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1 Introduction

Statistical Mechanics is the field interested in the statistical study of in-
teracting particles (X; € FE;,i € N). A landmark rigorous formulation of
Statistical Mechanics can be found in Georgii’'s Gibbs Measures and Phase
Transition [1|. Such a framework is needed to define phases or, more gen-
erally, Gibbs measures of statistical systems. Phases only exist for infinitely
many interacting particles and do not exist for finite-size systems. The main
constructions of such a framework rely on the necessity to have a universe,
denoted €2, that encompasses all possible configurations of the system, i.e.,
all the possible joint configurations of the particles Q := [[;cy Ei. Not re-
ferring to a global space is problematic as exhibited by Giry’s seminal work
on A Categorical Approach to Probability Theory |2] and can be summarized
by the fact that the Giry monad, P, does not commute to limits. We are
interested in describing statistical systems for which it is not possible to have
complete knowledge of the states of the particles at the same time; we want
to forget about the ‘€2 and we want to study statistical systems ‘locally’.
In [3,8], we proposed to reformulate Statistical Mechanics and Gibbs mea-
sures introducing an appropriate category. Among others, in [4-7], we gave
a characterization of independent variables in terms of projective objects in
this category and an easy-to-verify condition that characterizes such objects.
In [9], we proposed an Entropy functional for the categorical version of sta-
tistical systems. In this article, we show how the characterization of extreme
Gibbs measures (Theorem 7.7 [1]), one of the steps for proving a zero-one law
for the extreme Gibbs measures, transfers in the categorical setting. In the
classical theory of rigorous statistical mechanics, the tail o-algebra generates
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the observables for which a ’generalized’ law of large numbers (zero-one law)
holds. In this article, we give a candidate for such a g-algebra in the categor-
ical setting and show the associated extreme Gibbs measures decomposition.
We will discuss in a follow-up paper the generalization of the zero-one law
of specifications to .@7-specifications.

2 /-specifications and their Gibbs measures

In classical theory, a statistical system is defined by a specification (Definition
1.23 [1]). We proposed in [3,8] to reformulate such constructions as a couple
of a presheaf and a functor over a poset, denoted as <7; we call such a couple
an of-specification. Let us recall their definition. Let us denote Mes the
category that has as objects measurable spaces and as morphisms measurable
maps, and Kern the category that has as objects measurable spaces and as
morphisms Markov kernels.

Definition 2.1 (/-specifications (Definition 7 [3])). Let </ be a poset. An
of -specification is a couple (G, F') of a presheaf and a functor G : &P —
Mes and F' : @/ — Kern such that for any a,b € & with b < a,

G¢oFP =id (1)

We denote a o 8 simply as o in what follows.
Let us now recall the categorical generalization of the classical Gibbs
measures (Definition 1.23 [1]) that we propose.

Definition 2.2 (Gibbs measure for .o/-specifications Definition 8 [3]). Let
v := (G, F) be an «/-specification,

4(7) = {(p € P(G(a)),a € )|V < a, Fypy = pa} (2)

with P(G(a)) the (measurable) space of probability measures over G(a).

3 Categorical Version of the Tail o-Algebra

Measurable maps are particular Markov kernels. Let F' : E, — E, be a
Markov kernel; let us denote it also as F'(wq|wp), where wy, € Ejp and w, € E,.
One associates to a Markov kernel F' : E, — E, a linear map 7 : L*>°(E,) —
L*>(Ey) defined as follows: for any f € L>(E,),

Ve € By, w(f)(wn) = / £ (a) F(dwalw) (3)

This association is ‘functorial’, we may denote the underlying functor
L*> : Kern®” — Vect which is presheaf from the category of Markov kernels
to the category of vector spaces. It is the presheaf that associates spaces to



their space of observables. Let us denote L* o G : &/ — Vect as ¢ and
L>*® o F : o/°° — Vect as 7. In these notation one has that for any a,b € &
such that b < a then 7} o i = id.

Let us recall the definition of the tail o-algebra in the classical formula-
tion. Let Q = [[,.y £, where E; are measurable spaces; let us denote %>,
as the o-algebra generated by the cylinders [], -, Er. The tail o-algebra
is defined as [\,cy #>k- A more general definition holds when I is any set
and %5, is indexed by a subset a C I that is co-finite, i.e., which has a
finite complement. For a functor from &/ to Mes, let us denote o(G(a)) as
the sigma algebra of the measurable space G(a), where a € o7, and o(G)
as the underlying functor defined as o(G)%4, := G¢ 1Ay, with b < a. We
propose that one candidate that plays the role of the tail o-algebra for a
given specification v = (G, F) is lim o(G) defined as,

limo(G) = {(Aq € 0(G(a)),a € &) |Va,b € of, As=G¢ A}  (4)

Let us denote 14 : E — {0, 1} the indicator function over the set A that
sends w € Ato 1l and w & A to 0. Let us remark that 14, 0o Gff = 1[G} (wa) €
Ay = lga-14,- Remark that A € limo(G) is equivalent to 14 € limé; in
other words, lim o(G) is the restriction of lim ¢ to indicator functions of the
form 14,,a € .

Finally, we also need to recall that for any f € L*°(FE) and p € P(E),
one can define a measure f - p as f - pu(dw) = f(w)dw.

The key proposition of this document is Proposition 3.1; the proof of
that proposition is given for G(a),a € & finite measurable sets. Therefore,
we assume in what follows that the measurable sets are finite. However,
there is no finiteness constraint on /. We will say that F' > 0 when for any
a,b € o/, such that b < a, F(wp|wg) > 0.

The following lemma is an extension of the classical result that states that
conditioning over a o-subalgebra %7 C .% defines a morphism of modules
when finer (. measurable) observables are seen as modules over the coarser
(:#1 measurable observables).

Lemma 3.1. Let Ey, Ey be two measurable spaces, let g : Eo — Eq be a
measurable map and f : E1 — Es be a Markov kernel so that, fog =id. Let
us denote respectively i and 7 the induced linear maps on L*°(Ey), L>(E3).
Let h € L*>®°(E3) and k € L*(Ey), then,

mw(h).k = m(h.i(k)) (5)

Proof. Let us first prove the result in the particular case when h = 1 with
B € o(F2) and k = 14 with A € o(E}). Let us denote A the complement of
A, then 14 4+ 15 =1 and 14.17 = 0. Furthermore i(14) = g A



W(lB) == ﬂ(lB.lg—lA) + F(lBlﬁ) (6)

and
7['(13.1577114) STr(lgflA) :ﬂ'oi(lA):lA (7
7r(lB.1g_1A) SW(lg_lA) 15 (8
Therefore,
W(lB)lA :F(lB.lgflA)lA+7T(1B.1971A)1A (9)

But, 7(1p.15-14)1a < 1514 = 0 s0, w(1p)1a = w(1p.15-14)1a. Fur-
thermore, m(1p.15-14) = 7(1p.15-14)14 + 7(1p.14-14)15 therefore,
7r(131971A)1Z§ ﬂ(Z(lA))lZZO (10)
We just showed that,

m(1ply14) = 7151 14)15 (11)

Som(1p).14 = m(1p.i(14)). The result then extends by linearity directly
toh=73 4, 1B, and k=3, 1a,, which ends the proof.
- - O

Let us remark that if A € limo(G) then A := (4,,a € &) is also in
lim .

Proposition 3.1. Let v = (G, F) be a specification, let G(a) be finite sets
forany a € o, let F'>0. Let p € 9(v), for any f € [[,c4 L=(G(a)), such
that Va € o, o (fa) = 1,

fueb(y) < 3If elimi, s.t. fu=f.p (12)

Proof. Let us assume that f.u € 4(7), then for any a,b € o such that b < q,

and for any g, € L%(G(a)), by hypothesis, (f-0)m&(ga) = (f#)a(ga); it can
be rewritten as,

1o (15 (9a)-fo) = ta (fa-ga) (13)
By Lemma 3.1, 78(ga). fo = 7¢(ga-i% f»); therefore,
Mbwg(ga~i2fb) = pta (fa-9a) (14)

Therefore f, = ZZ Jb po-almost surely. .
We will now show that there is f € lim ¢ such that f.u = f.u. It is in this
part of the proof that we assume that G(a) are finite sets and that F' > 0.



Let’s call S, := supp,, the support of g, i.e., the set suppu, := {w, €
G(a)|pa(ws) > 0}. Let us denote N, := S, its complement and M, = 1y, .
We will now show that (Ng,a € &) € limo(G).

For any b,a € </ such that b < a, il = up; therefore, as (M) = 0,
one has that 4% (M) = 0. Recall that i2 (M) is the indicator function of the
set Gg_le; the previous remark implies that 2(M,) < M,. Furthermore,
pumh (Mg) = pta(Mg) = 0; therefore, it (Mgy) < M.

Hence, as m(i% M) = M, and i% M}, < M, then by applying 7¢ on both
sides, My < w!(M,). And so 7! (M,) = My,.

Recall that we showed that 7¢(M,) = M, and i%(M,) < M,. In par-
ticular, M, — i%(M,) > 0; furthermore, (M, — i5(M,)) = 0. Therefore
Vwy € G(b),

(Mo — ig(My)(wp) = D Flwalw)[Ma — ig(My)](wa) — (15)
wq€G(a)

As F(wa|wy) > 0 by hypothesis, then M, = i%(My). This implies that
M € limi and N € limo(G). This also implies that S € lim o (G).
Let f = flg. Then flg € im F and for any a € <7, fo = f, Lhaq-2.8.,
which ends the proof.
O

One remarks that lim ¢ is a subset of lim 7r: for any f € lim ¢, by definition
for any a,b € o such that b < a, i®f, = f, and so ﬂgigfb = 7y fa SO
fo= nga-

Let us also remark that for any b < a € &, pa(As) = up(Ap) for p €
9(v), A €limG.

Theorem 3.1 (Extreme measure characterisation (Generalisation of Theo-
rem 7.7 [1]) ). Let v = (G, F) be a specification, let G(a) be finite sets for
any a € o, let I > 0. G(7) is a convex set. Each p € 9(v) is uniquely
determined by it’s restriction to im o(G). Furthermore p is extreme in 4(7)

if and only if for any A € limo(G), Ya € o, pa(Aqs) =0 or 1.

Proof. Let us denote n* the functor from & to Vect for which for any
b < a, 70 (L®F(b))* — (L°F(a))* is the dual of 7 that send linear
forms to linear forms. Then ¥(v) is a subspace of the vector space lim F*
and furthermore for any a € o and p € [0,1], pug + (1 — p)vg € P(G(a))
whenever p,,v, € P(G(a)). Therefore ¢ () is a convex set.

Proposition 3.1, allows us to apply a similar proof, when done with cau-
tion, to the one found of Theorem 7.7 in [1]. Let us recall the proof. Let p, v €
G(v) such that pjim; = Vjiims- Let @ = ”TJFV, then @ € 4(y). But p and v
are absolutely continuous with respect to & therefore for any a € & there is
fasga € L*°(G(a)) such that u, = f,f, and v, = g4fi,. By Proposition 3.1,
f,g € limi. By hypothesis, for any h € limi fi,(ha) = pta(he) = vo(he). Im-
portantly i¥ is a ring morphism of L>(G(b)), i.e. i8(ky.hy) = i%(kp).i% (hs).



Therefore for any h, k € limi, k.h € limi; as f — g € lim 4, then it is also the
case that (f — g)? € limi; but for any a € &,

Tial(fa = 9a)] = 0 (16)

S0 fo = ga [, — a.s. Therefore fi = g and p = v.

Showing that p € ¢(7) is extreme is equivalent to p being trivial on lim ¢
is a direct generalization of Corollary 7.4 [1] thanks toProposition 3.1. Let
i € 9(y) be not trivial on lim o(G) then thereis A = (4,4, a € &) € limo(Q)
such that,

Vae o/, 0<puq(4sg) <1 (17)
Therefore for any a € <7,

la, -pha — 12 -Ha
= (A - + (A L 18
Ha = fta( a),ua(Aa) fa( a)ﬂ(l(Aa) (18)
Furthermore, for any b < a,
1 1 1
oA — e Ao (19)

“pa(Ap)  pa(Ap)  pa(Aa)

Therefore (A),ae;zflslnhmzandsobyLemmaB1 (A‘(‘AM‘B,CLGJZ{)

4 (~y). Similarly ( AE‘ uc; a€ JZ%) € 9(v). In particular there is 0 < p < 1 so

that u = pv + (1 — p)vn with v,v; € 4(y). Therefore p is not an extreme
measure.

Assume now that p € ¢(v) is such that for any A € limo(A), and any
a € o, pa(As) = 0 or 1. Suppose that there is 0 < p < 1 such that
w = pv+ (1 —pv with v,v; € 9(y). Then for any a € &, v4,v1, is
absolutely continuous with respect to u,. Therefore, there are (f, > 0,a €
), (9o > 0,a € &) bothin [],. ., L>°(G(a)) such that v = fu and vy = gp.
As v,11 € 9(7), then by Lemma 3.1, f, g € limi. Therefore, for all a € &7,
to(fa) = 0 or for all a € &, pg(ge) = 0. So, p = v or p = vy and pu is
extreme in ¢(7).

O

Let us remark that if &/ has only one connected component, then for
A € limo(Q), satisfying Va € &7, uq(Ay) = 0 or 1 is equivalent to Ja €
o 1q(Ag) = 0 or 1. Indeed, if a,b are in the same connected component,
ie,a<borb<a,then u,(A4s) = up(Asp).
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