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S U M M A R Y 

In this work, we revisit the seminal concept of Johnson–Koplik–Schwartz (JKS) length � , that
is a characteristic length representing an ef fecti ve pore size which controls various transport-
related properties of porous media, such as, the permeability and the electrical conductivity.
We present a novel closed-form equation that predicts the behaviour of � in partially saturated
media, for different saturation states. Using previous models in the literature that predict
the intrinsic and relative electrical conductivities under partially saturated conditions, we
infer the JKS length � and the electrical formation factor F as functions of water saturation
and properties associated with the pore-size distribution of the probed porous medium. The
proposed method permits to estimate the ef fecti ve permeability and the relative permeability
directly from electrical conductivity measurements, thus opening new-avenues for the remote
characterization of partially saturated media. We believe that this new model will prove useful
for various characterization and modelling applications from reservoir (CO 2 or hydrogen
storage) to vadose zone studies. 

Key words: Electrical proper ties; Per meability and porosity; Fractals and multifractals; Hy-
drogeophysics. 

 I N T RO D U C T I O N  

ermeability or hydraulic conductivity are key pore space descriptors for modelling water flow and transport processes in porous media. Under
artially saturated conditions, the permeability is known to vary with water saturation and suction head or capillary pressure. If unsaturated
ermeability measurements can be performed in the laboratory or in the field, it can only be done at the cost of long experiments or in a
airl y intrusi v e manner (e.g. Re ynolds & Elrick 1985 ; Tarantino et al. 2008 ; Bachu 2013 ; Pini & Benson 2013 ). Sev eral propositions hav e
een published to overcome these difficulties. On the one hand, a classical approach is to use equations or algorithms, commonly referred
o as pedotransfer functions (e.g. P achepsk y & van Genuchten 2011 ), expressing, for example relationships between the permeability and
ther more easily measurable properties of porous media such as texture (e.g. Alexander & Skaggs 1987 ; W östen & Van Genuchten 1988 ;
ereecken 1995 ), pore or grain size distribution data (e.g. Burdine 1953 ; Devlin 2015 ; Nghia et al. 2021 ) or moisture retention data (e.g.
ampbell 1974 ; Tomasella & Hodnett 1997 ). Nevertheless, pedotransfer functions are inherently imperfect because they involve simplifying
rocesses that are not fully understood (e.g. Brown & Heuvelink 2006 ; Tranter et al. 2010 ). On the other hand, indirect methods have been
roposed to infer the permeability using geophysical measurements, that can be more conveniently performed in the laboratory or in the field.
everal geophysical methods can be used to estimate the permeability from physical observables, such as, the seismic velocity (e.g. Rubin
t al. 1992 ; Prasad 2003 ), the electrical resistivity (e.g. Mawer et al. 2015 ; Rezaei et al. 2016 ), the spectral induced polarization (e.g. Revil
 Florsch 2010 ; Weller et al. 2015 ) or the ground-penetrating radar data (e.g. Corbeanu et al. 2002 ; Kowalsky et al. 2004 ). 

In porous soils and rocks, electrical current flow and water flow occur in the same system of pores or cracks and they are both dependent
n a common set of physical properties [e.g. pore shape, pore size, connectivity, tortuosity, porosity, see Bernab é & Maineult ( 2015 )]. Notably,
C © The Author(s) 2024. Published by Oxford University Press on behalf of The Royal Astronomical society. This is an Open Access 
article distributed under the terms of the Creative Commons Attribution License ( https://creati vecommons.org/licenses/b y/4.0/ ), which 
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the electrical conductivity σ (S m 

−1 ) and permeability k (m 

2 ) both are dependent on the characteristic length scale of the pore space which
ef fecti vel y contributes to the flow of fluids (e.g. Johnson et al. 1986 ; Banavar & Johnson 1987 ; Revil & Cathles III 1999 ; Glover & Dery
2010 ). This characteristic length was first described in Johnson et al. ( 1986 ) and it is often called the JKS length � (m) in the literature
(e.g. Le Doussal 1989 ; Glover & Walker 2009 ). The JKS length � is obtained by weighting the individual pore sizes with respect to the
local electrical field. As such, � controls various transport properties of porous media. Interestingly, as σ and k share common features, new
models relating these parameters are of great interest for geoscience practitioners (e.g. Li & Williams 2007 ; Li 2011 ). Relationship between
k and σ have been proposed using different approaches such as the critical path analysis (e.g. Friedman & Seaton 1998 ; Ghanbarian 2020 ),
ef fecti ve medium theory (e.g. Doyen 1988 ; David et al. 1990 ) or a bundle of capillaries (BOC) (e.g. Mualem & Friedman 1991 ). Ho wever ,
most of these research efforts concentrate on fully saturated media, and, thus, extensions to partially saturated porous media are needed if two
or more fluids saturate the medium. 

There have been attempts to determine k from σ measurements under partially saturated conditions (e.g. Urish 1981 ; Purvance &
Andricevic 2000 ; Slater & Lesmes 2002 ; Doussan & Ruy 2009 ). Niu et al. ( 2015 ) applied a BOC to develop the k −σ relationship in partially
saturated media. From this k −σ relationship in combination with a model for the hydraulic conductivity proposed by Mualem ( 1976 ), Niu
et al. ( 2015 ) obtained a new model for σ that incorporates the tortuosity factor q . By fitting the new model for σ with experimental data
for six soils, Niu et al. ( 2015 ) obtained different values of q . With those values, the permeability prediction from the model proposed by
Mualem ( 1976 ) was shown to be greatly improved. Recently, Fu et al. ( 2023 ) applied a BOC model in combination with the Waxman–Smits
model to develop a hydraulic-electrical conductivity relationship under partially saturated conditions. Such relationship allowed the authors 
to determine the hydraulic conductivity as a function of water saturation and suction head using the Brooks–Corey model. The approach
proposed by Fu et al. ( 2023 ) was then validated by experimental data of 150 soils. Ho wever , the approaches proposed by Niu et al. ( 2015 ) and
Fu et al. ( 2023 ) required a combination of the BOC with other model(s) that are not based on the same pore-scale conceptualization, making
them rather complicated for permeability predictions. 

To the best of our knowledge, the JKS length � remains the most reliable parameter relating electrical and flow characteristics of porous
media. Ho wever , it is a parameter that w as deri ved for full y saturated porous media (e.g. Revil & Cathles III 1999 ; Glover & Walker 2009 ;
Glover & Dery 2010 ; Thanh et al. 2019 , 2020a ; Rembert et al. 2020 ). There are only few published results on extensions of the JKS length
to partially saturated conditions. For instance, Revil et al. ( 2014 ) established a scaling law describing the dependence of the JKS length on
water saturation based on Johnson et al. ( 1986 ) and Pride ( 1994 ) models in combination with a volume averaging approach. More recently.
Solazzi et al. ( 2020 ) proposed a general expression for the JKS length using the BOC under partially saturated conditions assuming a state of
capillary equilibrium. Maineult et al. ( 2018 ) investigated the spectral induced polarization of partially saturated random tube networks and
simulated evolution of the JKS length as a function of the water saturation. Ho wever , closed equations linking k , σ and � have, to date, never
been obtained for partially saturated porous media. 

In this work, we utilize the BOC model proposed by Thanh et al. ( 2020b ) for σ to derive the JKS length � and the electrical formation
factor F as functions of water saturation. Making use of the latter, we derive expressions for the permeability k and relative permeability
k rel . Additionally, we obtain a relationship between the relative electrical conductivity σ rel and the relative permeability k rel . Finally, proposed
models for � , � rel , σ , σ rel , k and k rel are validated using experimental data and compared with other models available in the literature. 

2  T H E O R E T I C A L  B A C KG RO U N D  

In this section, we summarize concepts and models available in the specific literature associated with the permeability and electrical
conductivity for both fully and partially saturated porous media. 

2.1 Permeability 

2.1.1 Relations for fully saturated conditions 

Permeability is one of the most important transport properties of porous media. There exist many permeability models proposed in literature
(e.g. Kozeny 1927 ; Paterson 1983 ; Walsh & Brace 1984 ; Johnson et al. 1986 ; Sahimi & Mukhopadhyay 1996 ; Hunt 2001 ; Bernab é et al.
2010 ; Daigle 2016 ). The readers can also see a re vie w of permeability models given in Bernab é & Maineult ( 2015 ), for example. Among
permeability models, those based on the the Kozeny–Carman (KC) relationship are most commonly used. One of the KC models is the
equi v alent channel model given by (Paterson 1983 ; Walsh & Brace 1984 ; Bernab é & Maineult 2015 ): 

k = 

Cr 2 h 

F 

, (1) 

where C (unitless) is a geometric factor that is stated to be 1/8 for straight, cylindrical pores and 1/12 for thin cracks (for more details, see a
summary by Walker & Glover 2010 ), r h (m) is the hydraulic radius given by 

r h = 2 
V p 

S p 
, (2) 
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here V p (m 

3 ) is the total pore volume and S p (m 

2 ) is the area of the interface between the pores and the solid matrix) and F (unitless) is the
lectrical formation factor. It is noted that the inverse of the formation factor, that is 1/ F , is a measure of the ef fecti ve interconnected porosity
e.g. Revil & Cathles III 1999 ). According to Johnson et al. ( 1986 ), one could improve the KC equation by replacing the hydraulic radius r h
ith the JKS characteristic length � 

� = 2 

∫ 
V p 

| e b | 2 dV p ∫ 
S | e b | 2 dS p 

, (3) 

here e b (unitless) is the local normalized electrical field in the interconnected pore space (e.g. Revil & Cathles III 1999 ; Bernab é et al. 2010 ).
herefore, the JKS length � corresponds to the hydraulic pore radius where volume and surface contributions are weighted by the norm of

he local electrical field. That means that the local electrical field gives more weight to pores which conduct strongly (the interconnected pore
pace) and gives less weight to pores which conduct weakly (e.g. dead ends or disconnected pores). Hence, � can be called the JKS length
f porous media. 

Considering the JKS length as a representative scale determining the fluid transport in combination with a BOC representation, eq. ( 1 )
s can be reformulated as 

k = 

� 

2 

8 F 

. (4) 

ote that, if one does not take into account the variation of the local normalized electrical field over the interconnected pore space, then �
i ven b y eq. ( 3 ) reduces to r h gi ven b y eq. ( 2 ) and, thus, eq. ( 4 ) reduces to eq. ( 1 ). 

.1.2 Relations for partially saturated conditions 

s discussed by Revil et al. ( 2014 ), eq. ( 4 ) can be expanded to partially saturated conditions as followings 

k( S w ) = 

� ( S w ) 2 

8 F a ( S w ) 
, (5) 

here S w (unitless) is the water saturation, � ( S w ) and F a ( S w ) are the apparent JKS length and the apparent electrical formation factor,
especti vel y. They are given by (e.g. Revil et al. 2014 ) 

� ( S w ) = 2 

∫ 
V p 

| e w b | 2 dV p ∫ 
S | e w b | 2 dS 

, (6) 

nd 

1 

F a ( S w ) 
= 

1 

V 

∫ 
V p 

| e w b | 2 dV p , (7) 

here e w b (unitless) is the local normalized electrical field in the pore water phase and V is the total volume of the considered representative
lementary volume. Note that the integrals over V p and S pre v ail in the pores that are saturated with electrolytes only. eq. ( 5 ) is used in the
ollowing sections to determine the permeability as a function of water saturation and properties of porous media. 

.2 Electrical conductivity 

.2.1 Relations for fully saturated conditions 

he electrical conductivity of porous media σ is a key descriptor of the associated transport properties and, thus, is pertinent for wide range of
pplications in reservoir engineering and petrophysics. There are various models that permit to determine σ from the electrical conductivity of
ater σ w and microstructural properties, such as, the porosity (e.g. Archie 1942 ; Friedman 2005 ). These models rely on different approaches,

uch as, ef fecti ve medium assumptions (e.g. Bussian 1983 ; Sen et al. 1981b ), percolation theory (e.g. Hunt 2004 ) or the cylindrical tube
odel (e.g. Herrick & Kennedy 1994 ; Mualem & Friedman 1991 ). Surface conductivity at the interface between mineral surfaces and pore
ater can be accounted for using alternative approaches, such as, the approach of two parallel resistors (e.g. Brovelli et al. 2005 ), the ef fecti ve
edium approach (e.g. Bussian 1983 ), the theory of percolation (e.g. Ghanbarian et al. 2014 ) or the volume averaging technique (e.g. Pride

994 ; Linde et al. 2006 ). One of the models for σ under fully saturated conditions, in which the JKS length � is introduced to take the surface
onductivity into consideration, is given by Johnson et al. ( 1986 ) and Pride ( 1994 ): 

σ = 

1 

F 

(
σw + 

2 

� 

� s 

)
, (8) 

here σ w (S m 

−1 ) is the electrical conductivity of the pore fluid, � s (S) is the specific surface conductance at the mineral–water interface. 
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Figure 1. Conceptual model of a porous medium as a bundle of capillaries that is taken from Thanh et al. ( 2020b ). At a given capillary pressure, capillaries 
are either saturated by water or by air depending on their radii. 
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2.2.2 Relations for partially saturated conditions 

Revil et al. ( 2014 ) extended eq. ( 8 ) to partially saturated conditions 

σ ( S w ) = 

1 

F a ( S w ) 

[
σw + 

2 

� ( S w ) 
� s 

]
, (9) 

where � ( S w ) and F a ( S w ) are pre viousl y defined by eqs ( 6 ) and ( 7 ), respectively. For the case of negligible surface conductivity � s = 0, eq. ( 9 )
yields 

σ ( S w ) = 

σw 

F a ( S w ) 
. (10) 

2.3 Electrical conductivity model in fractal porous media under partially saturated conditions 

In the following, we briefly describe an approach to use the fractal theory to study transport phenomena occurring in porous media. For this,
we introduce the fractal electrical conductivity model proposed by Thanh et al. ( 2020b ). 

2.3.1 Fractal theory for porous media 

Evidence shows that the pore space of natural porous media displays statistical self-similarity and, thus, pore sizes follow a fractal scaling
law (e.g. Mandelbrot 1982 ; Thompson et al. 1987 ). In this context, let us conceptualize a porous medium of interest as a bundle of capillary
tubes with radii varying from a minimum pore radius r min to a maximum pore radius r max (see Fig. 1 ; e.g. Yu & Cheng 2002 ; Thanh et al.
2019 ). The pore size distribution f ( r ) is such that the number of capillaries with radius in the range from r to r + d r is represented by f ( r )d r ,
where f ( r ) is given by 

f ( r ) = D f r 
D f 
max r 

−D f −1 dr, (11) 

where D f (unitless) is the fractal dimension for pore space (1 < D f < 2). The D f can be determined by a box-counting method (e.g. Yu &
Cheng 2002 ). Additionally, from the approximation of self-similarity based on the Sierpinski-type gasket, D f can be estimated by (e.g. Yu &
Cheng 2002 ): 

D f = 2 − ln φ

ln α
, (12) 

where φ is porosity of medium and α = r min / r max is called the minimum-to-maximum pore size ratio. 
The tortuous length L τ ( r ) of a capillary of radius r along the flow direction is normally longer than the representative length L o (see

Fig. 1 ). Yu & Cheng ( 2002 ) proposed a relation between these two lengths by means of a fractal scaling/tortuosity relationship for flow
through heterogeneous media presented by Wheatcraft & Tyler ( 1988 ) as 

L τ ( r ) = r 1 −D τ L 

D τ
o , (13) 

where D τ (unitless) is the fractal dimension for the tortuosity (1 ≤ D τ ≤ 2 for two dimensional spaces). D τ can be determined by the
box-counting method or by approaches based on the Monte Carlo method (e.g. Yu & Cheng 2002 ). In addition, D τ can be parametrized as
function of D f and φ as Wei et al. ( 2015 ) 

D τ = (3 − D f ) + (2 − D f ) 
ln D f 

D f −1 
. (14) 
ln φ

art/ggae100_f1.eps
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.3.2 Fractal electrical conductivity model in partially saturated media 

ased on the BOC and the above described fractal theory for porous media, Thanh et al. ( 2020b ) obtained an analytical model for σ under
artially saturated conditions. This model depends on the electrical conductivity of pore water σ w , specific surface conductance � s , water
aturation S w , critical or residual water saturation S c and microstructural parameters of porous media such as the porosity φ, r min , r max , D f and
 τ , and it yields 

σ ( S w ) = 

φ ( 3 − D τ − D f ) (
τ eff 

g 

)2 
( D τ − D f + 1 ) ( 1 − α3 −D τ −D f ) [ {

S w 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t 

] 
⎡ 

⎢ ⎢ ⎣ 

σw + 

2 � s 

r max 

( D τ − D f + 1 ) 

[
1 − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
} D τ −D f 

3 −D τ −D f 

]

( D τ − D f ) 
[ {

S w ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
}t − {

S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
}t 

] 
⎤ 

⎥ ⎥ ⎦ 

, 

(15) 

here 

t = 

D τ − D f + 1 

3 − D τ − D f 
, (16) 

nd 

eff 
g = 

[
1 − α3 −D τ −D f 

φ

π D f 

3 − D τ − D f 

] D τ −1 
3 −D τ

. (17) 

or the case of negligible surface conductivity � s = 0, eq. ( 15 ) reduces to 

σ ( S w ) | � s = 0 = 

φ ( 3 − D τ − D f ) σw (
τ eff 

g 

)2 
. ( D τ − D f + 1 ) ( 1 − α3 −D τ −D f ) [ {

S w 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t 

] 
. 

(18) 

hanh et al. ( 2020b ) also derived an expression for the relative electrical conductivity σ rel (unitless) as a function of water saturation as 

σrel ( S w ) = 

{
S w 

(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t 

1 − {
S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t . (19) 

n special case of zero critical water saturation S c = 0 and r max > > r min ( α → 0) that is normally valid in geological porous media, eq. ( 19 )
educes to 

rel ( S w ) | { S c ,α}→ 0 = S t w . (20) 

q. ( 20 ) is identical to the po wer-la w relationship that is commonly used in the specific literature (e.g. Jackson 2008 ; Ghanbarian & Sahimi
017 ): 

rel = S n w , (21) 

here n is the so-called saturation exponent (Archie 1942 ). 
Note that using S c = 0 allows reducing eq. ( 19 ) to the familiar model proposed by Jackson ( 2008 ) and Ghanbarian & Sahimi ( 2017 ).

o wever , in real applications, especially for clay-rich porous media, the critical water saturation S c plays important role in determining the
lectrical properties of the porous media (e.g. Butler & Knight 1998 ; Titov et al. 2004 ). Even for sand samples, Titov et al. ( 2004 ) indicated
hat there is a clear transition in behaviours of chargeability and resistivity of the samples around the critical water saturation, which is related
o the the water film on grain surfaces. 

 A P PA R E N T  F O R M AT I O N  FA C T O R  A N D  J K S  L E N G T H  

n this section, we deri ve closed-form anal ytical expressions for the apparent formation factor F a and the JKS length � in partially saturated
orous media. For this, we use the fractal model introduced in previous sections. Finally, we provide new relationships between � and F a

ith the permeability and relative permeability of partially saturated porous media. 

.1 Appar ent f ormation factor and JKS length 

omparing eq. ( 10 ) with eq. ( 18 ), we obtain the apparent formation factor under partially saturated conditions as 

F a ( S w ) = 

(
τ eff 

g 

)2 
( D τ − D f + 1 ) 

(
1 − α3 −D τ −D f 

)
φ ( 3 − D τ − D f ) 

[ {
S w ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t − {
S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t 
] , (22) 
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Combining eq. ( 9 ), eq. ( 15 ) and eq. ( 22 ), we obtain the JKS length under partially saturated conditions as 

� 

( S w ) = 

r max ( D τ − D f ) 
[ {

S w 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t 

] 
( D τ − D f + 1 ) 

[
1 − {

S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
} D τ −D f 

3 −D τ −D f 

] . (23) 

eq. ( 22 ) and eq. ( 23 ) are central results of this work, as they provide simple and straightforward expressions for computing F and � for
various saturation degrees. We remark that, to our knowledge, eq. ( 23 ) provides the first closed-form expression for the JKS length in partially
saturated media in the literature. 

Note that, under fully saturated conditions, S w = 1, eq. ( 22 ) and eq. ( 23 ), respectively, become 

F = F a ( S w = 1 ) = 

(
τ eff 

g 

)2 
( D τ − D f + 1 ) 

(
1 − α3 −D τ −D f 

)
φ ( 3 − D τ − D f ) 

[ 
1 − {

S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
}t 

] , (24) 

and 

� 

( S w = 1 ) = 

r max ( D τ − D f ) 
[ 
1 − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t 

] 
( D τ − D f + 1 ) 

[
1 − {

S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
} D τ −D f 

3 −D τ −D f 

] . (25) 

As suggested by Revil et al. ( 2014 ), F a ( S w ) and � ( S w ) can be expressed as the product of their values at saturated conditions and those as a
function of the saturation. Namely, comparing eq. ( 22 ) and eq. ( 24 ), one obtains 

F a ( S w ) = F a ( S w = 1 ) 

[ 
1 − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t 

] 
[ {

S w ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
}t − {

S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
}t 

] . (26) 

Similarly, comparing eq. ( 23 ) and eq. ( 25 ) yields 

� 

( S w ) = � 

( S w = 1 ) 

[ {
S w 

(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t 

] 
[ 
1 − {

S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
}t 

] . (27) 

From eq. ( 27 ), one can define the relative JKS length as 

� rel = 

� 

( S w ) 

� 

( S w = 1 ) 
= 

[ {
S w 

(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t − {

S c 
(
1 − α3 −D τ −D f 

) + α3 −D τ −D f 
}t 

] 
[ 
1 − {

S c ( 1 − α3 −D τ −D f ) + α3 −D τ −D f 
}t 

] . (28) 

If one does not consider the variation of the length of the pores with pore size (i.e. straight parallel capillaries) and therefore, D τ = 1 and t =
1 as shown by eq. ( 16 ), eq. ( 26 ) and eq. ( 27 ), respectively, reduce to 

F a ( S w ) | { D τ , t}= 1 = 

F a ( S w = 1) 

S e 
, (29) 

and 

� ( S w ) | { D τ , t}= 1 = � ( S w = 1) S e , (30) 

where S e = ( S w − S c )/(1 − S c ) is the ef fecti ve w ater saturation. eq. ( 29 ) and eq. ( 30 ) are identical to the corresponding expressions proposed
b y Re vil et al. ( 2014 ) when the saturation exponent n is equal to 1. Note that Solazzi et al. ( 2020 ) also showed the relationship between � ( S w )
and S w in the same manner as expected from eq. ( 30 ). 

In the case of S c = 0, eq. ( 24 ) and eq. ( 25 ) reduce to 

F a ( S w = 1) | S c = 0 = 

( τ eff 
g ) 2 ( D τ − D f + 1) 

(
1 − α3 −D τ −D f 

)
φ(3 − D τ − D f )(1 − αD τ −D f + 1 ) 

, (31) 

and 

� ( S w = 1) | S c = 0 = 

r max ( D τ − D f ) 
(
1 − αD τ −D f + 1 )

( D τ − D f + 1)(1 − αD τ −D f ) 
. (32) 

If D τ = 1, eq. ( 31 ) and eq. ( 32 ) become 

F a ( S w = 1) | { S c , D τ }= 0 , 1 = 

( τ eff 
g ) 2 

φ
= 

1 

φ
, (33) 

and 

� ( S w = 1) | { S c , D τ }= 0 , 1 = 

r max (1 − D f )(1 − α2 −D f ) 

(2 − D f )(1 − α1 −D f ) 
. (34) 
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s indicated by eq. ( 33 ), 1/ F a ( S w = 1) is a measure of the ef fecti ve interconnected porosity (e.g. Revil & Cathles III 1999 ). Eq. ( 34 ) for the
KS length under fully saturated conditions has also been proposed and validated by Thanh et al. ( 2020a ). 

.2 Permeability and r elati ve permeability 

ubstituting eq. ( 26 ) and eq. ( 27 ) into eq. ( 5 ), one obtains the ef fecti ve permeability under partially saturated conditions as 

k( S w ) = 

� ( S w = 1) 2 

8 F a ( S w = 1) 
. 

{ {
S w (1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t − {
S c (1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t 

1 − {
S c (1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t 

} 3 

. (35) 

he ef fecti ve per meability under par tially saturated conditions can be written as the product of the per meability at saturation k s = k ( S w = 1)
nd the relative permeability k rel that depends only on water saturation (e.g. Revil et al. 2014 ): 

k( S w ) = k s .k rel ( S w ) . (36) 

ombining eq. ( 35 ) and eq. ( 36 ) yields the following 

k s = 

� ( S w = 1) 2 

8 F a ( S w = 1) 

= 

φr 2 max 

8( τ eff 
g ) 2 

( D τ − D f ) 2 (3 − D τ − D f ) 
[ 
1 − {

S c (1 − α3 −D τ −D f ) + α3 −D τ −D f 
}t 

] 3 
( D τ − D f + 1) 3 

[
1 − {

S c (1 − α3 −D τ −D f ) + α3 −D τ −D f 
} D τ −D f 

3 −D τ −D f 

]2 

(1 − α3 −D τ −D f ) 

, 

(37) 

nd 

k rel ( S w ) = 

{ {
S w (1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t − {
S c (1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t 

1 − {
S c (1 − α3 −D τ −D f ) + α3 −D τ −D f 

}t 

} 3 

. (38) 

rom eq. ( 19 ) and eq. ( 38 ), one can express k rel in terms of σ rel as follows: 

k rel ( S w ) = σ 3 
rel ( S w ) . (39) 

q. ( 39 ) suggests a possibility to predict the relative permeability from electrical conductivity measurement for unsaturated porous media
e.g. Doussan & Ruy 2009 ; Revil et al. 2014 ; Niu et al. 2015 ). Please note that the boundary conditions on the pore wall are different for
he fluid flow (no-slip condition) and electrical current flow (slip condition). However, these two types of flow occur in the same pore spaces
i.e. same volume/topology), and, by means of a physics-based flux average approach in Thanh et al. ( 2020b ) that includes corresponding
oundary conditions, we find a physically consistent macroscopic link between the fluid flow and electrical current flow. 

For the case of S c = 0 and r max > > r min ( α → 0) as proposed by Guarracino ( 2007 ) or Soldi et al. ( 2019 ), for example, eq. ( 28 ) and
q. ( 38 ), respecti vel y, reduce to 

� rel ( S w ) = S t w , (40) 

nd 

k rel ( S w ) = S 3 t w . (41) 

ombining eq. ( 40 ) and eq. ( 41 ) yields the following: 

� rel ( S w ) = k 
1 
3 

rel . 
(42) 

he similar po wer-la w relationship between the � rel and k rel shown by eq. ( 42 ) is also observed in Maineult et al. ( 2018 ) � rel ( S w ) = k βrel with
= 0.154 by simulating drainage and imbibition processes in 2D square network. 

Note that eq. ( 41 ) is exactly the same as that proposed by Revil et al. ( 2014 ): 

k rel ( S w ) = S 3 n w . (43) 

t is remarked that, besides the model proposed b y Re vil et al. ( 2014 ), there have been many similar models showing the relationship between
he hydraulic conductivity or permeability and water saturation in the literature (e.g. Mualem 1976 ; Van Genuchten 1980 ; Fredlund & Xing
994 ). 

Comparing eq. ( 20 ) with eq. ( 21 ) or eq. ( 41 ) with eq. ( 43 ), one has 

n = t = 

D τ − D f + 1 

3 − D τ − D f 
. (44) 

q. ( 44 ) is a key relationship in this work, as it provides a direct link between hydraulic and electrical parameters by means of material
roperties ( D f and D τ ). From eq. ( 39 ), we can predict k rel from the electrical measurements. Additionally, from the electrical conductivity
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Figure 2. The flow chart for determination of the JKS length � , electrical conductivity σ and permeability k from pore fluid electrical conductivity and 
characteristic parameters of porous media. 

Figure 3. Variation of � rel with S w for: (a) three dif ferent v alues of φ (0.2, 0.3 and 0.4) at fixed values of α = 10 −3 and S c = 0, (b) three different values of α
(10 −4 , 10 −3 and 10 −2 ) at fixed values of φ = 0.3 and S c = 0 and (c) three different values of S c (0, 0.15 and 0.3) at fixed values of α = 10 −3 and φ = 0.3. 
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measurements, we can obtain t from eq. ( 20 ) and substitute it into eq. ( 41 ) for the relative permeability as a function of water saturation.
Please note that wettability conditions have impact on the permeability (e.g. Li et al. 2021 ) and the electrokinetic response of porous media
(e.g. Collini & Jackson 2022 ). Ho wever , the JKS length model does not consider a slip condition at the pore walls associated with wettability
ef fects. Consequentl y, these conditions are beyond the scope of this work. 

4  S E N S I T I V I T Y  A NA LY S I S  

In this section, we analyse the influence of the parameters α, φ, S c and S w on � rel and k rel . Note that the effect of these parameters on σ rel has
been presented in Thanh et al. ( 2020b ). As pre viousl y shown, for gi ven v alues of α and φ, we can determine D f and D τ from eq. ( 12 ) and
eq. ( 14 ), respecti vel y. Consequentl y, we can show the variation of � rel and k rel with α, φ, S c and S w from eq. ( 28 ) and eq. ( 38 ), respecti vel y.
The procedure to obtain � rel and k rel is summarized in a flow chart in Fig. 2 . 

The results in Figs 3 and 4 indicate the variation of � rel and k rel with S w , respecti vel y. In particular , we sho w the corresponding behaviours
for (a) three different values of φ (0.2, 0.3 and 0.4) at fixed values of α = 10 −3 and S c = 0, (b) three different values of α (10 −4 , 10 −3 and
10 −2 ) at fixed values of φ = 0.3 and S c = 0 and (c) three different values of S c (0, 0.15 and 0.3) at fixed values of α = 10 −3 and φ = 0.3. The
results show that � rel and k rel increase with S w irrespective of φ, α and S c . This characteristic is in good agreement with observations reported
in literature for � rel (e.g. Revil et al. 2014 ; Solazzi et al. 2020 ) and for k rel (e.g. Tuli & Hopmans 2004 ; Li & Horne 2006 ). Figs 3 (a) and 4 (a)
show that � rel and k rel increase with φ for given values of α, S w and S c . This prediction is reasonable, due to an increase of permeability with
porosity as indicated by other models (e.g. Kozeny 1927 ; Revil & Cathles III 1999 ). 
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Figure 4. Variation of k rel with S w for: (a) three different values of φ (0.2, 0.3 and 0.4) at fixed values of α = 10 −3 and S c = 0, (b) three dif ferent v alues of α
(10 −4 , 10 −3 and 10 −2 ) at fixed values of φ = 0.3 and S c = 0 and (c) three different values of S c (0, 0.15 and 0.3) at fixed values of α = 10 −3 and φ = 0.3. 

Figure 5. Variation of � ( S w ) and k ( S w ) with S w at three different values of minimum-to-maximum pore size ratio α (10 −4 , 10 −3 and 10 −2 ) for representative 
values of φ = 0.3, S c = 0 and r max = 100 μm. 
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Figs 3 (c) and 4 (c) show that � rel and k rel decrease with S c for given values of φ, α and S w . This result is attributed to the fact that, in the
ontext of the BOC, larger S c -values cause a reduction of the number of saturated capillaries available for water flow, which, in turn, reduces
he relative JKS length and the relative permeability for a given saturation state. 

Figs 3 (b) and 4 (b) predict that � rel and k rel are largely insensitive to changes in α at given values of φ, S w and S c . It is however noted that
 ( S w ) and k ( S w ) are highl y sensiti ve to changes in α, as shown in Fig. 5 . From eqs ( 23 ) and ( 35 ), respecti vel y, we compute the v ariation of
 ( S w ) and k ( S w ) with S w at three dif ferent v alues of α (10 −4 , 10 −3 and 10 −2 ) for representati ve v alues of φ = 0.3, S c = 0 and r max = 100 μm

Fig. 5 ). The increase of k ( S w ) with increasing α predicted in Fig. 5 is in good agreement with published results (e.g. Xu & Yu 2008 ; Nghia
t al. 2021 ). 

 R E S U LT S  A N D  D I S C U S S I O N  

et us now compare the proposed expressions with experimental data and previous models available in the literature. For this, estimated
alues for α, φ, D f , D τ , r max and τ eff 

g are needed. The minimum-to-maximum pore size ratio, that is α, is optimized by searching for a
inimum root-mean-square error between experimental data and predicted values. Porosity φ is readily obtained from properties of used

orous samples. The fractal dimension D f of the pore space is calculated using eq. ( 12 ) with the knowledge of α and φ. If the pore size
istribution associated with a given sample is not available to obtain r max , we proceed to predict r max from the mean grain diameter d and
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Figure 6. Dependence of the relative electrical conductivity σ rel on the water saturation S w . Experimental data is taken from Doussan & Ruy ( 2009 ) for Collias 
loam of φ = 0.44 with ± 10 per cent uncertainty. The solid line is predicted from eq. ( 19 ) with S c = 0 Doussan & Ruy ( 2009 ) and α = 0.001. 

Table 1. Properties of porous samples used for estimation of σ rel . Symbols φ, θ r , α stand for the porosity, irreducible 
water content and the ratio of minimum and maximum radius, respectively. Superscript ∗ stands for values reported 
in the corresponding references. Superscript f stands for values giving the best fit. 

Sample φ∗ (unitless) θ∗
r (unitless) αf (unitless) References 

Collias loam 0.44 0 0.001 Doussan & Ruy ( 2009 ) 
Sherwood sandstone 0.4 0.05 0.001 Amente et al. ( 2000 ) 
Collias loam 0.35 0.03 0.001 Binley et al. ( 2002 ) and Dalla et al. ( 2004 ) 
Sand 0.45 0.06 0.01 Inoue et al. ( 2000 ) 

Figure 7. Dependence of σ rel on S w for Verndale Sandy loam with φ = 0.4. Experimental data is taken from Amente et al. ( 2000 ) with ± 10 per cent 
uncertainty. The solid line is obtained using eq. ( 19 ) with S c = 0.15 Amente et al. ( 2000 ) and α = 0.001. 
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porosity φ using the following expression (e.g. Cai et al. 2012 ; Thanh et al. 2019 ): 

r max = 

d 

8 

[ 

√ 

2 φ

1 − φ
+ 

√ 

φ

1 − φ
+ 

√ 

π

4(1 − φ) 
− 1 

] 

. (45) 

The fractal dimension for tortuosity D τ is estimated from eq. ( 14 ) with known values of D f and φ. From eq. ( 17 ), one can obtain τ eff 
g . Finally,

as described in flow chart in Fig. 2 , we proceed to determine � ( S w ), σ ( S w ) and k ( S w ) from the above mentioned properties and the saturation
state of the probed medium. 

We remark that the proposed model may be more useful for a given porous medium in real applications if parameters such as D f , D τ ,
r min , r max and α are fully determined in the lab. As mentioned, D f , D τ can be experimentally determined by the box-counting method (e.g. Yu
& Cheng 2002 ). Additionally, r min , r max , and therefore, α can estimated in the laboratory by measuring the maximum capillary pressure and
the air entry pressure (e.g. Ghanbarian et al. 2017 ) or from the micro-CT images and nuclear magnetic resonance measurements (e.g. Daigle
2016 ). 

5.1 Relative electrical conductivity 

Fig. 6 shows the variation of σ rel with S w for Collias loam reported by Doussan & Ruy ( 2009 ). Note that S w is deduced using the relation S w 
= θ / φ, where φ = 0.44 and θ is water content taken from Doussan & Ruy ( 2009 ). The solid line for σ rel is obtained using eq. ( 19 ) with S c =
0 Doussan & Ruy ( 2009 ) and α = 0.001 provides the best fit of the proposed model to the data (see Table 1 ). 

Figs 7 , 8 and 9 show the variation of σ rel with S w for Verndale Sandy loam ( φ = 0.4) reported by Amente et al. ( 2000 ), for Sherwood
sandstone ( φ = 0.35) reported by Binley et al. ( 2002 ) and Dalla et al. ( 2004 ) and for sand ( φ = 0.45) reported by Inoue et al. ( 2000 ),
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Figure 8. Dependence of σ rel on S w for Sherwood sandstone with φ = 0.35. Experimental data is taken from Binley et al. ( 2002 ) and Dalla et al. ( 2004 ) with 
±10 per cent uncertainty. The solid line is obtained using eq. ( 19 ) with S c = θ r / φ = 0.09 with θ r = 0.03 Binley et al. ( 2002 ) and α = 0.001. 

Figure 9. Dependence of σ rel on S w for a sand sample with φ = 0.45. Experimental data is taken from Inoue et al. ( 2000 ) with ±10 per cent uncertainty. The 
solid line is obtained using eq. ( 19 ) with S c = θ r / φ = 0.13 with θ r = 0.06 Inoue et al. ( 2000 ) and α = 0.001. 
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especti vel y. The solid lines are predicted using eq. ( 19 ) with S c = 0.15 Amente et al. ( 2000 ) for Fig. 7 , S c = θ r / φ = 0.09 with θ r = 0.03
inley et al. ( 2002 ) for Fig. 8 and S c = θ r / φ = 0.13 with θ r = 0.06 Inoue et al. ( 2000 ). For each of these samples, used α-values are

ummarized in Table 1 . The comparisons of the experimental measurements with the proposed model are given in Figs 6 –9 , evidencing that
he proposed model is able to reproduce experimental data across different soils. 

.2 JKS length 

here exist other models in literature that allow to predict the JKS length � from properties of porous media under fully saturated conditions.
ne of them is given by Revil & Cathles III ( 1999 ): 

 ( S w = 1) = 

d 

2 m ( F − 1) 
, (46) 

here d is the mean grain diameter, m is the cementation exponent and F is the formation factor. 
It is interesting to compare the � -value with that of the hydraulic radius. For a pack of uniform glass beads of diameter d and porosity

, the hydraulic radius is given by (e.g. Bernab é et al. 2016 ) 

 h = 

φd 

3(1 − φ) 
. (47) 

Fig. 10 shows the variation of � ( S w = 1) at saturated conditions with grain diameter predicted from eq. ( 32 ) (square symbols) and from
q. ( 46 ) (diamond symbols) for a set of glass beads reported by Glover & Dery ( 2010 ). The properties of those samples are already reported
y Glover & Dery ( 2010 ) is reshown in Table 2 . For spherical beads, m is taken as 1.5 (e.g. Sen et al. 1981a ; Glover & Dery 2010 ). The
pproach to predict � from eq. ( 32 ) is summarized in Fig. 2 where α is taken as 0.01, φ and d are reported in Table 2 . Note that a α-value
f 0.01 has been used for the same sample in Thanh et al. ( 2020a ). Additionally, we also show the variation of the hydraulic radius with
rain diameter predicted from eq. ( 47 ). It is seen that the proposed model provides a similar trend with those predicted from Revil & Cathles
II ( 1999 ) (circle symbols) and Bernab é et al. ( 2016 ) (star symbols). The deviation observed in Fig. 10 can be reduced by considering the
ritical water saturation S c . For example, if we use eq. ( 25 ) with S c = 0.15, the model prediction is now closer to Revil & Cathles III ( 1999 )
nd Bernab é et al. ( 2016 ) for the hydraulic radius. The reason for an increase of � with the inclusion of S c as predicted in Fig. 10 may be
hat pores with radii smaller than the critical pore radius that corresponds to the critical water saturation S c are considered incapable of water
ow and transport. A higher S c value will results in a reduction in the number of saturated capillaries available for water flow, leading to a
eduction of the specific surface area, thereby increasing the JKS length. 
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Figure 10. Variation of � ( S w = 1) with grain diameter for a set of glass beads reported in Glover & Dery ( 2010 ) predicted from eq. ( 32 ), eq. ( 25 ) and eq. ( 46 ). 
The variation of the hydraulic radius with grain diameter predicted from eq. ( 47 ) is also shown for comparison. 

Table 2. Properties of the glass beads reported by Glover & Dery ( 2010 ). Symbols d , φ, 
F , α and k exp 

s stand for the grain diameter, porosity, formation factor, ratio of minimum 

and maximum radius and measured permeability of samples, respecti vel y. Superscript 
∗ stands for values reported in the corresponding references. Superscript f stands for 
v alues gi ving the best fit. 

Pack d ∗ ( μm) φ∗ (unitless) F 

∗ (unitless) αf (unitless) k exp 
s 

∗ (10 −12 m 

2 ) 

Glass bead 1.05 0.411 3.80 0.01 0.00057 
Glass bead 2.11 0.398 3.98 0.01 0.00345 
Glass bead 5.01 0.380 4.27 0.01 0.0181 
Glass bead 11.2 0.401 3.94 0.01 0.0361 
Glass bead 21.5 0.383 4.22 0.01 0.228 
Glass bead 31 0.392 4.07 0.01 0.895 
Glass bead 47.5 0.403 3.91 0.01 1.258 
Glass bead 104 0.394 4.04 0.01 6.028 
Glass bead 181 0.396 4.01 0.01 21.53 
Glass bead 252 0.414 3.75 0.01 40.19 
Glass bead 494 0.379 4.29 0.01 224 
Glass bead 990 0.385 4.19 0.01 866.7 

Figure 11. Variation of the relative characteristic length scale � rel with water saturation S w predicted from eq. ( 30 ), the model proposed by Revil et al. ( 2014 ) 
and data produced by Solazzi et al. ( 2020 ). 
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By fitting the dynamic permeability as a function of frequency for each saturation states deduced from the Darcy ′ s law and Johnson
et al. ( 1987 ) model, Solazzi et al. ( 2020 ) showed the variation of � rel with S w shown in Fig. 11 (diamond symbols) for a representative sample
following the fractal pore size distribution with D f = 1.41, α = 0.01, r max = 111 μm and r min = 1.11 μm. The observation in Fig. 11 can
be explained by eq. ( 30 ), that is, � rel = S e in which S c is optimized to be 0.075. Additionally, the relation � rel = S w proposed b y Re vil et al.
( 2014 ) for n = 1 is also used to reproduce the signature shown in Fig. 11 . It is seen that eq. ( 30 ) provides a good match with the prediction
by Solazzi et al. ( 2020 ) and Revil et al. ( 2014 ). Similarly, a better agreement between the proposed model with Revil et al. ( 2014 ) or with
Solazzi et al. ( 2020 ) can be obtained by taking into account the critical water saturation and the variation of capillary lengths using eq. ( 28 ).
Ho wever , we do not intent to carry out an e xhaustiv e inv ersion of the parameters of the proposed model to find those that best fit the model
Revil et al. ( 2014 ) or data that was synthetically reproduced by Solazzi et al. ( 2020 ). Our intention is to show that the proposed model is able
to replicate data and other models in the literature using a rather simple closed equation. 

art/ggae100_f10.eps
art/ggae100_f11.eps


Permeability and electrical conductivity 1169 

Figure 12. Comparison between measured permeability reported by Glover & Dery ( 2010 ) and predicted one by eq. ( 37 ). The sample properties are given in 
Table 2 with S c = 0. The solid line is the 1:1 line. The dashed lines correspond to the 1:10 and the 10:1 ones. 

Figure 13. Variation of k rel as a function of S w for a Berea core sample reported in Li & Horne ( 2006 ) (see symbols) and predicted by eq. ( 38 ) (solid line) 
with S c = 0.18 and φ = 0.25. 

Figure 14. Variation of k rel as a function of S w for Oso Flaco fine sand reported in Tuli & Hopmans ( 2004 ) (see symbols) and predicted by eq. ( 38 ) (solid line) 
with S c = 0.17 and φ = 0.42. 
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.3 Permeability and r elati ve permeability 

et us now compare the fully saturated permeability k s from eq. ( 37 ) and the experimental data obtained from Glover & Dery ( 2010 ) (Fig. 12 ).
he sample properties are summarized in Table 2 . For the corresponding unconsolidated samples (e.g. sand beads, glass beads), we take α =
.01, which is commonly used in literature (e.g. Thanh et al. 2018 , 2019 ; Solazzi et al. 2020 ; Thanh et al. 2020a ). As seen in the flow chart
f Fig. 2 , from the grain diameter d , porosity φ and ratio α (see Table 2 ), values of D f , D τ and r max are obtained using eq. ( 12 ), eq. ( 14 ) and
q. ( 45 ), respecti vel y. Then τ eff 

g and t are obtained using eq. ( 17 ) and eq. ( 16 ), respecti vel y. Substituting all into eq. ( 37 ), one can estimate k s at
aturated conditions. In Fig. 12 , we also show the 1:1 line (the solid line), the 1:10 and the 10:1 lines (the dashed lines) which act as reference
ines. It is seen that the proposed model can reproduce experimental data rather well with a difference less than one order of magnitude. 

Fig. 13 shows the variation of k rel as a function of water saturation S w for a Berea core sample measured in Li & Horne ( 2006 ), where
= 0.25 and S c = 0.18 (see symbols). The observed behaviour can be reproduced by eq. ( 38 ) (see solid line) where α = 0.001. Values of
 f , D τ and t are estimated based on the flow chart in Fig. 2 with the knowledge of φ and α. Similarly, Fig. 14 shows the variation of k rel as
 function of S w for Oso Flaco fine sand measured by Tuli & Hopmans ( 2004 ), where φ and S c were stated to be 0.42 and 0.17, respecti vel y
see symbols). The solid line is predicted from eq. ( 38 ) with α = 0.001. The results show that the predictions from eq. ( 38 ) are in relati vel y
ood agreement with measured data reported by Li & Horne ( 2006 ) and Tuli & Hopmans ( 2004 ) except at low w ater saturation, speciall y
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Figure 15. Variation of k rel with water content θ taken from the experimental I of Inoue et al. ( 2000 ) for sand (see squares). Eq. ( 39 ) is used to predict the k rel 

from σ rel for the same sample (see circles). 

Figure 16. Variation of k rel with water content θ taken from Jougnot et al. ( 2010 ) and Homand et al. ( 2004 ) for Callovo-Oxfordian clay rock (see squares). 
Eq. ( 39 ) is used to predict the k rel from σ rel for the same sample (see circles). 
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close to the critical water saturation. The observed deviation possibly indicates that close to critical water saturation, there is only thin water
film on grain surfaces and, consequently, applying a bundle of capillaries is no longer suitable to study transport properties in porous media. 

5.4 Predicting permeability from electrical conductivity measurement 

The variation of the k rel with S w taken from Inoue et al. ( 2000 ) for sand (see squares) with φ = 0.45 is shown in Fig. 15 . Additionally, from
Fig. 9 in combination with eq. ( 39 ), we can deduce k rel from σ rel as shown in Fig. 15 (see circles). Similarly, Fig. 16 shows the variation of
k rel for with S w for clay-rock samples from Jougnot et al. ( 2010 ) and Homand et al. ( 2004 ) as shown by square symbols (reproduced by Niu
et al. ( 2015 ) as shown in their Fig. 11 ) for Callovo-Oxfordian clay rock of φ = 0.17. eq. ( 39 ) is also used to predict the k rel from σ rel for the
same sample (see circles). It is seen that eq. ( 39 ) is able to reproduce the main trend of experimental data. It suggests that the permeability
could be predicted from electrical conductivity measurement for unsaturated porous media using a simple relation given by eq. ( 39 ). 

5.5 Limitation and perspectives of the proposed model 

Even though the proposed model is capable of replicating experimental data and other models in the literature using a rather simple closed
equation, it comprises limitations. First, it is based on an oversimplified conceptualization of the pore probed porous medium as a bundle
of capillary tubes, thus dismissing pore-space heterogeneity and dead-end pores. Therefore, it may fail to reliably replicate the response of
the medium at lower water saturations due to the effect of the absorptive water. Additionally, this study only uses a relatively simple fractal
pore size distribution to obtain closed and simple e xpressions. Howev er, there are also different pore size distributions that can be applied to
characterize a porous medium (e.g. Vinogradov et al. 2021 ). 

As indicated in Roubinet et al. ( 2018 ), electrical current flow and water flow occur in the same systems of the pore spaces or cracks and
fractures in sediments and rocks. They both rely on a common set of physical properties, such as size distribution of pores and tortuosity,
connectivity, and porosity (e.g. Bernab é & Maineult 2015 ). Therefore, we plan to develop an analytical model for fractured media using the
current approach in the near future (e.g. Guarracino & Jougnot 2022 ; Thanh et al. 2023 ). 

6  C O N C LU S I O N S  

In this work, we revisit the seminal concept of Johnson–Koplik–Schwartz characteristic length � and extend its definition to partially saturated
media. This characteristic length represents an ef fecti ve pore size aperture that controls various transport properties such as permeability and
the electrical conductivity. Using previous models in the literature that predict the intrinsic and relative electrical conductivities under partially
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aturated conditions, we infer the characteristic length scale � , � rel and electrical formation factor F as functions of water saturation and
roperties associated with the pore-size distribution of the probed porous medium. From obtained parameters, we derive expressions for the
ermeability k and relative permeability k rel in partially saturated porous media. Additionally, we obtain the relationship between the relative
lectrical conductivity σ rel and relative permeability k rel . Finally, we show the influences of the model parameters α, φ, S c and S w on � rel

nd k rel . The proposed models for � , � rel , σ rel , k and k rel are successfull y v alidated using experimental data and previous models available
n literature. The proposed method permits to estimate the permeability and the relative permeability directly from electrical conductivity
easurements, thus opening new-avenues for the remote characterization of partially saturated media. We believe that this new model will

rove useful for various characterization and modelling applications from reservoir (CO 2 or hydrogen storage) to vadose zone studies. 

C K N OW L E D G M E N T S  
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