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Abstract The quantitative determination of liquid water content and salinity in soils is crucial for the
preservation of hydrological environments and engineering infrastructures, especially in frozen regions.
Electrical conductivity, as a fundamental physical parameter in electrical and electromagnetic non‐destructive
techniques, varies significantly with the physical and chemical properties, such as pore water conductivity,
salinity, water saturation, and temperature. In this study, accounting for pore size and tortuous length following
fractal distributions, we develop a new capillary bundle model for variation of electrical conductivity as a
function of temperature in broad water saturation and salinity ranges. In this new model, we consider the
contributions of bulk and surface conductivities to the total electrical conductivity. To test this model, a series of
laboratory experiments were carried out for different initial water saturations and salinities using an electrical
resistance apparatus and a nuclear magnetic resonance method. The experimental results show that unfrozen
water saturation and ionic concentration affect the electrical conductivity of unsaturated frozen soils.
Furthermore, the proposed model is capable of fitting the main trends of the experimental data from the
literature and acquired in this study in unfrozen‐frozen conditions for different water contents. Relying on the
proposed model, we also determine the expression of the apparent formation factor, which is significantly
sensitive to porosity, water saturation, and temperature. The predicted values of the apparent formation factor
also agree very well with the experimental data. This new capillary bundle model provides a new perspective in
interpreting electrical monitoring to easily deduce changes in key variables in the cryosphere such as liquid
water content and moisture gradients.

1. Introduction
Frozen water is the main fresh water storage system from five types of storages defined by Gleeson et al. (2020). It
plays a major role in the global water cycle and is by definition highly sensitive to climate change (Intergov-
ernmental Panel on Climate Change, 2019). Moreover, in frozen zones, the freezing and melting processes affect
the hydrological environment (Christensen et al., 2013; Hayashi et al., 2003; He et al., 2016; Oquist et al., 2009;
Watanabe & Osada, 2017) and engineering infrastructure developments (Tai et al., 2018, 2020; Teng et al., 2019,
2022; Wen et al., 2012). On the one hand, the degradation of frozen soils results in microbial activities, the growth
of thermokarst lakes, and biogeochemical processes (Loisel et al., 2021; Oquist et al., 2009; Watanabe &
Osada, 2017). On the other hand, engineering constructions on frozen soils are also affected by the presence of
frozen layers, leading to frost‐heave and thaw‐weakening damages, which particularly affect the safety perfor-
mance of high‐speed railways due to the strict deformation requirement of subgrade foundations (Bai et al., 2018;
Christensen et al., 2013; Hayashi et al., 2003; Teng et al., 2019, 2022; Y. Z. Zhang et al., 2019). Therefore, it is
essential to have a good understanding of the physical properties of frozen layers in order to study and monitor
thermo‐hydro‐mechanical processes of frozen soils. For example, it is important to study how the temporal and
spatial evolutions of the liquid water saturation and salinity contribute to the hydromechanical properties and their
role in moisture transfer and potential ice formation.

Liquid water still exists in soil pores when temperature falls below the freezing temperature due to soil water
potential (including the soil grain matrix potential and chemical potential) (Andersland & Ladanyi, 2004; Hu
et al., 2023; Jin et al., 2020; C. Zhang & Liu, 2018; C. Zhang & Lu, 2018; Zhou et al., 2020). The relationship
between liquid water content and temperature is described by the soil freezing characteristic curve (SFCC). The
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type of soluble salts and the salinity affect the variation of the unfrozen water content of the frozen porous medium
(Banin & Anderson, 1974; Watanabe & Mizoguchi, 2002; Xiao et al., 2018). For an ideal dilute solution (e.g.,
containing NaCl), as the experimental temperature decreases, liquid water in the pore is converted to bulk ice. As
the liquid water content diminishes below freezing temperature, the salts are discharged from the solid ice into the
pore water, thus the ionic concentration of the liquid water increases when temperature declines, leading to the
freezing temperature of the remaining liquid water in frozen soils that is further depressed (L. Y. Wang
et al., 2021; Zhou et al., 2020). The initial saturation condition (i.e., the equivalent water saturation above freezing
conditions) is also another considerable factor affecting the hydromechanical issues. Variations in initial satu-
ration are susceptible to cause frost heave in engineering structures. Bai et al. (2018) and Niu et al. (2017)
discovered significant frost heave in the subgrade foundation of high‐speed railway using TDR‐3 soil moisture
sensors and displacement sensors through long‐term field monitoring (e.g., Harbin‐Dalian high‐speed railway
subgrade). They attributed the ice accumulation in the railway subgrades to air transfer in unsaturated frozen soils.
Teng et al. (2020) directly measured the liquid water content and corresponding soil temperature for different
initial water saturations using the nuclear magnetic resonance (NMR) method and investigated the evolution of
the liquid water saturation with temperature. Amankwah et al. (2021) designed laboratory and field experiments
on the unfrozen water content with different types of frozen soils, initial water saturations, and salinities using
HydraProbes® sensors. They then compared the dependence of the liquid water content on the salt exclusion and
initial water saturation effects. Consequently, for both experimental and theoretical aspects, accurate de-
terminations of unfrozen water content and ionic concentration at freezing temperature over a wide range of
temperature, water saturation and salinity are the basis for understanding and addressing the thermo‐hydro‐
mechanical issues in cold regions.

The selection of appropriate experimental methods for subsurface characterization is of crucial importance. For
this goal, the field of geophysics can provide a wide category of techniques that now constitute the well‐
established field of hydrogeophysics (e.g., Binley et al., 2015; Hermans et al., 2023). Electrical and electro-
magnetic methods, including electrical resistivity tomography, self‐potential (SP), and (spectral) induced po-
larization (SIP), can be used to investigate the water distribution and solute concentration of porous media at
various scales, from small‐scale (e.g., from micrometer to several meters) laboratory measurements to long‐
term (e.g., over several months) large‐scale (e.g., from several meters to several kilometers) field moni-
toring. In terms of laboratory‐scale measurements, as a typical non‐destructive measurement technique, the
electrical and electromagnetic methods have been adopted to measure the evolution of water saturation, hy-
draulic conductivity, and salinity in recent years. For instance, using IP techniques, Revil, Coperey, Deng,
et al. (2018) and Revil et al. (2017) investigated the complex conductivity of soil samples to determine the
relationship of the complex conductivity (real and imaginary parts) with frequency for varying water saturations
and salinities above the freezing temperature. In terms of long‐term large‐scale monitoring, the electrical and
electromagnetic methods can be used as a fluid tracker to non‐destructively monitor the distribution and dy-
namics of the liquid water in shallow aquifers, the salinity of and transport of subsurface pollutants (e.g., Revil
et al., 2012), such that they can be applied in the field monitoring of the subsurface, from fully saturated
conditions (e.g., Kemna et al., 2002; Pollock & Cirpka, 2012) to partially saturated conditions (Binley
et al., 2002; Haarder et al., 2015; Jougnot et al., 2015). These geoelectrical methods are increasingly applied in
cold regions, where they are used to remotely monitor the dynamics of the active layer thickness in the
permafrost (Bussière et al., 2022; Duvillard et al., 2018; Pedrazas et al., 2020), the unsaturated flow in melting
snow (Clayton, 2017, 2021; Kulessa et al., 2003, 2012), snowmelt infiltration, and the spatial and temporal
distribution of unfrozen and frozen zones (Coperey, Revil, Abdulsamad, et al., 2019; Coperey, Revil, &
Stutz, 2019; Duvillard et al., 2018, 2021; Hauck et al., 2011). These geophysical methods appear to be an
appropriate way to meet the needs of measurements in permafrost environments, particularly for distinguishing
between unfrozen and frozen areas, due to the sensitivity of geophysical properties to the contrast between
liquid and solid water. For example, the electrical conductivity of frozen layers varies by several orders of
magnitude when compared to a porous medium above freezing temperature. In particular, some studies
explored the relationship between electrical conductivity and temperature at freezing temperature for different
soil samples using laboratory geophysical methods, and evaluated the unfrozen water and ice contents (Hol-
loway & Lewkowicz, 2019; Lai et al., 2021; Luo et al., 2021, 2023; Oldenborger & LeBlanc, 2018). However,
there are few laboratory studies on the effects of initial water saturation and salinity on the electrical con-
ductivity of partially saturated frozen soils below freezing temperature.
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From a theoretical development point of view, it is crucial to relate the electrical conductivity not only to pore
fluid properties such as water saturation, ionic concentration, and porosity, but also to mineral surface properties
such as Cationic Exchange Capacity (CEC) or Specific Surface Area. Several physically‐based models have been
proposed to relate the electrical conductivity to temperature in frost state. As reported in the literature, they can be
divided into (a) empirical relationships between the electrical conductivity and temperature (e.g., Dafflon
et al., 2016; Herring et al., 2019), (b) mathematical models in relation to the electrical theory (e.g., Shan
et al., 2015; Tang et al., 2018), and (c) capillary bundle models (e.g., Coperey, Revil, Abdulsamad, et al., 2019;
Luo et al., 2023; Ming et al., 2020). In particular, Luo et al. (2023) formally developed a physically‐based model
using the Gibbs‐Thomson expression (unfrozen water saturation) and the surface complexation model consid-
ering the effect of surface conduction for fully saturated conditions. However, the above electrical conductivity
models do not account for the effects of different initial water saturations and salinities, and do not explicit the
contributions of bulk conduction from liquid water, surface conduction from mineral‐water, bulk ice‐water and
air‐water interface to the total electrical conductivity. To summarize, there are few experiments or physically‐
based models that describe the relationship between electrical conductivity and temperature while taking into
account the effects of different initial water saturations and salinities.

In this work, we consider distributions of capillary radii and tortuous lengths obeying fractal distributions. The
total conductance of the three types of capillaries (occupied by air, bulk ice, and capillary water) is determined by
Gibbs‐Thomson and Young‐Laplace effects as well as by the surface complexation model. Besides, a new
capillary bundle model for partially saturated conditions is proposed by using an upscaling procedure, which
considers the effects of bulk and surface conductions. Based primarily on an electrical resistance apparatus and
the NMR method, a series of laboratory experiments were carried out to study the influences of initial water
saturation and salinity on electrical conductivity under unfrozen and frozen conditions. Furthermore, based on the
proposed physically‐based model in this study, we analyze the dependence of the model parameters on the
electrical conductivity in frozen porous media. Additionally, the proposed model is verified with literature data
and new experimental data from this study. Finally, we utilize the proposed model to determine apparent for-
mation factors (i.e., the ratio between the water conductivity and the medium conductivity) that reflect the ge-
ometry of the pore space as a function of porosity, water saturation, and temperature.

2. Fractal Theory for Porous Media
The physically‐based model builds on the recent electrical conductivity model developed by Luo et al. (2023) to
consider an initially unsaturated unfrozen porous medium and various initial salinities. Due to its rotational
symmetry and alignment with natural geometry, we assume a cylinder with cross‐section area AREV (in m2) and
length L0 (in m) as a representative elementary volume (REV) of the frozen porous medium, relying on
simplification and practical considerations in modeling and analysis. It is composed of an equivalent bundle of
capillary tubes (oriented along the length of the REV) following a fractal pore size distribution (PSD), and the
radii size varies from minimum radius rmin (in m) to maximum radius rmax (in m) (Figure 1). It is assumed that the
fractal distribution governs the cumulative size distribution of pores with radius greater than or equal to r (in, m)
(e.g., Tyler & Wheatcraft, 1990; Yu & Cheng, 2002):

N(≥r) = (
rmax

r
)
D f

, (1)

where Df is the fractal dimension of pore size, and the N (≥r) represents the number of capillary tubes with radius
greater than or equal to r. Fractal distributions can be successfully used to represent porous medium for a variety
of Euclidean dimensions (e.g., 3 dimensions for a volume object, 2 dimensions for a surface object and 1
dimension for a line object). Here, we consider that the electrical current flows in the cylindrical REV as a fractal
distribution of capillary sections on a plane (i.e., in 2 dimensions), thus the fractal distribution Df ranges from 1 to
2. Capillary bundle models with this type of fractal PSD have been increasingly used to compute macroscopic
geophysical properties (e.g., electrical conductivity as well as charge excess per unit pore volume) and properties
related to fluid flow (e.g., porosity, salinity and permeability) in different materials (e.g., Guarracino et al., 2014;
Guarracino & Jougnot, 2018; Thanh et al., 2020; Yu et al., 2003).

Therefore, the fractal PSD (the number of pores whose radii are in the infinitesimal range from r to r + dr) is
given by
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Figure 1. (a) The conceptual electrical model is composed of a large quantity of capillaries in the cylindrical representative
elementary volume (REV) scale and the number of capillary tubes follows a fractal pore size distribution (Df). All the
capillaries have a different tortuous length Le(r) (m) following a fractal distribution (De). (b) Based primarily on the Young‐
Laplace equation and Gibbs‐Thomson effect, the capillary is occupied by liquid water, by ice‐water film or air‐water film
depending on its radius (pore scale) at a given temperature and a given initial capillary pressure. (c) The cross‐section in the
cylindrical REV scale, consisting of mineral solid, liquid water, bulk ice, and air phases. The specific surface conductance is
determined by the surface complexation model at the (d) air‐water interface, (e) bulk ice‐water interface and (f) mineral
surface‐water interface. The parameters ofQ and φ represent the surface charge density and electrical potential, respectively.
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f (r) = Df r
D f
maxr− D f − 1. (2)

The tortuous length Le (in m) of the pore along the axis of the cylindrical REV is greater than the representative
length L0 (in m) which is the length of the REV (Figure 1). Yu and Cheng (2002) defined a fractal tortuosity that is
related to the pore radius by

Le(r) = r1− DeLDe
0 , (3)

where De is the fractal dimension (in two dimensions) of the capillary tortuosity with 1 ≤ De ≤ 2.

In order to obtain the initial capillary radius rh (in m) filled with liquid water of the unsaturated frozen porous
medium, we consider that the REV is drained from an initially fully saturated medium at a pressure head hm (m),
which is determined by the water retention function. For a capillary tube, we use the Young‐Laplace equation
(Jurin, 1718) to link the pore radius rh (in m) with the pressure head hm (m):

hm =
2Ts cos β
ρwgrh

, (4)

where Ts (in N m− 1) is surface tension from capillary liquid water, β is the contact angle at liquid water‐air
interface, g (in m s− 2) and ρw (in kg m− 3) represent acceleration of gravity and bulk water density, respec-
tively. When the radius r (in m) is larger than rh (in m) determined by Equation 4, the capillary is occupied by air
and a thin water film. Therefore, the capillaries whose pore radius ranges from rmin to rh will remain fully
saturated with liquid water.

When the temperature is lowered below the freezing temperature of soils Tm (in K), the pore space can be rep-
resented by a bundle of aligned capillary tubes with varying capillary radii, which are filled with either water, or
ice‐liquid water film. The onset of freezing in the capillary tubes is dictated by the Gibbs‐Thomson effect, which
relates the freezing temperature of crystals to the curvature of the limiting surface. When the capillary radius is
between the initial capillary radius (rh) and critical capillary radius (ri), ice is assumed to grow radially from the
center of the capillary tube, and the liquid water exists as a thin water film bounded by the solid particle and pore
ice phases (e.g., Anderson, 1967). The critical capillary radius ri can be determined by the Gibbs‐Thomson
equation ignoring solute effect:

ri =
2σsl
L f ρi

T0

T0 − T
, (5)

where σsl donates the free energy coefficient of the bulk ice‐water interface, σsl = 0.029 J/m2; Lf is the latent heat
of phase transformation, Lf= 3.35 × 105 J/kg; ρi represents the bulk ice density, ρi= 917 kg/m3; T0 is the freezing
temperature of pure liquid water (273.15 K), and T is the temperature of pore water in specimens (K).

The electrical conductivity of the partially saturated frozen porous medium is composed of the bulk and surface
electrical conductivities in all capillaries (Figure 1). Surface conductivity refers to the excess of electrical con-
ductivity within the electrical double layer (EDL) compared to in the bulk pore water and is integrated over the
EDL thickness (Revil & Glover, 1997). Consequently, the following assumptions were made based on the Gibbs‐
Thomson effect (water freezing) and the Young‐Laplace equation (water retention) in this study: (a) for
rmin ≤ r < ri, liquid water occupies the capillaries and there are both the surface and bulk electrical conductivities
at the interface between mineral and liquid water (specific surface conductance Σsw) (Lebeau & Konrad, 2010;
Leroy et al., 2008; Thanh et al., 2019); (b) for ri ≤ r < rh, capillaries are filled with bulk ice and there are the
surface conductivities between the mineral‐liquid water and the bulk ice‐liquid water interfaces (specific surface
conductances Σsw and Σiw) (Daigle, 2021; Lebeau & Konrad, 2012; Luo et al., 2023; Watanabe & Flury, 2008); (c)
for rh ≤ r < rmax, capillaries are occupied by air and a thin water film and there are the surface electrical con-
ductivities from the mineral‐liquid water and the air‐liquid water interfaces (specific surface conductances Σsw

and Σaw) (Leroy et al., 2012; Thanh et al., 2020). In addition, we exclude the capillaries tubes of completely air‐
filled and completely ice‐filled pores, that is, no water film.
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The following conceptual technique was applied to calculate the electrical conductivity of the unsaturated frozen
porous materials: in accordance with the surface complexation model, we can first derive the electrical
conductance at the pore scale, which is regarded as the sum of the three types of capillary (mainly filled with either
liquid water, bulk ice, or air), then the physically‐based model is determined by an upscaling procedure that
describes the evolution of the electrical conductivity at the REV scale.

3. Theoretical Derivation of a Novel Electrical Conductivity Model
3.1. Pore Scale

We consider a capillary tube, which is filled with liquid water, with radius r1 and length Le, with rmin ≤ r1 < ri,
then the resistance (R1 in Ω) of the capillary is given by:

1
R1
=
πr21 σw
Le

+
2πr1Σsw

Le
, (6)

where σw (in S/m) represents the pore water conductivity and Σsw (in S) represents the specific surface
conductance at the interface between liquid water and the mineral surface.

Then, we consider a capillary tube with radius r2 and length Le that is occupied by ice and a thin water film. For
ri ≤ r2 < rh, the resistance (R2 in Ω) includes the surface conductivity in the mineral‐water and bulk ice‐water
interfaces and is obtained as follows:

1
R2
=

2πr2Σsw

Le
+

2πr2Σiw

Le
, (7)

where Σiw (in S) is the specific surface conductance in the bulk ice‐water interface.

And we consider a capillary tube (of capillary radius r3 and length Le) that is occupied by air (rh ≤ r3 < rmax), then
the resistance (R3 in Ω) of the capillary is given by

1
R3
=

2πr3Σsw

Le
+

2πr3Σaw

Le
, (8)

where Σaw (in S) is the specific surface conductance in the air‐water interface.

If these three capillaries are placed in parallel, the total conductance Σ(r1, r2, r3) (in S) of the three capillaries is
given by

Σ(r1,r2,r3) =
1

R(r)
=

1
R1
+

1
R2
+

1
R3
=
πr21 σw
Le

+
2π(r1 + r2 + r3)Σsw

Le
+

2πr2Σiw

Le
+

2πr3Σaw

Le
. (9)

From Equation 9, we observe that the first term of the expression is the contribution from the pore water con-
ductivity while the second, third and final terms are the contributions from the specific surface conductance of
mineral‐water, bulk ice‐water and air‐water interfaces. The pore water conductivity is established as a function of
ionic concentration and temperature. The electrochemical properties of mineral, ice and air with thin water film
interfaces are estimated by using a surface complexation model, such as the surface charge density and electrical
potential. Then, we can determine the specific surface conductance of mineral‐water, bulk ice‐water, and air‐
water interfaces using Equations A8, B6, and C6 (Appendix materials). Note that we are treating the conduc-
tivity and conduction terms as fixed model quantities involving a large number of parameters, that is, neglecting
the effect of the surface site density for varying mineral surfaces.

From these values of the electrolyte concentration, we can compute the relationship between the pore water
conductivity (not affected by EDL) and temperature as follows (Luo et al., 2023; Oldenborger, 2021):

σw =∑
n

i
NAqiβref

i C f
i [1 + αT (T − Tref)], (10)
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where NA represents the Avogadro's number (6.02 × 1023 mol− 1), qi (in C), Cf
i (in mol/L) are the charge, salinity

of species i in the free electrolyte, respectively. βref
i refers to the reference mobility of ionic species i in the free

electrolyte at reference temperature Tref (298 K), and its values are listed in Table S1 in Supporting Informa-
tion S1, αT represents the temperature sensitivity factor and in the range 0.019–0.023/K (e.g., Coperey, Revil,
Abdulsamad, et al., 2019; Coperey, Revil, & Stutz, 2019).

3.2. REV Scale

In order to determine the electrical conductivity of the partially saturated frozen porous medium, we consider a
REV of cross‐section area AREV (in m2) and length L0 (in m) with a fractal PSD (Equation 2). The electrical
resistance R0 (in Ω) at the partially‐saturated REV‐scale can be computed as:

1
R0
=∫

rmax

rmin

1
R(r)

f (r) dr. (11)

Consequently, combining Equations 2, 3, 9, and 11, we obtain the following expression for the total resistance at
the REV scale:

1
R0
=∫

ri

rmin

πr2σw
r1− DeLDe

0
Df r

D f
maxr− D f − 1dr +∫

rmax

rmin

2πrΣsw

r1− DeLDe
0
Df r

D f
maxr− D f − 1dr

+∫

rh

ri

2πrΣiw

r1− DeLDe
0
Df r

D f
maxr− Df − 1dr +∫

rmax

rh

2πrΣaw

r1− DeLDe
0
Df r

D f
maxr− D f − 1dr

=
πDf r

D f
max

LDe
0

[rDe − D f+1
i − rDe − Df+1

min ]

De − Df + 1
σw +

2πDf r
D f
max

LDe
0

[rDe − D f
max − rDe − D f

min ]

De − Df
Σsw

+
2πDf r

D f
max

LDe
0

[rDe − D f
h − rDe − D f

i ]

De − Df
Σiw +

2πDf r
D f
max

LDe
0

[rDe − D f
max − rDe − D f

h ]

De − Df
Σaw. (12)

The porosity of the REV can be computed from its definition as the quotient between the volume of pores and the
volume of the REV which yields:

ϕ =
∫ rmax
rmin

πr2Le(r) f (r) dr
AREVL0

=
∫ rmax
rmin

πr2r1− DeLDe
0 Df r

D f
maxr− D f − 1dr

AREVL0
=
πDf L

De − 1
0 rD f

max

AREV

[r3− De − Df
max − r3− De − D f

min ]

3 − De − Df
. (13)

Therefore, the cross‐section area of the REV is calculated as

AREV =
πDf L

De− 1
0 rD f

max

ϕ
[r3− De − D f

max − r3− De − Df
min ]

3 − De − Df
. (14)

Additionally, the electrical conductivity of the REV is linked to the resistance of the porous media as

σ =
L0

R0AREV
. (15)

From Equations 12–15, the following equation for the electrical conductivity is hereby calculated as:

σ =
ϕ(3 − De − Df )

L2De − 2
0 (De − Df + 1)

[rDe − D f+1
i − rDe− D f+1

min ]

[r3− De − Df
max − r3− De− D f

min ]
σw +

2ϕ(3 − De − Df )

L2De − 2
0 (De − Df )

[rDe− D f
max − rDe − Df

min ]

[r3− De − D f
max − r3− De − Df

min ]
Σsw
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+
2ϕ(3 − De − Df )

L2De − 2
0 (De − Df )

[rDe − D f
h − rDe − D f

i ]

[r3− De − Df
max − r3− De− D f

min ]
Σiw +

2ϕ(3 − De − Df )

L2De − 2
0 (De − Df )

[rDe − Df
max − rDe − D f

h ]

[r3− De − Df
max − r3− De − D f

min ]
Σaw. (16)

We define the effective geometrical tortuosity τeff
g of the porous medium (Thanh et al., 2019):

τeff
g = (

L0

rmax
)

De − 1

. (17)

From Equation 17, we note that the effective geometrical tortuosity is linked with the fractal dimension for
capillary tortuosity (De), because the tortuosity length of the pores is assumed to be associated with the capillary
radius, that is, smaller capillaries are more tortuous than larger capillaries.

According to Thanh et al. (2019, 2020), τeff
g can be approximately determined by the basic properties of porous

material as

τeff
g = [

1 − α3− De − D f

ϕ
πDf

3 − De − Df
]

De − 1
3− De

, (18)

where α represents the ratio of the minimum pore radius to the maximum pore radius, α = rmin/rmax.

The initial water saturation (Sw,0) and the unfrozen water saturation (Su) can be determined in relation to the
critical radius (rh and ri, respectively) (detailed derivations can be found in Text S1 in Supporting Informa-
tion S1), then the electrical conductivity at the REV scale is computed:

σ =
ϕ(3 − De − Df )

(τeff
g )

2
(De − Df + 1)

{[α3− De − Df + Su (1 − α3− De − D f )]

De − D f +1
3− De − D f − αDe − D f+1}

[1 − α3− De− D f ]
σw

+
2

rmax

ϕ(3 − De − Df )

(τeff
g )

2
(De − Df )

[1 − αDe− D f ]

[1 − α3− De − D f ]
Σsw

+
2

rmax

ϕ(3 − De − Df )

(τeff
g )

2
(De − Df )

{[α3− De − D f + Sw,0 (1 − α3− De − Df )]

De − D f
3− De − D f − [α3− De − Df + Su (1 − α3− De − D f )]

De − D f
3− De − D f }

[1 − α3− De − D f ]
Σiw

+
2

rmax

ϕ(3 − De − Df )

(τeff
g )

2
(De − Df )

{1 − [α3− De − Df + Sw,0 (1 − α3− De − D f )]

De − D f
3− De − D f }

[1 − α3− De − D f ]
Σaw. (19)

Equation 19 is the proposed model of the electrical conductivity in partially saturated frozen porous media. The
first term in Equation 19 is the contribution from the bulk conductivity, and it is sensitive to the pore water
conductivity (σw), the unfrozen water saturation (Su), and the microstructural parameters (De, Df, ϕ, α). The
second term is the contribution of the surface conductivity of the mineral surface‐water interface, and it is linked
with the specific surface conductance (Σsw) and the microstructural parameters (De, Df, rmax, α, ϕ). However, it is
independent from the unfrozen water saturation or initial water saturation. Finally, the third and the fourth terms
describe the influence of surface conductivity of the bulk ice‐water and air‐water interfaces, respectively. They
are related to the unfrozen water saturation and initial water saturation.

When the temperature of the porous media is below the freezing temperature, the capillary liquid water changes
into bulk ice, thus the surface conduction of the bulk ice‐water interlayer depends on the liquid water content (Su
and Sw,0). It should be noted that for Su = Sw,0 above the freezing temperature the specific surface conductance in
the bulk ice‐water interface Σiw = 0, and Equation 19 can be simplified to
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σ =
ϕ(3 − De − Df )

(τeff
g )

2
(De − Df + 1)

{[α3− De − D f + Sw,0 (1 − α3− De − D f )]

De − D f +1
3− De − D f − αDe− D f+1}

[1 − α3− De − D f ]
σw

+
2

rmax

ϕ(3 − De − Df )

(τeff
g )

2
(De − Df )

[1 − αDe − D f ]

[1 − α3− De − D f ]
Σsw

+
2

rmax

ϕ(3 − De − Df )

(τeff
g )

2
(De − Df )

{1 − [α3− De − D f + Sw,0 (1 − α3− De − Df )]

De − D f
3− De − D f }

[1 − α3− De − D f ]
Σaw. (20)

Equation 20 is the theoretical model for partially saturated conditions above the freezing temperature. It is the
same as the theoretical model proposed by Thanh et al. (2020), if we neglect the effect of specific surface
conductance from the air‐water film interface. However, the adsorbed water at air‐filled capillary tubes exists as a
thin water film and has a remarkable effect on electrical conductivity (Nishiyama & Yokoyama, 2021; Toku-
naga, 2011), thus we consider the effect of the surface conductivity at the air‐water interface in this study.

It can be observed that for the initial full saturation Sw,0= 1 (i.e., the specific surface conductance in the air‐water
interface Σaw = 0), and Equation 19 can be simplified to

σ =
ϕ(3 − De − Df )

(τeff
g )

2
(De − Df + 1)

{[α3− De − Df + Su (1 − α3− De − D f )]

De − D f +1
3− De − D f − αDe − D f+1}

[1 − α3− De − D f ]
σw

+
2

rmax

ϕ(3 − De − Df )

(τeff
g )

2
(De − Df )

[1 − αDe − D f ]

[1 − α3− De − D f ]
Σsw

+
2

rmax

ϕ(3 − De − Df )

(τeff
g )

2
(De − Df )

{1 − [α3− De − D f + Su (1 − α3− De − D f )]

De − D f
3− De − D f }

[1 − α3− De − D f ]
Σiw. (21)

Equation 21 is the electrical conductivity model for frozen saturated porous medium, which is similar to the
theoretical model as developed by Luo et al. (2023). They deduced a physically‐based model to show the variation
of the electrical conductivity as a function of temperature considering the effect of liquid water saturation by using
an unfrozen exponent. However, the phase transformation of liquid water not only affects the unfrozen water
content, but also changes the tortuous length, thus we derive a novel electrical conductivity model considering the
variations of the unfrozen water content and tortuous length below the freezing temperature.

To describe the soil water retention properties below the freezing temperature, and to neglect the effect of the
parameters of the SFCC on the electrical conductivity of the unsaturated frozen porous medium, the residual
water and adsorbed water contents were ignored in this study and we use the following expression (Wang
et al., 2017),

Su =

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

ln[e + (e(T0 − T)

a )
b
]

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

c

, (22)

where a, b, and c represent the physically fitting parameters and are related to the volumetric fraction of micro‐
pores, meso‐pores and macro‐pores to the total pore volume of the porous medium.
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4. Laboratory Experiments and Results
4.1. Experimental Setup

The electrical resistance measurements were conducted using the two‐electrode method, which does not destroy
the soil sample. The electrical conductivity can then be determined from the measured experimental values of the
electrical resistance at a given temperature:

σ =
L
RS

=
1

KgR
, (23)

where R (in Ω) represents the experimental value of the electrical resistance; L (in m) and S (in m2) represents the
length and the area of the specimen, respectively. The geometrical factor Kg = S/L (in m) is computed from the
geometrical dimensions of the specimen.

A schematic diagram of the instrumentation for measuring the electrical resistance of frozen soils is described in
Figure 2. It includes a sample temperature control device (i.e., an environmental chamber), a temperature
measurement device, an electrical resistance measurement device (high‐precision LCR digital bridge), electrodes
and several electrode wires. The environmental chamber was provided to control the temperature of the specimen
with a 0.1°C accuracy and a measurement range from 40 to − 30°C. The high‐precision LCR digital bridge with an
accuracy of 10− 4 Ω (frequency variation range from 50 Hz to 100 kHz) was selected to measure the electrical
resistance of specimens with a frequency of 100 Hz for ignoring the effects of the electrode polarization (low‐
frequency) and ice polarization (high‐frequency) (Coperey, Revil, Abdulsamad, et al., 2019; Luo et al., 2023).
The temperature measurement device records the soil specimen temperature with an accuracy of 0.5°C. The soil
container is a transparent polypropylene cylinder with an inner diameter of 40 mm and a height of 90 mm, then a
triaxial sample cavity is adopted for fixing the specimen container. To prevent the metallic components from
affecting the electrical resistance of the specimens, we substituted them with plexiglass in the triaxial cavity.
Copper electrode plates (40 mm diameter and 2 mm height) are applied as the measurement electrodes in addition
to a set of copper wires.

Nuclear magnetic resonance method (NMR) has been proven efficient to determine the liquid water content in
frozen state without disturbing the soil sample. To reduce the effect of bulk ice and consider the influence of the
temperature, a real‐time temperature control NMR apparatus (developed by Central South University, China and
the Suzhou Niumag Analytical Instrument Corporation) was used to determine the unfrozen water saturation
during the freezing processes.

The laboratory‐based NMR method determines the liquid water content based on the inversion results of
hydrogen signal values in different conditions (different initial conditions and temperatures) by measuring the
free induction decay (FID) and the transverse relaxation time (e.g., Shen et al., 2020; Teng et al., 2020). This is

Figure 2. Laboratory experimental set‐up for the electrical resistance experiments. It is composed of a LCR digital bridge and
a temperature control system. The measurement system consists of the electrical resistance test unit of specimens and the
temperature monitoring unit, and the temperature control system is a high‐low temperature cycling experimental chamber.
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mainly because the FID and the transverse relaxation time are proportional to the liquid water content of the
sample. The NMR apparatus is presented in Figure 3. It includes a NMR system (Figure 3a), a temperature‐
controlled system (Figure 3c), a data acquisition system as well as an analysis system (Figure 3b). The NMR
system consisted of a magnet unit, a sample tube and a radio frequency system (Figure 3d). To guarantee the
stability and uniformity of the magnetic field, the temperature and frequency of the NMR magnet were kept at
30 ± 0.01°C and 12 MHz. The tube contains a column‐shaped specimen cell with a height of 10 mm and a
diameter of 9 mm, and a temperature probe is located in the sample to monitor a precise temperature. The
cryogenic liquid is circulated and linked to the temperature control system, including a circulating pump and an
air compressor, and they can be quickly cooled or heated to achieve a stable and effective temperature envi-
ronment for the soil sample based on the comparison of the measured temperature and the target value in real time.

4.2. Materials and Test Conditions

Three types of soils are chosen as the test materials in these experiments: quartz sand, red clay and clayey silt
(grain diameter of the specimens lower than 2 mm). The quartz sand is a commercial medium‐coarse grained sand
with the grain sizes ranging from 0.5 to 1 mm. A typical red clay was selected from Changsha (China), and the
clayey silt was sampled at Beijing (China). The basic physical properties of the three samples are listed in Table 1.

In order to remove any mineral ions on the soil particles surface, the soils were first washed using distilled water,
and the oven‐dried soil materials were then blended with a certain amount of salt water (NaCl solution) at a
specific salinity to produce samples with various initial water saturations. Soil material with a specific initial
water content was then divided into three parts. The first part was compacted into the specimen cylinder to the
target height with a dry density of 1.6 g/cm3, which is adopted to measure the electrical resistance of the soil
specimen, then we placed a 2 mm graphite powder layer and a copper electrode plate at both ends of the soil

Figure 3. Schematic diagram of the experimental apparatus for unfrozen water content, which is named a temperature‐
controlled nuclear magnetic resonance (NMR) apparatus. It consists of a NMR measurement system (a), a data acquisition
and analysis system (b), and a temperature‐controlled system (c). (d) Schematic diagram of the temperature‐controlled
sample in the magnetic field.
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specimen. The second part was compacted into the specimen cylinder with a height of 90 mm and a dry density of
1.6 g/cm3, and a temperature sensor was inserted from the side port to the central axis of the soil column to
monitor the temperature of the inner soil specimen and compare it with the target value in real time and both
specimens were placed in the temperature control chamber. In addition, for the measurement of the unfrozen
water saturation as a function of temperature, the third soil sample was inserted in a sample tube of 9 mm in
diameter and 10 mm in height with a dry density of 1.6 g/cm3 and placed in the NMR field system. The tem-
perature of the NMR sample tube was precisely regulated, and subject to a freezing cycle. During the electrical
resistance and NMR measurements, the temperature was reduced in a stepwise manner with about 12 different
temperature points in the range of 298–255 K. For temperature stability during the measurements, each tem-
perature was held for 4 hr. Once the sample temperature stabilized, the electrical resistance of the sample was
measured at that temperature. This allowed for the determination of the electrical conductivity, in accordance with
Equation 23. Besides, we also measured the value of the FID for NMR experiments at the corresponding tem-
perature, so the unfrozen water saturation could be calculated based on the relationship of FID with liquid water
content (Teng et al., 2020).

Six cases of soil columns were designed to investigate the electrical properties of unsaturated frozen soils with
temperature, initial water content and ionic concentration, as listed in Table 2. Cases 1, 3 and 5 were conducted to
study the effects of the variable initial water content on the electrical conductivity and unfrozen water saturation in
different kinds of soils, and the initial ionic concentration was controlled at 0.180 mol/L. Different initial ionic
concentrations in cases 2, 4 and 6 were designed to investigate their effect on the unfrozen water saturation and
electrical conductivity with quartz sand, red clay and clayey silt, and the initial water saturation of samples was
controlled at 0.670, 0.800 and 0.870, respectively.

4.3. Experimental Results

The measurement results for the various soil types (quartz sand, red clay and clayey silt) at different initial water
contents are shown in Figure 4, which presents the variations of electrical conductivity and unfrozen water
saturation with temperature. For the three different samples, there are two stages in the electrical conductivity
change with temperature: a slight linear decline stage followed by a phase of rapid decline on a semi‐logarithmic
scale in the electrical conductivity range below the freezing temperature. Figures 4a–4c also shows that the
electrical conductivity increases with increasing initial water saturation in the entire temperature range. The
decrease of the water saturation leads to a stronger decrease of the electrical conductivity for red clay and clayey
silt above the freezing temperature than below. Based on the obtained SFCC, as shown in Figures 4d–4f, the
unfrozen water content remains more and less the same regardless the initial saturation, while the difference in

Table 1
Basic Physical Properties of the Specimens: Quartz Sand, Red Clay and Clayey Silt

Sample Liquid limit (%) Plastic limit (%) Optimum water content (%) Maximum dry density (g/cm3) Specific gravity Porosity (ϕ)

Quartz sand – – – 1.60 2.64 0.240

Red clay 36.02 21.5 16.2 1.73 2.73 0.40

Clayey silt 29.9 21.5 16.2 1.71 2.70 0.368

Table 2
Test Conditions

Case Type Dry density (g/cm3) Initial water saturation Initial ionic concentration (mol/L) Temperature range (K)

1 Quartz sand 1.60 1.00, 0.80, 0.67, 0.47 0.180 255–298

2 Quartz sand 1.60 0.67 0.046, 0.180, 0.570 255–298

3 Red clay 1.60 1.00, 0.80, 0.60, 0.40 0.180 255–298

4 Red clay 1.60 0.800 0.092, 0.180, 0.570 255–298

5 Clayey silt 1.60 1.00, 0.87, 0.65, 0.43 0.180 255–298

6 Clayey silt 1.60 0.870 0.046, 0.180, 0.570, 1.240 255–298
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ionic concentration is large. Therefore, the ionic concentration dominates the variation in the electrical con-
ductivity of unsaturated frozen soils for different initial water contents.

Figure 5 describes the effect of the different initial ionic concentrations on the electrical conductivity and unfrozen
water saturation for the various soil types. With the decrease of the temperature, the electrical conductivities first
start to linearly decrease on a semi‐logarithmic scale in the electrical conductivity range until they reach a threshold
below the freezing temperature below which they decrease rapidly. Additionally, the experimental results pre-
sented in Figure 5 show that the unfrozenwater saturation increases with an increase of the initial salt concentration
in the entire temperature range, indicating a strong influence of the salt concentration on the pore water in freezing
process. It can also be seen that over the entire temperature range, the electrical conductivity rises with increasing
salt concentration. Therefore, for different initial salt concentrations, a higher ionic concentration results in a higher
unfrozenwater saturation. The electrical conductivity of unsaturated frozen porousmedium is primarily influenced
by the ionic concentration.

5. Results and Discussion
5.1. Model Calculation Procedure

The electrical conductivity of partially saturated porous media can be predicted in accordance with the flow
chart presented in Figure 6 above the freezing temperature. First, we determine the pore water conductivity
σw from Equation 10, the specific surface conductances in the mineral surface‐water interface Σsw and air‐
water interface Σaw based on the surface complexation model at a given temperature and based primarily
on the ionic concentration (see Appendices A and C). Then, the predicted value of the electrical conductivity
σ is determined by Equation 20 using representative values of fractal PSD parameters rmax, α, Df, and De. The
model parameters are fitted to the experimental data using the least‐squares algorithm, through the use of the
mean absolute percentage error (MAPE) to evaluate the performance of the proposed model. Note that MAPE
is a relative error measure used to compare the predictive accuracy of the proposed model (e.g., Rembert
et al., 2020).

Figure 4. Experimental data for different initial water saturations, electrical conductivity is measured by electrical conductivity experiment and unfrozen water
saturation is measured by nuclear magnetic resonance method (initial concentration is 0.180 mol/L): (a–c) the experimental data of electrical conductivity with three
kinds of samples (quartz sand, red clay and clayey silt, respectively); (d–f) the experimental data of unfrozen water saturation with three types of samples (quartz sand,
red clay and clayey silt, respectively).
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Figure 6 describes the flow chart also used to predict the electrical conductivity of unsaturated frozen porous
media. First, we obtain the unfrozen water saturation Su(T ) and the ionic concentration Cu(T ) below the freezing
temperature. Second, the pore water conductivity σw(T ) and the specific surface conductance of the mineral
surface‐water Σsw, the bulk ice‐water Σiw and the air‐water Σaw interfaces were determined by using the surface
complexation model. Third, the predicted value of the electrical conductivity is obtained based on Equation 19
using representative values of fractal distribution parameters of rmax, α, Df, and De. Therefore, the SFCC model
(unfrozen water saturation) comprises three physical parameters: a, b, and c, while the electrical conductivity
model involves four parameters: rmax, α, Df, and De. We determine the values of these parameters for each core

Figure 5. Experimental data for different initial salt concentrations, electrical conductivity is measured by electrical conductivity experiment and unfrozen water
saturation is measured by nuclear magnetic resonance method (initial water saturation of quartz sand, red clay and clayey silt is 0.670, 0.800, and 0.870, respectively):
(a–c) the experimental data of the electrical conductivity with different types of soils (quartz sand, red clay and clayey silt, respectively); (d–f) the experimental data of
the unfrozen water saturation with different types of soils (quartz sand, red clay and clayey silt, respectively).

Figure 6. Numerical procedure to compute the proposed physically‐based model of electrical conductivity for unsaturated
porous media from Sw,0, C0, Su(T ), Cu(T ) and microstructural parameters of the proposed model (rmax, α, Df, and De), where
the (T ) and σE(T ) represent the experimental data of the unfrozen water saturation and electrical conductivity at freezing
temperature, respectively.
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sample using the least‐squares algorithm, including both the SFCC model and the conductivity model. We solve a
nonlinear optimization program that optimizes parameter values using the MAPE.

5.2. Comparison With Experimental Data Under Partially Saturated Conditions

In this section, we compare the predicted results above the freezing temperature with published data in the
literature and the experimental data acquired in this study. Figure 7a shows the water saturation dependence of the
electrical conductivity of porous medium under partially saturated conditions. The predicted parameters of the
proposed model with the results of the MAPE are presented in Table S2 in Supporting Information S1. Inter-
estingly, we note that the proposed model (Equation 20) is in pretty good agreement with experimental data from
the literature. Note that the proposed model (Equation 20) is an extension of the physically‐based model
developed by Jougnot et al. (2010) and Revil et al. (2007). We assume that the bulk conductivity is equal to the
conductivity of the bulk solution used to saturate the sample in this study, which means we neglect the contri-
bution of the counterions at the diffuse layer to the bulk conduction, and we consider the influences of the Stern
layer and diffuse layer to the surface conduction at the mineral surface. Thus, the surface tortuosity depends solely
on the solid phase and is independent of the water phase (water saturation) in this work.

In order to test the dependence of electrical conductivity on temperature, water saturation and ionic concentration,
we plot the electrical conductivity as a function of temperature (T ) for values ranging from 273 to 298 K for
different water saturations and salinities in Figures 7b and 7c. The fitting parameters and the MAPE values are
shown in Table S2 in Supporting Information S1. The low MAPE values show that the proposed model is well
suited for reproducing experimental data on electrical conductivity in an unsaturated porous medium. We also
observe that the electrical conductivity rises with temperature, water saturation and ionic concentration, which
can be explained by the fact that ionic mobilities decrease when temperature declines, and the bulk electrical
conduction decreases when ionic concentration, water saturation, and temperature decrease.

5.3. Comparison With Experimental Data of Fully Saturated Frozen Porous Media

The electrical conductivity of frozen porous medium for fully saturated conditions has been discussed in Coperey,
Revil, Abdulsamad, et al. (2019) and Luo et al. (2023). Therefore, in this section, we address the capability of the
proposed model (Equation 21) to predict the electrical conductivity with respect to experimental data in the
complete temperature range (255–300 K) for different samples from Coperey, Revil, Abdulsamad, et al. (2019),
Duvillard et al. (2021), and Luo et al. (2023). We plot the electrical conductivity of fully saturated frozen porous
medium versus temperature over this entire temperature range as shown in Figure 8. The fitting parameters of the
proposed model are listed in Table S3 in Supporting Information S1, and the MAPE is chosen to evaluate the
performance for Equation 21, their values also are listed in Table S3 in Supporting Information S1. As indicated
by low MAPE values, it illustrates that the proposed model is in large agreement with the trend of the experi-
mental data.

Figure 7. (a) Variation of electrical conductivity as a function of water saturation for different samples: Sand 1 (from Weerts et al., 1999), Loam (from Doussan &
Ruy, 2009), and Sand 2 (from Breede et al., 2011). (b) Predicted dependence of electrical conductivity on temperature and water saturation above freezing temperature.
The symbols are the experimental data of electrical conductivity as measured in this study for clayey silt, and the solid lines are predicted from Equation 20 with fractal
distribution. (c) Predicted dependence of electrical conductivity on temperature for different initial ionic concentrations above freezing temperature, and the
experimental data (symbols) of electrical conductivity as measured in this study for clayey silt. The solid lines are predicted from Equation 20 with fractal distribution,
and the best fit parameters of fractal pore size distribution and the mean absolute percentage error values are shown in Table S2 in Supporting Information S1.
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Obviously, as shown in Figure 8a, the proposed model can also predict the
evolution of the freezing point for different saturated porous media (a
threshold with the temperature). The transition point is located at about 268 K
for the sandstone, and about 271 K for the granites, which is consistent with
the experimental data from Coperey, Revil, Abdulsamad, et al. (2019) and
Duvillard et al. (2021). As illustrated in Figure 8b, when exposed to positive
temperature conditions, variations in the electrical conductivity for various
soil samples with identical initial conditions (including salinity and water
saturation) can be attributed to the influence of their PSD, characterized by
fractal distributions of pore size (Df) and capillary tortuosity (De). However,
when the temperature drops below the freezing point, variations in the
physical properties of soils lead to variations in unfrozen water saturation.
Consequently, this results in disparities in ionic concentrations within soil
pores. Thus, under sub‐zero temperature conditions, distinctions in the
electrical conductivity among different soil types are not solely dependent on
their PSD but also on their overall physical properties, including unfrozen
water saturation and salinity.

5.4. Comparison With Previous Models for Fully Saturated Frozen
Porous Media

To better verify the applicability of the proposed model, two existing petro-
physical models of electrical conductivity proposed by Coperey, Revil,
Abdulsamad, et al. (2019) and Luo et al. (2023) are used to be compared with
the new theoretical model (Equation 21) in this study. Figure 9 shows the
comparison of the electrical conductivity as a function of temperature be-
tween the experimental data (symbols) from the literature and predicted re-
sults from Equation 21 (black line), and from the theoretical models
established by Coperey, Revil, Abdulsamad, et al. (2019) (red line) and Luo
et al. (2023) (blue line). The fitting parameters of the corresponding models
are obtained in Table S4 in Supporting Information S1. The MAPE is chosen

to assess the performance of the different physically‐based models, their values are also listed in Table S4 in
Supporting Information S1.

Figure 9 illustrates that the proposed model correctly reproduces the tendencies of the experimental data from
Coperey, Revil, Abdulsamad, et al. (2019) and Luo et al. (2023) with low MAPE values, which are 0.070, 0.110,
and 0.123 for the granite, the silty soil (C0 = 0.046 mol/L), and the silty soil (C0 = 0.180 mol/L), respectively.
Compared with the predicted values of previous models, it shows that the proposed model in this study performs
better than other existing models considering the effect of the ice formation at the pore scale on the electrical
conductivity of fully saturated frozen porous medium.

Considering the effect of the unfrozen water content, Coperey, Revil, Abdulsamad, et al. (2019) established a
dynamic Stern layer model using a volume averaging method accounting for the bulk conduction and the surface
conduction in the mineral‐water interface, which is given by

σ = ϕSu(T){ϕσw(T) + ρg[B(T) − λ(T)]CEC}, (24)

where ρg represents the grain density (kg m− 3, usually ρg = 2,650 kg m− 3), B(T ) (in m2 s− 1 V− 1) is the apparent
mobility of the counterions as a function of temperature for surface conduction (B(Na+,
298 K)= 3.1 × 10− 9 m2 s− 1 V− 1), λ(T ) (in m2 s− 1 V− 1) is the apparent mobility of the counterions as a function of
temperature for the polarization (λ (Na+, 298 K) = 3.0 × 10− 10 m2 s− 1 V− 1) (Revil et al., 2017), and the tem-
perature dependence of B(T ) and λ(T ) can be obtained. CEC represents the cation exchange capacity (C/kg, or
meq/100 g, with 1 meq/100 g = 963.20 C/kg). Therefore, we can determine the values of σw(T ) and Su(T ) using
Equations 10 and 22, respectively. The values of CEC for different samples can be obtained from the experiment
(for granite, Coperey, Revil, Abdulsamad, et al., 2019) and as fitting parameters (for silty soil) of Equation 24.

Figure 8. Evolution of electrical conductivity (σ) with temperature over the
entire temperature range under fully saturated conditions. Experimental data
are taken from Coperey, Revil, Abdulsamad, et al. (2019), Duvillard
et al. (2021), and Luo et al. (2023). The symbols represent the experimental
data of electrical conductivity for different samples, and the solid lines
represent the computed results predicted from Equation 21 with fractal pore
size distribution. The best estimated parameters of soil freezing
characteristic curve and electrical conductivity models are shown in Table
S3 in Supporting Information S1.
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Figure 9 shows the predicted results of electrical conductivity as a function of temperature from Equation 24. The
CEC values are taken 0.78 meq/100 g and 1.60 meq/100 g for granite and silty soil, respectively. The MAPE
values of Coperey, Revil, Abdulsamad, et al. (2019) model are 0.129, 0.192, and 0.139 for the granite, the silty
soil (C0 = 0.046 mol/L), and the silty soil (C0 = 0.180 mol/L), respectively (Table S4 in Supporting Informa-
tion S1). The predicted results agree well with the experimental data above the freezing temperature. However, in
frost states, because it ignores the effect of the liquid water transformation on the tortuosity and the contribution of
the surface conduction at the bulk ice‐water interface, the theoretical model established by Coperey, Revil,
Abdulsamad, et al. (2019) results to lower predicted values than the proposed model below the freezing point.

Figure 9. The comparison of electrical conductivity as a function of temperature between the experimental data and the
predicted results: (a) Granite (from Coperey, Revil, Abdulsamad, et al., 2019); (b) Silty soil (C0 = 0.460 mol/L, from Luo
et al., 2023); (c) Silty soil (C0 = 0.180 mol/L, from Luo et al., 2023). Black symbols depict the measured data of Coperey,
Revil, Abdulsamad, et al. (2019) and Luo et al. (2023). Black line illustrates the predicted results of the proposed physically‐
based model, red line illustrates the predicted results of the Coperey, Revil, Abdulsamad, et al. (2019) model, and blue line
represents the behavior predicted by Luo et al. (2023) model. The basic physical properties of samples and the parameters of
soil freezing characteristic curve model are shown in Table S3 in Supporting Information S1. The fitting parameters of these
models and mean absolute percentage error values are listed in Table S4 in Supporting Information S1.
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In contrast, in order to consider the effects of the different PSDs and the surface conduction in the bulk ice‐water
interfaces, Luo et al. (2023) proposed a capillary bundle model for electrical conductivity as a function of
temperature accounting for the surface complexation model and the Gibbs‐Thomson expression,

σ =
ϕSnu
τ2 σw +

2ϕ(2 − Df ) {1 − α1− D f }

τ2 (1 − Df ) rmax (1 − α2− D f )
Σsw +

2ϕ(2 − Df ) (r
1− D f
max − r1− D f

i )

τ2 (1 − Df ) r
2− D f
max (1 − α2− D f )

Σiw. (25)

In their classical work with fractal PSD, an empirical parameter (unfrozen exponent, n) was defined in Luo
et al. (2023). Figure 9 shows the predicted results of electrical conductivity as a function of temperature from
Equation 25. The unfrozen exponent n is 2.00 and 1.60 for granite and silty soil, respectively. The MAPE values
of Luo et al. (2023) model are 0.361, 0.206, and 0.352 for the granite, the silt soil (C0= 0.046 mol/L), and the silty
soil (C0= 0.180 mol/L), respectively (Table S4 in Supporting Information S1). We can observe from Figure 9 that
the predicted results are in high agreement with the experimental data below the freezing temperature. However,
because of the heterogeneity of the capillaries, the predicted results of Luo et al. (2023) deviate significantly from
the published data above the freezing temperature. The phase transformation of the pore water not only affects the
connectivity of the capillaries, but also the tortuous length, which in turn influences the changes in bulk and
surface conductions. Consequently, the fractal dimension (De) of capillary tortuosity is recognized as a physical
exponent for the effect of the phase transition in this study and provides a rigorous physical relation between the
tortuous length and the electrical conduction. Therefore, when comparing the theoretical approaches proposed in
this study to the models of Coperey, Revil, Abdulsamad, et al. (2019) and Luo et al. (2023), we conclude that in
the proposed model (Equation 21), the prediction of the electrical conductivity has a higher accuracy than in the
previous models.

5.5. Comparison With Experimental Data of Unsaturated Frozen Porous Media

To evaluate the performance of the proposed electrical conductivity model (Equation 19), experimental electrical
conductivity data for different types of soil samples (quartz sand, red clay and clayey silt) were selected for
different initial water saturations. The basic properties of the samples are listed in Table 1. We fit the parameters
of the SFCC model based on the experimental data acquired using the NMR method (Table S5 in Supporting
Information S1). The comparison between the predicted results of the proposed model from Equation 19 and the
experimental data with different initial water saturations over the entire temperature range is shown in Figure 10.
The estimated parameters and the calculated MAPE values of the proposed model are mentioned in Table S5 in
Supporting Information S1.

Figure 10a shows the comparison between the electrical conductivity predicted by the proposed model and the
experimental data for quartz sand with different initial water saturations. MAPE values in the entire temperature
range were 0.062, 0.114, 0.133, and 0.198 for various initial water saturations, respectively. As shown, the
physically‐based model established in this study can predict the relationship of electrical conductivity versus
temperature of unsaturated frozen porous medium over a complete temperature range. Moreover, we observe that
the electrical conductivity linearly decreases with temperature above the freezing temperature of the frozen
porous medium (T > Tm), whereas the electrical conductivity rapidly falls with temperature when T < Tm. As
shown in the comparison between predicted results and experimental data for quartz sand, the freezing tem-
perature declines with initial water saturation, as liquid water retreats to dramatically smaller capillaries, as
determined in the Young‐Laplace effect (Equation 4). Therefore, as formulated in the Gibbs‐Thomson effect
(Equation 5), smaller pores filled with liquid water lead to a lower freezing temperature for unsaturated frozen
porous medium. We also observe from Table S5 in Supporting Information S1 that the fractal dimensions of pore
size (Df) and capillary tortuosity (De) remain stable with the entire water saturation range. This is mainly due to
the fact thatDf andDe are sensitive to the basic physical properties of the porous medium, such as the porosity, the
maximum and minimum pore radii of the REV. However, they are not affected by the initial state of the porous
medium, for instance, the initial water saturation, as shown in Table S5 in Supporting Information S1.

Figures 10b and 10c describe similar characteristics for red clay and clayey silt. As indicated by the small MAPE
values, the predicted results of the proposed model agree well with the experimental data of red clay and clayey
silt. Comparing to Figure 10a, we observe that the electrical conductivity of red clay or clayey silt is larger than
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that of quartz sand, and that their freezing temperature is lower than that of
quartz sand for the same initial water saturation.

In order to validate the characteristics of the proposed electrical conductivity
model for different initial ionic concentrations and different types of soil
samples (quartz sand, red clay, and clayey silt). We calculated the evolution
of electrical conductivity as a function of temperature with various salinities
based on Equation 19. Figure 11 depicts the comparison between the pre-
dicted results from the proposed model and the experimental data for various
initial ionic concentrations. The model parameters in this proposed model and
the MAPE values are given in Table S6 in Supporting Information S1. It can
be noted that the predicted results of the proposed model are in good agree-
ment with the experimental data for varying salinities. The unfrozen water
saturation and electrical conductivity increase with the increase of initial
salinity. Furthermore, we observe that the higher salinity enhances the
freezing temperature depression of soil samples, as the salt affects the soil‐
water activity. The fractal dimensions of pore size (Df) and capillary tortu-
osity (De) are also not sensitive to the initial salinity for a full range of ionic
concentrations from Table S6 in Supporting Information S1. Overall, the
predictions of the proposed models and the experimental data from the
literature and this study illustrate that our new physically‐based model can
correctly reproduce the tendencies of the electrical conductivity of partially
saturated frozen porous media in the entire temperature range and salinity
range.

5.6. Formation Factor

In this section, we explore the dependence of the apparent formation factor on
porosity and water saturation, based on Equations D1 and D2. In this pro-
posed model, the apparent formation factor is sensitive to the fractal
dimension of pore size (Df) and the fractal dimension of capillary tortuosity
(De). Figure 12a compares the predicted formation factor with experimental
data from the literature. The symbols correspond to the experimental data
from the Clean sandstone (Revil et al., 2017) and Fontainebleau sandstones
(Revil et al., 2014), while the solid line is the estimated results from Equa-
tion D1. As shown, the fitted results of the proposed model and experimental
data provide with similar tendencies, and the fitting parameters of the pro-
posed model are shown in Table S7 in Supporting Information S1. Addi-
tionally, the formation factor linearly decreases on a log‐log scale with the
increase of porosity, which is highly consistent with findings from the liter-
ature (Revil et al., 2017).

Moreover, we also test our new model for describing the variation of the apparent formation factor as a function of
water saturation against data sets of sandy clay (Revil, Soueid Ahmed, & Matthai, 2018) in Figure 12b. The black
symbols and the solid line are the experimental data and the predicted results of the formation factor from
Equation D1, respectively. The red symbols and the dashed line are the experimental data and the predicted results
of the apparent formation factor from Equation A2, respectively. As shown in Figure 12b, the proposed model is
able to reproduce the experimental data. We also observe that the formation factor is independent of water
saturation whereas the apparent formation factor nonlinearly declines when the water saturation increases, due to
the fact that more pores are saturated by water (i.e., more pores contribute to the total electrical conduction).

We go one step further to explore the dependence of the apparent formation factor on the temperature using
Equation D3. The apparent formation factor is defined as the ratio of the actual pore water conductivity to the
electrical conductivity of porous medium in this study. To evaluate the performance of the apparent formation
factor model in frozen porous media, we compare the prediction results of this model with the experimental data
from Coperey, Revil, Abdulsamad, et al. (2019). The fitting parameters of this model are shown in Table S7 in

Figure 10. Evolution of electrical conductivity (σ) as a function of
temperature with different initial water saturations for three types of
unsaturated frozen soils. Symbols are the experimental data of the electrical
conductivity measured in this study and solid lines are the predicted results
by the new proposed fractal model, and initial salt concentration for these
soil samples was set to 0.180 mol/L. (a) Quartz sand; (b) Red clay;
(c) Clayey silt. The best estimated parameters of the soil freezing
characteristic curve and the electrical conductivity model are given in Table
S5 in Supporting Information S1.
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Supporting Information S1. As shown in Figure 13, our model can reproduce
the experimental data. Besides, the apparent formation factor remains con-
stant above the freezing temperature and exhibits no temperature dependence,
as it is solely determined by porosity and tortuosity. However, it experiences a
sharp increase below the freezing temperature due to its heightened sensitivity
to unfrozen water saturation.

5.7. Model Features Analysis and Discussion

The proposed temperature‐dependent conductivity model is associated with
the unfrozen water saturation in partially saturated frozen porous media,
especially in terms of bulk conduction. To better understand how the physical
parameters in the empirical SFCC model affect the electrical conductivity, a
sensitivity analysis of the proposed model (Equation 19) was conducted for
varying modeling parameters (a, b, and c) over wider ranges. Figure 14 shows
the influence of these physical parameters on the electrical conductivity. As
shown in Figure 14a, the freezing temperature on the electrical conductivity
versus temperature curve (σ‐T curve) decreases with the increase in a. The
larger a value indicates the macro‐pores in the soil sample become smaller,
and the volumetric proportion of small pores increases, resulting in a lower
freezing temperature according to Equation 5 (Wang et al., 2017). Moreover,
it is noteworthy that a exclusively affect the phase characterized by a rapid
decline in electrical conductivity with temperature, whereas the stages
involving linear decrease and slight decline (residual stage) exhibit no
sensitivity to this parameter.

Additionally, Figures 14b and 14c illustrate that electrical conductivity in-
creases with the decline of physical parameters b and c below the freezing
temperature, while the freezing temperature of the soil sample shows no
sensitivity to these parameters. This is because that physical parameters b and
c have minimal effect on the size of the macro‐pores (Wang et al., 2017).
Besides, as parameter c increases, the volume proportion of micro‐pores in
the soil sample decreases. In contrast, changes in parameter b have a smaller
impact on the volume proportion of micro‐pores (Wang et al., 2017). When
the temperature decreases in the soil sample, liquid water in the large pores
transforms into solid ice, while the liquid water remains in small pores.
Therefore, in the relationship between the electrical conductivity and tem-
perature (σ‐T curve) of unsaturated frozen porous media, the influence of

Figure 11. Evolution of electrical conductivity as a function of temperature
with different initial salt concentrations for three types of unsaturated frozen
soils. Symbols are the experimental data of the electrical conductivity as
measured in this study and the solid lines are the predicted results by
predicted by the fractal pore size distribution model (Equation 19).
(a) Quartz sand, initial water saturation 0.670. (b) Red clay, initial water
saturation 0.800. (c) Clayey silt, initial water saturation 0.870. The best
estimated parameters of the soil freezing characteristic curve and the
electrical conductivity model are given in Table S6 in Supporting
Information S1.

Figure 12. (a) Evolution of the formation factor as a function of porosity (solid line, Equation D1). The data set of
experimental data are taken from Revil et al. (2017, Clean sandstone), Revil et al. (2014, Fontainebleau sandstones);
(b) Evolution of the (apparent) formation factor as a function of water saturation‐Equations D1 and D2. The experimental
data are taken from Revil, Soueid Ahmed, and Matthai (2018, Sandy clay). The best fit parameters of fractal pore size
distribution are shown in Table S7 in Supporting Information S1.
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physical parameter c on the electrical conductivity with temperature variation
is greater than that of parameter b.

The temperature‐dependent electrical conductivity model proposed in this
study includes four geometric parameters related to pore size (rmax, α, and Df)
and pore tortuosity (De). In accordance with the geometric parameter ranges
obtained by the least squares algorithm in this study, a sensitivity analysis of
the proposed model (Equation 19) was carried out using the representative
values of the involved parameters as shown in Figure 15. The response of the
electrical conductivity with temperature to the variation of the maximum pore
radius (rmax) is described in Figure 15a. The maximum pore radius rmax only
affects the electrical conductivity below the freezing point, but has little effect
on it above the freezing temperature. This implies that the contribution of bulk
conduction to the total electrical conductivity is greater than that of surface
conduction above the freezing temperature. However, when the temperature
drops below the freezing point, liquid water transforms into solid ice in the
pore spaces, leading to a decline in the bulk conduction. Moreover, a larger

rmax value results in lower surface conductivity (Equation 19), consequently leading to a lower electrical con-
ductivity, as illustrated in Figure 15a.

Figures 15b and 15c describe the influence of α and Df on electrical conductivity. It is important to note that
electrical conductivity increases with an increase in Df or a decrease in α. The reason is that, when Df increases or
α decreases, the total number of capillaries with relatively small radii at the REV scale rises, thereby increasing
the surface conductivity of the frozen soil sample. Consequently, the total electrical conductivity also increases.
Note that in porous materials, surface conductivity is predominantly influenced by the contribution from smaller
capillaries, assuming constant surface conductance and pore water conductivity. As shown in Figure 15d, an
increase in the fractal dimension of pore tortuosity (De) leads to higher flow resistance, which significantly
impacts the electrical conductivity of unsaturated frozen porous media, resulting in a decline in the total electrical
conductivity.

The proposed conductivity model in this study illustrates the evolution of electrical conductivity with temperature
for different types soil samples, which consists of three SFCC modeling parameters (a, b, and c) and four geo-
metric parameters related to pore size (rmax, α, and Df) as well as pore tortuosity (De). The SFCC modeling
parameters can be determined by fitting the experimental unfrozen water saturation data. It is worth noting that
these parameters are not only related to the pore volumetric contents of the pore size (C. Wang et al., 2017), but
also related to the initial conditions of the porous media (i.e., water saturation and salinity), as shown in Tables S5
and S6 in Supporting Information S1.

The remaining geometric parameters in temperature‐dependent electrical conductivity model can be determined
by fitting the experimental electrical conductivity data with varying temperature. In the case of quartz sand in this

Figure 13. Evolution of the apparent formation factor as a function of
temperature‐Equation D3. The symbols are taken from Coperey, Revil,
Abdulsamad, et al. (2019) and calculated by the proposed model (solid line).
Model parameters are given in Table S7 in Supporting Information S1.

Figure 14. Conductivity dependence on the physical parameters of soil freezing characteristic curve model in partially saturated frozen porous media. (a) The influence
of a on unsaturated electrical conductivity (b = 5 and c = 0.5); (b) the influence of b on unsaturated electrical conductivity (a = 5 and c = 0.5); (c) the influence of c on
unsaturated electrical conductivity (a= 5 and b= 5). All other physical parameters of the proposed model remain constant with ϕ= 0.368, Sw,0= 0.800,C0= 0.1 mol/L,
rmax = 1 × 10− 5 m, α = 0.01, Df = 1.200, and De = 1.350.
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study, the modeling parameters are given as: rmax = 1 × 10− 4 m, α = 0.01, Df = 1.170, and De = 1.430. For red
clay, the modeling parameters with various initial water saturation and salinity are identified as:
rmax= 3× 10− 6 m, α= 0.001,Df= 1.300, andDe= 1.310. Finally, for clayey silt, the four geometrical parameters
are fitted as follows: rmax = 5 × 10− 6 m, α = 0.01, Df = 1.230, and De = 1.330. Meanwhile, the maximum pore
radius (rmax) and the ratio of the minimum pore radius to the maximum pore radius (α) can be measured through
the PSD curve. The pore size distributions of three similar soil types (silty soil, quartz sand, and red clay) could be
determined by the NMR method (Kou, 2020; Minagawa et al., 2008; Teng et al., 2020). The analysis indicates that
the fitting parameters (rmax and α) in the proposed model are consistent with the experimental values in the
literature, thereby confirming the validity of the fitting values in this study. Moreover, fractal patterns can
describe flow and transport properties for various soil types, including size distribution of pores and pore ir-
regularities (e.g., tortuosity and constrictivity). It is noteworthy that the predicted values for the fractal dimension
of pore size in this study are consistent with reference values found in the literature for different porous materials
(Chen et al., 2020 for quartz sand; Chen et al., 2023 for clay; Giménez et al., 1997 for clayey silt). In summary,
these published examples show that the proposed fractal‐based model can reflect the dependence of the electrical
conductivity on water saturation and salinity over a wide range of temperature, demonstrating the reasonableness
of the modeling parameters.

In this study, we analyze the behavior of the proposed temperature‐dependent model to predict the electrical
conductivity and compare the predicted values with laboratory observations over wide ranges of temperature,
initial water saturation and salinity. Several interesting aspects are worth further discussing here. First, the
freezing temperature of red clay or clayey silt is lower than that of quartz sand for identical initial conditions. The
freezing temperature decreases as the ionic concentration increases or the initial water saturation decreases. From
the perspective of modeling parameters, the SFCC modeling parameter (a) controls the freezing point of the
electrical conductivity‐temperature curve. For red clay or clayey silt, this parameter is larger than for quartz sand,
as shown in Table S3 in Supporting Information S1, leading to their lower freezing temperatures. Moreover, as
indicated in Tables S5 and S6 in Supporting Information S1, the SFCC modeling parameter (a) increases with a
decrease in initial water saturation or an increase in initial salinity, which reduces the freezing temperature of the
electrical conductivity‐temperature curve. In fact, this phenomenon can also be explained by the Young‐Laplace
effect and the Gibbs‐Thomson effect (Equations 4 and 5). With a decrease in initial water saturation, liquid water
retracts into extremely small capillaries. According to the Gibbs‐Thomson effect, this results in a lower freezing
temperature in unsaturated frozen porous medium. In addition, varying salt concentration changes the chemical
potential of complex systems, thereby affecting the freezing point of the liquid water.

Figure 15. Conductivity dependence on geometric parameters related to pore size and pore tortuosity in partially saturated
frozen porous media. (a) The effect of the maximum pore radius (rmax) on unsaturated electrical conductivity (α = 0.01,
Df = 1.200, and De = 1.350); (b) The effect of the ratio of the minimum pore radius to maximum pore radius (α) on
unsaturated electrical conductivity (rmax= 1 × 10− 5 m,Df= 1.200, andDe= 1.350); (c) The effect of the fractal dimension of
pore size (Df) on unsaturated electrical conductivity (rmax = 1 × 10− 5 m, α = 0.01, and De = 1.350); (d) The effect of the
fractal dimension of pore tortuosity (De) on unsaturated electrical conductivity (rmax = 1 × 10− 5 m, α = 0.01, and
Df = 1.200). All other physical parameters of the proposed model remain constant with ϕ = 0.368, Sw,0 = 0.800,
C0 = 0.1 mol/L, a = 5, b = 5, and c = 0.5.
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Additionally, red clay or clayey silt exhibit significantly higher electrical conductivity compared to quartz sand,
and the increase in initial water saturation or initial salinity results in higher electrical conductivity over the entire
temperature range. When exposed to positive temperature conditions, differences in the electrical conductivity for
varying soil samples can be attributed to the effects of their size distribution of pores and pore irregularities (e.g.,
tortuosity and constrictivity). In this study, the smaller PSD and pore tortuosity of red clay and clayey silt
compared to quartz sand, that is, the Df of red clay or clayey silt is larger than that of quartz sand, while the α and
De are smaller than that of quartz sand, result in a higher electrical conductivity between them above the freezing
temperature. Moreover, ionic mobilities decrease as temperature declines, and the bulk electrical conduction
diminishes when water saturation, salinity, and temperature decrease. Consequently, these factors result in a
decline in electrical conductivity. As the temperature decreases below the freezing point, the capillary water
freezes rapidly, especially in the larger pores, such as quartz sand. However, red clay or clayey silt, characterized
by lower pore size distributions and larger specific surface areas, exhibits a significantly higher unfrozen water
saturation at sub‐zero temperatures, thereby resulting in higher electrical conductivity compared to quartz sand.
For varying initial water saturation or salinity conditions, freezing leads to the variations in unfrozen water
saturation and salt concentration. Therefore, the electrical conductivity of unsaturated frozen porous medium is
primarily influenced by the unfrozen water saturation and ionic concentration. Four geometric parameters related
to pore size (rmax, α, and Df) as well as pore tortuosity (De) remains stable over the entire water saturation and
salinity ranges, which means that these parameters are mainly affected by the size distribution of pores and pore
irregularities.

In reality, the electrolytic conduction could exist in all three pore‐scale scenarios, not only the water‐filled case.
For instance, Li et al. (2015) explored the electrical conductance of two types of capillaries, considering the
electrolytic conduction in both water‐filled and non‐wetting fluid‐filled (thin residual water film) capillaries.
However, given the extremely small and challenging‐to‐determine water film thickness at the solid ice‐water
interface in this study, our assumption is limited to surface conduction through the water film, thereby
excluding electrolyte conduction. Similarly, the SFCC model proposed in Equation S2 in Supporting Informa-
tion S1 only takes into account the capillary effect, neglecting the influence of the adsorption component. To
minimize errors in surface electrical conduction, we adopted an empirical model from Wang et al. (2017),
incorporating surface electrolyte conduction into bulk conduction.

6. Conclusion
Electrical and electromagnetic techniques allow for the non‐intrusive characterization of water content in the
subsurface, which makes them promising tools to study the hydro‐thermal‐mechanical processes in situ and
follow the mechanisms of thaw‐weakening and frost‐heave damages in cold regions. Electrical conductivity is an
important parameter that allows us to create physically‐based relationships between electrical conductivity and
temperature. It is indeed a very useful tool for problems at freezing temperatures. In this work, we propose a new
physically‐based model to describe the evolution of electrical conductivity as a function of temperature, initial
water saturation and salinity. Then, we validated the proposed model against published data from the literature
and new experimental data acquired in this study. The main conclusions of this work are as follows.

1. We assume that soil pores are composed of a bundle of tortuous capillaries whose pore size and tortuous length
obey fractal distributions (Df and De). Considering the Young‐Laplace and Gibbs‐Thomson effects, the total
conductance is determined by the sum of the conductances of the three types of capillaries (that are occupied
by water, ice and air) at pore scale. Based on the surface complexation model in the mineral‐water, bulk ice‐
water and air‐water interfaces, the proposed model at REV scale can be computed by using an upscaling
procedure for predicting the electrical conductivity of the unsaturated frozen porous medium over a wide
temperature, moisture and salinity ranges.

2. We evaluate the accuracy of the proposed model for the unsaturated porous media above the freezing tem-
perature and for the frozen porous media under fully saturated conditions according to published data from the
literature, illustrating that it is highly consistent with published experimental data. Meanwhile, the perfor-
mance of the proposed model was evaluated using the new experimental data of electrical conductivity and
unfrozen water saturation acquired in this study for different initial water saturations and salinities, indicating
that it is also largely in agreement with the experimental data. The proposed model can predict the electrical
conductivity of the porous medium over the entire temperature, water saturation and salinity ranges.
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3. The freezing temperature of red clay or clayey silt is lower than that of quartz sand for identical initial con-
ditions. As the ionic concentration increases or the initial water saturation decreases, the freezing temperature
decreases. Additionally, red clay or clayey silt exhibits significantly higher electrical conductivity compared to
quartz sand, and the increase in initial water saturation or initial salinity results in higher electrical conductivity
over the entire temperature range. Furthermore, we observe that three SFCC modeling parameters are not only
related to the pore volumetric contents of the pore, but also related to the initial conditions of the porous media
(i.e., water saturation and salinity). However, four geometrical parameters related to pore size (rmax, α, and Df)
as well as pore tortuosity (De) remains stable over the entire water saturation and salinity ranges, which means
that these parameters are mainly affected by the size distribution of pores and pore irregularities.

4. The true and apparent formation factors can be determined by the proposed electrical conductivity model. In
this study, we compare the evolution of the apparent formation factor as a function of porosity and as a function
of water saturation. It was observed that the proposed model correctly reproduces the tendencies of the
experimental data. It is worth noting that the true formation factor is unrelated to water saturation, whereas the
apparent formation factor decreases as water saturation increases. Besides, we also compare the dependence of
the apparent formation factor in the unsaturated frozen porous medium on temperature. The predicted results
from the proposed model are largely in agreement with the experimental data.

The proposed capillary bundle model involves four fitting parameters (rmax, α, Df, and De), each with its own
physical meaning. The maximum radius and the ratio of the minimum radius to the maximum radius can be
determined from analyzing the PSD of the samples using the NMR method or mercury intrusion porosimetry. In
this study, to reduce the number of parameters in the surface complexation model, we adopted the same equi-
librium constant values and the total surface site density for different types of minerals (i.e., quartz sand, red clay,
and clayey salt). However, to account for the significant differences in the specific surface conductivity among
different mineral surfaces (e.g., montmorillonite, kaolinite, and illite), we will need to extend the proposed model
in future research. Furthermore, in actual media, particularly in complex porous media like soils, sediments, and
rocks, the pore structure can be significantly intricate, involving interconnections between pores. As a result, we
will need to consider the effects of these interconnected pores, such as crossed cylindrical pores. Moreover,
because the linear additive model of pore water conductivity is primarily efficient at low salinities, its application
may result in an overestimation of pore water conductivity across various salinity levels. Given the absence of an
appropriate physically‐based model for negative temperatures at high concentrations, this opens up a new avenue
for exploring enhancements in our future research.

Electrical conductivity measurements are highly valuable in permafrost research, as they can help estimate
physical properties of frozen porous media such as temperature, liquid water content, and salinity. The proposed
model and corresponding fitting parameters provide strong support for these measurements, particularly when
investigating interactions among different physical properties. Electrical conductivity measurements offer crucial
information, contributing to a more comprehensive understanding of subsurface permafrost characteristics.
However, in real‐field data, it is often necessary to distinguish their effects by combining other alternative
monitoring methods (e.g., induced polarization and dielectric measurements) or physical parameters (e.g.,
complex conductivity and dielectric permittivity), since these electrophysical parameters change significantly
when the water freezes (Duvillard et al., 2018; Léger et al., 2023).

Appendix A: Electrical Double‐Layer Model of Mineral‐Water Interface
We consider that mineral grains are in contact with a simple binary symmetric 1:1 electrolyte (e.g., NaCl) and that
the pH is in the range 6–8. We obtain the distribution of the counterions and coions of EDL at the mineral‐water
interface (e.g., Leroy et al., 2008; Revil & Glover, 1997). In this work, as our experimental measurements of the
electrical conductivity are made in the case of neutral pH (6–8), we neglect the effect of the relative equilibrium
constants for the second protonation at the mineral‐water interface, but the second protonation reaction should be
considered in an acid environment. Additional assumption is that the zeta potential of mineral‐water interface is
equal to the electrical potential at the shear plane (d‐plane in Figure 1e).

The electrochemical double‐layer in the mineral‐water interface consists of a Stern layer with strongly bounded
ions (including inner and outer sphere surface complexes) and a diffuse layer with mobile ions (Figure 1e). The
counterions of the outer sphere surface complexes in the Stern layer keep a certain mobility as in the diffuse layer.
With this “dynamic Stern layer assumption”, the specific surface conductance at the mineral surface is composed
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of two contributions: from the excess counterions contained in the outer sphere surface complexes of the Stern
layer and from the diffuse layer. Therefore, the surface charge density Qs0 (in C/m2) at the mineral surface, the
surface charge density Qsβ (in C/m2) at the Stern layer, and the equivalent surface charge density Qss (in C/m2)
related to the excess of charge at the diffuse layer can be computed according to respectively:

Qs0 = −
e0Γ0

s
αs
[Ks2C

f
Na+ exp(−

e0φsβ

kbT
) + 1], (A1)

Qsβ =
e0Γ0

s
αs

Ks2C
f
Na+ exp(−

e0φsβ

kbT
), (A2)

Qss = −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

8ε f kbTCf

√

sinh(
e0φsd
2kbT

), (A3)

with

αs = 1 + Ks1C
f
H+ exp(−

e0φs0
kbT

) + Ks2C
f
Na+ exp(−

e0φsβ

kbT
), (A4)

where Γ0
s is the total surface site density of the mineral grain (in sites nm− 2), Ks1, Ks2 are the intrinsic equilibrium

constants of different types of amphoteric reactions in the mineral‐water interface (values are shown in Table S1
in Supporting Information S1). In this study, we do not take into account the influence of different mineral
surfaces on the specific surface conductance, thus we take the same equilibrium constant at the mineral‐water
interface for any type of materials (red clay, quartz sand and clayey silt) to compute the electrochemical prop-
erties (surface charge density, zeta potential and specific surface conductance) of the mineral surface in order to
decrease the number of parameters when modeling the electrokinetic properties. The symbols Cf

H+ , Cf
Na+ and Cf

(in mol/L) represent the concentrations of the protons, the counterions (Na+ in the free electrolyte) and the salinity
in the free electrolyte, Cf

Na+ = Cf and Cf
H+ = 10− pH, εf is the pore water permittivity (εf = 81ε0,

ε0 ∼ 8.85 × 10− 12 F m− 1), e0 represents the elementary charge (taken positive, e0 = 1.6 × 10− 19 C), kb is the
Boltzmann constant (1.381 × 10− 23 J K− 1), φs0, φsβ, and φsd (in V) are the electrical potential at the mineral
surface (0‐plane), at the β‐ and d‐planes, respectively. The electrical potentials are related by the series capacitor
at the 0‐, β‐ and d‐planes. This yields

φs0 − φsβ =
Qs0
Cs1

, (A5)

and

φsβ − φsd = −
Qss

Cs2
, (A6)

where Cs1 and Cs2 are the (constant) integral capacities of the inner and outer parts of the Stern layer in the
mineral‐water interface, respectively, and the values of these capacities are listed in Table S1 in Supporting
Information S1 (Leroy et al., 2008).

The global electroneutrality equation for EDL in the mineral grain and water interface is

Qs0 + Qsβ + Qss = 0. (A7)

On the basis of the total surface site density (Γ0
s ) of the mineral surface, and of the associated equilibrium

constants for surface reactions of mineral surface given by Leroy et al. (2008), we can determine the surface
charge density and electrical potential at mineral surface, Stern layer and diffuse layer for different ionic con-
centrations based on Equations A1 to A7.
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Since the major contribution of the specific surface conductance at the mineral‐water interface is in the diffuse
layer of mobile ions and in the Stern layer of bound counterions, the specific surface conductance Σsw (in S) is
then computed using the following equation, relating to the surface charge density and to the temperature
(Revil, 2012):

Σsw ≈ (β ref
0 NaQsβ + β ref

s NaQss) [1 + αT (T − Tref)], (A8)

where βref
0 Na and βref

s Na (= βref
Na) are the effective reference mobilities of the counterions in the Stern layer and in

the diffuse layer at the reference temperature (Tref = 298 K), respectively (in m2 s− 1 V− 1, values are shown in
Table S1 in Supporting Information S1) (S. Li et al., 2016).

Appendix B: Electrical Double‐Layer Model of Bulk Ice‐Water Interface
Water molecules are organized in a tetrahedral lattice where hydrogen bonds provide the majority of the lattice
energy in hexagonal ice Ih (hexagonal ice crystal). The arrangement of atoms of the ice lattice takes two different
forms: one where the two hydrogen atoms bond covalently every oxygen atom and the other where one hydrogen
atom is contained in every O‐O vertex. Daigle (2021) and Kallay et al. (2003) considered the development of the
surface chemical reactions for two types of surface sites (1 pK or 2 pK), and the distribution of charge within the
electrical double‐layer in the bulk ice‐water interface in a manner analogous to existing modes for metal oxides in
aqueous solutions.

In this study, we consider these two types of surface sites that exhibit vastly different behavior (very different pK)
and compute their electrochemical properties in EDL of the interface between the bulk ice and liquid water. We
consider that the electrolyte surrounding the ice is NaCl, and we ignore the adsorption and transport of chloride
ions at bulk ice‐water interface during the surface reaction, as well as that pH is in the range of 6–8. Due to the
counterions in the Stern layer are prevented from penetrating into the bulk ice surface at the bulk ice‐water
interface, the Stern layer is assumed to be immediately adjacent to the bulk ice surface. We also ignore the in-
fluence of the second protonation and the corresponding equilibrium constant for the bulk ice‐water interface. We
consider four types of reactions: deprotonation of surface hydroxyls, ion association reaction on deprotonated
sites (e.g., the adsorption of sodium cations), sorption of the protons, and adsorption of sodium cations on
dangling O atoms. Therefore, the surface charge density Qi0 at the surface of the bulk ice (0‐plane) as well as the
equivalent surface charge density Qis at the diffuse layer can be determined according to respectively

Qi0 = −
e0Γ0

i
αi
[(Ki1 +

1
Ki3
)

1
Cf

H+

exp(
e0φi0
kbT

)], (B1)

Qis = −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

8ε f kbTCf

√

sinh(
e0φid
2kbT

), (B2)

with

αi = 1 + (Ki1 +
1
Ki3
)

1
Cf

H+

exp(
e0φi0
kbT

) +
Ki2

Ki3

Cf
Na+

Cf
H+

exp[
e0 (φi0 − φid)

kbT
], (B3)

where Γ0
i (in sites nm− 2) represents the total surface site density of the bulk ice surface, Ki1, K i2 and Ki3 are the

intrinsic equilibrium constants of different types of amphoteric reactions in the bulk ice‐water interface are listed
in Table S1 in Supporting Information S1; φi0 and φid (in V) are the electrical potential at the 0‐plane (bulk ice
surface) and at the d‐plane (zeta potential), respectively. The electrical potentials are associated by the series
capacitor at the 0‐plane and d‐plane. This yields

φi0 − φid =
Qi0
Ci

, (B4)
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where Ci is the (constant) integral capacity of the Stern layer in the interface between bulk ice and liquid water
film, and Ci = 1 F m− 2 from Daigle (2021).

The electroneutrality condition for EDL in the bulk ice‐water interface is given by

Qi0 + Qis = 0. (B5)

With the total surface site density (Γ0
i ) of bulk ice surface, and the associated equilibrium constants for surface

reactions of bulk ice‐water interface (Daigle, 2021; Kallay et al., 2003), we can determine the surface charge
density and the electrical potential at the bulk ice surface and the diffuse layer for different salinities based on
Equations B1 to B5.

We consider that the mobile ions in the diffuse layer affect the specific surface conductance in the electrical
double‐layer at the bulk ice‐water interface. Therefore, we can determine the specific surface conductance Σiw (in
S) as a function of surface charge density (Revil, 2012):

Σiw ≈ βref
s NaQis [1 + αT (T − Tref)]. (B6)

Appendix C: Electrical Double‐Layer Model of Air‐Water Interface
Leroy et al. (2012) developed a unified surface complexation model that describes the electrochemical properties
of the gas/water interface at a low ionic concentration, which is similar to the traditional “one site/two pK” model
(Davis et al., 1978). We hence consider the air‐water film interface in contact with a 1:1 aqueous electrolyte such
as NaCl and the pH of fluid is assume to equal 6–8. Since the available experimental measurements of the
electrical conductivity are of neutral pH (6–8), we only consider the chemical reaction linked with the surface
adsorption of protons and chloride (because the chloride anion is closer to the surface than the sodium cation at
high ionic strengths). According to the surface complexation model of the air‐water film interface derived by
Leroy et al. (2012), the surface charge density Qa0 at the surface of air (the sum of the surface site densities of
charged surface groups), and the equivalent surface charge density Qas at the diffuse layer can be determined as
follows respectively

Qa0 = −
e0Γ0

a
αa

[Ka1Ka2C
f
H+Cf

Cl− + 1], (C1)

Qas = −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

8ε f kbTCf

√

sinh(
e0φad
2kbT

), (C2)

with

αa = 1 + Ka1C
f
H+ exp(−

e0φa0
kbT

) + Ka1Ka2C
f
H+Cf

Cl− , (C3)

where Γ0
a (in sites nm− 2) is the total surface site density of the air‐water interface, Ka1, and Ka2 are the associated

equilibrium constants for the different reactions of the air‐water interface, their values are shown in Table S1 in
Supporting Information S1; the symbol Cf

Cl− (in mol/L) represents the salinity of the chloride electrolyte in the
free electrolyte, Cf

Cl− = Cf. φa0 and φad are, respectively, the electrical potential at the 0‐plane and at the d‐plane
(in V). The electrical potentials are given by

φa0 − φad =
Qa0
Ca

, (C4)

where Ca is the (constant) integral capacity of the Stern layer in the air‐water interface, and Ca = 0.0258 F m− 2

obtained by Leroy et al. (2012).
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The global electroneutrality condition for the electrical double‐layer at the air‐water interface implies the
following:

Qa0 + Qas = 0. (C5)

On the basis of the total surface site density (Γ0
a) of air surface, the associated equilibrium constants for surface

reactions of air‐water interface are given by Leroy et al. (2012). Then we can determine the surface charge density
and electrical potential at the bulk ice surface and the diffuse layer for different concentrations based on Equa-
tions C1 to C5.

Leroy et al. (2012) developed a specific surface conductance model including the contribution of proton electro‐
migration at the 0‐plane in the Stern layer (the effect of the sorption of the protons) and the contribution of the
counterions electro‐migration in the diffuse layer. Considering a relatively neutral pH environment, thus we only
consider the influence of the counterions electro‐migration in the diffuse layer on the surface conductivity at the
air‐water interface. Therefore, we can determine the relationship between specific surface conductance Σaw (in S)
and surface charge density in the diffuse layer:

Σaw ≈ βref
s NaQas [1 + αT (T − Tref)]. (C6)

Appendix D: Apparent Formation Factor
The formation factor (F) is a strictly geometrical parameter that can be used to describe the geometry of the pore
space (e.g., Archie, 1942; Coperey, Revil, Abdulsamad, et al., 2019; Revil, Coperey, et al., 2018; Revil
et al., 2014; Revil, Soueid Ahmed, & Matthai, 2018). In absence of surface conductivity and when the pore space
is occupied only by liquid water (i.e., no ice, no air), the formation factor can be defined as the ratio of the actual
pore water conductivity to the electrical conductivity of the porous medium. From Equation 20, we can obtain the
formation factor as a function of the porosity:

F =
(τeff

g )
2

ϕ
(De − Df + 1)
(3 − De − Df )

[1 − α3− De − D f ]

{1 − αDe − D f+1}
. (D1)

In the following, we also define an apparent formation factor (Fa) that depends on the water saturation and the
unfrozen water content. The use of the apparent formation factor is frequent in the literature to highlight the effect
of the water saturation (e.g., Maineult et al., 2018) or unfrozen water content (e.g., Coperey, Revil, Abdulsamad,
et al., 2019). Following our model description, the apparent formation factor under partial water saturation above
the freezing temperature is obtained as

Fa (Sw,0) =
(τeff

g )
2

ϕ
(De − Df + 1)
(3 − De − Df )

[1 − α3− De − D f ]

{[α3− De− D f + Sw,0 (1 − α3− De − D f )]

De − D f +1
3− De − D f − αDe − D f+1}

. (D2)

And the apparent formation factor as a function of the unfrozen water saturation at freezing temperature is
given by

Fa (Su) =
(τeff

g )
2

ϕ
(De − Df + 1)
(3 − De − Df )

[1 − α3− De − D f ]

{[α3− De− D f + Su (1 − α3− De − D f )]

De − D f +1
3− De − D f − αDe − D f+1}

. (D3)

Equation D1 illustrates that the formation factor above the freezing temperature is linked with the geometrical
tortuosity (τeff

g ) and the microstructural parameters of the REV (De, Df, ϕ, α), but is independent of the water
saturation, and it is inversely proportional to the porosity in a similar form as reported in Thanh et al. (2019, 2020).
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However, the apparent formation factor is related not only to the microstructural parameters of the porous me-
dium, but also to the water saturation (Sw,0) or to the unfrozen water saturation (Su) from Equations D2 and D3.

Notations
T Temperature of the REV (K)

T0 Freezing temperature of bulk water (K)

Tm Freezing temperature of the porous medium (K)

Tref Reference temperature (K)

Ts Liquid water surface tension (N m− 1)

r Radius of the capillary tube (m)

r1 Radius of the capillary tube filled with liquid water (m)

r2 Radius of the capillary tube occupied by bulk ice (m)

r3 Radius of the capillary tube occupied by air (m)

ri Critical freezing radius (either filled with liquid water or bulk ice) of the REV (m)

rh Critical freezing radius (either occupied by bulk ice or air) of the REV (m)

rmax Maximum radius of the capillary tube (m)

rmin Minimum radius of the capillary tube (m)

g Acceleration of gravity (m s− 2)

α Ratio of the minimum pore radius to the maximum pore radius (–)

β Air‐water‐solid contact angle (–)

σsl Ice‐water interfacial free energy (J m− 2)

σw Electrical conductivity of pore water (S/m)

σ Electrical conductivity of the porous medium (S/m)

L Length of the sample (m)

Lf Latent heat of phase transformation (J/kg)

Le Length of the capillary (tortuous length) (m)

L0 REV length (m)

ρi Density of ice (kg m− 3)

ρw Liquid water volume density (kg m− 3)

ρg Grain density (kg m− 3)

R Resistance value of experiments (Ω)

R(r) Total resistance of the three types of capillary (Ω)

R1 Resistance of the capillary filled with liquid water (rmin < r < ri) (Ω)

R2 Resistance of the capillary occupied by bulk ice (ri < r < rh) (Ω)

R3 Resistance of the capillary occupied by air (rh < r < rmax) (Ω)

R0 Resistance of the porous media at REV scale (Ω)

Σaw Specific surface conductance at the air‐water surface (S)
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Σsw Specific surface conductance at the mineral‐water surface (S)

Σiw Specific surface conductance at the bulk ice‐water surface (S)

Σ (r1, r2, r3) Total conductance of the three capillaries (they are occupied by water, ice and air) (S)

AREV Cross‐section area of REV (m2)

f (r) Capillary tube distribution function of the REV (–)

F Formation factor of the porous medium (–)

Fa (Sw,0) Apparent formation factor above the freezing temperature (–)

Fa (Su) Apparent formation factor below the freezing temperature (–)

S Area of the sample (m2)

n Unfrozen exponent (–)

N(≥r) Number of the capillaries (with radius larger than r) (–)

NA Avogadro's number (mol− 1)

ϕ Porosity of the REV (–)

τeff
g Effective geometrical tortuosity of the porous medium (–)

Sw,0 Initial water saturation of the REV (–)

Su Unfrozen water saturation of the REV (–)

hm Initial pressure head (m)

Df Fractal dimension for pore space (–)

De Fractal dimension of capillary tortuosity (–)

a Physical parameters of the SFCC (–)

b Physical parameters of the SFCC (–)

c Physical parameters of the SFCC (–)

CEC Cation exchange capacity (C/kg)

e0 Elementary charge (C)

kb Boltzmann's constant (J K− 1)

εf Permittivity of the pore water (F m− 1)

C0 Initial ionic concentration of the REV (mol/L)

Cu Ionic concentration of the REV in frost state (mol/L)

Cf Salinity in the free electrolyte (mol/L)

Cf
H+ Ionic concentration of the protons in the free electrolyte (mol/L)

Cf
Na+ Ionic concentration of sodium cations in the free electrolyte (mol/L)

Cf
i Concentration of ionic species i in the free electrolyte (mol/L)

Cf
Cl− Concentration of chloride in the free electrolyte (mol/L)

qi Charge of species i in the free electrolyte (C)

B(T ) Apparent mobility of the counterions for surface conduction (m2 s− 1 V− 1)

λ(T ) Apparent mobility of the counterions for the polarization (m2 s− 1 V− 1)
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βi Mobility of ionic species i in the free electrolyte (m2 s− 1 V− 1)

βref
i Reference mobility of ionic species i in the free electrolyte (m2 s− 1 V− 1)

βref
Na Reference mobility of ionic species Na+ in the free electrolyte (m2 s− 1 V− 1)

βref
0 Na Effective reference mobility of counterions in the Stern layer (m2 s− 1 V− 1)

βref
s Na Effective reference mobility of counterions in the diffuse layer (m2 s− 1 V− 1)

βref
Cl Reference mobility of ionic species Cl− in the free electrolyte (m2 s− 1 V− 1)

βref
H Reference mobility of ionic species H+ in the free electrolyte (m2 s− 1 V− 1)

βref
OH Reference mobility of ionic species OH− in the free electrolyte (m2 s− 1 V− 1)

αT Temperature factor (K− 1)

Γ0
s Total surface site density of the mineral surface (Sites nm− 2)

Γ0
i Total surface site density of the ice surface (Sites nm− 2)

Γ0
a Total surface site density of the air surface (Sites nm− 2)

Ks1 Equilibrium constant of deprotonation at the mineral‐water interface (–)

Ks2 Equilibrium constant of sodium adsorption at the mineral‐water interface (–)

Ki1 Equilibrium constant for deprotonation at the ice‐water interface (–)

Ki2 Equilibrium constant for sodium sorption at the ice‐water interface (–)

Ki3 Equilibrium constant for H+ sorption on dangling O at the ice‐water interface (–)

Ka1 Equilibrium constant associated with surface adsorption of protons at (>X− ) sites at the air‐
water interface (–)

Ka2 Equilibrium constant associated with surface adsorption of chloride at (>XH+) sites at the air‐
water interface (–)

Kg Geometrical factor of the sample (m)

Cs1 Capacities of the inner parts of the Stern layer in the mineral‐water interface (F m− 2)

Cs2 Capacities of the outer parts of the Stern layer in the mineral‐water interface (F m− 2)

Ci Capacity of the Stern layer at the bulk ice‐water interface (F m− 2)

Ca Capacities of the Stern layer in the air‐water interface (F m− 2)

Qs0 Surface charge density at the surface of the mineral (mineral‐water interface) (C)

Qsβ Surface charge density at the Stern layer (mineral‐water interface) (C)

Qss Surface charge density at the diffuse layer (mineral‐water interface) (C)

φs0 Electrical potential at the mineral surface (mineral‐water interface‐ 0‐plane) (V)

φsβ Electrical potential at the β‐plane (mineral‐water interface) (V)

φsd Electrical potential at the d‐plane (mineral‐water interface) (V)

Qi0 Surface charge density at the surface of the bulk ice (bulk ice‐water interface) (C)

Qis Surface charge density at the diffuse layer (bulk ice‐water interface) (C)

φi0 Electrical potential at the mineral surface (bulk ice‐water interface‐ 0‐plane) (V)

φid Electrical potential at the d‐plane (bulk ice‐water interface) (V)
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Qa0 Surface charge density at the surface of the air (air‐water interface) (C)

Qas Surface charge density at the diffuse layer (air‐water interface) (C)

φa0 Electrical potential at the 0‐plane (air‐water interface) (V)

φad Electrical potential at the d‐plane (air‐water interface) (V)

Data Availability Statement
The present study is supplemented by Supporting Information. The experimental data of frozen porous media for
evaluating the evolution of electrical conductivity as a function of temperature are openly accessible in the
Hydrogeophysics community via Zenodo under different initial water saturations and salinities: https://doi.org/
10.5281/zenodo.7688602. Additionally, Matlab codes for calculating the predicted results of electrical conduc-
tivity are also available through this link.
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