >0 and u;r > 0. The identity (33) becomes

N
> (Niply + Tirpiy,) = 0.

=1

Elimination of the pressures p% and pg;; yields the system

N;r ® Nzk 7y Tiw @ T
Nk — e + pg ik ————= | v,

N
7 Tz
= ZNM (pi — /,L?;L)\ik <ul, |N :| >) + Tik (pi — M;I/;/\Zk <ui, 'I‘Z|>> fOI" all k‘ (47)

i=1

Instead of a complicated analysis, we postulate that the normal vectors N;; are the classical ones in a finite
volume scheme (multiplied by a factor 1/2) and that the tangential vectors Ty are the non standard ones which
generate non standard numerical interactions. At the end of the analysis the non standard tangential vectors
are the main cause of a potential loss of 1D symmetry. Having this principle in mind, a natural prescription is
to diminish the influence of the tangential part as much as possible, still making sure that the matrix of the
linear system is non singular. A natural choice that fulfills this requirement is to take

p =1 and gk = 0 for all k. (48)

Since p; = 0 then no tangential vectors are taken into account, nor in the matrix and neither in the dissipative
part of the fluxes in (47). Once the velocity is calculated, the pressures (46) are obtained and used to integrate
the equations (38-39) with the vectors N, and Ty, instead of C;;. Note that all properties of the general scheme
are preserved (conservation of mass, total impulse, total energy and increase of entropy). Some numerical test
will be shown with this choice.

Remark 4.2. It can be checked that this scheme reduces to the one dimensional scheme of Section 3.2.2.

4.2 A stabilizer

The dynamics of a Voronoi mesh with moving generators can be singular if the some generators become too

close. Moreover the extra-term ’l‘:;:’)‘(i’f in (10) is singular in the limit |x; — x;| — 0. That is why a natural
question is to introduce stabilizing terms (repulsive forces) in the solver when some generators become too close.
We describe hereafter in dimension d = 2 a simple proposition which takes its origin in [13, 11]. We rapidly
show in the appendix why such stabilization is weakly consistent.
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[xi—Xk|

Figure 7: Alignement of the points x;, x5 and y = ax, 4+ 8x;. The fraction is fi, = =R

The idea is to consider 4 generators, such as x;, Xj, X, and x; as in Figure 7, in the case where two generators
are sufficiently close that the situation is evaluated as a dangerous one. The dangerous direction in which we
need to control further numerical compression is

d = x; — xi.

Let us define the point y which is at the intersection of the line {x(t) = x; + t(xx — x;) for ¢ € R} and of the
line {y(s) = x, + s(x; — x,) for s € R}. We firstly find 0 < o and 0 < 8 with o + 5 = 1 such that

a(xp, —x;) + B(x; — x;) = A(x; —xp)  with A > 0. (49)

Then we consider the ratio of length ﬁ We systematically select the pair x, and x; such that the ratio
takes the smallest value among all possible pairs, as it is visible in the Figure 7. This ratio of elgnth, or fraction

of length, is evaluated via the function

<xi — Xk, d>
ax, + Bx; — Xp, d)

()Oik(Xi,Xk7Xp7Xl) = < (50)

where the direction d = Iiiiil is pre-calculated and the coefficients a and 3 are pre-calculated as well. The

ratio ¢ (X4, Xk, Xp, x;) will be our sensor to detect if x; and x;, are becoming dangerously close. The reason
why d, o and 8 are written as frozen parameters will find a rigorous theoretical justification in the appendix.
One decides a certain small threshold e, > 0 and the idea is to activate the stabilization term when

gpik(xi,xk,xp,xl) < 4.
The way we use this function is to consider the potential
(X1,-.-,XN) HClogcpik(xi,xk7xp7xl) (51)

and to incorporate it in the total entropy for the cell ©;. Then the fundamental entropy law written in cell €;
is modified under the following form

Mqua(Sv + C’Zk:logsﬁ ) = Mz‘%ei - <ui7 dtui> eriMi%Ti + Xk:q Z (DiF,v,.)

T
where the last terms come from the chain rule, that is

) T,C ; i
= ) M D = Vi@l (X X X, X1)).
QX 2l ) 2Dy

Then ¢'* is interpreted as a kind of new pressure and D is interpreted as a kind of new direction vector like
all the C;;. As a consequence of the definition of the potential (52), one has

D+ = —t d forr=i
r (axp+Bx —x,d) ’
DiF = ( T LV forr—k
o (axp+px; —xp,d)? (axp'é‘ﬁxl—xlki,)d> -
ik _ _ Xi— Xk, — 52
D a—<axp<+ﬁfo>(ci;§,d>2 d forr =p, (52)
ik __ Xi—Xk, _
DT = —[3—<axp+6xlixk’d>2d for r =1,
D = 0 forr#i,k,p,l.
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As explained in [13], it is then easy to generalize the closure (31-33-34). The acoustic relation is (31) is

generalized as
ik

¢* — ¢ + aik <v7. —u;, |DZ,’€|> =0, forallik,r. (53)

These new terms will be used in the update of the momentum equation (29) which becomes

M Z Cikpir — Z Z Dikq'ik-

k=1r=1
The new terms are incorporated in the closure relation which becomes
N
Z Cikpik Z Z Dr q'r - . (54)
i=1 i=1r=1

The coupled linear (31)-(53)-(54) is solved as follows. By elimination of the pressures p;;; and of the new terms
qi*, one firstly assembles the linear system

N N N
Cit ® Cii, i Dik @ Dy,

Aik—r——— + ay ———— | v

(Z G T T v

i=1 i=1r=1
" " Dik
=> Ci(pi u;, + D ( al’ <ui, >) for all k.
-2 (o (i) -2 X G
The time-continuous energy equation (30) becomes
N

— > (Cir,vi ka—ZZ<DZk .

k=1 k=1r=1

This method can be adapted without any difficulty to the scheme of Section 4.1. Due to the equality (54)
the method is conservative in total impulse up the the boundaries and in total energy. There is no term at
the boundary for the energy because of the sliding boundary condition. It is easy to check that the entropy
inequality takes now the form

N N N .
d . aik ; 2
TZ%(SZ +C E log(plk) = " Cik,vk — ui>2 + E E |le| <Drk,Vk - ui> > 0.
k k=1' " k=1r=1 1T

The rationale behind the stabilizer is based on this generalized entropy inequality [13, 11]. Since the constant
is taken positive, that is C > 0, the numerical value of the fraction ¢?* cannot vanish, because it would imply
a negative generalized entropy production. The specific form of potentials based on (50) is shown to be weakly
consistant in the appendix.

5 Numerical illustrations

The numerical illustrations below were obtained with the general scheme constructed in this article. We com-
plement the scheme with a CFL condition for the time step prediction. This CFL condition has been obtained
by heuristic considerations which are standard for hyperbolic equations and lagrangian equations. Since the
scheme is globally first order in space and time, we do not expect very accurate results. The sliding boundary
condition is implemented with the mirror technique.

The scheme has been implemented in Python with the library Secipy-Voronoi [31]. This library generates
a Voronoi mesh in R? from a set of generators. The time needed to generate the Voronoi mesh is in practice
O(N) (which is in accordance with the theoretical scaling O(N log N) [2]). It is necessary to post-process the
result of the library in order to truncate the mesh in the finite domain Q = [0, L;] x [0, L,] and in order to
calculate the vectors Cjy.

Since the numerical method is lagrangian, it is well adapted to multi-fluid calculations. No complex multi-
material ALE technique is needed to run such calculations and this is an important property in view of appli-
cations. For example all generators/Voronoi cells can embark their own value of the adiabatic coefficient ~ for
the determination of the pressure law. It will be the case for some test problems below.

The potential function used in stabilizer is a slight modification of (51). It takes the form C'log(¢ — fs) with
C =0.05 and fs = 0.1 to guarantee some minimal distance between the generators.
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5.1 Sod test problem

We plot the results obtained with the second variant for the one dimensional Sod shock tube test problem. We
used 200 x 3 cells in the domain [0, 1] x [0,0.01]. A plot of the central part of the mesh at initial time is provided
in Figure 8. At final time 7" = 0.2, the horizontal velocity, pressure, density and thermodynamical entropy are
represented in Figure 9 after projection on a 3 x 60 grid for better visualization. One observes good accuracy
with respect to the analytical solution [33], in particular with the numerical solution close to the analytical
solution at contact discontinuity (CD), since u“P = 0.927... and p®P =0.303....

A stabilization procedure, described in Section 4.2, has been used. This stabilization seems in this case just
necessary to run the simulation until final time. The mesh at final time is plot in Figure 10. It is striking to
observe that the mesh presents a strong deviation with respect to 1D symmetry, even if the rarefaction wave and
the shock are clearly identified. What is also striking is that this mesh instability seems not to be an hindrance
for the ability of the method to capture the correct physical profiles, as visible in Figure 9.

An interesting question is to identity the reason of the mesh instability. Is it the scheme by itself which
presents some kind of instability? Is it the generation of the Voronoi cells with the chosen library (Scipy- Voronos
[31] in our case)? It is the coupling of the scheme with the library? Is it the stabilization procedure which
reveals inadequate? We leave the examination of these issues for further research.

0.0200 Py T T T T T T T Y T T

0.0175 4

0.0150

0.0125 4

0.0100p|eo|(e|o|0oj0o|0o|0o (0|0 (0j0o|j0oj0 (0|0 (0|0 |0 0|

0.0075 A

0.0050

0.0025 -

0.0000 -

0.46 0.48 0.50 0.52 0.54

Figure 8: Zoom on the mesh structure at time ¢ = 0 (horizontal axis is x, vertical axis is y). The dashed
lines indicate that the Voronoi cells have an extension to infinity, which is truncated in finite domain 2. The
generators are indicated with the bullets.

5.2 Sedov problem

We consider the numerical solution of the Sedov problem at time ¢ = 1. The initial mesh and the final mesh are
shown in Figure 11. The scatter plot of the density is reasonably accurate, in particular the expanding shock is
at the correct location (R = 1 at t = 1) and the maximal density is close to the reference value p™f = 6.

5.3 A bi-fluid Sod problem in 2D

Here we consider a bi-fluid divergent Sod shock problem between two states separated by an interface at radius
R = 0.5. The initial data are p = p =1, u =0 and i, = 3 for 22 + y> < R% and p = 0.1, p = 0.125, u = 0
and eyt = 1.4 for 22 + 32 > R2. The initial mesh is cartesian, not because it is adapted to the physics of this
problem (it is not), but because the dynamical reconnection process of moving Voronoi meshes if more visible
on the final plot of the mesh at time 7' = 0.2 (see Figure 13).

On this problem, no mesh instability similar to the Figure 10 has been observed. In particular the natural
T <> y symmetry with respect to reflexion at 45 degrees seems to be satisfied by the final mesh.

5.4 A three-fluid Greshko vortex

Finally we consider a Greshko vortex with the data from [32]. This problem has no shock so is slightly outside
the scope of this work. The only difference with respect to [32] is that we use three different values of

y=2for R<02, y=14for02<R<04andy=3for04<R
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Figure 9: Final velocity, pressure, density and thermodynamical entropy for the Sod shock test problem.

where the radius is R = \/(z — L;/2)? + (y — L,)?. The analytical solution is the same [32]. The vorticity is
such that interior part of the vortex turns of one quarter at the final time ¢ = 7/10.

The initial (¢ = 0) and final (¢ = 7/10) meshes are plotted in Figure 14. The fact that the scheme is only
first order is a limitation in terms of accuracy of the results, however the interior part of the vortex points in
the correct direction as shown by the markers.

A Weak consistency of the gradient operator

Consistency is not an evident property for particle methods [34]. A partial consistency analysis for linear profiles
interpolated at centroids or generators is in [32]. On the other hand it is known that cell centered lagrangian
fluid solvers are weakly consistant with the Euler system (23), see [12, page 290]. Here we extend the most
essential part of the weak consistency analysis for the discrete pressure operator. We do not stick to absolute
rigor but prefer to explain the main idea. For simplicity we take 2 = R,

Let us assume that a pressure function x — p(x) and a velocity function x — u(x) are smooth functions.
Sampling the pressure at the generators yields the pressure values p; = p(x;) for all ¢. Similarly sampling the
velocity field at the generators yields the velocity values u; = u(x;) for all i. Then we consider the pressures
pir, constructed by (31)-(34). It yields the discrete pressure gradient

(Vp)n(x) = % > Cipin- (55)
bk

Here h > 0 refers to the mean mesh size, and the mesh is assumed to be regular (that is all Voronoi cells are

assumed to be non degenerate and of size comparable to h). The regime h — 0 means that the space is filled by

an arbitrarily large number of cells. We will make use of the a priori scalings V; = O(h?) and C;, = O(h?~1).
Following [12], we say that the discrete pressure gradient is weakly consistant if

tim [ (Vg = = | plx) Vede (56)

for all smooth test function ¢ with compact support, where one can take ¢ € Cgo(Rd). The analysis is as
follows. One writes

L (T = 3 55 Cupe | (e = 32 - 5 Cumatilolo) +0(0)

= (Z % Z Cmpm‘@@(m)) +O(h) = Z (Z Cikpikap(xi)> + O(h).
i 'k -

k i
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Figure 10: Zoom on the mesh structure at final time (horizontal axis is x, vertical axis is y). The mesh presents
a strong deviation with respect to perfect 1D symmetry.
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Figure 11: Initial mesh and final mesh for the Sedov problem.

Using the equality of forces (31), one has also

/Rd(Vp)h(X)@(X)dx =3 (Z Cirpir(p(xi) — ‘P(Xk))> + O(h).

k

One has the Taylor approximation ¢(x;) — ¢(xx) = (x; — xx) - Vio(x;) + O(h?). Under standard conditions [12],
one has p;r = p(x;) + O(h). So one can write

/Rd(vl))h(x)@(x)dm = Z (Z Cirp(xi)(xi — xg) - V@(Xﬁ) +O(h)
k i
=> p(xi) (Z Cir ® (x; — xk)> Ve(x;) + O(h).
% k

We will make use of the following result.

Lemma A.1. One has Y, Cip ® (x; — x3) = —Vila + >, Ai, where Ay, = Al = — Ay,
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Figure 13: Sod problem calculated on a cartesian mesh.

Oik

x; — x|

1
2
1

Proof. One eliminates the vectors C; with (10). It yields

(x* = %) © (xi — x4)
(xik — Xik) ® (x; — Xg)
(x" — xix) @ (xi — )

Oik

x; — x|

oik
Ix; — x|

k
k

_Zaik nik®xik_z

>
>

k

= - E oik N @ x4 E ok N ® (x* — x;5) —
%

k

Zaik ni; ® (X +Xx) — Z

k

Zaik n;x ® (X; — Xg) — Z

2

Oik

xi — x|

(xik —Xik) ® (x; — Xg)

k

Oik

(Xik — Xik) ® (x; — Xp)

x; — x|

~Vila+ Y oik i @ (X — xip) —
p

k

—Vila+ ) Ay

O

(x™* — x;1,) ® (x; — X1). By construction the matrix A,

Tik
i =

x5 — xp;, then A = —Ap;.

(x; — Xp) @ (x* — x4) —

ik
i =]

is anti-symmetric. Since x* — xi1

where A;

= O(1) is uniformly bounded with respect to h, one can continue

Oik
[ —xp

Under standard conditions such that
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Figure 14: Initial mesh and final mesh for the three-fluid Greshko vortex.

The markers line tangent to the
vertical line is in accordance with the exact solution.

the previous analysis. It yields
/Rd(Vp)h(X)w(X)dﬂf ==Y px)Ve(xi)Vi+ > p(x:) (Y An)Ve(xi) + O(h).
i i k

D ) Ve)Vi+ > Y Ain(p(xi) Vep(xi) — p(xx)p(xx)) + O(h).

% i k<t

Since |p(x;)Veo(x;) — p(xr)e(xk)| = O(h), ¢ is with compact support and |A;z| = O(h?), one obtains
[ TG00 = = 3 plx) Vi) Vi + Oh) = = | plx)Vip(x)da + O(h).

This formula is the weak consistency property (56).

Finally we indicate the main reason why the stabilizer of Section 4.2 preserves the formal weak consistency
of the gradient operator which is now

(Vp)n(x) = % (Z Cirpic + Y Di’“qi’“) : (57)
¢ k k T

To obtain the property of weak consistency, it is sufficient to reproduce the previous arguments until one uses
the following lemma which is the counterpart of Lemma A.1.
Lemma A.2. One has the identity > D¥* @ (x; — x,) = 0.
Proof. The vectors (52) are such that Y Di* = 0 since v+ 8 = 1. Let us set
w={ax, + fx; — xi,d) and 7 = (x; — xp,d).

One can check that

‘ 1 1
- 1 p2oop I 1

= %d ® (j_(xZ —xp) + i (x —ax, — ﬁxl)>

The alignement constraint (49) yields that the vectors are aligned. So the whole quantity vanishes. O
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B A geometrical proof of the closed form formula in a simple case

We show below a simple geometrical proof of the closed form formula in dimension d = 2 in the situation depicted
in Figure 15. We consider five generators x; = (aAz, fAzx), xi = (alAz, (2 — f)Azx), x; = (—alAz, fAx),
Xm = (aAz, —FAzx) and x, = ((2 — o)Az, BAz) where the parameters are 0 < «, 8 < 1. The local mesh size
is Az > 0. The cell §; is a square with vertices 0 = (0,0), A = (0, Az), B = (Az, Az) and C = (Ax,0). The
initial volume is |Q;| = Az?.

Consider that all generators are fixed except xj which moves to new position X = (u, ) as shown in Figure
16. The equation of the equidistant line between x; and Xj, is
D={(z,y) | (z — 3(u+ alz)) (1 — aAz) + (y — 3(v+ BAz)) (v — BAz) = 0} that is

1
zr(p — alx) +y(v — BAx) = 3 (1 +v° — (& + B*)Az?) . (58)
The vertex A has moved as well to new position A = (z1,y1) € DN {z = 0}. Since 1 = 0 one can calculate

y1 with (58) so
- pu? +v? — (a? + %) Ax?
A= (0’ 2v - GAw) )

The vertex B has moved as well to new position B = (z2,y2) € DN {r = Ax}. So 22 = Azx and one obtains

B- (s p? +v? — (a? + B2)Ax? — 2Ax(pu — aAx) '
2(v — BAx)
The trapezoidal rule yields [;] = Az x 2422 = Az x “2“27('122?5)_%‘622;)Am(“70‘é‘x). Now one calculate the
o _ 22 (02482 Ar? — Al u—aAz
partial derivatives 0,|Q;| = Az x 2(21/“%& and 9,|Q;| = Az x ﬁ — A x L= ;r(ﬁu_)gAm)zA (p—ade)

The evaluation of the partial derivatives at the initial position is obtained by taking 4 = aAz and v = (2—)Ax.
One gets

7 alAzr — Azx/2
0T (0,) = A x TGS (59)
and (2 - B)Az (2 — B)%2Ax? — B2Ax?
ulful(xn) = Axx G Ry ~ AT X TG g AL
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Aex (2B A0\ AL 2-8 1 _ Az
=4 X(m/s) 8(1/3)2) A X(2(16) 2(1/3>> 7 (60)

These results (59-60) are easy to interpret geometrically on Figure 15 where (2 — 28)Az = |x; — x|. One
recognizes the tangential (60) contribution and the normal (59) contribution that show up in the general result

(10).
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