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Abstract

In this document, accepted for the Twelfth Symposium on Com-
positional Structures (SYCO 12) [1], we aim to gather various results
related to a compositional/categorical approach to rigorous Statisti-
cal Mechanics [2–9]. Rigorous Statistical Mechanics is centered on the
mathematical study of statistical systems. Central concepts in this
field have a natural expression in terms of diagrams in a category that
couples measurable maps and Markov kernels [8]. We showed that
statistical systems are particular representations of partially ordered
sets (posets), that we call A -specifications, and expressed their phases,
i.e., Gibbs measures, as invariants of these representations. It opens
the way to the use of homological algebra to compute phases of sta-
tistical systems. Two central results of rigorous Statistical Mechanics
are, firstly, the characterization of extreme Gibbs measure as it re-
lates to the zero–one law for extreme Gibbs measures, and, secondly,
their variational principle which states that for translation invariant
Hamiltonians, Gibbs measures are the minima of the Gibbs free en-
ergy. We showed in [9] how the characterization of extreme Gibbs
measures extends to A -specifications; we proposed in [10] an Entropy
functional for A -specifications and gave a message-passing algorithm,
that generalized the belief propagation algorithm of graphical models
(see O. Peltre’s SYCO 8 talk, [11] and [12]), to minimize variational
free energy.

1 Introduction

Context: Statistical physics is a framework that focuses on the proba-
bilistic description of complex systems: a collection of interacting ‘particles’
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or components of a whole in most generality [13]. Its main feature is to
introduce an energy function H for the system, that associates to any of its
configurations a real value; the probability p of a configuration is given in
terms of the Boltzmann distribution (p = e−βH/

∫

dxe−βH(x)), which asso-
ciates high-energy configurations to unlikely events. We will call ‘statistical
system’ the complex system provided with the Boltzmann distribution. Sta-
tistical physics serves as a rich framework for probabilistic modeling. It
has several names depending on the community [14]; for example, it is called
‘energy-based modeling’ in machine learning, the probabilistic model is called
a Gibbs Random Field in graphical modeling and is a particular case of a sta-
tistical system. It is widely used in engineering, for example: computational
structural biology (in computational statistical physics: Hamiltonian Monte
Carlo) [15, 16], robotics (reinforcement learning: Markov Chains, Markov
Decision Processes) [17], and more generally for modeling interaction and
dependencies of random variables using graphical models [18].

Applied Category Theory: New foundations, based on topology and
geometry, were proposed for probability theory, information theory, and deep
learning [19–23]. More generally, they fall in a field of research that has re-
cently emerged, Applied Category Theory, which focuses on applying these
principles to engineering [20–22, 24–26]. Recent results give a characteriza-
tion of the zero–one law for independent random variables and for Markov
chains in a categorical formulation [27, 28]. The zero–one law for extreme
Gibbs measures is known to extend the ones of independent random vari-
ables and Markov chains [29], so it would be expected that the categorical
formulation of extreme Gibbs measures we propose may also relate to the
categorical formulation developed in the case of independent random vari-
ables and Markov chains.

Motivation: A landmark rigorous formulation of Statistical Mechan-
ics can be found in Georgii’s Gibbs Measures and Phase Transition [29].
Such a framework, which revolves around the concepts of ‘specification’ and
Hamiltonian, is needed to define rigorously pure phases or, more generally,
Gibbs measures of statistical systems. For a given Hamiltonian, there can
be multiple phases only for infinitely many interacting particles. The main
constructions of such a framework rely on the necessity to have a universe,
denoted Ω, that encompasses all possible configurations of the system, i.e.,
all the possible joint configurations of the particles Ω :=

∏

i∈NEi, with Ei

the state space of the particle i. There are important limitations to making
references to a ‘global’ universe [19]. Let us state two of them. The first
one is that it can be difficult to compute with Hamiltonians (e.g., comput-
ing free energies [15], expectations of observables [30], infinite volume Gibbs
measures [29]) as it requires summing over a set which ’size’ increases expo-
nentially with the number of components (variables) involved in the system.
The second one is that they don’t account for heterogeneity, incompleteness,
or incompatibility in the description of the system to model: by definition,
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each configuration of the system corresponds to observing simultaneously
and without loss of information the state of all its components. This sec-
ond point is related to the first one as to model possible configurations of
a system it is required to weight all possible simultaneous configurations of
its particles; this forbids granularity of the description of the system: invari-
ably, the dimension of the space of possible models increases exponentially
with the number of (elementary) particles. Mathematically, Hamiltonians
are sums of local potentials, however, the relation between potentials and
their phases is highly nontrivial and noncompositional. In other words, the
Hamiltonian point of view does not allow for building complex statistical sys-
tems from simple ones in a way that allows controlling and computing the
phases of the associated statistical systems from the phases of the simpler
one. The relation between the complexity of the interactions that appear
in the statistical system and its number of (pure) phases (more than 2) is
known only for very specific systems (e.g. Ising model); results in this di-
rection are considered difficult problems [31, 32]. In our approach, we want
to forget about the ‘Ω’ and we want to study statistical systems ‘locally’
focusing on their local interactions and how they compose. We propose a
constructive approach: ‘composing’ statistical systems together by building
in a controlled and computable manner nontrivial statistical systems from
simpler ones. This is what reformulating specifications as presheaves allows
us to do, in particular, by making use of operations such as coproducts and
products but also geometric morphisms. The approach we propose also has
the advantage to model statistical systems for which it is not possible to
have complete knowledge of the states of the particles at the same time and
that could also have conflicting local descriptions inconsistent with a global
description.

Contribution: In this paper, we gather various results related to a
compositional/categorical approach to ‘rigorous’ Statistical Mechanics [2–9].

Our motivation in [7] was to build a bridge between geometry and rig-
orous statistical physics by showing that the standard formal definition of
a statistical system, a ‘specification’ (Definition 1.23 [29]), can be identified
with a particular representation of a partially ordered set (poset), i.e., a
functor of a poset in a certain category. For a given poset A , we call such
representation an A -specification. Representations of posets have a precise
geometric interpretation [33–37], and there is a rich literature coming from
algebra, geometry, and topology to study them. We showed that phases
of statistical systems are geometric invariants of these representations and
computed them for ‘projective’ poset representations. We remarked that, in
our setting, systems of ‘finite size’ can have multiple phases, which is not
possible in the current formalism for phase transition, but we do not claim
that those finite size systems capture correctly the possible phase transitions
of infinite size systems. However, we believe that the algebraic treatment of
statistical systems we propose to be fairly similar for finite size systems and
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infinite size systems.
In [4], we gave a characterization of independent variables in terms of

projective objects in the category of presheaves over a poset and an easy-
to-verify condition that characterizes such objects. Injective representations
were characterized in [3], and their relationship with the marginal extension
problem is studied in [5]; a unifying perspective for Hilbert spaces can be
found in [6]. In [10], we proposed a general framework for optimization of
presheaves which in particular allows defining an Entropy functional for A -
specifications. In [9], we showed how the characterization of extreme Gibbs
measures, one of the steps for proving a zero-one law for the extreme Gibbs
measures, transfers to A -specifications.

2 Structure of the Paper and Contribution

We start by recalling some important notions of rigorous statistical mechan-
ics [29] (specifications, Gibbs measures). We then show that the standard
concept that encodes the statistical system, which is the notion of ’speci-
fications’, can be extended into a poset representation; we also show that
the Gibbs measures of a statistical system are geometric invariants of this
representation. From there, we propose a novel categorical formulation for
statistical mechanics; we define ‘generalized specifications’ and ‘generalized
Gibbs measures’ for those specifications: the A -specifications. We charac-
terize the generalized Gibbs measures for projective A -specifications and
their Gibbs measures. We then recall what extreme Gibbs measures are and
their characterization on the tail σ-algebra. We extend such characterization
to extreme Gibbs measures of A -specifications. Finally, we recall what the
Bethe free energy is in the context of graphical models and what the Belief
Propagation algorithm is; when the graphical model is a Hidden Markov
model (HMM), the Belief Propagation relates to Kalman filtering. We ex-
plain how we can define such variational free energy for A -specifications.
We then give a message-passing algorithm for finding critical points of the
variational free energy of A -specifications.

3 Background: Rigorous Statistical Mechanics

We will follow the presentation of Georgii’s reference book Gibbs Measures
and Phase Transitions [29].

Definition 1 (Markov Kernel). A Markov kernel k from the measurable
space (E,E ) to the measurable space (E1,E1) is a function k : E1×E → [0, 1]
such that

1. ∀ω ∈ E, k(.|ω) is a measure on E1
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2. ∀A ∈ E1, k(A|.) is a measurable map from E to R

3. ∀ω ∈ E, k(E1|ω) = 1, i.e., k(.|ω) is a probability measure.

We will denote a Markov kernel k from (E,E ) to (E1,E1) as k : (E,E ) →
(E1,E1). We denote [(E,E ), (E1,E1)]K , the set of kernels from (E,E ) to
(E1,E1); if there is no ambiguity on the σ-algebras the spaces are provided
with, we will simply denote it as [E,E1]K . We denote P(E), the space of
probability distributions over E; it is a measurable space for the smallest
σ-algebra that makes the evaluation maps, on measurable sets of E, mea-
surable.

Markov kernels can be composed as follows. Let k : E → E1, k1 : E1 →
E2 be two Markov kernels, then the composition k1 ◦ k : E → E2 is the
following Markov kernel: for any A ∈ E2 and ω ∈ E,

k1 ◦ k(A|ω) =

∫

k1(A|ω1)k(dω1|ω) (3.1)

A measurable map f : (E,E ) → (E1,E1) between two measurable spaces
can be extended into the following Markov kernel: for any A ∈ E1 and ω ∈ E,

kf (A|ω) = 1[f(ω) ∈ A] (3.2)

To avoid having too many notations, we will denote kf as f and the
context will specify if f refers to the measurable map or its extension; for
example, a composition k ◦ f between a Markov kernel k and f necessarily
means that, here, f refers to kf . We will also denote k1 ◦ k as k1k.

A probability measure p ∈ P(E) can also be identified with the following
Markov kernel kp from ∗, the measurable space with one element, to (E,E );
for any A ∈ E , kp(A|∗) = p(A). Similarly, we identify p and kp.

Remark 1. Measurable spaces and measurable maps form a category. Giry
[38] and Lawvere [39] are the first to have remarked that measurable spaces
and Markov kernels also form a category; the latter category is the Kleisli
category of the first.

Definition 2 (Proper Kernel, Section 1.1. [29]). Let E1 ⊆ E be two σ-
algebras of a set E, a kernel k ∈ [(E,E1), (E,E )]K is proper if and only if,
for any A ∈ E , B ∈ E1,

k(A ∩B|.) = k(A|.)1B (3.3)

Let us set the notations. I is the set of components of a complex system.
(Ei,Ei, i ∈ I) is a collection of measurable spaces, with each Ei being the
space of configuration (state space) of the component i ∈ I. (E,E ) denotes
the state space of the system; it is the product E :=

∏

i∈I Ei with the
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product σ-algebra. For a sub-collection of components a ⊆ I, we denote
Ea :=

∏

i∈aEi the associated state space, and Ea the associated product
σ-algebra. ia : E → Ea is the projection that sends a configuration ω :=
(ωi, i ∈ I) to the configuration of the sub-collection a, (ωi, i ∈ a). Finally,
let us denote Pf (I) the set of finite subsets of I.

Definition 3 (Specification, Adaptation of Def. 1.23 [29]). A specification
γ with state space (E,E ) is a collection (γa, a ∈ Pf (I)) of proper Markov
kernels such that for any a ∈ Pf (I), γa ∈ [(Ea,Ea), (E,E )]K and which
satisfies that for any b ⊆ a, i.e a ⊆ b and any A ∈ E ,

γb ◦ i
b ◦ γa(A|.) = γa(A|.) (3.4)

Remark 2. In Definition (1.23) [29], E is the product over the same measur-
able space X over I, and I is a countably infinite set.

In the standard definition of a specification (Definition 3), the Markov
kernels encode border conditions for experiments that only involve finite
numbers of components (a ∈ Pf (I)). It is what formally encodes the sta-
tistical system. The next definition defines the ‘phases’ of the system.

Definition 4 (Gibbs measures, Def. 1.23 [29]). Let γ be a specification with
state space E; the set of probability measures,

G (γ) := {p ∈ P(E) : Ep[A|Ea](ω) = γa(A|ωa) p a.s.} (3.5)

is the set of Gibbs measures of γ.

One of the central problems of (rigorous) statistical mechanics is to un-
derstand the relationship between a specification γ (statistical system) and
its set of Gibbs measures G (γ) (its phases).

4 Statistical Systems as poset representations

Theorem 1. Let γ be a specification with state space E. For any a, b ∈
Pf (I) such that b ⊆ a, there is a unique Markov kernel F a

b : Ea → Eb such
that the following diagram commutes,

Ea E

Eb

γa

F a
b

γb (4.1)

i.e. such that γb◦F
a
b = γa. Furthermore for any collection a, b, c ∈ Pf (I)

with a ⊆ b ⊆ c,
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F b
c ◦ F a

b = F a
c (4.2)

Proof. Let b ⊆ a, let F a
b satisfy the commutative diagram 4.1, then,

ibγbF
a
b = ibγa (4.3)

therefore,

F a
b = ibγa (4.4)

For any a, b ∈ A such that b ⊆ a let F a
b = ibγa then for c ⊆ b ⊆ a,

F b
cF

a
b = icγbi

bγa (4.5)

Equation 3.4 can be rewritten as, for b ⊆ a,

γbi
bγa = γa (4.6)

therefore,

F b
cF

a
b = F a

c (4.7)

Definition 5 (Partially ordered set). A partially ordered set (poset), (A ,≤),
is a set A provided with a binary relation ≤: A × A → {0, 1}, such that

1. reflexive: ∀a ∈ A , a ≤ a

2. transitive: if c ≤ b and b ≤ a then c ≤ a

3. antisymmetric: if b ≤ a and a ≤ b then a = b

(Pf (I),⊆) is a poset for the inclusion relation; (Pf (I),⊇) is also a poset
for the reversed inclusion relation: b ⊇ a ⇐⇒ a ⊆ b. The convention is to
denote (Pf (I),⊇) as Pf (I)

op because what relates (Pf (I),⊇) to Pf (I) is
the fact that the order is ‘opposed’; the same convention holds for any poset;
A op is the set A with opposed order.

We call a representation of the poset A : a collection of ‘spaces’ (G(a), a ∈
A ) and a collection of ‘maps’ (Gb

a : G(b) → G(a); b, a ∈ A , b ≤ a) which
satisfies for any c ≤ b ≤ a, Gb

c ◦ G
a
b = Ga

c . We keep the notion of ‘poset
representation’ a bit vague for now (we do not say what ‘spaces’ or ‘maps’
are); we keep this notion vague at this stage but in the next section will make
this notion formal by introducing the concept of category and of functor.

We call a representation of the poset A : a collection of ‘spaces’ (G(a), a ∈
A ) and a collection of ‘maps’ (Gb

a : G(b) → G(a); b, a ∈ A , b ≤ a) which
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satisfies for any c ≤ b ≤ a, Gb
c ◦ G

a
b = Ga

c . We keep the notion of ‘poset
representation’ a bit vague for now (we do not say what ‘spaces’ or ‘maps’
are); we keep this notion vague at this stage but in the next section will make
this notion formal by introducing the concept of category and of functor.

Theorem 1 implies that a specification γ can be promoted to a represen-
tation F of (Pf (I),⊇).

Theorem 2. Let γ be a specification with state space E, let p ∈ G (γ). For
any a ∈ A let pa := ia ◦ p; it is the marginal distribution on Ea of p. Then,
for any a, b ∈ Pf (I) such that b ⊆ a,

F a
b ◦ pa = pb (4.8)

Proof. For any a, b ∈ Pf (I) such that b ⊆ a,

γb ◦ (F
a
b pa) = p (4.9)

therefore, F a
b pa = ibp and

F a
b pa = pb (4.10)

5 Categorical formulation of specification and Gibbs

measures

We denote categories in bold, e.g. C. We will denote Mes as the category
that has as objects measurable spaces and as morphisms measurable maps
(Section 1 [38]); we will denote Kern as the category that has as objects
measurable spaces and as morphisms Markov kernels (the Kleisli category of
the monad Mes).

A poset, (A ,≤), can be seen as a category, A, with at most one morphism
between two objects: the objects of A are the elements of A and for any
two elements b, a ∈ A there is one morphism b→ a when b ≤ a. From now
on, we will drop the bold notation for the category A and denote it simply
as A . A functor G from a poset A to a category C is precisely a collection
of maps Gb

a for b, a ∈ A such that b ≤ a, which satisfy Gb
a ◦G

c
b = Gc

a for any
three elements c ≤ b ≤ a. A functor from A to some target category is what
we will call a representation of the poset A ; in general, the target category
is the category of vector spaces or modules [33]. For this article, the target
category will be Mes and Kern.

Consider a functor G : A → Set from a poset A to the category of
sets. A collection (ωa, a ∈ A ) is called a section of G if for any b ≤ a,
Gb

a(ωb) = ωa; the set of sections of a poset representation is called the limit
of G ( III.4 [40]) and denoted limG. It is an ‘invariant’ of G that can
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be computed using homological algebra when the target category of G is
enriched with some algebraic structure (Chapter 13 [41]).

In Theorem 1 we showed that we can associate to a specification γ, a
functor from (Pf (I),⊇) to Kern. The convention is to call a functor with
source A op, a presheaf. In Theorem 2 we showed that Gibbs measures of γ
are ‘sections’ of F . We will denote this set of ‘sections’ as [∗, F ]K,A ; more
precisely for a functor F : A → Kern,

[∗, F ]K,A := {(pa ∈ P(F (a)), a ∈ A )| ∀b ≤ a, F b
apb = pa} (5.1)

Introducing the presheaf F and [∗, F ]K,A is our way to emphasize that
the compatible measures p ∈ [∗, F ]K,A don’t have to be measures over the
whole space E. There is no need to define statistical systems ‘globally’, one
can also define them ‘locally’.

Let us now introduce the more general, categorical setting we propose
for statistical systems.

Definition 6 (Generalized Specification, A -Specifications). Let A be a
poset, a generalized specification over A , or simply A -specification, is a
couple (G,F ) of a presheaf and a functor where G : A op → Mes and
F : A → Kern are such that for any a, b ∈ A with b ≤ a,

Ga
bF

b
a = id (5.2)

In the previous definition, G, in the particular case of E =
∏

i∈I Ei,
encodes the collection of projections iab : Ea → Eb for b ⊆ a; it is in some
way the ‘skeleton’ of the spaces of observables of the statistical system. It is
a key ingredient for the generalization of (rigorous) statistical mechanics to
a categorical framework.

Definition 7 (Gibbs measures for A -specifications). Let γ = (G,F ) be an
A -specification, we call the Gibbs measures of γ the sections of F ,

Gg(γ) := [∗, F ]K,A (5.3)

6 Gibbs measure of projective A -specifications

Let E be a measurable space; we denote L∞(E) the set of bounded, real-
valued, measurable functions over E. One associates to a Markov kernel
F : Eb → Ea a linear map π : L∞(Ea) → L∞(Eb) defined as follows: for any
f ∈ L∞(Ea),

∀ωb ∈ Eb, π(f)(ωb) =

∫

f(ωa)F (dωa|ωb) (6.1)
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This association is ‘functorial’, we may denote the underlying functor
L∞ : Kern

op → Vect which is presheaf from the category of Markov kernels
to the category of vector spaces. It is the presheaf that associates spaces to
their space of observables. Let us denote L∞ ◦ G : A → Vect as i and
L∞ ◦F : A op → Vect as π. In these notation one has that for any a, b ∈ A

such that b ≤ a then πab ◦ i
b
a = id.

For the definition and characterization of projective presheaf over a poset
see [34–36].

Definition 8 (Projective A -specifications). An A -specification (G,F ) is
called projective when L∞ ◦ F is a projective presheaf (in Vect). In other
words, there is a collection of presheaves (Sa, a ∈ A ) such that, L∞ ◦ F ∼=
⊕

a∈A
Sa where for any b ≥ a, Sa(b) is a constant vector space denoted Sa

and Sa
b
c = id for any a ≤ c ≤ b and Sa(b) = 0 if b 6≥ a. The collection of

presheaves (Sa, a ∈ A ) is called the decomposition of (G,F ).

For any poset A , symmetrizing the order defines the following equiva-
lence relation,

∀a, b ∈ A , a ∼ b ⇐⇒ a ≤ b or b ≤ a (6.2)

The equivalence classes of this equivalence relation are the connected
components of A that we will denote as C (A ). To each element of a ∈ A

one can associate its connected component C (a). If each connected compo-
nent has a minimum element, in other words, if for any C ∈ C (A ), and any
b ∈ C, there is c ∈ C such that, c ≤ b, then we shall denote, C∗(A ) as the
collection of these minimum elements; if not C∗(A ) = ∅.

To conclude this article let us characterize Gibbs measures of projective
A -specifications.

Theorem 3. Let γ = (G,F ) be a projective A -specification. If at least one
of the connected components of A does not have a minimum element, i.e.
when,

C∗(A ) = ∅ (6.3)

then,

Gg(γ) = ∅ (6.4)

if not,

Gg(γ) =
∏

a∈C∗(A )

P(G(a)) (6.5)
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Proof. Let us denote L∞G as i and, L∞F as π; (i, π) is decomposable, let
(Sa, a ∈ A ) be its decomposition. For any a, b ∈ A such that b ≤ a and
µ ∈ G (γ), let us denote L∞µ as ν. For any v ∈ L∞F (a),

νbπ
a
b (
∑

c≤a

Sc(a)(v)) = νa(
∑

c≤a

Sc(a)(v)) (6.6)

where Sc(a)(v) denotes the projection of v on Sc(a); therefore,

νb(
∑

c≤b

Sc
a
b (v)) = νai

b
a(
∑

c≤b

Sc
a
b (v)) = νa





∑

c≤a

Sc(a)(v)



 (6.7)

and so,

νa(
∑

c≤a
c 6≤b

Sc(a)) = 0 (6.8)

Therefore for any a 6∈ C∗(A ), νa|Sa(a) = 0. Furthermore,

colim i ∼=
⊕

a∈A

Sa(a). (6.9)

ν is uniquely determined by (νa|Sa(a), a ∈ A ); if there is a connected
component C ∈ C (A ) that does not have a minimal element, for any a ∈ C,

νa|Sa = 0 (6.10)

Therefore for any a ∈ C, νa = 0; this is contradictory with the fact that
µa ∈ P(γ(a)) and so,

Gg(γ) = ∅ (6.11)

When C∗(A ) is non empty for any functor, H, from A to Set,

limH ∼=
∏

a∈C∗(A )

H(a) (6.12)

therefore,

Gg(γ) =
∏

a∈C∗(A )

P(G(a)) (6.13)
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7 Characterization of extreme Gibbs measures of

A -specifications

We now turn to the characterization of extreme Gibbs measures (Theorem
7.7 [29]), which is one of the steps for proving a zero-one law for the extreme
Gibbs measures. We will show how it transfers to A -specifications. In the
classical theory of rigorous statistical mechanics, the tail σ-algebra generates
the observables for which a ‘generalized’ law of large numbers (zero–one law)
holds. Following [9], we give a candidate for such a σ-algebra in the categor-
ical setting and show the associated extreme Gibbs measures decomposition.

Let us recall the definition of the tail σ-algebra in the classical formula-
tion. Let us first consider the case of time series, i.e. Ω =

∏

i∈NEi with Ei

are measurable spaces; let us denote E≥k as the σ-algebra generated by the
cylinders

∏

n≥k Ek. The tail σ-algebra is defined as
⋂

k∈N E≥k. For specifi-
cations, I is any set and Ea is indexed by a subset a ⊆ I that is finite. We
defined Ea to be a σ-algebra of Ea, however it can also be identified with the
smallest σ-algebra on E that make ia : E,E → Ea,Ea measurable. Through
this identification one defined E∞ := ∩a∈Pf (I)Ea.

For a functor from A to Mes, let us denote σ(G(a)) as the σ-algebra
of the measurable space G(a), where a ∈ A , and σ(G) as the underlying
functor defined as σ(G)baAb := Ga

b
−1Ab, with b ≤ a. We propose that one

candidate that plays the role of the tail σ-algebra for a given specification
γ = (G,F ) is limσ(G) defined as,

limσ(G) := {(Aa ∈ σ(G(a)), a ∈ A )|∀a, b ∈ A , Aa = Ga
b
−1Ab} (7.1)

Let us denote 1A : E → {0, 1} the indicator function over the set A that
sends ω ∈ A to 1 and ω 6∈ A to 0. Let us remark that 1Ab

◦Ga
b = 1[Ga

b (ωa) ∈
Ab] = 1Ga

b
−1Ab

. Remark that A ∈ limσ(G) is equivalent to 1A ∈ lim i; in

other words, limσ(G) is the restriction of lim i to indicator functions of the
form 1Aa , a ∈ A .

Finally, we also need to recall that for any f ∈ L∞(E) and µ ∈ P(E),
one can define a measure f · µ as f · µ(dω) = f(ω)dω.

The key proposition of this section is Proposition 1; the proof of that
proposition is given for G(a), a ∈ A finite measurable sets.

Assumption: Therefore, we assume in what follows that the measur-
able sets G(a) are finite.

However, there is no finiteness constraint on A . A weaker version holds
when G(a) is not finite. We will say that F > 0 when for any a, b ∈ A , such

12



that b ≤ a, F (ωa|ωb) > 0 for any ωb such that Ga
b (ωa) = ωb; G ◦ F = id

requires that F (ωa|ωb) = 0 when Ga
b (ωa) 6= ωb.

The following lemma is an extension of the classical result that states that
conditioning over a σ-subalgebra F1 ⊆ F defines a morphism of modules
when finer (F measurable) observables are seen as modules over the coarser
(F1 measurable observables).

Lemma 1. Let E1, E2 be two measurable spaces, let g : E2 → E1 be a
measurable map and f : E1 → E2 be a Markov kernel so that, f ◦g = id. Let
us denote respectively i and π the induced linear maps on L∞(E1), L

∞(E2).
Let h ∈ L∞(E2) and k ∈ L∞(E1), then,

π(h).k = π(h.i(k)) (7.2)

Proof. Let us first prove the result in the particular case when h = 1B with
B ∈ σ(E2) and k = 1A with A ∈ σ(E1). Let us denote A the complement of
A, then 1A + 1A = 1 and 1A.1A = 0. Furthermore i(1A) = 1g−1A

π(1B) = π(1B .1g−1A) + π(1B .1g−1A
) (7.3)

and

π(1B .1g−1A) ≤π(1g−1A) = π ◦ i(1A) = 1A (7.4)

π(1B .1g−1A
) ≤π(1

g−1A
) = 1A (7.5)

Therefore,

π(1B)1A = π(1B .1g−1A)1A + π(1B .1g−1A)1A (7.6)

But, π(1B .1g−1A)1A ≤ 1A.1A = 0 so, π(1B)1A = π(1B .1g−1A)1A. Fur-
thermore, π(1B .1g−1A) = π(1B .1g−1A)1A + π(1B .1g−1A)1A therefore,

π(1B .1g−1A)1A ≤ π(i(1A)).1A = 0 (7.7)

We just showed that,

π(1B .1g−1A) = π(1B .1g−1A)1A (7.8)

So π(1B).1A = π(1B .i(1A)). The result then extends by linearity directly
to h =

∑

k≤n 1Bk
and k =

∑

k≤n1
1An , which ends the proof.

Let us remark that if A ∈ lim σ(G) then A := (Aa, a ∈ A ) is also in
limσ(G).
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Proposition 1. Let γ = (G,F ) be a specification, let G(a) be finite sets for
any a ∈ A , let F > 0. Let µ ∈ G (γ), for any f ∈

∏

a∈A L
∞(G(a)), such

that ∀a ∈ A , µa(fa) = 1,

f.µ ∈ Gg(γ) ⇐⇒ ∃f̃ ∈ lim i, s.t. f.µ = f̃ .µ (7.9)

Proof. Let us assume that f.µ ∈ Gg(γ), then for any a, b ∈ A such that b ≤ a,
and for any ga ∈ L∞(G(a)), by hypothesis, (f.µ)bπ

a
b (ga) = (f.µ)a(ga); it can

be rewritten as,

µb (π
a
b (ga).fb) = µa (fa.ga) (7.10)

By Lemma 1, πab (ga).fb = πab (ga.i
b
afb); therefore,

µbπ
a
b (ga.i

b
afb) = µa (fa.ga) (7.11)

Therefore fa = ibafb µa-almost surely.
We will now show that there is f̃ ∈ lim i such that f̃ .µ = f.µ. It is in this

part of the proof that we assume that G(a) are finite sets and that F > 0.
Let’s call Sa := suppµa, the support of µa, i.e., the set suppµa := {ωa ∈
G(a)|µa(ωa) > 0}. Let us denote Na := Sa its complement and Ma = 1Na .
We will now show that (Na, a ∈ A ) ∈ lim σ(G).

For any b, a ∈ A such that b ≤ a, µai
b
a = µb; therefore, as µb(Mb) = 0,

one has that µai
b
a(Mb) = 0. Recall that iba(Mb) is the indicator function of the

set Ga
b
−1Nb; the previous remark implies that iba(Mb) ≤ Ma. Furthermore,

µbπ
a
b (Ma) = µa(Ma) = 0; therefore, πab (Ma) ≤Mb.
Hence, as πab (i

b
aMb) =Mb and ibaMb ≤Ma, then by applying πab on both

sides, Mb ≤ πab (Ma). And so πab (Ma) =Mb.
Recall that we showed that πab (Ma) = Mb and iba(Mb) ≤ Ma. In partic-

ular, Ma − iba(Mb) ≥ 0; furthermore, πab (Ma − iba(Mb)) = 0 so Ma = iba(Mb).
To be more explicit: ∀ωb ∈ G(b),

πab (Ma − iba(Mb))(ωb) =
∑

ωa∈G(a)

F (ωa|ωb)[Ma − iba(Mb)](ωa) (7.12)

As, by hypothesis, for any ωb such that Ga
b (ωa) = ωb one has that

F (ωa|ωb) > 0, then Ma = iba(Mb). This implies that M ∈ lim i and
N ∈ limσ(G). This also implies that S ∈ limσ(G).

Let f̃ = f1S. Then f1S ∈ limF and for any a ∈ A , fa = f̃a µa-a.s.,
which ends the proof.

One remarks that lim i is a subset of lim π: for any f ∈ lim i, by definition
for any a, b ∈ A such that b ≤ a, ibafb = fa and so πab i

b
afb = πab fa so

fb = πab fa.
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Let us also remark that for any b ≤ a ∈ A , µa(Aa) = µb(Ab) for µ ∈
G (γ), A ∈ limG.

Theorem 4 (Extreme measure characterisation (Generalisation of Theorem
7.7 [29]) ). Let γ = (G,F ) be a specification, let G(a) be finite sets for any
a ∈ A , let F > 0. Gg(γ) is a convex set. Each µ ∈ Gg(γ) is uniquely
determined by it’s restriction to limσ(G). Furthermore µ is extreme in G (γ)
if and only if for any A ∈ lim σ(G), ∀a ∈ A , µa(Aa) = 0 or 1.

Proof. Let us denote π∗ the functor from A to Vect for which for any
b ≤ a, π∗ba : (L∞F (b))∗ → (L∞F (a))∗ is the dual of πab that send linear
forms to linear forms. Then Gg(γ) is a subspace of the vector space limF ∗

and furthermore for any a ∈ A and p ∈ [0, 1], pµa + (1 − p)νa ∈ P(G(a))
whenever µa, νa ∈ P(G(a)). Therefore Gg(γ) is a convex set.

Proposition 1, allows us to apply a similar proof, when done with caution,
to the one found of Theorem 7.7 in [29]. Let us recall the proof. Let µ, ν ∈
G(γ) such that µ| lim i = ν| lim i. Let µ = µ+ν

2 , then µ ∈ G (γ). But µ and ν
are absolutely continuous with respect to µ therefore for any a ∈ A there
is fa, ga ∈ L∞(G(a)) such that µa = faµa and νa = gaµa. By Proposition
1, f, g ∈ lim i. By hypothesis, for any h ∈ lim i µa(ha) = µa(ha) = νa(ha).
Importantly iba is a ring morphism of L∞(G(b)), i.e. iba(kb.hb) = iba(kb).i

b
a(hb).

Therefore for any h, k ∈ lim i, k.h ∈ lim i; as f − g ∈ lim i, then it is also the
case that (f − g)2 ∈ lim i; but for any a ∈ A ,

µa[(fa − ga)
2] = 0 (7.13)

so fa = ga µa − a.s. Therefore fµ = gµ and µ = ν.
Showing that µ ∈ Gg(γ) is extreme is equivalent to µ being trivial on lim i

is a direct generalization of Corollary 7.4 [29] thanks to Proposition 1. Let
µ ∈ G (γ) be not trivial on lim σ(G) then there isA = (Aa, a ∈ A ) ∈ limσ(G)
such that,

∀a ∈ A , 0 < µa(Aa) < 1 (7.14)

Therefore for any a ∈ A ,

µa = µa(Aa)
1Aa .µa
µa(Aa)

+ µa(Aa)
1Aa

.µa

µa(Aa)
(7.15)

Furthermore, for any b ≤ a,

iba
1Ab

µa(Ab)
=

1Aa

µa(Ab)
=

1Aa

µa(Aa)
(7.16)

Therefore
1Aa

µa(Aa)
, a ∈ A is in lim i and so by Lemma 1,

(

1Aa .µa

µa(Aa)
, a ∈ A

)

∈

Gg(γ). Similarly
(

1
Aa

.µa

µa(Aa)
, a ∈ A

)

∈ Gg(γ). In particular there is 0 < p < 1
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so that µ = pν+(1− p)ν1 with ν, ν1 ∈ Gg(γ). Therefore µ is not an extreme
measure.

Assume now that µ ∈ Gg(γ) is such that for any A ∈ limσ(A), and
any a ∈ A , µa(Aa) = 0 or 1. Suppose that there is 0 < p < 1 such that
µ = pν + (1 − p)ν1 with ν, ν1 ∈ Gg(γ). Then for any a ∈ A , νa, ν1a is
absolutely continuous with respect to µa. Therefore, there are (fa ≥ 0, a ∈
A ), (ga ≥ 0, a ∈ A ) both in

∏

a∈A
L∞(G(a)) such that ν = fµ and ν1 = gµ.

As ν, ν1 ∈ Gg(γ), then by Lemma 1, f, g ∈ lim i. Therefore, for all a ∈ A ,
µa(fa) = 0 or for all a ∈ A , µa(ga) = 0. So, µ = ν or µ = ν1 and µ is
extreme in Gg(γ).

Let us remark that if A has only one connected component, then for
A ∈ limσ(G), satisfying ∀a ∈ A , µa(Aa) = 0 or 1 is equivalent to ∃a ∈
A , µa(Aa) = 0 or 1. Indeed, if a, b are in the same connected component,
i.e., a ≤ b or b ≤ a, then µa(Aa) = µb(Ab).

8 Background: Variational inference for graphical

model and more

Consider a joint distribution PX,Y ∈ P(E × E1) over two random vari-
ables X ∈ E,Y ∈ E1. A classical problem is, given an observation ω1

on Y , to compute the posterior PX|Y (ω, ω1) =
PX,Y (ω,ω1)

PY (ω1)
with PY (ω1) =

∑

ω∈E PX|Y (ω, ω1), the marginal distribution of Y . However, doing so re-
quires summing over all possible configurations of X, which can be compu-
tationally too costly. This is the case, for example, when X = X0, ...,XT

with Xi ∈ S and E =
∏

i≤T B. Instead, one resorts to variational inference
to compute PX|Y approximately [30]. We will now explain what variational
inference is, but first let us introduce entropy and Gibbs free energy. When
E is a finite set, the entropy of a probability distribution Q on E is defined
as:

S(Q) = −
∑

ω∈E

Q(x) lnQ(x) (8.1)

Let H be a measurable function H : E → R. For Q ∈ P(E), one calls
EQ[H] − 1

β
S(Q) the Gibbs free energy; in general β = 1. An important

property is that,

− ln
∑

ω∈E

e−βH(ω) = inf
Q∈P(E)

EQ[βH]− S(Q) (8.2)

The optimal solution to Equation 8.2 is given by the Boltzmann distri-
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bution

Q∗(ω) =
e−H(ω)

∑

ω∈E e
−βH(ω)

(8.3)

Let H(ω) = − lnPX,Y (ω, ω1) and β = 1, then Q∗(ω) = PX|Y (ω|ω1).
Therefore, solving the optimization problem of Equation 8.2 is equivalent to
computing the posterior PX|Y (ω|ω1). Solving Equation 8.2 over a subset of
distributions Q ∈ Θ ⊆ P(E) is called variational inference. If furthermore
the Gibbs free energy is replaced by an approximation, we call it approximate
variational inference.

One remarks that infQ∈P(E) EQ[βH]−S(Q) is equivalent to supQ∈P(E) S(Q)−
EQ[βH]. And this last optimization problem relates, through Lagrange mul-
tipliers, to maximizing entropy under energy constraints U ∈ R,

sup
Q∈P(E)
EQ[H]=U

−
∑

x∈E

Q(x) lnQ(x) (8.4)

In the physics literature, one refers to Equation 8.4 as MaxEnt [42],
which stands for the principle of maximum entropy and such principle has
many application see [42, 43]. Variational inference is called the variational
principle.

Graphical models translate relations on graphs into conditional inde-
pendence relations between variables [2, 44, 45]. The Hammersley-Clifford
Theorem states that for strictly positive distributions, these conditional in-
dependence relations are equivalent to factorizing the joint distributions on
the cliques of the graph. When a joint distribution factors according to an
acyclic graph, computing the posterior PX|Y over some nodes of the graph
can be done efficiently through dynamic programming with an algorithm
called Belief Propagation. In the particular case where the graphical model
is a Gaussian Hidden Markov Model, this dynamic programming algorithm
is the smoother Kalman filter [46].

The Belief Propagation algorithm solves an approximate variational in-
ference problem for a variational free energy called the Bethe free energy
[10, 11, 18, 47].

We now specify the previous statement and explain what we mean by
a probability distribution that factors according to a collection of subsets
of variables. Then, we recall the remarkable property that for probability
distributions that factor according to an acyclic graph, entropy can be de-
composed into sums of ’local’ entropies. This will allow us to introduce what
the Bethe free energy is and how it relates to entropy.

It is important to consider the case of graphical models to understand
the more general setting of factor graphs or factorization models Yedidia,
Freeman, Weiss consider in their seminal article, Constructing Free Energy
Approximations and Generalized Belief Propagation Algorithms, extending
the correspondence between a Generalized Belief Propagation algorithm and
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the associated variational free energy that we will call the Generalized Bethe
free energy. We present their work and O. Peltre’s complemented version
and extension of their results (see SYCO 8 talk, [11,48]) in the next section.
Doing so will then motivate the entropy we introduce for A -specifications
and give intuition on the message passing algorithm we introduce for such
specifications.

Let E =
∏

i∈I Ei where I is finite. P is said to factor according to a
subset A of P(I) when for any a ∈ A there is fa : Ea → R such that,

P (ω) =
∏

a∈A

fa(ωa) (8.5)

We will denote the space of probability distributions that factor according
to A as FacA . We will call such space the space of (A -)factorization models.

A graph G = (I,A) is a collection of vertices I and edges A; one can see
it as a poset A (G) with the relation of inclusion. In other words, for any
v ∈ I and e ∈ A, v ≤ e if and only if v ∈ e.

Let us now recall a proposition that states that a strictly positive prob-
ability distribution on a finite set E, i.e., Q(ω) > 0 for ω ∈ E, factors
according to its marginal distribution on the edges and vertices [12,49]. We
denote P>0 as the space of strictly positive probability distributions.

Proposition 2 (Factorization on acyclic graphs). Let I be a finite set and
let E =

∏

i∈I Ei be a product of finite sets, and let G = (I,A) be a finite
acyclic graph. Q ∈ P>0(E) factors accordingly to A (G), i.e., Q ∈ GA (G) if
and only if for any ω ∈ E,

Q(ω) =

∏

e∈A i
e
∗Q(ωe)

∏

v∈I i
v
∗Qd(v)−1(ωv)

, (8.6)

where ie : E → Ee is the projection onto the state space Ev1 ×Ev2 associated
with the edge e = (v1, v2), and similarly for iv : E → Ev.

For a given sub-poset A ⊆ P(I), let us denote

[∗, i]A := {(Qa ∈ P(Ea), a ∈ A ) | ∀b ≤ a, ibaQb = Qa} (8.7)

as the collection of ’local’ probability measures that have compatible marginals
with respect to the projections iab : Ea → Eb when b ⊆ a in P(I). The next
proposition expresses the free energy of probability distributions that fac-
tor according to an acyclic graph as a weighted sum of free energies of its
marginals on edges and vertices. The weights are given by the inclusion-
exclusion formula of the graph when seen as a poset. First, let us recall the
inclusion-exclusion formula for a poset.
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Definition 9 (Zeta operator of a poset). Let A be a finite poset. We call
the ‘zeta-operator’ of a poset A , denoted ζ, the operator from

⊕

a∈A
R →

⊕

a∈A
R defined as, for any λ ∈

⊕

a∈A
R and any a ∈ A ,

ζ(λ)(a) =
∑

b≤a

λb (8.8)

Proposition 3 (Reformulation of Proposition 2 [50], Rota’ 64). Let A be
a finite poset. The zeta-operator of A is invertible. We will call its inverse
the Möbius inversion of A , denoted µ. Furthermore, there is a collection
(µ(a, b); b, a ∈ A s.t. b ≤ a) such that, for any λ ∈

⊕

a∈A
R and a ∈ A ,

µ(λ)(a) =
∑

b≤a

µ(a, b)λb (8.9)

We call the coefficient (µ(a, b), b, a s.t. b ≤ a) the Möbius coefficients of
A . In particular Proposition 3 implies that, for any b, a ∈ A such that
b ≤ a,

∑

c:b≤c≤a

µ(a, c) = 1[b = a] (8.10)

∑

c:b≤c≤a

µ(c, b) = 1[b = a] (8.11)

For a collection of values λa ∈ R, a ∈ A , we call the following expression
∑

a∈A

∑

b≤a µ(a, b)λb the inclusion-exclusion formula over a poset A ; this
formula corresponds to the value one would attribute to a maximal element,
denoted 1, added to A :

λ1 :=
∑

a∈A

∑

b≤a

µ(a, b)λb (8.12)

which can be rewritten as λ1 =
∑

a∈A
[
∑

b≥a µ(b, a)]λa. We will denote
c(a) =

∑

b≤a µ(a, b) the weighted coefficients
To find the classical inclusion-exclusion formula, consider I a finite set;

the poset A is (P(I),⊇) with the reversed order. The quantities λa, for
a ∈ A , are |Ai| when a = i ∈ I, and represent the cardinality of the sets Ai,
as well as the cardinality of all possible intersections | ∩i∈a Ai| when a ⊆ I.
In this setting, the maximal element 1 has a value λ1 = | ∪i∈I Ai|.

Proposition 4. Let I be a finite set, and let E =
∏

i∈I Ei be a product of
finite sets. Consider a finite acyclic graph G = (I,A). Let (Ha : Ea → R, a ∈
A ) be a collection of Hamiltonians (measurable maps) that respectively factor
through the projection ia : E → Ea. The following map,
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φ : [∗, i]A → FacA (G)

(Qa, a ∈ A (G)) 7→
∏

e∈A Qe
∏

v∈I Q
d(v)−1
v

(8.13)

is a bijection; here d(v) is the degree of node v. Furthermore,

Eφ(Q)

[

∑

e∈A

He +
∑

v∈I

Hi

]

− S(φ(Q)) = F (Qa, a ∈ A (G)) (8.14)

where

F (Qa, a ∈ A (G)) =
∑

a∈A (G)

c(a)
[

S(ia∗Q)− Eia
∗
Q[Ha]

]

(8.15)

Proof. Let for any p ∈ P>0(E) ∩ FacA (G),

ψ : P(E) ∩ FacA (G) → limF

P 7→ (πa,∗P, a ∈ A (G))
(8.16)

Then φψ = id and ψφ = id, furthermore for any P ∈ P(E) ∩ FacA (G),

EQ[
∑

a∈A

Ha] = EQ[
∑

a∈A

∑

b≤a

µ(a, b)Ha] =
∑

a∈A

∑

b≤a

µ(a, b)Eia∗Q[Ha] (8.17)

and by Proposition 2,

S(Q) =
∑

e∈A

S(ie∗Q)−
∑

v∈I

(d(v) − 1)S(iv∗Q) =
∑

a∈A (G)

c(a)S(ia∗Q) (8.18)

which ends the proof.

F (Qa, a ∈ A (G)) =
∑

a∈A (G) c(a)
[

S(ia∗Q)− Eia
∗
Q[Ha]

]

is called the Bethe
free energy and depends only on the marginal distributions ia∗Q. Proposition
4 implies that variational inference on acyclic graphical models can be done
over marginal distributions and still give the exact posterior. This remark is
very important as, for a graph (G,E), the state space of (Ee, e ∈ A) is of size
|A| ×N2 with N the maximal size of the Ev, v ∈ I, whereas the cardinality
of E is O(N |I|). The collection of marginal distributions serves therefore as
a compressed representation of the joint distribution. When G is acyclic,
the Belief Propagation algorithm finds the minima of the Bethe free energy
exploiting the compressed reformulation of FacA (G); the complexity of the
algorithm is O(|A|).
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The Bethe free energy can be defined on any graph, even those that may
contain cycles; in such cases, the equality between the Bethe free energy and
the Gibbs free energy does not hold in general. The key idea is to replace
the Gibbs free energy with the Bethe free energy in variational inference and
solve the associated optimization problem, hoping that the true posterior
will be correctly approximated.

We introduced the Bethe free energy in a similar fashion to [11]. This also
allows us to see how one can define the Bethe free energy for any factorization
model. In this context, the Bethe free energy is called the Generalized Bethe
free Energy or region-based approximation of free energy in [12]. In the next
section, we define the (Generalized) Belief Propagation algorithm for the
Generalized Bethe free Energy.

9 Background: Generalized Bethe free energy

The Generalized Bethe free energy is an approximation of the Gibbs free
energy that generalizes the Bethe free energy [12]. Consider the configuration
space E =

∏

i∈I Ei of finite sets over a finite set I. Let A ⊆ P(I), and let
(Ha ∈ Ea → R, a ∈ A ) be a collection of (measurable) Hamiltonians. For
Q = (Qa ∈ P(Ea), a ∈ A ), the General Bethe free energy is defined as:

FBethe(Q) =
∑

a∈A

∑

b≥a

µ(b, a) (EQa[Ha]− Sa(Qa)) (9.1)

Here we considered Q = (Qa ∈ P(Ea), a ∈ A ) to be any collection of
distributions over the local variables Xa ∈ Ea; however, let’s keep in mind
that the collection we are interested in are Q ∈ [∗, i]A that are compatible
with respect to marginalization.

In the Bethe Free energy, the entropy functional is replaced by a recon-
struction of the ’local’ entropies that only makes use of the entropy of the
marginals. This is the term SGB(p) =

∑

a∈A
c(a)S(pa) in FBethe. It is eco-

nomical in the sense that it is a non-redundant way of computing entropy,
similar to counting the cardinality of the union of sets using the Inclusion-
Exclusion principle (see [51] for a detailed presentation of this idea).

The General Belief Propagation is an algorithm that enables us to find
the critical points of the Generalized Bethe Free Energy. A classical result
states that fixed points of this algorithm correspond to critical points of that
free energy. Let us now recall the expression of this algorithm.

For A ⊆ P(I), E a finite product of finite sets, and (Ha, a ∈ A ) a
collection of Hamiltonians. For two elements of A , a and b such that b ⊆ a,
two types of messages are considered: top-down messages ma→b ∈ REb and
bottom-up messages nb→a ∈ REa. The update rule is as follows: consider
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messages at times t, (ntb→a,m
t
a→b|b, a ∈ A s. t. b ≤ a), they are related by

the following relation,

∀a, b ∈ A , s.t. b ≤ a, ntb→a =
∏

c:b≤c
c�a

mt
c→b (9.2)

One can define beliefs as ,

∀a ∈ A , bta ∝ e−Ha
∏

b∈A :
b≤a

ntb→a (9.3)

The beliefs are sometimes interpreted as probability distributions up to
a multiplicative constant; here to make the presentation clearer, we require
that ba is a probability distribution. The update rule is given by,

∀a, b ∈ A , s.t.b ≤ a mt+1
a→b(xb) = mt

a→b(xb)

∑

ya:πa
b
(ya)=xb

bta(ya)

btb(xb)
(9.4)

The multiplication of function nb→a that have different domains is made
possible because there is an the embedding of REb into REa implicitly implied
in the last equation.

The algorithm can be rewritten in a more condensed manner, updating
only the top-down messages, for all a, b ∈ A , such that b ≤ a,

mt+1
a→b(xb) = mt

a→b(xb)

∑

ya:iab (ya)=xb
e−Ha(ya)

∏

c∈A :
c⊆a

∏

d:c⊆d
d6⊆a

mt
d→c(xc)

e−Hb(xb)
∏

c∈A :
c⊆b

∏

d:c⊆d
d6⊆b

mt
d→c(xc)

(9.5)

We will denote this update rule as GBP , m(t+ 1) = GBP (m(t))

Theorem 5 (Yedidia, Freeman, Weiss, Peltre). Let (ma→b, a, b ∈ A s.t. b ⊆
a) be a fix point of the Generalized Belief Propagation, i.e.

m = GBP (m) (9.6)

Let (ba, a ∈ A ) be the associated beliefs and let, for a ∈ A , pa =
ba/

∑

x∈Ea
ba(x) be the associated normalized beliefs. Then (pa, a ∈ A ) is a

critical point of FBethe under the constraint that p ∈ limF .

Proof. Theorem 5.15 [11], Theorem 5 [12].
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10 Entropy of A -specifications and variational prin-

ciple

Let A be a finite poset and γ = (G,F ) be a specifications with G(a) being
a finite set for any a ∈ A . We propose that the entropy of Q ∈ Gg(γ)
to be SGB(Q) =

∑

a∈A
c(a)S(Qa) and that the free energy is FBethe(Q) =

∑

a∈A
c(a) (EQa[Ha]− Sa(Qa)).

It might seem at first glance that it is sufficient to apply GBP to find the
critical points of the free energy for specifications, but it is actually much
trickier than that. In GBP the free energy is constrained over Q ∈ [∗, i]A
but for Q ∈ Gg(γ), Q ∈ [∗, F ]K,A . The first significant difference is that
for GBP the presheaf is prescribed to the one associated with marginaliza-
tion whereas here F can be anything. In Section 3.2 [10] (version 1) the
case where F is any presheaf is treated in detail and corresponds to a fair
amount of generalization with respect to GBP as presented in [11, 12]. The
second difference is that F is a functor and not a presheaf; it is an essential
difference tackled in the most general setting by Theorem 2.3 [10] (version
1). The intuition behind such a difference is as follows. The dual of the F
acts on Lagrange multipliers; the Lagrange multipliers are analogous to the
messages ‘ma→b’ of GBP. When F is a presheaf its dual is a functor and one
can send the Lagrange multipliers in a cell F (a) but applying F a

b
∗ to ma→b

for any b ≤ a and so one can do the product of such messages (or the sum
if one takes the logarithm). One cannot send the Lagrange multipliers for
the b’s smaller than a into the cell F (a)∗ when the F is a functor. However,
when there is G such that F is a section of G, G can send the multipliers into
F (a) and one can build a message-passing algorithm that finds the critical
points of the Bethe free energy for specifications. We now explicitly state
Theorem 2.3 [10] (version 1) in the particular case of specifications and detail
the message-passing algorithms for finding optimal Gibbs measures.

Problem to solve: The optimization problem we want to solve is the
following,

inf
Q∈Gg(γ)

FBethe(Q) (10.1)

We will need to generalize the ζ and Möbius inversion of a poset to the
ones for functors and presheaves.

Definition 10 (Mobius inversion associated to a functor). Let G : A →
Mod be a functor from a finite poset to the category of R-modules with R
a ring; let ζG :

⊕

a∈A
G(a) →

⊕

a∈A
G(a) be such that for any a ∈ A and

v ∈
⊕

a∈A
G(a),

µG(v)(a) =
∑

b≤a

µ(a, b)Gb
a(vb) (10.2)
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Proposition 5. Let G : A → Mod be a functor from a finite poset to the
category of modules, µG is invertible and its inverse, denoted ζG, is defined
as follows, for any a ∈ A and v ∈

⊕

a∈A
G(a),

ζG(v)(a) =
∑

b≤a

Gb
a(vb) (10.3)

Proof. Let v ∈
⊕

a∈A
G(a) and a ∈ A ,

ζGµG(v)(a) =
∑

b≤a

∑

c≤b

µ(b, c)Gb
aG

c
b(vc) (10.4)

therefore,

ζGµG(v)(a) =
∑

c≤a





∑

b: c≤b≤a

µ(b, c)



Gc
a(vc) = Ga

a(va) (10.5)

Furthermore,

µGζG(v)(a) =
∑

b≤a

µ(a, b)
∑

c≤b

Gc
a(vc) = va (10.6)

Remark 3. Let us remark for any poset (A ,≤) one can reverse the relations,
in other words, for any a, b ∈ A ,

a ≤op b ⇐⇒ b ≤ a (10.7)

We sall also denote ≤op as ≥ and the corresponding poset as A op or
(A ,≥). One has that, for any a, b ∈ A such that a ≥ b,

ζA op(b, a) = ζA (a, b) (10.8)

µA op(b, a) = µA (a, b) (10.9)

In particular for any G : A → Vect functor from a finite poset to the
category of modules,

µG∗ = (µG)
∗ (10.10)

as for any (la ∈ G(a)∗, a ∈ A ),

∑

a∈A

∑

b≤a

µ(a, b)laG
b
a =

∑

b∈A

∑

a≥b

µ(a, b)G∗a
b (la) (10.11)
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In what follows, we go back to the convention for specification, which is
that G is a presheaf (to the category of measurable spaces). Let us define
the function FE(Q) :

∏

a∈A
P(Ea) →

∏

a∈A
R as FE(Q) = (EQa [Ha] −

Sa(Qa), a ∈ A ), which sends a collection of probability measures over A to
their Gibbs free energies. For any Q ∈

∏

a∈A
P(Ea), let us denote dQFE as

the differential of FE at the point Q.

Theorem 6. Let A be a finite poset, let γ = (G,F ) be a A -specification such
that G(a) is a finite set for any a ∈ A . Let Ha : G(a) → R be a collection
of (measurable) Hamiltonians. The critical points of the Generalized Bethe
free energy are the Q ∈ [∗, F ]K,A such that,

µG∗dQFE|[∗,F ]K,A
= 0 (10.12)

Let us now present the message-passing algorithm we consider. For two
elements of A , a and b such that b ≤ a, two types of messages are considered:
top-down messages ma→b ∈ RG(a) and bottom-up messages nb→a ∈ RG(a).
Consider messages at times t, (ntb→a,m

t
a→b; b, a ∈ A s.t. b ≤ a), they are

related by the following relation,

∀b ≤ a,∀ω1 ∈ G(a) ntb→a(ω1) =
∏

c:b≤c
c�a

∑

ω∈G(b)

mt
c→b(ω)G

a
b (ω|ω1) (10.13)

One then defines beliefs as ,

∀a ∈ A , bta ∝ e−Ha
∏

b∈A :
b≤a

ntb→a (10.14)

where ba ∈ P(G(a). The update rule is,

∀a, b ∈ A , s.t.b ≤ a mt+1
a→b = mt

a→b

F b
ab

t
b

bta
(10.15)

Theorem 2.2 [10] (version 2) applied to specifications implies that fixed
points of the previous message-passing algorithm are in correspondence with
critical points of the Bethe free energy over the space of Gibbs measures.
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