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1 | INTRODUCTION

This work is dedicated to the homogenization and dimension reduction of an elasticity problem of a textile structure via
the periodic unfolding method. For the homogenization in elasticity, we first refer to Oleinik et al. [1], and for the periodic
unfolding, also for elasticity, to previous studies [2-5]. For decompositions and limits for dimension reduction of plates
and beams, we refer to previous studies [6-11]. The combination of homogenization and dimension reduction can be
found in Chapter 11 of Cioranescu et al. [4] and in Griso et al. [5].

We refer to the homogenization of a periodically perforated shell to Griso et al. [12], of a textile structure made of beams
glued to each other, to Griso et al. [13], and to three-dimensional periodic lattice structures made of beams to previous
studies [14-18].

We would like to mention works in analysis, homogenization and numerical analysis of periodic structures with a
sliding contact on the structural components with Tresca and Coulomb friction [19-22].

Finally, we refer to the simulation works for textiles with a contact sliding [21-24], which inspired this work. Here, we
consider a textile structure made of long beams. These beams are not glued to each other, and we allow for their small
in-plane sliding. This fact prohibits their extension to a perforated shell. The sliding feature due to contact was already
taken into account in Griso et al. [25] in a stricter way. There, the sliding was very small, and the associated energy
dissipation was smaller than the elastic energy of the beams. In this paper, we allow the beams to slide more (hence the
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name “loose contact”), and the dissipation is visible. The sliding feature raised the problem's complexity level, compared
to Griso etal. [25], and led to a set of issues or intermediate tasks for which new ideas and mathematical tools were needed.
We first developed such tools and illustrated them on simple examples in Falconi et al. [17, 18]. Now, the mathematical
investigation of the textile problem becomes possible, and we can describe the effective textile behavior.

Similar to Griso et al. [25], after some notations in Section 2, in Section 3, we describe a structure consisting of long
oscillating beams of length L with a small square cross-section of width 2r. We first use the decomposition of displace-
ments, proposed in Griso [9], to adopt this decomposition to the curved beams. And then, we propose the decomposition
of the long-beam displacements. In Section 4, we proceed to the construction of a woven canvas in the square Q = (0, L)y,
a structure S,, as depicted in Figure 1. We set a small parameter £ and put the long beams e-periodically in direction e;
and e,. For the sake of simplicity, we assume that the cross-section and the distance between fibers are asymptotically
related (r ~ €).

For every displacement on the textile structure u, € H'(S,), we set the following constraints:

(i) Clamp conditions: on a partial segment of the left boundary, the displacement in direction e; vanishes, while on
a partial segment of the bottom boundary, the displacement in direction e, vanishes;
(ii) In-plane contact conditions: the in-plane sliding is bounded by a gap function g, = £2g, where g € Q).
(iii) Outer-plane non-penetration condition: in the outer-plane component, the displacements are not allowed to
penetrate each other.

In condition (ii), order 2 with respect to e shows the strength of the contact. The exponents of order 3 and higher have
already been studied in Griso et al. [25]. Order 1 is not interesting for the applications since the yarns no longer hold
as a textile shell. The combination of the loose contact and the partial clamp leads to a partition of the domain in the
subdomains, €;-€, (see Figure 1), where we expect the displacement to behave differently. In Section 5, we define the
set of admissible displacements:

X, = {v. € H'(S,) |v, satisfies conditions (i)-(iii) } .

Due to condition (ii), the elasticity problem is set via variational inequality, similar as in previous studies [19, 20, 25]:

L

0 Clamp l L

FIGURE 1 The textile domain partition according to the partial clamp on the left and bottom boundary. Each cell has a 2¢ periodic
pattern. The distance between fibers is €, and their cross-section is r ~ €. The complete structure can be seen as almost 2D.
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Find u, € X, such that for every v, € X, :
/ Aijite €ij(Ue)e(Ue — ve) dx < / fe - (e —ve) dx, @
S, 5

€ €

where a, is the fourth-order strain tensor, describing the material law, and f, is the applied stress. The problem itself
admits solution by the Stampacchia lemma (see Kinderlehrer and Stampacchia [26]), a version of the Lax-Milgram
lemma, formulated for closed convex subsets of Hilbert spaces. Uniqueness is ensured by (i). Before going to the limit,
we show the compactness of sequences solving (1) in Section 6. Here, we first use the beam decomposition, clamping
condition on one of the extremities, and the Poincaré inequalities. Then, we extend these results to the non-clamped
subdomains, using contact conditions and the Trace theorem. In this frame, we want to draw attention to the improved
estimate, (32), for the outer-plane direction. Here, we skip the requirement for the gap in the third direction to be bounded
from above (present in Griso et al. [25]), since we will later prove that we can obtain sufficiently good estimates by the
mere oscillatory manner of fibers. Estimates from Section 6 suggest a better decomposition of the displacements, which
we use to pass to the limit in Section 7. Here, we find bounds to the new fields, apply the unfolding, and find the limit
convergences. As in Griso et al. [25], we choose the applied forces on the right-hand side of the problem so to keep the
stain tensor in a linear elasticity regime, where deformations are small:

lle(uo)llzas,) ~ €7/

Then, compactness results ensure the weak convergence of the displacement fields. The convergence via unfolding for
these fields is not straightforward: It is based on the extension of the periodic unfolding from Cioranescu et al. [2, 4] to
anisotropically bounded functions (see Falconi et al. [18]) and to lattice domains (see Falconi et al. [17]). We define three
operators:

7.%: which is the most important, unfolds the middle line of displacement fields and gives all the limit fields;
I1.: which extends fields to the whole three-dimensional textile structure and is used to express the limit strain tensor;

7.°: which gives the unfolding of functions in the contact domains and is used for getting the limit contact conditions.

Once the displacement fields' weak limits, the strain tensors' form, and the contact conditions are found, we can define
the limit set of admissible displacements X. However, in order to go to the limit with problem (1), we need the strong
convergence of the test functions in the variational formulation. Their construction is a matter of Section 8, where we
require them to meet the following requirements:

« ensure strong convergence via unfolding;
« satisfy contact conditions in original and in the limit;
« yield the same strain tensor in the limit.

In Section 9, we employ the results of the previous sections to go to the limit via unfolding with problem (1) for ¢ — 0.
The limit problem (93) is derived, and the Stampacchia lemma again ensures the existence of its solution. According
to the procedure in Chapter 5.6 of Cioranescu et al. [4], we split the microscopic scale from the macroscopic one. The
correctors, solutions of the cell problems, are just coupled in the third direction. Such coupling is reasoned by the limit
non-penetration condition and preserves the inequality-kind in the microscopic scale. Analogously, the only macroscopic
in-plane contact conditions preserve the inequality of the macroscopic limit problem. This result differs from Griso et al.
[25], where the coupling concerned all three directions and the inequality was present only in the microscopic scale. The
macroscopic problem appears in a Leray-Lions form (see [27]).

Finally, we make the following conclusions:

« the approximation of the initial displacements, according to the limit fields, gives an idea of how the displacements
behave in the different textile subdomains;

« in the limit, as a consequence of the presence of the contact function g, uniqueness is not preserved on both scales;

« the limit contact constraints bound the in-plane rotations in subdomains with non-clamped parts of yarns. The
obtained textile structure behavior is similar to that of the right Figure 2.
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FIGURE 2 Left figure gives a sketch obtained by analyzing yarn's deformations in each textile part. On the right-hand side, a real
experiment for the tension of the textile with 45° with respect to the yarn directions.

The investigations done here and in Griso et al. [25] show the impact of sliding between fibers according to the strength
(from glued to moderately loose) on the effective textile plate behavior in the frame of linear elasticity.

Forthcoming works will aim to extend the sliding features to nonlinear regimes. For now, we can only recommend
Griso et al. [13], the study of an elasticity problem in von-Karman regime on a textile structure with glued fibers.

2 | NOTATIONS

Throughout the paper, the following notations will be used:

« Q=(0,L)%,1> 0is a constant. For simplicity we assume that % = % where a and b are integers such that (a,b) = 1;

« ¢ € Risasmall parameter such that 2eN, = L and 2¢en, = I, N, = k.a, n. = k.b where k, is an integer;

« K.={(p.q) eNXN | (pe,qe) € Q} = {0, ... ,2N,}? is the set of nodes;

« « is a fixed constant and r is a parameter related to € via r = k¢;

o . =(—k, k)? is the reference beam cross-section, while the rescaled one is @, = (-1, r)? = (—«k¢, k€)?;

o pi=¢-eforie{l,2,3};

« Z7=@,2) R, 0= % denote the partial derivative w.r. to z;, i € {1,2};

« we denote by [z] € Z? the integer part and z € (0, 1)* the fractional part given by the unique decomposition of 7 € R?;
e (a,p) € {1,2}? and (a, b, ¢) € {0,1}3 (if not specified);

« Cisareal strictly positive constant independent of ¢ (if not specified).

This paper uses the Einstein convention of summation over repeated indexes.

3 | PRELIMINARIES

In this section, we give the main results concerning the basic element that will later form the textile structure: a strongly
oscillating beam. We will describe it with a mathematical model and define a displacement over it. We will decompose
this displacement in a suitable way for the problem we are going to study and define the associated strain tensor. These
results have already been proven in Section 3 of Griso et al. [25].

85U8017 SUOWWOD BAIe.D 3(gedldde ay) Aq peusenob ek sejoie YO ‘8sn JO S9N 10} AIq1T BUIUO A8]IAA UO (SUOIPUCD-PUE-SWLS}W00 A8 |1 Afe.d 18Ul Uoy/:Sdny) SUONIPUOD pue SWwie 1 8y} 88S *[£202/0T/92] U0 AkeiqiTauljuo A3[IM ‘91SBAIUN 8UUCTI0S AQ 066 WW/Z00T OT/I0p/L0o" A3 1M Alelq 1 puljuo//Sdiy Wwolj pepeoiumod ‘9T ‘€202 ‘9/yT660T



17086 Wl LEY ORLIK ET AL.

3.1 | Parameterization of the oscillating beam

We start by defining the 2-periodic function

—x if t € [0,x],
2 3
K<6 -0 -0 —1> if tex,1-x],
D(t) = < (1 - 2k)? (1-2k)3 2)
K if te[l-«k,1],
D2 1) if te[1,2]

L

and we rescale it to a 2e-periodic function setting ®.(f) = £® <£> which is piece-wise C2(R) and overall C'(R). By

definition, such a function satisfies
2|07 D, |[ro®) + €l|01De || 0®) + | Pe |l z=®) < Ce.
When we deal with strongly oscillating beams, the centerline of a beam is parameterized by the function
M (z1) =z1€1 + D (21)e3, z1 € [0,L].

This curve has mean direction in e; and oscillations in direction e;. We refer the beam to a mobile reference frame
(Frenet-Serret), denoted by (t., e,,n,) and defined by

01 M, 1 . 1
e = L = — (e + ald)éeg) , n=t.Ae;=—(—0d.e; + e3) , (3)
|61M6| Ye Ve

where y, = /1 + (0;®,)2. The unit vector fields t, and n, belong to C1([0, L])3. Their derivatives are

dt, c.y.n dn,
dz crere dz;

= cEYetE»

df D, (z))
7? (1)

where the piece-wise continuous function c.(z;) = is the curvature. We denote

C.= (t. e, n, ) € SO(3),

the basis transformation matrix from the fixed frame (e, e,, e3) to the mobile one (t., e,, n.). We set the straight reference
beam of length L and cross-section w,
P, =(0,L) X w,.
The oscillating beam results to be
Pe = we(Pr),
where the function y, : [0,L] X R* - R? is the transition map from the straight to an oscillating beam, it is defined by

We(Z1, Y2, ¥3) = M (21) + y2€2 + y3n(21).

We have
7. 00

Vy, = (all//e Oy, We Oy, We ) =C,|0 10], “4)
001

where 7, is the Jacobian for the changing of coordinates

Me(z1, ¥2, ¥3) = det (Ve (1, 2, 3)) = ¥ (1) A = y3¢e (1)) V(z1,y2,y3) € Py
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Remark A.1 of Griso et al. [25] shows that if ¥ € (0,1/3], then the Jacobian #, of y, is bounded from below and above.
Therefore, the transformation y, from P, onto P, results to be a diffeomorphism. In particular, there exist two constants
Co, C; such that for every ¢ € L(P,):

Collpovellrzp,y < IPll2m,y < Crllpowellrze,)- ©)

This means that the L? estimates for a function computed on the straight beam and the estimates computed on the
oscillating one will only differ by a constant.
From now on, we will simply denote ¢ the function ¢oy,.

3.2 | Decomposition of a beam displacement

Let u € H'(P,)? be a displacement. From Theorem 3.1 of Griso [11] and Lemma 3.2 of Griso [10], we have the following
decomposition for a curved beam:

u=Uy,+u, a.e. in P, or equivalently in P,. (6)
The first quantity U,, € H'(P,)? is called elementary displacement, and it is defined by

Uer(z1, ¥2,¥3) =U(z1) + R(21) A D (Z1)€3 + R(Z1) A (262 + y3n,(21))

~
middle line displacement

where the fields U and R belong to H'(0, L). It consists of the beam's middle line displacement and the cross-section's
rotation, according to the vector R. The further split of the middle line displacement is done in the same fashion as
Section 3.3 of Griso et al. [25], and its main purpose is to simplify the estimates of the fields that appear in the form of the
symmetric gradient associated with the elementary displacement. In this sense, we have

C C
01 R z2 0,1y < E—2||ex(u)||L2(7{>, [10:U — R Aerllrzor) < Z“ex(u)”Lz(Pé), (7

where C only depends on k.
The second quantity u € H'(P,)? is called warping, and it consists of the remainder term of the displacement. It satisfies
(see also Griso [11])

/ﬁ(zl, Y2, y3)dy2dys = 0, /E(lest ¥3) A (32€2 + y3n.(z1)) dydys =0, fora.e. z; €(0,L),

, [

r r

and the estimates
[ullr2p,) < CellexWllr2p,), IViullzp,) < CllexW)llzzp,)- (8

We also remind that if a beam is clamped at one extremity, for example, z; = 0, then
U(0) = R(0) =0, u=0ae.in {0} X w,. 9)

In order to simplify the problem we are going to study, we want to define a new decomposition of the displacement that
better suits our purposes. In order to be sure that the new decomposition is close enough to the old one, we briefly recall
some results about the approximation of functions by linear and cubic interpolations.

Remark 1. The map X € R* — X 4+ R(z1) A X (z; fixed) represents a “small rotation” of the cross-section {z;} X @,
whose axis is directed by R(z;) and whose angle is approximately |R(z1)|-
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3.3 | Preliminary results

Let A = (Ao, ... ,Aoy,) and B = (By, ... ,Bay,) be two vectors in R?N*! 'We define the functions ¢ 3 € W>*(0,L) and
wg € Wh(0, L) by

2
ban(@) =A, <2Z1 (ip— 1)6) <21 —(p+1)£> - <(3+2p)g—2z1> <z1 _pe >2

& & &

(z1 —pe)(z1 — (p+ De)
+ 2

(Bp+1(z1 — pe) + Bp(z1 — (p + De))

va(@) = <Bp+1 2 ;p£ +B, (p+ 125 - Z1> + (z1 —pe)z1 — (p + De)(221 — (2p + De)

£3 (BP+1 _BP) ’

Vz1 € [pe,(p+1)el,  Vpe {0, ... ,2N, —1}.

Note that the function ¢4 g represents the cubic interpolation of a function with values A on the nodes and first-order
derivative with values B on the nodes. A straightforward calculation gives

L-pe g (P+1)6—Z1>+6(Z1—p£)((P+1)£—Z1) <Ap+1_Ap Bp+1+Bp>’

019aB(Z1) = <Bp+1 D . &2 N

£ 2
Vz1 € [pe, (p + 1)e], Vp e {0, ... ,2N. —1}.

Lemma 1. We have the following estimates:

2N, e A B..+B. 2N,
2 2 212 2|“tp+1 T 4p p+1 14 2 2
Ipanll g, < c£<ZO<Ap+e B})+ 20 e - ) lwBllZ 0, < CeZO|Bp| :
p= p= p=
2N, 2N, -1 2 2N, 2
‘ A —A, By, +B “\B..—B
p+1 D p+1 D p+1 D
”ald)A,BHEZ(O’L) < Ce (ZBIZ) + Z P - 2 ) > ”allI/B”iZ(O’L) < Ce Z T 5
p=0 p=0 p=0
2N,-1 5
- Ayl —A By, +B
2 2 ¢ _p2 pt1 —Ap  Dpn1t bp
103, ba 5l < p}‘a <|Bp+1 By|* + 5 ) :

3.4 | The decomposition of a beam displacement via a Bernoulli-Navier displacement

In this subsection, we again decompose every displacement as a sum of a Bernoulli-Navier displacement and a residual
one (warping). This new decomposition includes equalities that must otherwise be proven in the limit and simplifies the
way to obtain estimates and later asymptotic behaviors of the displacements.

Let u be a displacement in H(P,)? decomposed as (6) and recall the 3-vector fields U and R. We define U’ and R’ by

- e _
Uj(z1) = Uy ((p + De) lepe + Ul(pf)w’

Uy(@1) = ¢pap With A = (U(0), ... ,U2(2N;e)), B == (R3(0), ... , R3(2N.¢)),
U (z1) = ¢pa With A = (U3(0), ... ,U3(2N,€)), B = (R2(0), ... , R2(2N,¢)),
Vz1 € [pe,(p+ Del,  Vpe {0, ... ,2N, — 1},

and
R1(z1) = y8(z1), B = (R1(0), ... , R1(2Nc€)), Ri(z1) = =01 Uj(z0), Ri(z1) = 0 Uj(z), (10)
Vz1 € [pe, (p + )g], Vpe {0, ... ,2N, —1}.
By construction, we get the following relation that will later simplify the strain tensor form:
61U’ —R'A e = 01[U'le1, a.e.in (0,L). (11)
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We define Uy, and i by

Upy =U' + R A (Dces + y2e2 + y3n,),
o — ) “ae.in (0,L) X .
u=Up+1u,

Note that the relation (11) means that Uy, is a Bernoulli-Navier displacement.
One has the following estimates for the fields of the new decomposition.

Theorem 1. The fields U’ and R’ satisfy the following estimates:

C ()
101 R ll120,0) < ;”ex(u)”Lz(Pé)’ 10107 1200y < ;||€x(u)||L2(Pé), (12)
2 Tt 2 Tyt (o
107, Us 20,0y + 1197; Usllz20.n) < E_ZHex(u)”LZ(PE)a (13)
C
IR = Rll20r) + 101U = Ul 120y < Z”ex(u)”LZ(PE), IU" = Ul < Cllexllz2p,). (14)
— —/
I [lz2p,) < Cellex@lzzp,)» IVU'llzzp,y < Cllex@lzzp,y.- (15)

Proof. The Poincaré and Poincaré-Wirtinger inequalities lead to

2N, -1 2
U((p+1e) - Upe) 1
P . — 5 R(@+De)+Rpe) Aer| <C <||61U —R A€l + ezllalklliw)) :
p=0
2N, -1 2
R1((p+ 1e) — R1(pe)
Y o EEDIZ RO < oyl
p=0

From Lemma 1 estimates, the estimates (7) and the above ones, we obtain (12) and (13). Then, again, the Poincaré
inequality yields (14). The first and second estimates in (15) are the consequences of writing

u—-u = (]U/ - U) + (R’ - R) A(D.e; + y,e, + y3n,) a.e. in P,
and for the first, estimates (7), (8), and (14) are used, while the second comes from (7), (8), and (12)-(14). O

3.5 | The symmetric gradient

Now, after setting a suitable decomposition, we are interested in the form of the associated symmetric gradient, which
will later enter the left-hand side of the elasticity problem as a strain tensor.
Given a beam displacement u € H(P,)3, equality (4) yields

7e 00
(0 u dy,u 0y u) =VuVy, =V,uC,| 0 10
001

Since we will later state the problem in the straight reference frame, we want to express the symmetric gradient in such
a frame. Hence, we first note that the above equality implies that

1
Iazlu-t‘E oyu-t. oy u-t,
T 1 . . .
Ce qucgz ”_azlu eYz aqu e)’z aysu eYz s

1
Zazlu'ng Oy,Uu-n, 0, U-n,
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which, together with the definition of symmetric gradient, leads to the quantity we are interested in
Lo u-t * *
ne €
1(1
Cle.(w)C, = 3 (Zazlu e, +0,u- t5> 0y, - e, *

1 1 1
2 (Zazlu ‘ne + aysu ' ts) 2 (ayzu ‘D, +a)’3u ’ eyz) ay3M "D

Hence, straightforward calculations on the gradient of the decomposition in the previous section, together with equal-
ity (11) imply that the symmetric gradient of a beam displacement in the straight reference frame, which we will call €(u),
is given by
ew) = &(Upy) +e@),
where the first quantity is the symmetric gradient of the Bernoulli-Navier displacement
’]i (011U/1e1 + alR, A (D.e3 + y.e, + y3n5)) St ok %k

EUp) = | 57 (01U er + R A (Pees + yres +y3me)) €2 0 | (16)
% (()ﬂU’lel + 01R’ A (D.e; + y.e; + y3n5)) -n, 00

and the second one is the symmetric gradient of the warping

1 —
=0, U -t * *

(iazla/ ’ e)’z + a)’za/ ’ t5> a}’zﬁ/ ’ e)’z * . (17)

15 — —r 1 —r —r —r
(—azu ‘N, +0,,U 'tg) S(0, 0 n.+0,u -ey,) 0,U -n,

4 | THE TEXTILE STRUCTURE AND NATURAL ASSUMPTIONS

In this section, we will first define our problem's domain, which is our textile structure's mathematical model. Then, we
set the natural assumptions that the woven fibers should satisfy: the boundary conditions to ensure the well-posedness of
the elasticity problem, the contact conditions that allow shear between beams in the areas where they are one above the
other, and the non-penetration conditions, which do not allow fibers to penetrate one into the other. These assumptions
will shape the admissible set of displacements we will study.

4.1 | The textile structure

In Section 3, we studied a single oscillating beam of direction e;. Now, to define the textile structure, we need to do the
same, but for alternate oscillating beams of direction e; or e;, to obtain a woven canvas.
We denote ®, the reference lattice structure

2N, 2N,
6. =6uvs?, oY= Jio.Lix{gel, 67 =|J{pe} x[0,LI.
q=0 p=0
This grid represents the domain of the beams' center lines in both directions: For every (z;, ge) € & and every (pe, z,) €

®®@, the middle lines of the beams become

M (z1,qe) =z1e1 + gee, + Dz, gedes, (21, qe) = (—1)IT D (z)),
Miz)(Pf’Zz) =pee; +2€e; + ®§2)(P6,Zz)e3, q’iz)(pE,Zz) = (-1PD(22).

Here, the quantities (—1)4*! and (—1)P denote the fact that the oscillations between parallel beams are alternate, so to
allow the crossing between beams of different directions. Accordingly, we denote the Frenet-Serret mobile frames derived
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from (3) in the respective direction by

1

X1

(¢7.e2.0®) , where £0(z1.ge) = ~—— (e1+ 00, geres ), 0 =t ne

) - t(2)

(e1,t?,n®), where t®(pe, z;) = <e2 + 02<I>i2)(pe,z2)e3> , Ny

Ye (ZZ)

In such mobile frames, the diffeomorphisms become

v (@1, e, y2. v3) =M (21, qe) + y2€2 + ysnl (21, ge), for ae. (z1.g¢) € B and (v2, y3) € @y,
2 s 2 2 2
w2 (D€, 22, y1, ¥3) = M (De, 22) + yey + ysn(pe, 2,), forae. (pe,z2) € B and (1, y3) € @,

and, thus, the whole textile results to be

S, =8P us?, where SV =y <(§§” X co) S@ =y (@9 X co) . (18)

Every displacement, defined on such structures, is a couple (u®, u®), which belongs to H'(S™")? x H'(S®)3 or, equiv-
3 3
alently (due to (5)), to H* <(§(£1) X w,) x H! ((S)iz) X a),> . For simplicity, a function defined on ® is considered as an

element, defined in Sé”’), constant in the cross-sections w,, and this is the main reason why we name z the beam center
line variable and y the cross-section variable.

Let C(®,) be the space of continuous functions, defined on ®,. We denote the spaces of functions, defined on the lattice,
by (« € {1,2})

HY(®®) = {q’) er? ((93”) | 0up € 12 ((ﬁg‘”) } . HY(®,)= {¢ €C(®,) | 0, € I? (@5@) , fora € (1,2} } ,
and
H(6®) = {d) cH ( “‘)) | dup € H ((955”) } . HA®,)= {d) € H'(®,) | 0, € H' (cs@“)) , fora € {1,2) } .

We endow these spaces with the following norms:

2N, 2N,
2 1 2 2 2
91 g, = 2 100Ny VLGOI g, = 3y per e Vo € L)
=0
”L2((§ )= \/” ”Lz((ﬁ(h) | ”LZ((Si(Z))
= 2 2 = 2 2
1 oy = T g+ 10O, Y (R AR A
= 2 . . = 2 2
|| . ”HZ(@SI)) - \/” ”Hl(G)(a)) + ||aaa( )”LZ(@S’)), ” ”Hz((ﬁz) - \/” ||H2(®(1)) || ||H2(®(2))

4.2 | Boundary conditions

These conditions are fundamental for the well-posedness of the problem.
We assume that the displacement is equal to zero in the left and bottom boundary of the domain Q. According to the
notation in Section 2 (n, is such that 2en, = [, with [ < L), we set

@ —
u‘”(0, ge, -) = 0 for eve e {0, ...,2n.},
Clamp condition { (©0-ge.9) yael | a.e.in wy. (19)

u®(pe,0,-) =0foreveryp € {0, ... ,2n,},
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As we can see in Figure 1, this partial clamp leads to a natural partition of the domain
Q= int(ﬁl UQ,uUQ;s U§4),
where the four subdomains are defined by
Q1 =(0,0% Q=(,L)x(0,D), Q3=(0,)x(I,L), Q4=(l,L)°.

To conclude, it is worth mentioning that, since the clamp takes place only partially on the left and bottom boundary of
Q, it affects the behavior of the displacement u'? by inheritance (since the fibers are the same) solely in the subdomain
Q; U Q,, while u® inherits the clamp condition solely in ©; U Q3.

4.3 | The contact and non-penetration condition

Now, we proceed to what we call contact conditions, which determine how the fibers interact in the internal part of the
domain. Here, the fibers are not glued and can shear quite loosely, one with respect to another, in the in-plane directions.
As we will see, this little assumption gives rise to some issues.

The contact is restricted to the portions where the beams are right above each other. We define such contact domains
in the straight reference frame (e,, e,, e3) by setting ((p, q) € K.)

C.= U Cpg.e» Cpge = (Cpge N Q) X {0}, Crge = (pe. g) + @y (20)
(D.9EX,
In the case (p,q) € {1, ... ,2N, — 1}?, these areas correspond to
(652«1) X CUr)|c = {(PE + J/hq'ssyz,(—l)erqHKg) €R*| (.y2) € w,} ’
pac
<®,(;2) X CUr>|c = {(pe.qe + y2, 1, (-1)P*xe) € R* | (y1.32) € ).

pg.€

In the in-plane directions, the sliding between the fibers is characterized by the nonnegative gap functions g, ,. We assume

Qe = €280, 80 € C(Q). (21)

Moreover, while later constructing the test functions, we need the additional assumption that there is no zone in the
inner part of Q, in which the fibers could be glued

3C; > 0 such that g, > C; a.e.in Q. (22)

3 3
Now, let u®, u®) € H ((ﬁjil) X a)r> x H <(§§2) X cor> be a displacement on the textile. We define the in-plane contact
conditions by setting

W —u?| <gew»  aein Cpge, V(p,q) € Ko, (23)
and the outer plane ones
0 < (-1t <u(31) - u(32)> a.ein Cyge, V(p,q) € K. (24)

Concerning the in-plane contact conditions, the physical meaning is that, in the contact areas, the displacements can
slide one with respect to the other from a value more than zero to a maximum given by the L* norm of g in that direction.

Concerning the outer-plane direction, the only required restriction is that the fibers cannot penetrate each other. As we
will see later, this condition, together with the oscillating manner results, will create a “natural constraint” that keeps the
outer-plane displacements so close to each other, as we were assuming an outer-plane artificial bound.
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5 | SET OF THE ELASTICITY PROBLEM

In this section, we proceed to the definition of the elasticity problem that we will then investigate through homogenization
via the periodic unfolding method.

5.1 | Set of admissible displacements for a textile structure with loose contact

Given the structure, the clamp, and the contact conditions, we can finally define the set of displacements as the closed
convex set

X, = { (u®,u®) e H'(GY x w,)* x H(6? x »,)? | (u®, u®) satisfies (19), (23), and (24)} )

We endow the product space HY(GY x w,)3 x HI(6? X w,)® with the semi-norm

ey 52
s, = IRV GO, o+ TG, o

3 3
Note that X, is a closed convex subset of H! <(§§1) X a)r> x H! ((ﬁ(gz) X a),) .

5.2 | The elasticity problem

Let £ € L%(S')3 be some applied forces and let a'® be the fourth-order strain tensor describing the elasticity of the
material. We will study the following elasticity problem:

Find ( W, (2)> € X, such that for every ( W, 9) € X,

a® (a) u® — (a) (a) (a) (@)
Z/ UklEeU )e < dx<2/ —v£>dx.

S(ﬂ)

(25)

We state the problem as a variational inequality; it is also possible to give an equivalent problem in a minimization form.
We also find it convenient to consider this problem in the straight reference frame:

Find (ug) (2)> € X, such that for every ( ) (2)> € X,

2

(26)
Z / f;llzl £ "((1) u(:)) Ng;) <u(ea) - via)) ﬂia) dZadY3—adY3 < Z / F(a) (a) (a)> ’1?1) dzady3—ady3~
(a) a=

a=1 (ﬂ)

Since we assume the linear elasticity of the problem, Hooke's law implies for the fourth-order tensors Ai‘x) to satisfy the
following properties:

(i) A is bounded: A(") L ELX(B X wy);

(@) + ( (@ _ p@
(i) A" is symmetric: A eyl =A ikl As’kh.j,
(iii) A iselliptic: there exist Cy, C; > 0independent of ¢, such that Cy ||| ]| |2 < Afa,zl L& < ClllEllF ae.in G xw,,
for all symmetric 3 x 3 matrices & (we denote ||| - |||r the Frobenius norm).

Stampacchia lemma (see Kinderlehrer and Stampacchia [26]) ensures the existence of solutions for the problem.

6 | FIELDS ESTIMATES

In order to pass to the limit in problem (26), we need to bound the fields and their derivatives present on the left- and
right-hand sides.
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6.1 | Estimates, given by the new displacements decomposition

Let (u?, u®) be a displacement in X,. Applying the decomposition, introduced in Section 3.4, we can write

uV(z1,qe, 2, y3) = U'P(z1,qe) + R'V(z1, ge) A (éil)(zl, ge)es + e + ysnV(zy, qs))

—1
+ 4" (21, g€, 2. y3), forae. (21, ge.2.3) € 6 Xy, 27
2
u®(pe, 22, y1, y3) = U'P(pe, 20) + R'®(pe, 22) A (d>§ \(pe,z2)es + yreq + y3n(2>(p£,Z2))
—12 2
+ u/( )(pe? 22, V1, y3)9 for a.e. (pes 22, )15 y3) € (gfs ) X Wy.
From the results of Theorem 1, the fields of this decomposition satisfy (a« € {1,2})
(a) 1(a) ¢
N0 N30, + 192U oy < Zllulls,
C
107 U3 oy + 102005 ey < Ml (28)

—/(a) —/(a)
”u ¢ ”LZ(@(E“)pr) +£||VM ) “LZ(@S")) < CE”“”SE-

However, in order to obtain the field estimates from the above, a few additional tools will be needed, which we will
introduce in the following sections.

6.2 | Estimates, given by the contact, non-penetration, and boundary conditions

To estimate the fields themselves, starting from the estimates on their derivatives, we use the Poincaré inequality and the

clamp conditions. However, since the domain is clamped only partially, some fields are defined on the subdomains that

do not inherit the clamp. For this reason, the contact and non-penetration conditions will furnish the necessary relations

to transfer the estimates for the fields defined on clamped subdomains to the fields defined in the not clamped ones.
Starting from (27), we note that for a.e. (t1, ;) € w,, the displacements in the contact areas reduce to

u®(pe + 1, ge, b, (1P p) = U'D(pe + 11, ge) + R'P(pe + 11, ge) A tres + 0V (pe + 1, ge, b, (—1)PHIHp),

(29)
U@ (pe, ge + by, 1y, (=1P9r) = U'P(pe, ge + 1) + R'P(pe, qe + 1) A ey + 0P (pe, ge + by, 1, (=1)P*r).
We start by giving the warping estimates in the contact areas.
Lemma 2. The warping terms in the contact areas satisfy
—=/(1)2 —=1(2)2 2
Y (VB + 1T ) < Cellul 30)

(p.QeKX,

Proof. It is a direct consequence of the third estimate in (28) of the remainder displacements ' and the trace
theorem. O
Now, set
lIglz=@) = lIg1llz=@ + lIg2lz=()-
We have the following.

Lemma 3. The in-plane contact conditions lead to the following estimate:

1
Y (10 - UP)pe.qe) + IR - RiP)pe.qe)l ) < € (M8l + - Il ). (31
(.9EK,
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The outer-plane non-penetration conditions lead to the following estimates:
C
> (|(U’;” — UP)(pe. qe)? + 2RV — RIP)(pe, qe>|2) < <l (32)
(p.9EK,

Proof. Estimate (31) is done in the same fashion as Lemma 5.6 in Griso et al. [25], while the proof of (32) is shifted to
Appendix A.1 due to the heavy computations. O

As we already mentioned, note that the estimate in the outer-plane direction does not depend on the contact function:
Since the displacement alternatively switches vertical position and two fibers cannot penetrate one into the other, it gives
a sufficiently good estimate for the distance between fibers in the outer-plane component, without assuming an additional
upper bound contact function g, ; in (24) (as done in Griso et al. [25]).

The clamp conditions (9) and (19) give

U0, ge) = R'M(0,q¢) q € {0, ... ,2n,}, U'P(pe,0) = R"P(pe,0) =0 p € {0, ... ,2n,}. (33)

6.3 | Final decomposition of the displacements

Comparing the estimates for each field and the ones concerning their difference (31) and (32), we find it convenient
to define the final displacements fields, such that they combine both directions and that take into account the clamp
conditions.

We start with the outer-plane component. Proceeding as in Section 3.4, we define the field Us € H*(®,) by

Us@,ge) = gas@),  with A= (U + U0, ge), ..., (U +U)2N.e, o))
B= —% ((R;‘” + R0, ge), .. ,(RY + RIV)2N,e, qe)) :
Vz1 € [pe, (p + D)¢], Vq € {0, ... ,2N.},
Us(pe,22) = pap(z2),  with A = % ((U’;” +UP)(pe, 0), ..., (UL + USP)(pe, 2Nes)> ,
B= % ((R’I(D + RD)pe,0), ... . (R'D + RV)2N,e, qe)) ,

VZZ c [q£9 (q+ 1)6]’ Vp € {0’ oo 72NE}3
and the fields R,, R, € H(®,) by

R2(z1,q9¢) = — 01Us(z1,q€), Vz1 € [0,L], Vq € {0, ... ,2N,},
. . 1
Ra(pe,22) = yp(2) with B = = (R + RI)(pe,0), ... . (RYY + R,”)(pe,2N,e))
VZZ € [q67 (q + 1)6]7 vp € {05 ce ’2N5}7
and
. . 1
Ri(@1.q¢) = yp(z) with B = 2 ((R’f“ +R'P)(pe,0), ... ,(R'Y + R'®)(pe, 2NE£)> ,

Vz2 € [ge, (g + Del, Vp € {0, ... ,2N.},
Rl(pe,ZZ)idng(pe,ZZ), VZZ S [O,L], Vp (S {0, ,ZNE},

where, due to the clamp conditions (33), we replace

UV + US)(0,ge) and (RYY + RIV)(0,ge) by 0 if g € {0, ... ,2n.},
U + UP)(pe,0) and (R} + R\ V)(pe,0) by 0 if p € {0, ... ,2n}.
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Note that these fields satisfy equalities R, = —0;U; a.e. in (921), R1 =0,Usa.e.in (5522) and vanish on the clamped points
of ®,.

Proposition 1. One has the following estimates:
C
IR, + IR2lm @,y + 1Usllp2e) < E—2||u||s,-

Proof.

Step 1. We prove the estimates of R; and R,.
From the definitions of R, and R'z(l) , R'(z) estimates (32), equalities (33), and Lemma 1, we get

C
IR = RE e, + €10 (Rz = RE ) sy < =llulls.. (34)
Hence, the first estimate in (28) and the above one lead to
C
”alRZHLZ(@(EU) + ”()ZRZ ”LZ((QLZ)) < 5_2 ”u”SE .

By the fact that R,(0,qe) = 0forall g € {0, ... ,2n.}, the above estimate and the Poincaré inequality imply

Z”&<%Www Sz,
One has
2n, 2N,
Z}}m« W<CZ 1R2(, g2 g ) + E 101 R GO, ) < Sl
2(Pe, ge 2028y T ENO20 G0N o) ) = 7 IM, -
q=0 p=0
and then,
2n, 2N, c
2 2 2
||R2||L2(®(2)) C'qz;);)éle(Pe ,qe)|* + Ce Ilaszlle(@Z)) iy,

By a symmetrical argumentation, we prove that | R, ”LZ(&E”) < C/e||ulls, and thus || R;||ms,) < C/2(|ulls,.
In the same fashion, we prove || R, ||m@,) < C/£2||u||5£.

Step 2. We prove the estimates of Us.
First, from estimates (32), equalities (33), and Lemma 1, we have

1Us = U5l o, + €019 (U3 = U3 )z, + €202 (Vs = UL ) sy < Clulls,.— (39)
Then, the second estimate in (28) and the above one lead to
C
107205 ey < 5 Ml

In Section 6.1 of Falconi et al. [17], we show that U; can be characterized as the restriction to ®, of a function
Us, belonging to H*(Q). In particular, in every small cell Ypq . = (pe, ge) + €2, the function Us is a polynomial
with respect to z; and z,, which depends only on the values of U3, R, and R, at the vertices of the cell Yy,

and satisfies
Usi, = Us, (01U3)i9, = —Ro, (0:U3), = R1,

(36)
Us; =0, VU3 =0 a.e.on{0} x (0,)) U (0,) x {0}.
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Thus, one has the estimate
103l < CIV?Usllzzey < CVe (10208 s, + IR iy + 1 Rallins, ) < <5 llulls.— (37)
This first gives

C
sl < Zlulls,-

Then, we obtain [|9,Us || g, < C/e|lulls,.
We now consider the in-plane components. We define the functions U(l"), U(Z"), and R(;’) by
(@) _ /(@) (@) _ my/(@) (@) _ p/a) (@)
IUl —U1 , IU2 —IUZ s R3 —R3 ae. G,

Due to (10) in the respective direction, these fields satisfy the equalities dﬂU(D R(D a.e.in (ﬂj(l) and o, [U(z) R(z)
in @9. Moreover, note that from (28), we have

C C
10:R pagey < Slullss 10U Mooy < Cllllss 1020037, lpaqggo, < 2||u||s, (38)

Below, in the proof of Propositions 2 and 3, we will use the following classical result:

2N,
Y elpke)l® < 20112, + £210¢ 201,
k=0 ~ V¢ € HY(0,L). (39)
I6112. 0, < 26 D 1b(ke) > + £2[10¢ I 20.1)5
k=0
Proposition 2. One has (a € {1,2})
1 . 1
IR ooy < € (Vellglima + 5 lulls, ) ULl < € (Vellglhm + Slulls, ). (40)

Proof. We prove (40), for @ = 2. A similar argumentation will show this inequality for « = 1.
Equalities (33), together with (38);, (39), imply

2n,

- C
> (IR0 g, + 1R a0 ) ) < Nl
q=0

One has (see 39;)
2n, 2N,
3 Y IR e, ge) <CZ(||R“>< 4o, + EN0R a0 25, ) < SNl

q=0 p=0

Besides, from the in-plane contact estimates (31) and the above one, we obtain

2n, 2N, 2n, 2N, 2n, 2N,
D D elRP(pe,qe)> < ) Y elRY(pe, qe) — R (pe, qe)* + ) Y eIRY (pe, ge) 2
q=0 p=0 q=0 p=0 q=0 p=0

1 1 1
< C(ellglu + 5 el + SNl ) < C (ellgleg + el )
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Hence,

1
ZIIR(Z)(pe Moy < C Z(Zem(”(pe ge)| + €210, R (pe, >||L2(0,>> (engnmm gnun;),

and thus,

RO @ @) 2 Loz
” ”LZ((&)(Z)) (Z ”R (Pf )”LZ(OI) + ”azR “Lz(@w)) <C <£I|g||Lw(g) + ;“””&) s

which proves the first estimate in (40); for a = 2.
Then, from estimate (38), (40); and the fact that alTU(D R(D 0, IU(Z) Rf), we obtain

1
oo <€ (Vellgl=@ + 5 luls, )

3_
10 U511,

Now, proceeding as to obtain the L? norm of Rg"), we obtain the L2 norm of UZ™, so (40), is proved. O
Now that the fields are set, we can construct the Bernoulli-Navier displacements IU(‘” by

U( )(21,(18 Y2,¥3) = <U(1)e1 + U(Dez + U3e3> (z1,9¢)

+ (Rlel + Rze; + R(;)e3) (z1,9€) A <‘DS)(Z1, ge)es + y2e; + ysn (@, qe)) for a.e. (z1,9¢, y2, y3) € 8 X oy,
(41)

U@ (2)

(2) NDE-Z2, V1, ¥3) = < e+ U e, + U3e3> (pe, 22)

+ (R1e1 +Raes + R§1>e3) (pe.22) A <q>§2)(pg,zz)e3 +yiey+ P (pe,zo) ) forae. (pe.zz 1. v5) € Y X 0.
As a consequence, the residual displacements are
E(a) =@ _ U}(;\)] c Hl(se(a))’
and, due to the third estimate in (28), estimates (34), (35), they satisfy
1T 1 2 0 + ENVE 20y < CElluls,. 42)

Note that this last estimate is of the same order as the residual displacement in the prime decomposition (15) and as
the classical one (8). Hence, it justifies the choice of the final decomposition, being close enough to both the prime and
the classical one.

6.4 | The final split of the in-plane “centerline” displacements

In this subsection, we operate the final split of the in-plane centerlines fields IUf,D and Uf).
A preliminary remark before the split.

Remark 2. We remind that a function ¢, belonging to H 1(&&”)), could be extended (if necessary) to a function (still
denoted ¢) belonging to H*(®,), affine between two consecutive nodes of the lines in (SSS ~ In particular, we have

”¢”L2(®é) + £I|a3—a¢|IL2(®(L3‘”)) <C Z 5|¢(p5, qE)I2 <C (”d’“p(@i’”) + 5|Iaa¢”L2(®(Lﬂ))> . (43)

P.PEK,

Proposition 3. There exist U, € H*(0,L) and U® € H(®?), and UP e H2(6E™), such that

s 1
1Walliron < € (ellgllme + =z Mulls, ) 10 e, < C (72 lgllim + S luls,).

® 1 (44)
10 -0, < € (Velgllima + S lulls, )
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Moreover, we have the following improvements of some L? norms:

1
£3/2

||u||ss>,

;) 3/2 1
Ul < € (€ lgllimar + - luls, ) -

1Uellizon < Ce (ellgllis +
(45)

Proof. We prove the proposition for « = 1, for @ = 2, the proof is similar.

Step 1. We define the fields Uy, IU(IB), and [U(ls).
From the estimates (31) and (38), and the definition of U®, we have

2N, 2N,
ey )
> (Z (U - UP) e, o) + el U pe, ->||§,2(0,L)> < C(eMgliEug, + Nl ).

p=0 q=0
Then, there exists p, € {0, ... ,2N,} such that

2N,

£

2! (U(ll) - U(f)) (Pee.ge) + ellUP et g
q=0

2N, 2N,
1L N[V (y®_p® 2 @ 2 (46)
ST <;|(Ul ~UP) e qe)l + U7 e, ->||H2(0,L>>

p=0

216112 L2
< Ce (18 + Ul ).

‘We set
Ui(z2) = U(lz)(pse,ZZ) fora.e. 7, € (0,L), IU(lB)
. {U(lz)(ps,z2) —Ui(zz) forae. z, €(0,L), pe€ {2n,, ...,2N,},

U(lz)(pe,ZZ) fora.e. z, € (0,L), pe {0, ...,2n, — 1},

® -
1

U(ll)(zl,qg) —Ui(qe) forae. z; €(0,L), q € {2n,, ... ,2N.},
U(ll)(zl,qe) fora.e. z; € (0,L), g€ {0, ... ,2n, — 1}.

By construction, we have U, € H3(0,L), U(lB) € HX(®?), and IU(IS) e H(6Y).

In a similar way, we define U, € H(0, L) (function of z;), U® € H*(®"), and U’ € HY(GY).
Step 2. We prove the estimates (44).

By definition of U; and due to (46), we first have (44),. Then, again from (46), we have

2N,
| 1
DU (pee, ge) — Un(ge)| < Ce (eznguim@ + ;uuu;) : (47)
q=0
The above inequality, together with (44); and (39), yields
2N, 1
> el pee.ge) * < Ce (e2llgliEug, + Nl ).

g=0

which in turn with (38), and (39), leads to

1
102 = Unllg 0, < € (¥ 2llgllimcay + Sllulls, ) (48)
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Now, from (40) and (44),, one obtains

2N,

(2) 2 @ 2 2

”U1 - [UIHHZ(@@)) <2 Z (”Ul (p& .)“HZ(O,L) + ”UlHHZ(O,L))
e =0

(49)
1 1
< C(ellglu + 5 el ) + @Ne + 1C (ellglegg, + Slully, ).
This gives (44);.

Step 3. We prove the estimates (45).
From (38),, we get (remind that U§”(0, ge) =0ifg € {0, ... ,2n.})

n 2n,

e < 1
Z |U(11)(p5£, ge)l> <L 2 ||01U(11)(-,q£)||i2(0,m < Cg_znu”é{
q=0 q=0

This, together with (47), yields

2n,

1
2 1U(@e)l” < Ce (Mgl + 51l )
ra

The above and (39),, (44); lead to

2n,

. 1

01112, 0., < C <Ze|wl(qe)|2 + e2||azwl||iz(0,l)> < & (E2llgluqe, + S ully, ).
q=0

which proves (45);. The above, together with (48) (resp. 49), leads to (44), (resp. 44;). We have

<TU(IB) - Ug&) (pe,qe) = (U(lz) - U(ll)> (pe, qe) for all (p,q) € K.. Hence, from the in-plane contact esti-

mates (31), we obtain

1
Y WP U )pe.qo)l < C (lglu, + 5 el ).
(P.ekX,

Then, the estimate (44), of [U(ls) and (39), yield

S S 1
Y, U (pe.qe)? < CIUPIE, o <C (£ 18l e) + ;uun;) :
(P.EK, )

So
1
Y elUP pe.go)l < Ce (ellglg + 5Nl ) -
(P.QEK,
Finally, we obtain (45), from (39), and (44);.

We end this section by giving the final decomposition of the Bernoulli-Navier displacements (41): L
U](;,(Zb qe, y2,¥3) = ((Ul + U(13))e1 + U+ U(ZB))ez + U3e3) (z1,9¢)
+ <R1e1 +Ryes + R(;)%) (@1.9€) A (Qil)(zl, ge)es + y2€; + ysnl (21, qe)) for a.e. (z1.g€, 2. y3) € 60 X o,
(50)

Ulg\)l(pf’Zb Y1, y3) = ((Ul + UEB))el + U2+ U(ZS))ez + Uses) (2, pe)

+ <R191 +Ryez + R(;)e3> (z2,pe) A (‘D.(gz)(P&Zz)% +yie + y3n§2)(pe,zz)> for a.e. (pe.z2. y1.y3) € 6% X .
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7 | WEAK CONVERGENCE VIA UNFOLDING OF THE DISPLACEMENT
FIELDS

In this section, we first give sufficient assumptions on the right-hand side of the elasticity problem in order to give a bound
for the displacement fields. Then, by compactness results, we show the weak convergences via the unfolding operator.
We will then get the weak limits of the displacement fields, their associated strain tensors, the limit contact constraints,
and the limit set.

7.1 | Assumption on the applied forces

Note that the estimates for the fields in Propositions 1 and 3 still depend on the norm of the strain tensor, and we need to
eliminate such dependence.

We can bound the norm of the strain tensor by assuming sufficient forces to apply on the right-hand side of problem (26).
From property (iii) of tensor A%, applied to problem (25) with v'* = 0, we first have

2
Colluee |13, < Z / A0 (u) 8 () 1 dzadys-odys < / FO u® dzodys odys|.  (51)
- =1
Gi(")xa) ¢ ® %,
Now, let f@ € HY(Q)3 and f@® € H(Q)?, such that
fl(“) =0 a.e.in Q3 U Qy, f;“) =0a.e.in QU Q.
We choose the forces for the right-hand side of problem (26) by setting
"(1) + Ef(l) “(2) + gf(z)
F) =g 7” +ef)’ [aein®l,  FP =gl fzw +ef? | ae in6?. (52)
@ (@)
€J; €l3

The Holder inequality, straightforward computation, and estimates in Propositions 2 and 3 lead to

2 2
= 1
2 / EO U n | deadys-adys < Cé® 2(||f<“>||Hl<g>+||f<“>||H1<g>)<||g||m>+ - \[uuen%),
€ £

a=1 a=1

which, together with (51), gives the following bound for the strain tensor:

a=1

2
lluells, < Ce>/? <”g”L°°(Q) + Z (”f(a)”Hl(Q) + “f(a)IlHl(Q))) < Ccel, (53)

This estimation is completely determined by the assumption on the forces (52), which is the minimum amount of stress
we apply to the problem. We choose the order so that the oscillations remain small and study the problem on a linear
regime.

Finally, we can apply (53) to the estimates in Propositions 1 and 3 and extend the ones defined on lines to the whole
grid by the meanings of (43). The explicit estimates for the final fields are

(@)
IUeslle,) < CVe IReallme,) + IRl g, < CVe,
S
IUcallror < Ce, [Ueallzon < Ce% UG NI, < CeVe, (54)

B B
U N2,y + €llOpU o, + €113 g5 Ut ll oo, < Ce/e,
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while the ones for the residual terms come from (42):
—(a) —(a)
121 2, + ENVE Nl 200y < Ce3y/Je. (55)

It is known that by compactness, these fields weakly converge in the space. In the next subsections, we will introduce
the unfolding operators and go to the limit via unfolding.

7.2 | Preliminaries on the unfolding operators
The convergence via unfolding is done through three different unfolding operators, all related to each other:

« the middle line unfolding operator 7.®, which unfolds the functions defined on the one-dimensional lattice ®,,
given by the middle lines of the displacements;

« the global unfolding operator I, which unfolds the functions defined on the whole three-dimensional textile
structure S;;

« the contact unfolding operator Tf , which unfolds the functions defined on the two-dimensional contact domains
Cgp for (a,b) € {0,1}2.

In this subsection, we introduce the first and most important middle line unfolding operator, which will give all the
unfolded convergences of the displacement fields.
Define the reference lattice grid by ((a,b) € {1,2}?)

6V =(0,2)x{0,1}, 6?={0,1}x(0,2, G=6YUu6?®.

Definition 1 (Middle line unfolding operator). For every measurable function ¢ on ®,, one defines the measurable
function 7.%(¢) in Q x ® by

!
TOH)E . Y1,Y2) = ¢ <25 [5—6] + (Y€, + Yzez)> forae. (Z,Y1,Y2) € Qx ©.

This operator is a more specific example of unfolding operators, defined on lattice domains, which have been widely
investigated in Falconi et al. [17]. From Proposition 4.2 in Falconi et al. [17], we recall that such operator satisfies

178 ()12 oxes) < C\/£||¢||L2(@£), Vp € L*(,).

Below, we recall and complete the main results obtained in Falconi et al. [17] in the context of this lattice structure.

Lemma 4 (Lemma 5.3 in Falconi et al. [17]). Let { ¢, }. be a sequence in H*(®,), satisfying

lbelzzw,y + & (101 bz, + 19bellau ) <

o

There exist a subsequence of {e}, still denoted {€} and (2; e L3 (Q; H;e,((ﬁ)), such that

7.8(¢e) = b weakly in LX(Q; H(®)).

Lemma 5 (Lemma 5.7 in Falconi et al. [17]). Let { ¢, }. be a sequence in H*(®,), satisfying (a € {1,2})

C

7

”d)E”LZ((ﬁE) + ”dlld)é ”LZ(@(:)) + 6”63—06(1)6”[‘2(@?*“)) <
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There exist a subsequence of {£}, still denoted {€}, ¢ € L*(Q, 9,; Hp, (6C~9)) and b e LX(Q; H,,(®)), such that

T8 (e) — ¢ weakly in L*(Q: H(®)),
T.8(0upe) = 0 + v, b weakly in LA(Q x B@).

We recall that
L*(Q, 043 Hper (B57)) = {¢ € LX(Qx 6P ) | 0y € LX(QXx 6 ) and ¢ € L*(Q; Hp, (G5™)) } )

Lemma 6 (Corollary 5.8 in Falconi et al. [17]). Let {¢. }. be a sequence in H(®,), satisfying

C
lPellme,) < —.

NG
There exist a subsequence of {€}, still denoted {¢}, and ¢ € H-(Q), and ¢ € L*(Q; Hp,,(®)), such that (« € {1,2})

T8 (¢e) — ¢ strongly in L*(Q; H{(®)),
T8 (0upe) = 0up + Oy, weakly in LA(Q x B@).

Theorem 2 (Theorem 6.3 in Falconi et al. [17]). Let {¢, }, be a sequence in H*(®,), satisfying

2N, 2N,-1 2 2N,—1 2N, 2
3 - ald’f(pes qE + 6) - ald’f(pes qe) . 3 02¢6(p£ + £, qe) - 02¢e(p5’ qg) C
2
19, + 3y € ) £33 ) <€
p=0 g= p=0 g=

There exist a subsequence of {€}, still denoted {e}, and functions ¢ € H*(Q) and $ € LZ(Q;Hﬁer((ﬁ)), such that (a €

{1,2})
T2(¢pe) > ¢ strongly in LP(Q; H(®)),

T.%(0upe) = 0 strongly in L2(Q; H(G@)),
,rE(Sj (aaa¢e) - aéa(p + a?; Y ($ weakly in LZ(Q X (Sj(ll)).

Below, we recall the definition of the periodic unfolding operator for functions defined a.e. in Q (for its properties, see
Cioranescu et al. [4]).

Definition 2. For every measurable function ¢ in Q, one defines the measurable function 7.(¢) in Q X Y, Y =
(0,2), by
/
T.Z,Y1,Y)=¢ <2£ [;—] + e(Yre1 + Y2e2)> forae. (Z.Y1,Y,) €eQx Y.
E
Note that if ¢ € H'(Q2), then
Te(P)axs = T (Prs,)- (56)

7.3 | Limit displacement fields via the middle line unfolding operator.
We first define the limit boundary condition

I'={0} x(,)u(0,l)x {0}.
Then, we set the limit spaces

H.(Q={¢pH(Q) | ¢=0aec.on I},

57
HA(Q= {¢p€HQ) | $=0 and Vp =0a.e.on I'}, (57)
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and
L, (0,1)= {$p € L(O,L) | ¢ =0 ae.in (0,)},

Hé‘o’l)(O,L)i {p € H'O,L) | $=0 ae.in (0,)}, k€ {1,2},
LX(Qx%{0,1},0,) = {¢p € L*(Q% {0,1}) | d,¢p € LX(Q X {0,1})}, (58)
L*(Qx {0,1},01) = {¢p € L2 Q% {0,1},0)) | p =0a.e.on {0} x(0,])},
L*(Qx {0,1},0,) = {¢ € L*(Q % {0,1},0,) | ¢ =0 a.e.on (0,])x {0}}.
We are ready to give the asymptotic behavior of our unfolded sequences.

Lemma 7. There exist a subsequence of {¢e}, still denoted {e}, and functions:

. Us € HX(Q), Uy € L(Q; H,(®)) such that

A (Ue3) — Us strongly in L*(Q; H*(®)),

© (04U, 3) = 9,Us strongly in L*(Q; H'(G@)), (59)

M=M= M|
™

o

© (02.Ue3) = 92, Us + 012,aya®3 weakly in L*(Q x @),

. faaey(g;H; (®)) such that

er,0

@

R.1) — 0,Us strongly in L*(Q; H(®)),

o

0uRe1) = 0,2Us + 0y, Ry weakly in LA(Q; H'(G®)),
(60)

@

R.2) = —0\Us strongly in L*(Q; H'(®)),

™

@

o
@
— — — —

0uRe2) = —0aUs + dy, R, weaklyin LA(Q; H'(G@)).

M=o = m[=m =
m

Moreover, we have
5y1@3 = —ﬁz ae. in QX 65(1), ay2®3 = 7/%1 ae. in QX 6(2). (61)

+ Uy € H2 | ((0,L),.,), Us € L2((0, 1); HZ, (0, 2)y, ) (Ua(z3-a, ) = 0 a.e. in (0,1) X (0, 2)) such that

ng (Us,a) — U, stronglyin LZ(Q;HZ(@G—«X)))’
7.9 (03-4Ueq) = 03-aU, strongly in L*(Q; H'(6®™9)), 62)

7 (az U ) - 0§_,,3_B,Ua + 05 @a weakly in L*(Q x 3~9),

3—a3—a T EX Y; . Ys

M [ =0 [=m =

and

|

® Rg;) = 0,U, strongly in LA(Q; H\(GDV)),

L)

. (517{2{;) - 511Uz+012,1Y1®2 weakly in L*(Q; H'(6W)),
( (63)

7 Rf;) — —0,U, stronglyin L*(Q; H'(6®)),

O S Y Y
™

0 <‘32R(j;> - =0l - Of,zyzfl\h; weakly in L*(Q; H'(®?)).

.« UP € L2(Q: H2,,((0,2)y, ), such that

6—1275@" (U(ﬁz)) —~ UP weakly in L*(Q; H* (G5 ) 0 L2(Q; H\(®)). (64)
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WILEY
¢ U € [2(Q, 00 Hiy(®)), Ty € L(Q; HL, (®)) such that
16 (1™ ® T2 1
=T (Uw> = U, weaklyin L*(Q;H (®)),
‘ (65)

Proof.

Step 1.

Step 2.

~(S
78 (awfi) ~ 9,U + 0y Uy weakly in LA(Qx 6@).
&

We prove convergences (59) and (60).
By construction, we have that (0, U3, 0,U.3) = (—R.2, Rc1). So, by estimates (54) and (37), we have

[Ue3llr2) < Ce.

In the proof of Falconi et al. [17, Theorem 6.3], we showed that
img,g ~ U, weakly in HX(Q).
Thus, U; € HZ(Q). Moreover, we have ((i, j) € {1,2}?)
LT @3 Uz ~ 92U+ 3%, U weakly in 1@ x ),

where ﬁ3 € LX(Q; Ze,(y)) Then, convergences (59) follow from those above with U; = U; due to equal-
ity (56) and Theorem 2, while convergence (60) is an easy consequence of Lemma 6, since at the limit, we have
(01U3, 0,U3z) = (=R,, R1). Note that we have U3 U3|QX®, and from the equalities (36), we get (61).

We prove the convergences (62)-(64).

Convergences (62)—(64) are the consequences of the estimates (54) with IUEZB) e LXQ, Hll,e,((ﬁ)) N
L3(Q, le,e,((ﬁ(3‘“)). Due to (45);, U; and U, vanish on (0, I).

From (54), and Lemma 5, we first have (R(;) € L*(Q, 013 Hp,,(6?)) and 7/%(31) € L*(Q; Hp,,(®)))

17;‘5 (RQ;) — R stronglyin L*(Q; H(®)),
- ,

R (66)
179 (0RY) = aRY +0yRY weakly in 1@ HA(G™D).
P ,

Besides, we have 0, U.»(-, qe) + aﬂU(B)( qe) = RrY 3( ge) a.e. in (0,L) X {2n,, ... ,2N.} and almg(-,qg) =
R(lg( ge)a.e.in (0, L) X {0, . —1}. Then, transforming by 7,® and, passing to the limit (from estimates
54 and Lemmas 4 and 5), lead to aﬂUz + 0leU(B) R(D a.e. in Q x W, Since 9, U, and R( ) does not depend

on Y; and U belongs to L? (Q; H2, (61)), this gives

0Uxz) = R{V(Z.b) forae.(z,b)€ Qx{0,1} and oy, U =0 a.e.in Qx GV,

As a consequence, the function U(ZB) does not depend on Y;. Then, due to the convergences (62);, (66),,
and (64), at the limit, we obtain

2 0 B) _ 32 @D
0%y Uy + 0%, UP =02, U, =0, R,

since afIIUZ = ale”. This gives (63),. Similarly, we show that 9,U; = _Rgz) and convergence (63);—(63),.
Convergence (65) is a consequence of the estimates (54), Lemma 5, and Remark 2.
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The function U® belongs to L3(Q; H,,.(®)), it is affine with respect to Y3, in Q x ®©3-9 and is independent of Y, in
Q x 8@, so we will consider it as a function, belonging to L? (Q x {0, 1}, d,). Since U, (0, ke) = 0 (resp. U, (ke, 0) = 0)
forevery k € {0, ... ,2n.}, so the function U(ls) (resp. U(ZS)) vanishes on {0} x (0, ) (resp. (0,1) x {0}). Hence, Ufls) belongs
to L2 (Q x {0,1}, d,).

7.4 | Limit of the strain tensor fields via global unfolding operator

Since this operator takes functions that live in the three-dimensional textile structure, it is the one with which we will go
to the limit in problem (26) and, therefore, the one that gives the limit of the strain tensors.
We define the reference cell in the respective direction by setting

CylV =Y x 0, = (0,2) x {0,1} X (—k, k),
Cyl? =% x w, = {0,1} X (0,2) X (—k, k).

Definition 3 (Global unfolding operator). For every measurable function ® on (3(51) X w, and ¥ on (S)S) X Wy, ONe
defines the measurable functions 1 (@) on Q x CyI® and I (¥) on Q x Cyl?, respectively, by

z

NY@) (7, Y1,b, Y, Y3) = @ <2£ [2 ] +eYie; +ebe, + e(Yaer + Y3e3)> fora.e. (Z,Y1,b,Ys, Y3) € Qx CylV,
E

z

N2W) (7, a,Ys, Y1, Y3) =¥ <2e [2 ] +eae; +eYs + +e(Yre; + Y3e3)> fora.e. (Z,a,Y, Y1,Y3) € Qx Cyl®.
E

We have the following.

Lemma 8. Forevery ¢ € L'(6" X w,) and y € LY(6® X w,), one has

2N,-1
&
> / (1. ge. 2, y3)dzdyadys = / / MY(4)(&', Y1, b, Yo, Ya)dz/dY | < / |21, L, v, y3)ldzadyadys,
=0 (0 Lyxw, Q Ccyw O.L)xo,
2N.-1
£
z / w(pe, 22, Y1, ¥3)dz2dy1dys —E/ / MPW)(Z,a,Ys, Y1, Y3)dZ dY| < / lw (L, 22, y1, y3)|dzady:1dys.
P=0" 6 Dyxw, Q Cyl@ 0.Lyxo,

As a direct consequence, we get
2
(@) c 2
DO @ llaxcyey < —=lldllxs,y. Vb € LASe). (67)
a=1 \/g

As one can expect, the global unfolding H(E”) and the middle line unfolding operator 7.® for every measurable function ¢
defined on ®,, the middle line unfolding operator 7,® and the global unfolding operators Hé“) are related in the following
way:

/

Hf,;l)(tl))(z’, Y1,b,0,0) = ¢ <2£ [;—] +eYie, + sbe2> =T (), Y1, b), fora.e. (Z,Y1,b) € Q x 6V,
€

(68)
!

N%(¢)Z,a,Y,,0,0) = ¢ (25 [;—] + eae; + £Y2e2> =T (P),a,Y,), fora.e. (Z,a,Y,) € Qx 62,
€

Hence, unfolding functions restricted to the beams' middle lines via Hi") is equivalent to unfolding them via 7,® and
therefore we can use the convergence results of the previous subsection to express the strain tensor convergences of the
whole structure.

85U8017 SUOWWOD BAIe.D 3(gedldde ay) Aq peusenob ek sejoie YO ‘8sn JO S9N 10} AIq1T BUIUO A8]IAA UO (SUOIPUCD-PUE-SWLS}W00 A8 |1 Afe.d 18Ul Uoy/:Sdny) SUONIPUOD pue SWwie 1 8y} 88S *[£202/0T/92] U0 AkeiqiTauljuo A3[IM ‘91SBAIUN 8UUCTI0S AQ 066 WW/Z00T OT/I0p/L0o" A3 1M Alelq 1 puljuo//Sdiy Wwolj pepeoiumod ‘9T ‘€202 ‘9/yT660T



ORLIK ET AL. Wl LEY 17107
Lemma 9. The following convergences hold:
012U3 Oy, R
1no (51739)) ~ | —onUs |+| ov. Ry | weaklyin L2(@ x Cyi®y3,
€ ~
011U, 22,0,
o (69)
()22U3 ayle
1ne (am?) — | —002Us | +] v, R, weakly in L*(Q x Cyl®)?,
£ ~
—022U1 _a%}ZYzwl
and (a = {1,2})
~(S
glzngw (00%) = 0, U + oy, Uy weakly in LX(Q x Cyl®). (70)

Proof. First, for every function ¢ € Lz((ﬁi") ), we have the following change of convergence rate:

ITE ()| 2@xcyren) < CVEllBllage-

Hence, convergence (69) follows from the above inequality, equality (68), and the convergences in Lemma 7.
Convergence (70) is proven by the same meanings of (69), together with equality (11). O

7.5 | Form of the limit strain tensors for the warping

Define the space (a € {1,2})
W@ = { w® e HY(Cyl®)? | 2 periodic with respect to Y, } . (71)

In the lemma below, we show the warping convergences. The proof is done in the same way as in Lemma 7.7 of Griso
et al. [25].

Lemma 10. There exist a subsequence of {¢}, still denoted {€}, and u"" € L2(Q; W®), u? € L2(Q; W®) such that
—n“’)( @y < 7@ weaklyin LA(Q; HY(Cyl®@))3.

In the same fashion as in Subsection 7.3 of Griso et al. [25], we go to the limit with the strain tensor for the warping (17)
and from the above convergence and the convergence results for the mobile reference frames in Appendix A.2, we get that

—H(") (8@)) — @) weakly in LX(Q x Cyl@)>,

where for every ¥ € HY(CylV)3 and every ¥® € H(Cyl®)3, we have

ooy, ¥ 10 x .

£D W) = %(,,m PO e, 4 gy PO t<1>> oy, ¥ - e, . (72)

1 1
3 <'1(”6Y . x4 dy, wd) . t(l)) 3 (ayzlp(l) .n® 4 dy, p) . ez) OYS‘P(D .n®

and
ay PR . € * *
8@)(\}1(2)) %( Y@ . t@ 4 —ayz‘I‘(Z) e1> Wa Yy . t@ * ) (73)
% (0y, @ . n® 4 0y PO . ¢)) % <'l(2> 0y, ¥® . n® + gy WO . t<2>> dy, ¥ . n®
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7.6 | Form of the limit strain tensors

We denote @ (O its derivative) the following function belonging to W;;‘,” 0,1):

£ if t € [0, k], t if t € [0, ),
@) = % K2 ifte[x,1-x], 0 =<0 ifte(x,1-x),
t-1>* ifte[l-«x, 1], t—1 ifte-«x,1],

Below, we define the notation that will characterize the strain tensors in the limit.

Notation 1. We define two maps, F® and F?, from R into R* x G® by

Xoe, — @X2e3 + (X1e1 — Xze, + Xze3) A (dD(l)eg + Ye, + Y3l‘l(l)) if b=0,

X = (Xo, Xo0, X1, X2, X3) > FU(X) = .
(o, Xoo, X1, X2, X3) 50 Xpoe1 — OXe; + (X1e1 — Xre; + Xze3) A ((D(1)83 + Yse, + Y3n(1)) ifb=1,

and

Xpe; — (:)X1e3 + (Xi1e1 — Xoe, — Xze3) A (<I>(2)e3 +Yie + Y3n(2)) ifa=0,

X = (Xo, Xo00, X1, X2, X3) = FOP(X) = .
(%o, Xoo. X1, X2, X) % ( ) Xopo€s — ®X1e3 + (X1e1 —Xe;, — Xze3) A (<I>(2)e3 + Yie; + Y3n(2)) ifa=1.

Accordingly, we set

1 a@(x).e; —O(X).t®
EVX) = 2,;<1>%(1)(X).e2 0 x|, ED(X) = 2?7(2)% X)- e 71(2’% X) -t | 74)
1
ﬁ%(l)(x) .n® 00 0 e %(2)(){) .n® o

Before going to the limit, we must prove that the unfolded strain tensor is bounded. From the change of convergence
rate (67) and (53), we have

1 ~ 1
=1 (€u,)) < ——|luclls, < C.
&

excyley €92

We first consider the direction e;. Due to the representation of the strain tensors (16) and (17), the convergences in
Lemmas 9 and 10 together with the limit mobile reference frame given in Appendix A.2, we obtain that

izni” (Buo)) = EVOUD) + P @Y)  weaklyin L2(Q; H(CylV)>3, (75)
&

where the first quantity is given by (74) with sUV = (alU(IS)(', 0), U(ls)(~, 1), 012Us, 011 U3, 011U2> and, where the second
quantity is given by (72) and is the symmetric gradient of the displacement 2V defined by

~(S) ~ ~ ~ ~ _
ﬁ(l) =0U; e + U(ZB)CZ + (U5 + @0%1U3)e3 + <R1e1 + R,e; + ()YIU283> A (CD(De3 + Y3n(l) + Y2e2) + M(l). (76)

We have oV € L2(Q; WD),
Concerning direction e,, the same argumentation applies and the limit strain tensor becomes

L0 (Bu,) — QU +2@P)  weaklyin  LX(Q: H (Cyl?)™, (77)
2
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where again the first quantity is given by (74) with oU® = (azU;S)(-, 0), 62U(25)(-, 1), 0,,U3, 01,U3, 022U1> and where the

second quantity is given by (73) and is the symmetric gradient of the displacement 21?, defined by
~(S) ~ ~ ~ ~ —
12 =UPe, + T, e, + (Us + @2, Us)e; + <R1e1 +Rae; — 3Y2U1e3> A (@Pes +Y3n® + Yie) +u”. (78)

We have 0¥ € L?(Q; W®),
In the expressions of 21) and 21?, given above, the terms @97, U; and @92, U; do not come from the asymptotic behavior
of the strain tensors. The role of these terms will appear to simplify the non-penetration limit condition (see Lemma 12).

7.7 | Unfold of the contact conditions via contact unfolding operator

The main purpose of this unfolding operator is to unfold functions on the two-dimensional contact areas C,, defined
in (20), in order to find out the unfolded limit contact conditions.
We define the limit reference contact domains by

Cap = ((a,b) + ) NQ, for (a,b) € {0,1}%

Definition 4 (Contact unfolding operator). For every measurable function ¢ in C,,, we define the measurable
functions T (¢) in Q X a, by (@, b) € {0,1}2)*:

!
Tfab((ﬁ)(z/, Yi,.Y))=¢ <2£ |:§_£:| + e (aep + bez) + e(Yre1 + Y2e2)> for a.e. (Z/, Y1.Y) € QX w,.

Note that for every ¢ belonging to LA(®D) (resp. y € L2(G?)), T (¢) (resp. T (y) ) is given by

z
2¢e

TS ()7, Y1, 0) = <2e

+ £ (ae; + bey) + eY1e1> forae. (Z,Y)) € QX (—k,x),

/

(resp. Tf“"(u/)(z’, 0,Y,)=¢ (25 [;—6] + £ (ae, + bey) + eY2e2> fora.e. (Z,Y,) € QX (—k,«)).

Let ¢ be in L2(®§1)). The operator Tf “ is related to the previous operator 7.° via the equalities

I ()7 Y0, 0) = T78(@)(Z, Y1,b) fora.e. (Z,Y1,b) € @ x (0,x) x {0,1},
‘ o TO(p)Z —2¢€1,2+Y1,b) forae. (Z,Y1,b) € (N (Q+ 2ee1)) X (=, 0) x {0,1}, )
T‘Slb(d))(Z’? Yl’ O) = T;®(¢)(Z’7 1 + Y17 b) fOr a.e. (Z,7 Yla b) S Q X (_K’ K) X {07 1}
One can easily give similar equalities if ¢» belongs to Lz((ﬁg)) or y in L2(S,). We have
||T§“b((P)||L2(waK) < C\/EH(PHLZ(&&), Vo € LX(6,),
(80)

C, c
ITE Wl < (1o, + NVl )+ Vor € HI(SL),
£

Recall the form of the displacements in the contact areas (29).
We start with the in-plane components. Note that due to the contact conditions (23), we have the following bound for
the difference between the displacements in the contact areas:

> lluly —ulilih,e < Cet
o g RLA(Cpg)
,qe 3

LObserve that we obtain four operators, since (a, b) € {0,1}>.
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Hence, the unfolded sequence is bounded, and we can go to the limit in the in-plane components.

Lemma 11. The in-plane limit contact conditions are ((a,b) € {0,1}?)

P b) - UPC o)l +«10,Us + 01U, < g1 ace inQ,

® B) . (81)
US"C,a) = U, ¢ b) + x[0Ur + 01Uz < g ae inQ.

Proof. We prove only the first inequality in (81), since the second one follows the same lines. We split the proof into
two steps.

Step 1. A preliminary convergence.
For a.e. (Z,Y>) in Q X (—«k, k), we define the function ((a, b) € {0,1}?)

U.1(@, Yo, a,b) = T (U,) (z,0,0) — Te (Ue) (z.,0,Y2),

which does not depend on z; by definition of U, ;. It belongs to L*(Q; H'(—x, k)), and the following relation
holds:

dy,Ue1 = —TE*(0,U, ).

From the Poincaré inequality, the first inequality in (80) and estimates (54), we have

.o 2
1Uea 2@ —xmy < Ce™.

This, together with the third convergence in (62) and (79), implies that there exist a function U; €
L*(Q; H'(—x, x)) such that

%Ue,l — U, weaklyin L*(Q;H'(—«, «)),
E
1

;aYZIUE,l — 0y,U, = -0,U; weaklyin L*(Q X (=, &)).

As a consequence, we get a.e. in Q X (—k, «) the equality U,(Z/, Y3, a, b) = —Y,0,U;(z2).

Step 2. We prove the first statement of the lemma.
By the form of the displacement in the contact areas (29) and the final decomposition (50), we need to go to
the limit for the following expressions (p,q) € {0, ... ,2N.} X {2n,, ... ,2N.}):

1
=7 Car (U(S)(pe +y1,q8) — US)(pe, ge + y2) — 2R (pe + y1.,qe) + U} - U2+ Uea(ge) — Uea(ge + yz)) :
(82)
and (p,q) € {0, ... ,2N.} x {0, ... ,2n.}),
1
ST (US e + 31.48) — U pe. ge + 32) = 2R (pe + y1.qe) + B0 — i3 ). (83)
Concerning the warping terms, from estimate (55) and the second inequality in (80), we obtain
c 2 1 2
Te o (ﬂi,; ui )) ” i ) __( )”LZ(Gi(a)Xw) < C£
L2(QXw, )
Hence, applying the contact unfolding operator to the in-plane warping quantity leads to
%Tgc ab (ﬁg‘l - 71(52;) — 0 strongly in L*(Q X w,). (84)
€
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Using convergences (63), (64), (65), (84), and the ones in Step 1, we get

1
278 ((US)pe + 1. 90) - UB b, e + 32 = 72RE e +1.00) ) + (T - 77 ) ) + SUeaC. Yiua.)
: ,

- U®¢b) - UP(,a) - 20U, - Y20,U;  weakly in LA(Q3 U Qq) X (=K, k)%,

and
1 —
ST (U8 0e +31.90) — U pe. e + o) = 92R 3 pe + y1.q0) ) + () - 3 ))

= U®Cb)-UPB(,a) - Y20,U,  weakly in L2((Q; U Q) X (—k, k))%.
1 1
So, for a.e (7', Y2) € Q X (—k, k), we get

IUPE,b) - UP(Z, a) - Y2(0,U1z2) + i Ua@))| < 21(@).
The statement follows easily. O

Now, we look at the outer-plane component. From equalities (29), estimates (30), (32) (a consequence of the
non-penetration condition), (34), (35), and (53) lead to the following estimate in the contact areas (see also Griso et al.

[25]):
1 2
2 ” ( ) ( )”LZ(C < C66.
(P.@EK,
We are ready to go to the limit in the outer-plane component.

Lemma 12. The outer-plane limit contact conditions are ((a,b) € {0,1}?)

0< (=1 (& C,a+ Y1, b, V2 (<DHH0) = 27, a,b + Yo, Y1, (<1™06) ) ae.in QX o (85)

Proof. We split the proof into two steps.

Step 1. Preliminary convergences.
For a.e. (Z, Y1) in Q X (—«k, k), we consider the function ((a, b) € {0,1}?)

U@, Y1,a,b) = T (U, ) (2 Y2,0) = T (U ) (2,0,0) — €Y1 Te# (81 Ue 3) (2,0,0) .
This function belongs to L%(Q; H?(~k, x)), and we have
0%y, U = ETE (04 Uz ).
From the Poincaré inequality, the first inequality in (80) and estimates (54), we obtain
||U2;||L2(Q;H2(—x,x)) < Ce’.

This, together with the third convergence in (59) and equalities (79), imply that there exists a function U(;) S
L*(Q; H%*(—x, k)) such that

1
£3

1
3

—10) — U weaklyin LX(Q; H(~«, ),

02, U0y — 02, U0} = 0uUs + 0%, Us(.a+Y:,b) weaklyin L¥(Qx (. )).
As a consequence, we get a.e. in Q X @,

U9, Y1, a,b) = %YfanUg(z’) +Us@,a+ Y1,b) - Us(Z, a,b) - Y10y, Us(', a, b).
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Now, for a.e. (Z, Y1) in Q X (—k, k), we consider the function ((a, b) € {0,1}?)
RO (@, Y1.a,b) = TE(Re 1)@ Y1.0) = T (R, 1), 0,0).

This function belongs to L*(Q; H'(—x, x)). Proceeding as in the proof of Lemma 11, we show that there exists
a function 7"{(11) € L3(Q; H'(—k, ), such that

1

—27'23{ —~ R weaklyin L*(Q;H'(~x,«)),
o2 e

where
7"3(11)(2', Y1.a,b) = Y10,Us (@) + Ri(Z, a + Y1,b) — R1(Z,a,b) for a.e.(z, Y1)inQ X (—x, k).
Regarding the direction e,, we set for a.e. (z’, Y2) in Q X (—«, x) the functions

U@, Yaua,b) = TE (U, 3) (2,0, Ys) = TE* (U, 3) (2,0,0) — Y2 TE(0,U, 3) (2,0,0)

RE(Z. Yz,a,b) = TE* (R 2)(Z. 0, Y2) = T (R, 1)@ 0. 0).

‘We have
%Uf; ~ 0¥ weaklyin L2(Q; HX(—, ),
P
lzi‘zfg —~ RY weaklyin L*(Q;H'(=x,«)),
2t

where

012, Yz, a,b) = %Yzzazng(z’) + 05, a.b + ) - U3z . b) — Y20y, 052’ a. b),
RO, Ys,a,b) = —Y201,Us@) + Ro(Z, a, b+ Ya) — Ra(2, a, b) for ae. (2, Y2)inQ X (—k, ).
Step 2. We prove the statement.

We transform the difference u
first step that gives

@ 2
£,3 - u£,3’

using Tf “ and taking into account the functions introduced in the

1 1 /o .. .. .. . . .
—3Tf ab (ug - ufi) == <Ug — Ug + &Y Rf; + 5Y2R(51i + Tf"b (ug — uf;)) — A weakly in LX(Q X w,),
E > 9 8 b b il E3 9 »

where
AZ Y1, Y, a,b) = %Yfauwz) + 03¢ a + Y1.b) - 032 a.b) - Y10y, 037 a.b)
1 A~ A ~
~ (3¥30205@) + 03@. a.b+ o) - 0@ a.b) — Yooy, U2, a. ) )
+Y7 (-¥200Us@) + Ra(@, a,b + Yo) - Ro(@ b))

+Y, <Y1012[[J3(z’) + R a+Y.,b) - Ry(Z.a, b))

+ Egl) (ZI3 a+ Yl» b» YZ» (_1)a+b+1K) - EEZ) (ZI, a, b + YZ» Yl» (_1)a+b’() .
Taking into account the expressions of iV and %i®, given by (76)-(78), and the equalities (see 61)
oy, Us@,a,b) = -Ry(@.a,b),  0y,0s(z,a,b) = Ri(Z,a,b),

the outer-plane contact condition (85) is proved. O
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7.8 | The displacements limit set

Now, since all the fields involved in the limit strain tensor, limit displacement, and limit contact conditions have been
found, we, finally, can define the limit set of admissible displacements.
We set (see 57,58, and 71)

o« Xy = H(ZO,Z) ((0,L),) x H(zo,z) ((0,L),, ) x HZ() the space of macroscopic functions;

¢ Xs=L*Qx{0,1},0;) x LX(Q x {0, 1}, 9,) the space of the relative macroscopic stretching functions;
o Xp=L%Q x {0,1})? the space of the relative macroscopic bending functions;
o X =L2(Q; WD) x L2(Q; W) the space of all the microscopic functions.

In particular, the functions belonging to their respective spaces are defined by
VEWL V) EXy, VO (VO VP exs,  v®= (VP VP)ex, 9= ((0.5%) e, (36)
Including the limit contact conditions (81) and (85), the limit set of admissible displacements is defined by

2= {(V.VO,V®,5) € Xy x Xs x Xy X X | [VO(,0) = VP (@)l +x10:V1 + V2 | <1 ae.in ©,
VIC,a) = VP b)| + k[0, V1 + 01V, < g, ae.in Q,

0 < (=1 (¥7¢.a+ Y15, V2, (C1*46) =30, 0,0+ V2, Vi, (-1)K) ) ae.in @ x oy, (@b) € {0.1)3}.
Note that X is a closed convex subset of the Hilbert space Xy X Xs X X X X, endowed with the product norm. We set

v\ = (01V(18)(', 0),0,V¥(,1), 012V, 011 Vs, 011V2> , ov? = (azv(zs)(', 0), 0V (,1), 02V, 012V, a22Vl> . (87

8 | STRONG CONVERGENCE OF THE TEST FUNCTIONS VIA UNFOLDING

We construct the test functions in order to to be sufficiently regular to be dense in the set of displacements. Moreover,
they must ensure strong convergence via unfolding, have the same strain tensor as in the limit, and match the contact
condition before and after the limit.

8.1 | Construction of the test functions

Consider the spaces
Cu=C3 Q)P N Xy, Cs=C2Q%{0,1})?NXs, Cp=CAQX{0,1})>N Xp, Cp=CLQ WD) x CLQ; W?P).

Accordingly to (86), we take (V, V®, V® ) € Cy x Cs X Cp X Cp.
First, the function V(&D is defined by

VP (z1,qe) = Vi(ge) ey + Va(z1) e, + Vi(zi, ge) es,

then Visl) and V®
s £,2

a0 =P (a2[3]e2{3}). VRaeo =P (a2[f]e2{3}).
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and ﬁﬁ“

DS (pe,Z[g] e,Z{Z—l},Z{g},EE) if z; € [pe —r,pe +7l,
2 2€e 2 £ €

linear interpolated with respect toz; if z; € [pe +71,(p + 1)e —r].

1)\‘(El)(zls qev sty3)i (y29y3) (S @y

Now, we define the different test functions on the reference beams of direction e,.
The function Vf) is defined by
VP (pe, 22) = Vi(z2) €1 + Va(pe) e, + Vi(pe, z2) €3,

(S) (B)
then Vg,z and V5,1

vipe =V (2[5 e

NS

e e ([2]ena(2)).

and /13(52)

@ (2 [I_)] g,q£,2{l—)}’2{z_2},ﬂﬁ) if z € [qe —r,qe +71],
/‘3(52)(P5’ZZ,Y1’)’3)ﬁ 2 2 2¢e £ € 2

linear interpolated with respect toz, if z, € [qe +1,(q + 1)e — 1],

(¥1,¥3) € wr.

We compose the test displacements v, in the directions e; and e, by
W = V@ 4D, (88)
where the Bernoulli-Navier displacements are given by

gzvg (z1,9¢) €0,V 3(21, q€)
Vi@, ge, 2, 73) = eV (@1, qe) + | 2VB g, ge) | +] €N Ves(@r. o)
0 £01V.2(21) + €201V (21, ge)

(o0 (22 st i (2 2)))

and
52V231)(P€, 22) €0,V 3(pe, 22)
VO Pe 22, 1,73 = eV (pe,22) + | 2V (pe, 2o [+ [ €01 Vealpe.22) )
0 —£0,V,1(22) — €20,V (pe. 22)

A <e(—1)p¢> (2{5—2}) e; + yie; + y3(—1)Pn (2{5—2})) .

8.2 | The limit strain tensors for the test functions

The limit of the unfolded strain tensor is an immediate consequence of (16) and (17), the unfolding operator properties
and the regularity of the test functions (see also Lemma 8.1 in Griso et al. [25]). We obtain

1@ (8 (7)) > €9 (V) + £ () strongly in 13@x CyI®)>%, (89)
&

where €1 and €@ are, respectively, given by (74) with the fields aV(?, 9V given by (87).
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8.3 | The initial contact conditions for the test functions

First, by construction of the test displacements, the boundary conditions are satisfied.
Now, we check the in-plane contact conditions (23). We set

2
. S 2y (B
N= Z <||VV51 lzs@xony + 1V2VP || Le@xo)) + ||/15(a)||L°°(Q><Cylw)> .

a=1

Below, we replace the components v(l) and v(z) of the test displacement by A} S,i and A¥v (2) - in order to satisfy the contact
conditions (23). We will choose A} =1 — C*¢, where C* is a nonnegative constant that w111 be assigned later.
We start with the first component. We take the difference between the displacements and get (remind that ¥ < 1)

! 2
vi’i(yl + pe.ge, o, (1) ke) - v;i(pe, ge + 2. y1. (-1)**’xe)

= £ (Vi(@e) = Vi(@e + y2) + 3201 Va(pe + 1) + € (VE\(pe + y1.q) = V5 (pe. Ge + 32 + 3201V (pe + 1. qe))

+ & (100 + pe. ge, v, (<1 ko) = 32 (pe, ge + 12, 1, (<1 ke) ).
Besides, we have for a.e. (y1,y,) € w,
[V1(ge) — Vi(ge + y2) + %20:V1(ge + »)| < k°€21105, V1|

and

(V1P + 71000 = Ve ge + 2+ 320V P+ 51.90)) = (V1P + 1.6 + ) = VR pe + 3106 + 52 )
< xe (IVV Pl + ||V2V§B)||mx{o,l}>)
} {p£+y1}’2’(_1)a+b+1’()
&

2¢e

1
2
() 2

1
< C||021)\(1 )||Lw(sz><Cyl(1>),

1
< C||02"3(1 )||L°°(Q><Cyl(1))'

D01 + pe. ge, v, (1) P ice) — (ps +y1.q€ + 2,2 {
p
2

2 2
i)ii(pe, e+ y2. y1, (=1)**xe) _6(1 : (pf + y1,9€ + y2,2 {

Regarding the in-plane contact in original, we have a.e. in Cp, that

(20 @1 e 32, (140 = v e 22,31, (C1K) ) —E(VE@.0) = VP 0) = 2 (0:V1@) + 0 Va@)| < CEN,

where C°® does not depend on €. So a.e. in Cpq ., we have

W =02 < e%g1 + C°N.
Taking into account the property (22) of g,, we take the value C* = C°N/Cs. Hence, the in-plane contact conditions (23)
are satisfied, since

|4 = 2002 < 205 + AIC°EN < €281 — C'e’gy + C°6'N < £%g) — £3(C*C3 — C°N) = gy,

This proves that the contact conditions are satisfied for the first component. We do the same in the direction e;.

By construction of the test displacement in the direction es, the non-penetration conditions (24) are satisfied (see also
Griso et al. [25]).

The clamping conditions are also satisfied.

85U8017 SUOWWOD BAIe.D 3(gedldde ay) Aq peusenob ek sejoie YO ‘8sn JO S9N 10} AIq1T BUIUO A8]IAA UO (SUOIPUCD-PUE-SWLS}W00 A8 |1 Afe.d 18Ul Uoy/:Sdny) SUONIPUOD pue SWwie 1 8y} 88S *[£202/0T/92] U0 AkeiqiTauljuo A3[IM ‘91SBAIUN 8UUCTI0S AQ 066 WW/Z00T OT/I0p/L0o" A3 1M Alelq 1 puljuo//Sdiy Wwolj pepeoiumod ‘9T ‘€202 ‘9/yT660T



17116 Wl LEY ORLIK ET AL.
9 | STUDY OF THE LIMIT PROBLEM

In this section, we employ all the results developed in the previous ones to go to the limit for problem (26). We will then
proceed to its investigation and draw conclusions.

9.1 | The unfolded limit problem
We start with the technical lemma below.

Lemma 13. Let X = (Xo, Xo0, X1, X3, X3) be in R® and %@ € W@ satisfying
EDX) + EY (V@) = 0. (90)

Then, X = 0 and V' are periodic rigid displacements.
Moreover, there exist two strictly positive constants Cy, C; such that for every X € R* and every 9@ € W@,

(@) a () (a)
Co (IXE + 1€ (1) 2. ey ) < NEDEO +EL (59) 12, 0y < C1 (IXE +1EL (09) Beyer) - OD

Proof. We prove the lemma for a« = 1.
The solution of the Equation (90) is given by

P =AD + BY A (@Ve; + Yae, + Y3nP), AP, BY € HY(GD),

with first (see 72-74) dy, BV = X;e; — X;e, + X;es. Since BY is periodic, this gives X; = X, = X3 = 0 and BY(Y1,b) =
BY(b) for a.e. (Y1, b) € 8D. Then, we get dy, AV (Y7, 0) = BP(0) Ae; —Xoe; (resp. dy, AV (Y1, 1) = BY(1)Ae; —Xooer),
again since A( is periodic, this gives Xy = Xpo = 0 and BY = bVe,. Hence, D is a rigid periodic displacement

YY1, b, Y2, Y3) = AV(b) + bV (b)e; A (@Ve; + Yae, + Yan), AV (D) € R®, bV (b) € R*.

The inequality in the right-hand side of (91) is obvious. The left-hand side inequality is proven by contradiction. []

We are now ready to show the limit elasticity problem.

Theorem 3. Let u. € X, be a solution of problem (26) and let f, f~ be as in Section 7.1. We assume that there exist
A@ g Lo (Cyl @66 such that

e ( A® ( )) @.Y) - ADY) fora.e.(,Y) € Qx Cyl@. (92)

Then, there exist a subsequence of {€}, still denoted {e}, and functions (U, U(S),U(B),ii) € X, such that a solution

(uél), ufsz)) of problem (26) converges. The unfolded limit problem admits solutions and has the following formulation:

Find(U U®, UP . 0t) € X such that for every(V,V® V® 9) e x,

Z / A (&0 (0U) + £, (29) ) (£0QU® - V@) + £ @@ ~5) ) 5 VdZ'dY

=1 gyl

2

2
<o) YD, / SO, = Vo)de + / £ (U3 - V3)de!
Q

p=1\ a=1

CO(K) / Z N((Jt) U(S) VSIS)> (',C) + E3_a) (UEIB) _ VE);B)) (',C)) dz/ _ Cl(K) / ﬁ (a Ug aaV3)dZ,,

a=1,p=1

(93)
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where 0U® and dV® are defined in (87) and where
2 2
Co(k) = 4k / y(0dt, Ci(x) =4k / O(1)y(H)dt. (94)
0 0

Proof. First, from the weak convergence of the strain tensors (75)-(77), the strong convergence of the test func-
tions (89), convergence (92), and Lemma 8, we get that

2
1 ~
52 [ AR ()8 () n dedv s
a=1
®(a)><o)

95)

/ Afj;l 5“” (oU®) + &) (ﬁ<a>)> (eg) (aV@) +ef (ﬁ‘”))) n®dzdy,

QX Cyl@

where (u(l) (2)) is a solution to problem (26) and ( b (2)> is the test function defined in (88). Note that we have

L
/ / e, (VE,“)>(-,2Ne£, )Pdz.dys_.dys < Ce>.
0 o

"

The constant does not depend on &, it depends on the test function. By the weak convergences (75)-(77), the weak
lower semicontinuity of the convex functionals in problem (26), we have

1 a a a a ~a a a a Sa a
EZ / Al (£ (@) + ) (@) ) (£ (0U©@) + £, (2) ) 0 dZdy

ijkl
o=1 g cyi@
.01 ~
< hrsrL 10nf6—5 Z / Aff;izf”( (a))ekl< (a)) 1 dz,dys—odys < llm 1nf Z / F(“) ) 1 dz,dys_odys.
=1
“ () (ﬁ(a)xa)

Now, determine the limit of the last term in (96). We transform this term, using H(g") and Lemma 8. Due to the

regularity of the applied forces, we easily get their strong convergences, then the strong convergences in Lemma 7,
the mobile frame convergences (see Section A.2), we obtain for « = 1

Z / FV - ul ¢ dzidy,dys
(1)

1
~ Co(x) Z / fOU A + / £ Usdz + / Y (AP0 + PUP0) d2 97)
a=0

2

-Ci(x) ) / :0.Usd2.
a=1

Q

At last, we get the limit of

2
1
=2 / F v 7 dzudys_odys,

6 %o,
by replacing in (97) the functions (U, U®, U®) by the functions (V, V®, V®). Hence, inequality (93) follows, due
to (95)-(97). A density argument gives (93) for any test function in X
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The existence of solutions for problem (93) is a direct consequence of the bilinearity, boundedness, and coer-
civity of A® (inherited from the properties (i)(iii) of A in Section 5.2 through convergence 92) and the
Stampacchia lemma. O

9.2 | The microscopic cell problem

Since the limit problem has been found, we can proceed to the split of the microscopic scale from the macroscopic one. In
this subsection, we investigate the microscopic problem, or cell problem, whose solution, the correctors, will later form
the homogenizing operator in the macroscopic scale.

We first define W as the convex subset of W) x W by

W= { BV, D) e WD x W | 0 < (-1)%* <1’4>(31)(a +Y1,b, Yo, (1)* k) = DV (a, b + Y2, Y1, (—1)a+bx))

a.e.on w,, (a,b) € {0,1}2}.

Now, we introduce the corrector's problem. For every X € R’, we denote
XV = X1.X0. X5, X6, X7), X = (X, X4, X, X5, Xo).
We consider the following microscopic cell problems: The microscopic cell problems become

For eachX® € R>, find 7 € Wsuch that for everyd € W :
: (98)
(a) (@) ryr(a) (@) (@) o o5\ (@)
/ Al (E0X )+ €5 (R ) E85(% =@ dY <0,
=1
The existence of solutions follows by Stampacchia lemma.
Now, if ¥ and ¥ are both solutions of (98), then we can first consider problem (98) with ¥ as the solution and ¥ as the

test function and then vice versa. Summing up both inequalities leads to

2
@ 2@ 5 oy e@ 5 Ay @)
Z/Aijklfijyy(x—x)f,d,y(x—x)n“ dy <0,

a=1 Cyl@

from where we get that 81(,“)(;?) = 81(/")(7(), since by coercivity the above quantity is also nonnegative. Hence, Lemma 13
implies that there exist rigid displacements r® € W, such that

2=rY+7%, a.e.in Cyl@. (99)
As the strain tensors of the solutions of (98) are uniquely determined, we will henceforth denote them 8;")(;?(X @ .y).

9.3 | The homogenizing operator and the macroscopic cell problem

Now, since problem (98) has been investigated, we can define the homogenizing operators by integrating over the solutions
of the cell problems.

Definition 5. We define the homogenizing operator Ay, by

2

VX ER’,  Apma0)= ) / Al (E0X®) + £ RED, YY) ) £ €0 ay,
a=1
Cyl@

where 7(XD, ) (resp. 7(X?, ) is a solution of problem (98) with X (resp. X®) and (e, ... , &) the usual basis of R°.

Now, to ensure the existence of solutions for the macroscopic problem, we need to prove some properties of the
homogenizing operator to apply the Stampacchia lemma.

85U8017 SUOWWOD BAIe.D 3(gedldde ay) Aq peusenob ek sejoie YO ‘8sn JO S9N 10} AIq1T BUIUO A8]IAA UO (SUOIPUCD-PUE-SWLS}W00 A8 |1 Afe.d 18Ul Uoy/:Sdny) SUONIPUOD pue SWwie 1 8y} 88S *[£202/0T/92] U0 AkeiqiTauljuo A3[IM ‘91SBAIUN 8UUCTI0S AQ 066 WW/Z00T OT/I0p/L0o" A3 1M Alelq 1 puljuo//Sdiy Wwolj pepeoiumod ‘9T ‘€202 ‘9/yT660T



ORLIK ET AL. W l L EY 17119

Proposition 4. The operator Ap,p, is continuous (and thus of Carathéodory type), bounded, monotone, and coercive.

Proof.

Step 1. We show that the map X@ € R> — &y (Z(X@, ) is Lipschitz continuous for the strong topology of L2(Cyl®@)®.
We will only prove the statement for « = 1, since the proof for @ = 2 is analogous.
Let XM, ZM be two vectors in R and Z(X®,-), 7(ZY,-) be the associated solutions, given by the cell
problem (98). By the coercivity of the tensor A1, we have

ledGoc®, ) - el e, )|,

L2(Cyl®)
/ A, (80 GE®,9) - £ RV, 0) (E5,EEV, ) - £5,RED, ) 10y
Cyl®
1) 1) (1) @) (1) O Q) | (1)
/ Al kl£Ylj( (X )) <8 (X(X )) 8Y,kl(X(Z 5 ))) n dY
Cylo
v [ AR RE D (B RE. ) - R, ) nay
Cyl®
O O x®y (D (5@ M) 2 (1) )
<- / Aty & >( XX =€ (R(EZ ,~>>)n dy
Cyl®
AR EP@) (E5,REZD, ) - E5,GXD,)) 1 dy
Cyl®

A EDED - Z0) (e GED, ) - €8, GED, ) ) iV dY
Cyl

< cferx® - z0) EPRXD, ) - EP R, )

L2(CylD) L2(Cymy’

Hence, the Lipschitz continuity is proven since

e @x®, ) - P @E®, ) CIX® - 2.

C“g(l)(X(l) zW)

L2(Cyl) LZ(Cyl(U)

So the statement of this step is proven. As a consequence the map X € R’ — Apom(X) € R’ is continuous.

Step 2. We prove the monotonicity.
Let X and Z be two vectors in R®. By the coercivity of the tensor A, we have

(Ahom(X) - Ahom(Z)) . (X - Z)

2
_ Z / A@ (8i(;1)(X(a) _ Z(a)) + g;lli)j()?(x(a)’ D - )?(Z("’), .))) glg‘lx)(X(a) _ Z(a))n(a) dy

ijkl
a=1 Cyl@
2 2
> Cz / gi(jq)(X(a) _ Z(a)) + gl((t’fl?j()?(x(a)’ ) - )?(Z(“), .))| n(a) dy
a=1

Cyl@®

- 2 A (EXD) + £ R, ) R RED, ) = R, )@ dY

= Gy

—2 / A (EXZD) + €9 RED, ) ERREZ,) = RED, )@Y > 0.
=1 Cyl@®
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Thus, the monotonicity of Ay, is proved since the first integral is nonnegative, and the second and third
integrals are nonnegative by definition of problem (98) with the choice of test functions (X, -) and 7(Z\, ),
respectively.

Step 3. We prove that Ay, is coercive.
From the first inequality of (91), we have

2
/ |£<1>(X<1>) + W (7O, .))| aVdY > ColXP)2 v e RS (100)

Cylm

Hence, for every X in R’, we get
Arom®)- X =Y / AY (ei(Jf’)(X@) +E0 (RO, ))) EDX @)y dy

2
=2 / A (£0X @) + e RED. ) (£9X) + E0,RED, ) 19 dY

-3 [ A (00 + e G ) ELGET. DAY > GoixP

! Cyl®

where the last passage follows from inequality (100) and the fact that the second integral is nonnegative by
the definition of problem (98) with the choice of a zero test function. Hence, the coercivity of Ay, is proved.

O
We can, finally, write the macroscopic problem. Set
XM = {v = (V.V®) € an x &s %‘VEF(-, 1) = VP, 0) [+x]0.V1 + 01 Va| < g ae.in Q, @ € {0,1} } :
For all V in X7, we denote
oV = (0 V0,0V 1,02V (00, 02V (1), 012V, 011 V3, 01 V2, 022V, 0 V1 )
Theorem 4. The macroscopic homogenized problem has the following formulation:
[ FindU e X! such that for everyV € X! :
2
/ Apom(9U) - (0U — V) dz’ < Co(x) Z D / fPW, = Vo)dd + / P Us - Va)dz!
p=1\a=1
Q Q
(101)

Q
< C (K) 1 « . . . ~ ' | ,
0 /; fio ([U(S) V(S)>( o)d7 +/ 06— ) <U§S)(,1)+U§,S)(,0)> <V§S)(,1)+Vf,s)(,0)>> dz

- Ci(x)

a=1,p

/ FP0,U; — 9,V3)dz .
=1

Q

It admits solutions, but we do not have uniqueness.
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Proof. First, from (93), we obtain that (U, U®, U®) € Xy x Xs x X satisfies

-

2 2
/ Apom(0U) - (0U — V) dz’ < Co(x) | D / fP W -V, de + / £ W5 = Vy)de!
Q

p=1\a=1 Q

0

Q
o/ 3 (72 (0 - v®) o+ 77 (U2 - V) (o)) d2 (102)
| £

2
-Cix) ), / FP0,Us — 0,V3)dz, ¥ (V, VO, V®) € Xy x Xs X Xp.
a=1p=1"%,

The existence of solutions to problem (102) is a direct consequence of the properties of the homogenizing operator
Apom, given in Proposition 4, together with the Stampacchia lemma.
Now, in the definitions of X, the conditions, coming from (81), imply

1
VP 0) = VPCa)] 2 SIVEC 1) = VP01,
Y(a,b) € {0,1}?, a.e.in Q.

1
VP60 = VP e a)l 2 SIVEC 1) = VPG, 01,

So we have

%Wff)(-, 1) = VO 0)| + K]0,V + 0V, | < 2o, ae.in Q, a € {0,1}.

Hence, in problem (102), we have (U, U®) and (V, V(S)) in the convex set XX. We set

V0 = 2 (VO + VP 0) + T (0,
for every V® e x3.

VD) =

1
2
1 ~(B)

S (Ve n+vPe0) - T,

Choosing VE,B) = ﬁiB) in problem (102), leads to problem (101). So (U, U(S)) € XH is a solution to problem (101).

Now, suppose that (U, U®) and (U, U"®), (resp. (U, U®,U®) and (U, U'®,U'™)) are both solutions of (101)
(resp. 102). Then, by the two inequalities given by (101) (resp. 102) with (U, U®) (resp. (U, U®, U®)) as a solution
and (U, U'®) (resp. (U, U'®, U’(B))) as a test function and vice versa, we get that

/ (Ahom(aU) - Ahom(aU/)) -(0U-0U") dZ <0,

Q

which together with the coercivity of the Ay, implies that 9U = dU’. Then, we obtain U = U’ and aan,S) = 0aTUf,S)/.
In Q; U Q, (resp. Q; U Q;3), we have U(ls) = I[J'l(s) (resp. U;S) = IU;S)). In Q3 U Q4 (resp. Q, U Q) U(IS) (resp. U(25)) is
determined up to a function of z, (resp z;) belonging to L?(L, L). Hence, both problems (101) and (102) admit the same
solutions. The homogenized problem is finally (101). O
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The operator of the homogenized problem is a Leray-Lions operator.
Once U determined, we set

. (=@ 1 ) ) ~(B) .
Xpu = {V € Xp | E(Ua D =-U¢,0)=V, (,0)|< gy — k|0:,U; + 01U;| ae.in Q, (a,c) € {1,2} x {0,1}}.

So I[NJ(B) belongs to Xy and satisfies ((a, b) € {0,1}?)

[ v (B0 -7) oz >0
e VV(B) S XB,U-

/ (-1 F@ (ITJEB) - %) bz 2 0,

Q

~(B) . . . C . .
[U( is also a field which minimize the functional

~(B) ~(B) ~(B) ~(B)
/ (A7 @0 - A7 @ D+ 71T @ 0P - TP @ D) d2
Q

on the convex set X y.

10 | CONCLUSIONS

In this conclusive section, we summarize the most relevant results given by the limit problem'’s investigation and comment
on them to have a clearer understanding and visualization.

« Starting from the form of the final decomposition of the displacement (50) and going to the limit, the cell problem (98)
and the macroscopic problem (102) give the approximation of the limit displacements in the direction of beams e; and
e, thatarea.e. 7’ € Q:

eUi(qe) + EZU(IS)(ZI, ge, b) £0,Us(z1, ge)
uD(z1, ge, y2, y3) eUx(z1) + 52U;B)(Z1, ge,b) | +]| —€01Us(z1. q¢) | A oV (z))es
eUs(z1, qe) €01Ux(z1)

middle line?irisplacement
€0,U3(z1, g¢)
+| —€01Us(z1,q¢) | A <Y2ez + Y3n(51)(Z1)),
€01Ux(z1)

eUi(z2) + 2UP (pe.22.0) | ( €0, Us(pe, 25)
u®(pe, 22, y1, y3) & | €Uy (pe) + er(zs)(p.s, ) || —€aUs(pe, 22) [A 0P (z))e;
eUs(pe, 22) £0,U1(22)

~
middle line displacement

£0,Us(pe, 22)
+| —€01Us(pe, 22) | A <y1e1 + Y3n§2)(Z2)> .
£0,U1(z2)

« Aswe can see in the expressions of the limit displacements, given in A, the yarns' cross-sections in direction e, rotate
around axes of directions e; and e,, due to the global bending Us; of the structure. Worthy to note that these yarns also
rotate around the axes of direction e;, and the rotation angle is €0, U,. The cross-sections of the yarns of direction e,
also rotate around axes of directions e;, but with an angle of £€d,U;. This behavior is represented in Figure 2.
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APPENDIX A
We gather here the heaviest computations presented in the paper.

A.1 | Proofofthe second estimatein Lemma 3

The proof idea is the following: Due to the alternate sign of the difference between the displacements in the outer-plane
direction, we can cleverly pair the terms and get a remainder with a good estimate. Then, we iterate the procedure until
we note that the remainders have, in fact, a sufficiently good estimate.

Proof. First, to shorten the notation, a.e. (f1, ;) in w,, we set

u(t, 1) = u(l)(tl + pe, g, by, (—1)PTTHp), ui(t1, 1) = ud (pe, b2 + qe, fr, (~1)P+p),

1) 2
u;q(tls ) = u V(b + pe, ge, b, (1P ), upq (11, 1) = u( \(pe., t, + qe, 1y, (=1)P*9r).

From (29), the displacements become

—a
(1)(f1, L) = ;(l)(P6 +t,q¢) + R;(l)(P6 +t,qe)t + u;q)(tl, ),

(2) ’(2) (2) —(2) (A1)
(t17 t2) = 3 (pg’ qe + t2) - R2 (pg’ qe + tZ)tl + qu (tl9 tZ)
We then organize the proof in steps.
Step 1. In this step, we rewrite the displacements in the contact areas as (for a.e. 7’ = (t1, ;) in ;)
(1)(t1, ) = U'D(pe,qe) + R (1)(pg qe)t, — ’2<1>(ps, qe)t, + Ql(,lq)(tl, 1), (A2)
(2)(t1, t) = U'®(pe, ge) + R/(Z)(Pf qet, — /2(2)([’5, gedt + Q;Zq)(tl’ ),
where the remainder terms Q(") are estimated by

Y QIR < Cellull - (A3)

(P.gEKX,

From the form of the displacements in the contact areas (A1), for a.e. (t;, t;) in w, the remainder terms Q(“)
are defined by

Qb 1) = ( "D(pe+11,ge) ULV (pe, ge) + R (pe, qe)h) + (Rf”(ps +1,qe) = RV (pe, qe)) b+ 0oy (11, 1),

Q11,1 = (U (pe. g + 1)~ U (pe. g) =R\ (pe. qo)tz ) = (RS (pe. g +12) = R (pe. ge) ) -+ g 11, )

We want now to prove (A3), and due to the symmetrical behavior, we will estimate Q(l)
Remind that 9; U}" = —R". Then, the Poincaré inequality and the estimates (28)-(30) give

2N, -1

(1) 1 2 2

Y Qi < C&° N 10RO, qo)l g + Cellull, < Cellul
(P9, q=0

So we get (A3).
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Step 2. By the non-penetration condition (24) in the contact parts of the corners of the cell (pe, ge) + €Y, we have

g (v _ @ M e @ _.m @ _.m
0<(-1¥ (( ”Pq> + ("(p+1><q+1) ”(p+1)(q+1)> * ("(pmq u(pﬂ)q) + ("p(qﬂ) “p(qﬂ)))

— 1) (2) (1) 1(2) (1) (2) (1) (2)
= (=1 [e (R’z (pe. ge) — RP(pe + £.qe) — R\V(pe. ge + €) + R\ (pe. qe)) ( +R? | +R +qu)] ,

(p+1)g p(g+1)

(A4)
where the four remainder terms R, R”)  and R  are estimated by
Pq’ " p(g+1) (p+1)q
R@ o) @
Z IR, ”Lz(w o+ IIRp(qH)IILZ(w + ”R(erl)q”Lz(w) < Cellull}, - (A5)

(P.QEK,

Indeed, by the non-penetration condition (24) on the vertexes of the cell (pe, ge) + €Y and pairing the involved
terms differently, we get a.e. in o,

+q @) 2) 1) _ @ 2) _ ., 2) _ @
0<(-1¥ (( "Pq) * ("<p+1><q+1> ”m+1)<q+1>> + (“(p+1>q “wﬂ)q) * ("p<q+1> “p(qﬂ)))

g (@ @ @ _ . M W @ _ .
=(=1) (( Upg "<p+1)q>+<“<p+1>q “(p+1>(q+1)>+( s ~ p(q+1>)+(“p<q+1> “PQ))'

Then, the right-hand side of the above equation can be rewritten in the following way:

@® _ @D _ /(1) (1) (2) _ .2 _ 1(2) (2)
Upg =Wy = eR, (pe, ge) + qu, Ui ™ Yot = eR |7 (pe +€,q¢) + Rp+1 .
@ .M _ /(1) 1) 2 _ 4@ — 1(2) (2)
W@y~ Ypgen = eR, (pe,qe + &) + Rp g+ Wiy~ Upg = R 7(pe,qe) + Ry,

1) @)
where R, and Ry, are equal to

Ro(t1,t) = (U (pe,ge) = Ui (pe + &,qe) - e\ (pe,qo) ) + (R (pe. ge) = RV (pe +£.q0) ) 1
— (R (pe.qe) - R (pe +e.9e) ) 11+ (Qff = QU (01, 2,
R(Z)(h, L) = <U'3(2)(p£, qe) — [U;(Z)(ps, ge +€)+ eR’l(Z)(ps, qs)) + (R’l(z)(pe, qe) — R'l(z)(pe, ge + g)) t

— (R qe) — RYP (pe.qe +2)) 11 + Q) — Q) (01,2,

p(g+1)

and RE;:Dq RS(; 1) are referred from the above defined. It is now left to prove estimate (A5), and due to the

symmetrical behavior, we will estimate R;;. Again Poincaré inequality leads to

2N, -1
z (1) z 1 z : (1) z (1) 2
”R ||L2(w ) = < ”alR,( )( q6)||Lz(0 L) + ” Lz(w ) + ||Q(p+1)q Lz(w,)> .

(P.QEK, (p.9EK, (p.QEK,

Hence, by the first estimate in (28) and (A3), we get (A5) for Rl(,lq).
Step 3. In this step, we prove that for a.e. (t1, ;) € w,

p+1 g+1

Z;;‘:]( UL - U ) (e £6) — 1 (RYY = R ke, 20) + 13 (RYD = YY) (ke )] )

< (—1)PHee (R;(D(ps, ge) - R'P(pe + £, qe) — RV (pe, ge + &) + R'?(pe, qe)) + Spq(t1. 1),
where the remainder term S, is estimated by

Y, Sl < Cellully.. (A7)
(P.EK,
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Note first that in the equality (A4), the left-hand side is positive. Hence, we replace the left-hand side
with (A2) and take the modulus. Applying Step 1 on the left-hand side and Step 2 on the right-hand side, we
geta.e (f1, ;) € w, that

p+1 g+1
k=p £=q

= (171 [¢ (R (pe, o) - RYP (e + £, qe) - RV (pe,ge + &)+ R (pe,qe) ) + (RYy + R, + R, + R )|

(U - U) ket — 1 (R = RYY ) (ke )+ 15 (R = RIV ) e £0) + Q) = @)

kt.3 k#,3

(p+1)q p(@+l)
Then, the above equation can be rewritten in the form (A6) with S,,, defined by

p+l g+1

=~ + (1) (2) (1) (2) (1) (2)
Sp.q - (_1)P 4 (R Rp+1 q Rp g+l Rm) Z 2 |(ka kfs

k=p £=q

Hence, estimate (A7) directly follows from the estimates (A3) and (A5).

Step 4. In this step, we prove the statement, that is, estimate (32).
Starting from inequality (A6), we replace (p, q) by (2p, 2q), 2p + 1,2q), (2p,2q + 1), and (2p + 1,2q + 1).
For a.e (t;,t,) € w,, we obtain

2p+2 2g+2

22X

k=2p ¢=2q

2p+1 2g+1 (AS)
<e Y Y (- (R;m(ke, te) = R'P(ke +¢,06) - R Vike, te + £) + R'P ke, fe))
k=2p £=2q

U _ U/s(m) (ke.Ce) 1t (R’;“ /(2)> (ke.Ze) + b, (R’“) :(2)) (ke, ?¢)

+ (Sapieg + Sapneg + Sepegrn + Septegn) (s ).

Set
2p+1 2g+1
To=e Y, 2, (<1 (RYV(ke,c6) = R{P (ke +e.) = RNV ke, e + &) + R ke, £€)
k=2p £=2q
2p+1 2g+1
= 3 Y UM (R ke, ) = RV ee. e + ) ) + (R P ke, ) - R (ke + . 60)) ).
k=2p £=2q

The Poincaré inequality and the first estimate in (28) yield

2N, -1 2N, -1
Y, Tl < C° < Y 10RO g+ Y 1R pe I L)> <Celully. (A9
(P.9EK, q=0 p=0

Taking the L2-norm of the left-hand side of (A8) and using (A7)-(A9) in the right-hand side, we finally obtain

G

(P.QEK,

2 2
(U;1> - U?) (pe.qe)| +é€* (RS) - RS)) (pe. qe) ) < Cellull%.

which divided by £ gives estimate (32).

A.2 | Unfolded limit of the frame

This subsection is dedicated to the unfolding of the mobile reference frame, defined in Section 4.1, via the global unfolding

operator and showing its limit form. Due to symmetry reasons, we will consider direction e;.
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The unfolding of the oscillating function ®" is il’l(l) (<I>£D> = ®W a.e. in Qx CylV, where @ is given in (2). As a direct
consequence, straightforward calculations show that

. 1 1
NV =2y =1+ @002 nPe") =tV = p (e1+ 9y, @Ve;), MVn)=n® = ” (—oy,@Ve; +e3).,
0;, o1
el'[él)(cg)) = C(l) = —}3 , Hil)(l’]él)) = 1,(1) =y (1 — Y3C(1)) , H(gl)(Vy/&(l)) = ( n(l)t(l) € n(l) ) .

Concerning the integration of the limit mobile frame on the reference cell CylV, which appears in the proof
of Theorem 3.

Lemma 14. One has the following values for the integrals:

2 2
/ nVdX = 4«? / yadys, / (@Ves + Yae; + Y3n'V) nVdX = 4x? / y®dy, |es. (A10)
Cyl® 0 Cylm 0

Proof. From the definition of 7V and the symmetries of the cross-section with respect to the lines Y, = 0 and Y3 = 0,
the first equality in (A10) holds.

Concerning the second equality, from the symmetries of the cross-section with respect to the lines Y, = 0 and
Y3 = 0, we first get that

2 2 2
4 4
/ ((I)(l)eg, + Y2e2 + Y3n(1)) I](I)dX = 4K‘2 / Q(l)ydyl e; + 4% / 0y1 q)(l)c(l)dyl € — 4% /C(l)dyl €3
Cyl® 0 0 0

and then note that the second and third integral vanish since ® is 2-periodic and satisfies dy, ®(0) = dy,®(1) =
dy,®(2) = 0. l
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