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Stability and crack nucleation in variational phase-field models of
fracture: effects of length-scales and stress multi-axiality

Camilla Zolesia, Corrado Maurinia

aInstitut Jean Le Rond d’Alembert, Sorbonne University and CNRS, UMR 7190, Paris, 75252, France

Abstract

We study the problem of nucleation of cracks in gradient damage models used as regularized
phase-field model of fracture. We consider specific phase-field models with a linear soften-
ing response, with possibly different softening parameters for the spherical and the deviatoric
deformation modes. The softening parameters enable the independent adjustment of tough-
ness, stiffness, and peak stress, irrespective of the regularization length-scale. This capability
effectively establishes a cohesive-like phase-field model. We exploit a variational formulation
to examine the crack nucleation conditions, characterizing stable solutions as directional lo-
cal minima of the total energy functional. Our analytical results in one dimension reveal
intricate scale effects, which emerge from the interaction between the structural scale, the
material’s cohesive length-scale, and the regularization length. We establish conditions on the
material parameters that determine whether the crack nucleation behavior is brittle-like or
cohesive-like, offering a clear and classical energetic interpretation for these conditions. These
factors influence the conditions for crack nucleation. We establish conditions on the mate-
rial parameters that determine whether the behavior is brittle-like or cohesive-like, offering a
clear and classical energetic interpretation for these conditions. In a two-dimensional setting,
we demonstrate that crack nucleation under multi-axial loading presents greater complexity.
We show that the volumetric deformation mode can remain stable in the softening regime,
regardless of the length-scale effects. Our findings deepen the understanding of the intricate
relationship between material softening, the regularization length-scale, the loading mode, and
strength. This sheds new light on the numerical results of phase-field models, where solutions
with diffused and localized damage can compete.

Keywords: Fracture, gradient damage, softening, phase-field, stability, strength, crack
nucleation

1. Introduction

Phase-field models of fracture are simple and effective tools to reproduce numerically the
propagation and nucleation of complex crack networks. The classical version of phase-field
model, originally obtained as a variational regularization of brittle fracture models (Bourdin
et al., 2000), converges asymptotically to Griffith models when the regularization length goes
to zero (Ambrosio and Tortorelli, 1990). This property guarantees the conditions for the
propagation of pre-existing cracks to be consistent with sharp interface Griffith fracture models.
In these models, the energy dissipated in a unit surface crack, the fracture toughness Gc, is a
well-defined quantity. Phase field model also produce the nucleation of cracks with or without
pre-existing singularities. Yet, the conditions for crack nucleation are subtler and currently
object of a debate (Tanné et al., 2018; Kumar and Lopez-Pamies, 2021). The nucleation
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threshold cannot be directly related to the sharp interface Griffith model, for which crack
nucleation is an issue (Bourdin et al., 2008), and requires the identification of an additional
material property, the strength σc, roughly defined as the critical stress for crack nucleation.

The current understanding of crack nucleation in phase-field models comes from their in-
terpretation as gradient damage models with a regularization length-scale ℓ (Frémond and
Nedjar, 1996; Lorentz and Andrieux, 2003; Lorentz and Benallal, 2005; Amor et al., 2009).
Crack nucleation is the outcome of a structural instability in the nonlinear damage evolu-
tion (Pham et al., 2011a,b). The instability of solutions with vanishing or diffuse damage
leads to the localization of damage in thin bands of width proportional to ℓ. The bands stand
for the smeared representation of cracks. In this framework, the regularization length ℓ is set
in order to retrieve the phenomenological strength σc. Hence, ℓ is linked to the Irwin length
through σc, the fracture toughness Gc, and the material’s Young modulus E0. We define the
Irwin length, also referred to as the cohesive length-scale, as (Irwin, 1958; Griffith, 1921)

ℓch =
2GcE0

σ2
c

. (1)

It is the ratio between the crack energy per unit area (∼ Gc) and the elastic energy per
unit volume at failure (∼ σ2

c/2E). Considering a one-dimensional traction problem, Pham
et al. (2011b,a) show that, for bars that are sufficient long with respect to the regularization
length-scale, the peak stress of the local material response coincides with the strength. At the
peak stress, the solution with diffused damage becomes unstable, hence the damage and the
deformation localize in a crack band. The energy dissipated in the localized solution defines
the fracture toughness Gc. Tanné et al. (2018) and Bourdin et al. (2014) extend this reasoning
to more complex two and three-dimensional cases, showing the ability of phase-field models to
faithfully retrieving crack nucleation in notched or nominally homogeneous structures under
dominant traction-like loading states. The theoretical (Sicsic et al., 2014) and numerical
(León Baldelli and Maurini, 2021) stability analysis explains the morphogenesis of the emerging
crack patterns by looking at the shapes of the lower energy instability modes. This approach
provides a consistent macroscopic understanding of crack nucleation as a structural instability
of a non-linear softening continuum. The main limitation are that (i) in the multi-dimensional
setting the results are consistent only for the case of almost uniaxial stress states, (ii) the
regularization length-scale ℓ is directly related to the cohesive length ℓch and cannot be tuned
independently of the material strength, toughness, and stiffness.

To decouple the cohesive length-scale ℓch from the regularization length ℓ, Lorentz et al.
(2012) introduced an additional parameter that modulates the softening of the local material
behavior (see also Lorentz and Benallal, 2005). They obtain a phase-field model with an
equivalent cohesive behavior, where the peak stress and the toughness Gc are independent of
the regularization length for ℓ sufficiently small (Lorentz et al., 2011). Alessi et al. (2014a)
use damage models with similar parametric softening modulation to investigate the coupling
between damage and plasticity, an effort which is further pursed is several additional works (see
e.g. Alessi et al., 2018; Talamini et al., 2021). Wu and Nguyen (2018) further develop this
idea, naming this class of models as "length-scale insensitive" phase-field models. Conti et al.
(2016, 2024); Larsen (2023); Feng and Li (2022) propose alternative interesting approaches to
obtain cohesive phase-field models with independent strength and toughness.

Modelling crack nucleation under multi-axial loadings requires accounting for the tensorial
nature of the stress. The maximal allowable stress before crack nucleation depends on the
loading mode. The strength is not a single scalar value but a surface in the stress space
delimiting the domain of admissible stress states. As discussed in Amor et al. (2009), classical
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formulation of phase-field fracture models are not able to independently tune the strength
under uniaxial traction, compression, or pure shear. Kumar and Lopez-Pamies (2021) spotlight
this drawback. They argue that the energetic argument at the basis of the definition (1) cannot
be applied for almost incompressible elastic materials, where, for isotropic stress states, the
bulk modulus representing the stiffness tends to infinite while σc stays finite. They conclude
that crack nucleation cannot be the result of an energy criterion, because the elastic energy
is vanishing in the incompressible limit. Hence, they propose a non-variational phase-field
fracture theory, introducing the strength criterion as an additional ingredient in the phase-
field equation. To fit the experimental strength, they introduce an additional ad-hoc driving
force in the phase-field equation, whose mechanical and thermodynamical origin remains to
be specified.

The use of phase-field models with an equivalent cohesive behavior comes as an appealing
tool to overcome the limitations of classical phase-field model on crack nucleation under multi-
axial loading (Lorentz et al., 2011; ?; Conti et al., 2016; Wu and Nguyen, 2018; Feng and Li,
2022). As it will detailed later, at the first sight, the softening modulation of the so-called
"length-scale insensitive" models adds the flexibility to introduce different peak stress and
cohesive behaviors depending on the loading mode. Exploiting suitable energy decompositions,
one could generate model with adjustable elastic limits and peak loads under traction and
shear, or compression, expanding on the ideas presented in (Amor et al., 2009; Lorenzis and
Maurini, 2021; Vicentini et al., 2024).

Most of the literature assumes that the strength of the phase-field model is directly related
to the peak stress of the local material behavior, and that crack nucleates as soon as the model
enter the softening regime. In this paper, we show that the nucleation conditions in variational
gradient damage models are more complex. We present an in-depth analysis of the conditions
for crack nucleation under multi-axial loading when considering models with parametric stiff-
ness modulation. First, we show that the identification of the strength with the nominal peak
load of the local material behavior is abusive, especially when using cohesive-like models with
softening modulation. Our theoretical and numerical stability analysis discloses a non-trivial
interplay between the material softening, the regularization lenght-scale, the loading mode,
and the strength, bringing new insights for the understanding of the numerical outcomes of
phase-field models, where solutions with diffused and localized damage can compete. We
characterize the crack nucleation conditions for the phase-field models with selective stiffness
modulation in the deviatoric and spherical deformation modes and show that: (i) the stiffness
modulation of nominally "length-scale insensitive" phase-field models implies non-trivial scale
effects between the structural scale L, the material cohesive length-scale ℓch, and the regular-
ization length ℓ, that has important consequence on the crack nucleation conditions and the
effective strength; (ii) nucleating crack under isotropic loading is intrinsically more difficult
that in the deviatoric case; the volumetric deformation mode can be stable in the softening
regime independently of the length-scale effects. We further relate the two findings above with
classical energetic and stress conditions for crack nucleation (Irwin, 1958; Griffith, 1921) and
material stability conditions for non-linear dissipative continua (Hill, 1958; Ball, 1980; Nguyen
and Triantafyllidis, 1989; Benallal et al., 1993; Bigoni, 2012).

The paper is organised as follows. Section 2 introduces the modelling framework and the
specific class of phase-field models considered in this work. Section 3 presents a theoretical
stability analysis in a one-dimensional setting when considering models with stiffness mod-
ulation, showing non-trivial scale-effects that affect the crack nucleation condition and the
effective strength. We also discuss in passing the case of almost inextensible bars with fi-
nite strength and toughness. Section 4 considers the case of multiaxial loadings. Section 5
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concludes the paper.
Throughout this paper, we consider a geometrically linear model and quasi-static condi-

tions. We denote by u the n-dimensional displacement field, by ε = sym(∇u) the linearized
strain tensor, and by σ the Cauchy stress, where n = 2 in two-dimensional elasticity and n = 3
in three dimensions. We will use the notation εdev and |ε| := √

ε · ε for the deviatoric part
and the Frobenius norm of tensors, and f+ := (f + |f |)/2 or f− := (|f |− f)/2 for the positive
or negative part of a function f . Denoting by E0, ν0, λ0 and µ0 the Young modulus, Poisson
ratio and Lamé’s coefficients of the undamaged isotropic material, we recall the following basic
relations, where n = 2 for in two dimensions and n = 3 in three dimensions:

µ0 := µ(0) =
E0

2(1 + ν0)
, κ0 := κ(0) = λ0 +

2µ0

n
=

E0

n[1− (n− 1)ν0]
. (2)

2. Variational gradient damage models of brittle fracture with softening modula-
tion

2.1. Material model: selective linear-softening (S-LS)
We consider a phase-field model with softening modulation featuring the following strain

energy density

W (ε, α,∇α) =
κ0
2

tr−(ε)2 +
κ(α)

2
tr+(ε)2 + µ(α) |εdev|2 + w1(w(α) + ℓ2|∇α|2), (3)

where ε is the linearized strain tensor, α is a scalar damage parameter, ∇α its spatial gradient.
The constants w1 and ℓ represent the energy required to fully damage a volume element in a
homogeneous process and the regularization length, respectively. The function κ(α) and µ(α)
are the volumetric and deviatoric stiffness constants, whilst w(α) gives the dependence of the
specific dissipation per unit volume on the damage variable. The relationship between the
Cauchy stress σ and the strain is given by

σ =
∂W

∂ε
=

(
κ0 tr−(ε) + κ(α) tr+(ε)

)
In + 2µ(α) εdev,

where In is the n-dimensional identity matrix. Here and henceforth, we denote by

p :=
tr(σ)

n
= κ0 tr−(ε) + κ(α) tr+(ε), τ :=

|σdev|√
2

=
√
2µ(α) |εdev| (4)

the pressure and the shear stress, that are used as norms of the volumetric and deviatoric part
of the stress.

We consider the material model characterized by the following degradation and dissipation
functions

κ(α) :=
1− w(α)

1 + (γκ − 1)w(α)
κ0, µ(α) :=

1− w(α)

1 + (γµ − 1)w(α)
µ0, w(α) := 1− (1− α)2. (5)

This model was originally introduced in a one-dimensional context by Alessi et al. (2014b).
Here, we extend it to a spheric-deviatoric decomposition of the strain energy density, including
a selective softening parameter, γκ and γµ, for the spherical and deviatoric contributions,
respectively. Models of the same type, without the spheric-deviatoric decomposition and with
a different w(α), have been introduced by Lorentz et al. (2011) on damage approximation of
cohesive fracture models and by Lorentz and Benallal (2005). They are also considered in
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the discussion of Wu and Nguyen (2018) on length-scale insensitive phase-field models. The
specific choice of the function w(α) adopted here allows for a complete analytical solution of
the one-dimensional traction problem (Alessi et al., 2014b).

Here and henceforth, we will denote the model (5) as the selective linear-softening model
(S-LS). As we will show later, the homogeneous stress-strain response of this model is charac-
terized by a linear softening regime with a constant softening slope determined by γκ and γµ
for the purely spherical and purely deviatoric loading modes, respectively.

2.2. Time-continuous variational formulation of the evolution problem and state-stability
We consider a body Ω ⊂ Rn loaded by a time-dependent imposed displacement ūt on the

part ∂uΩ of the boundary. For the sake of simplicity, we assume here that body and boundary
forces on ∂Ω \ ∂uΩ vanish. We introduce the total energy functional

E(u, α) :=
∫
Ω
W (ε(u(x)), α(x),∇α(x)) dΩ (6)

and the following functional space of admissible displacement and damage fields at time t:

Ct := {u ∈ H1(Ω;Rn) : u = ūt on ∂uΩ}, (7)
Dt(αt) := {α ∈ H1(Ω;R) : α = ᾱt on ∂αΩ, αt ≤ α(x) < 1}. (8)

where αt is the current damage field and H1(Ω;Rn) denotes the Sobolev space of Rn-valued
functions defined in Ω with square integrable first derivatives. The set of the admissible
damage fields at time t is an affine cone, because of the unilateral constraint on the dam-
age variable, that enforces the damage irreversibility condition1. It may include additional
Dirichlet boundary condition imposing a damage field ᾱt on a part ∂αΩ of the boundary.

We define quasi-static evolutions according to the variational approach to rate-independent
processes (see e.g. Mielke, 2005). Given an initial state at time t = 0, smooth-in-time quasi-
static evolution (ut, αt) ∈ Ct ×D(αt) must satisfy, at each time t, the following conditions:

• Irreversibility (IR):
α̇t ≥ 0; (9)

• State-stablity (SS): the solution should be a unilateral local mininum of the energy, in
the following directional sense:

∀(û, α̂) ∈ Ct ×D(αt), ∃h̄ > 0 : ∀h ∈ [0, h̄]

E(ut + h(û− ut), αt + h(α̂− αt))− E(ut, αt) ≥ 0; (10)

• Energy balance (EB):

E ′(ut, αt)(0, α̇t) = 0 ⇔
∫
Ω

(
∂W (ε(ut), αt,∇αt)

∂α
α̇t + 2ℓ2∇αt · ∇α̇t

)
dΩ = 0.

(11)

1Wherever α = 1 , the functional spaces are less regular. One should allow for discontinuities of the
displacement field and the admissible damage variation β should vanish.
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where, here and henceforth,

E ′(u, α)(v, β) :=
d

dh
E(u+ hv, α+ hβ)

∣∣∣∣
h=0

, E ′′(u, α)(v, β) :=
d2

dh2
E(u+ hv, α+ hβ)

∣∣∣∣
h=0,

denotes the first and second directional derivatives of the functional E(u, α) in the direction
(v, β). For further details on the evolution principle and the equivalence between the con-
dition (11) and the energy balance, we refer the reader to Marigo et al. (2016); Pham et al.
(2011a,b). In the SS condition, the spaces of admissible variations from a damaged state with
supΩ αt(x) < 1 are :

C0 := {v ∈ H1(Ω;Rn) : v = 0 on ∂uΩ}, D+
0 := {β ∈ H1(Ω;R) : β = 0 on ∂αΩ, β(x) ≥ 0}.

(12)
The directional Taylor expansion of the energy increment with respect to the increment

amplitude h in (10) reads as follows:

E(ut + hv, αt + hβ)− E(ut, αt) = h E ′(ut, αt)(v, β) +
h2

2
E ′′(ut, αt)(v, β) +O(h2). (13)

Imposing the first term of the energy increment in (10) non-negative gives the following first-
order necessary stability condition (FOSS):

E ′
t(ut, αt)(v, β) = E ′

t(ut, αt)(v, 0) + E ′
t(ut, αt)(0, β) ≥ 0, ∀(v, β) ∈ C0 ×D+

0 . (14)

The arbitrariness of the FOSS condition with respect to v for β = 0 gives, after integration
by parts and localization arguments, the following equilibrium equilibrium condition

divσ = 0 on Ω, σ n = on ∂NΩ. (15)

For αt < 1, the combination of the irreversibility, energy balance, and FOSS condition with
respect to β for v = 0, gives the following damage criterion in the form of Karush-Kuhn-Tucker
complementary conditions:

α̇t ≥ 0,
∂W

∂α
− 2ℓ2w1∆αt ≥ 0,

(
∂W

∂α
− 2ℓ2w1∆αt

)
α̇t = 0 on Ω, (16a)

α̇t ≥ 0, ∇αt · n ≥ 0, (∇αt · n) α̇t = 0 on ∂Ω, (16b)

where n is the outer unit normal to the boundary and ∆α denotes the Laplacian of the
damage field. The optimality conditions (16) does not apply wherever αt(x) = 1, where the
upper bounds in (12) is active and the admissible damage variations must vanish.

Establishing a sufficient condition for state-stability requires to study the sign of the second-
order term of the expansion (13) along the directions (v, β) where the first-order terms van-
ishes. These directions span the space where the irreversibility constraint is not-strongly
active:

N+
0 := {(v, β) ∈ C0 ×D+

0 : E ′(ut, αt)(v, β) = 0}. (17)

If the second derivative of the energy is positive for along all the non-vanishing directions in
N+

0 , a state verifying the FOSS condition is state-stable. We can conclude with the following
sufficient condition for state-stability.

Second-Order State-Stability condition (SOSS). A state (ut, αt) verifying the equilibrium (15)
and damage criterion (16) is state-stable if

E ′′
t (ut, αt)(v, β) > 0, ∀(v, β) ∈ N+

0 , (v, β) ̸= (0, 0). (18)
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2.3. Time-discrete variational formulation of the evolution problem and incremental-stability
The numerical solution of the problem requires its time discretisation. Denoting by (ui, αi)

the solution at time ti and ∆ti = ti − ti−1 the time increment, an incremental variational
principle defines the time-discrete quasi-static evolution of the damage model. Given an initial
state (u0, α0), the solution (ui, αi) ∈ Ci ×D(αi−1) must satisfy the following

• Incremental-Stability (IS) condition.

∀(û, α̂) ∈ Ci×Di(αi−1), ∃h̄ > 0 : ∀h ∈ [0, h̄] E(u+h(û−u), α+h(α̂−α))−E(u, α) ≥ 0.
(19)

The first-order Taylor expansion gives the First-Order Incremental-Stability (IS-FO) condition:

(ui, αi) ∈ Ci ×Di(αi−1) : E ′(ui, αi)(ûi − u, α̂i − α) ≥ 0, ∀(û, α̂) ∈ Ci ×Di(αi−1), (20)

The subtle, but relevant, difference between the SS condition (10) and the IS condition (20)
is on the irreversibility. On one hand, in the definition of the space Di(αi−1) of IS, the
irreversibility condition is with respect to the damage field at the previous time step αi−1.
On the other hand, in the definition of the space Dt(αt), it is with respect to the damage
field at the current time αi = αti . This implies that admissible damage variations are always
non-negatives in SS, whilst they can be positive or negative in IS wherever the damage evolves,
i.e. αi > αi−1. Since the first derivative is linear with respect to the variation, in the directions
where positive and negative variations are admissible, the first derivative must be equal to zero.
Hence, the fact that the sign of the admissible variation can also be negative implies that the
sole IS condition implies the full set of discrete KKT complementary conditions without the
need to consider the energy balance (11), as in the case of the SS condition, see León Baldelli
and Maurini (2021) for further details.

As for state-stability, establishing a sufficient condition for the incremental-stability (20)
requires to check the sign of the second-order terms of the series expansion of the energy along
the directions where the first-order terms vanishes. These directions span the space where the
irreversibility constraint α ≥ αi−1 is not-strongly active:

N0 := {(v, β) ∈ C0 ×D0 : E ′(ut, αt)(v, β) = 0}. (21)

We obtain the following sufficient condition for incremental-stability.

Second-Order Increment-Stability condition (SOIS). A state (ut, αt) verifying the equilib-
rium (15) and damage criterion (16) is incrementally-stable if

E ′′
i (ui, αi)(v, β) > 0, ∀(v, β) ∈ N0, (v, β) ̸= (0, 0). (22)

Differently from the state-stability case, the admissible variations are not restricted to be
non-negative. The condition of positive-definiteness of the second-derivative on N0 is stronger
than its positive-definiteness on its subset N+

0 ⊆ N0. This means that the IS implies SS, but
not viceversa. The SOIS condition (22) is a sufficient condition for incremental-stability, but
it is not necessary. A sufficient condition for incremental-instability (IU) is that there exists a
direction along which the second derivative is negative in the space of not-active constraint:

N na
0 := {(v, β) ∈ N0 : αi > αi−1} ⊆ N0. (23)

Note that the IS and SS conditions, corresponds to the non-bifurcation (or uniqueness)
and stability conditions in the works of Pham et al. (2011a,b) and other classical works on the
stability and bifurcation analysis of rate-independent problems (see e.g. Benallal et al., 1993;
Nguyen, 1993; Petryk, 1993; Potier-Ferry, 1985; Fedelich and Ehrlacher, 1997), as discussed
in León Baldelli and Maurini (2021).
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Figure 1: Domain of admissible stress R∗(α) for homgeneous stress states, see equation (24b).

2.4. Admissible stress and strain domains for homogeneous states
For homogeneous states ∆α = 0, the damage criterion (16) implies that the admissible

strains and the stresses must lies in the following elastic domains, parametrized by the damage
level α:

R(α) :=

{
ε : −

(
κ′(α)

2
tr+(ε)2 + µ′(α) |εdev|2

)
≤ w1w

′(α)

}
, (24a)

R∗(α) :=

{
σ : s′κ(α)

(p+)2

2
+ s′µ(α)

τ2

2
≤ w1w

′(α)

}
, (24b)

where sκ(α) := 1/κ(α) and sµ(α) := 1/µ(α) are the compliance modulation functions, with
the pressure and the shear stress p and τ defined in (4). Moreover, because of the comple-
mentary conditions (16) the damage can evolve only if the stress and the strain are on the
boundary of the elastic domains above. For the specific constitutive model (5), the strain and
stress domains writes as, respectively:

R(α) ≡
{
ε :

tr+ (ε)2

ε̄κ(α)2
+

2|εdev|2
ε̄µ(α)2

≤ 1

}
, R∗(α) ≡

{
σ :

(p+)2

p̄(α)2
+

τ2

τ̄(α)2
≤ 1

}
, (25)

where

ε̄κ(α) =

√
2w1

γκκ0
(1 + (γκ − 1)w(α)), ε̄µ(α) =

√
2w1

γµµ0
(1 + (γµ − 1)w(α)), (26)

and

p̄(α) =

√
2κ0w1

γκ
(1− w(α)), τ̄(α) =

√
2µ0w1

γµ
(1− w(α)). (27)

Figure 1 reports the domain of admissible stress in the (p,τ) plane.
The material is strain-hardening (resp. softening) if R is increasing (resp. decreasing) with

α and stress-hardening (resp. softening) if R∗ is increasing (resp. decreasing) with α (Marigo
et al., 2016). The inspection of (25)-(27) reveals that this class of models enjoys the following
properties:

• Strain-hardening if and only if γκ > 1 and γµ > 1;

• Stress-softening for any γκ > 0 and γµ > 0;

8



• Maximum allowable pressure and shear stress, coinciding with the elastic limit for purely
volumetric and deviatoric states and given by:

ppeak := p̄(0) =

√
2κ0w1

γκ
=

√
2κ0Gc

γκ π ℓ
, τpeak := τ̄(0) =

√
2µ0w1

γµ
=

√
2µ0Gc

γµ π ℓ
, (28)

where we anticipated the relation Gc = w1πℓ between the specific dissipation w1, the fracture
energy Gc, and the regularization length ℓ, that will be proved in the next section.

As detailed in (Pham et al., 2011a; Marigo et al., 2016), strain-hardening is equivalent
to the convexity of the energy density W (ε, α, 0) with respect to α at fixed ε, whilst stress-
hardening is equivalent to the convexity of W with respect to the full state (ε, α). In the
following we consider only models with strain-hardening and stress-softening. On one hand,
stress-hardening model implies the uniqueness of the solution, and do not allow for localization
of damage. On the other hand, strain-softening must be ruled out because poses mathematical
and numerical difficulties.

2.5. Use of the S-LS model to control the peak stresses for hydrostatic and deviatoric states
The S-LS model (5) with independent softening parameters γµ and γκ is in principle very

appealing. Indeed, one can control separately the nominal peak stress ppeak and τpeak for
purely isotropic and deviatoric stress states, by setting:

γκ =
2Gcκ0
πℓ p2peak

, γµ =
2Gcµ0

πℓ τ2peak
, (29)

provided that the regularization length ℓ is chosen small enough to assure strain-hardening,
i.e.:

ℓ < ℓmax := min

{
2Gcµ0

π τ2peak
,
2Gcκ0
π p2peak

}
. (30)

With this choice, the ratio of the peak stresses for shear and hydrostatic states

τpeak
ppeak

=

√
µ0γκ
κ0γµ

can be rendered independent of the ratio of the elastic moduli µ0/κ0 by controlling the ratio
γκ/γµ. This additional flexibility is a improvement with respect to models with a single
softening parameter. When the degradation function of the shear and bulk modulus coincide,
i.e. γκ = γµ, the strength ratio depends exclusively on the undamaged elastic moduli µ0 and
κ0. As pointed out by Kumar et al. (2020), this appears as an important limitation of classical
phase-field model in the modelling of crack nucleation. As a paradoxical example, for almost
incompressible material κ0/µ0 → ∞, then ppeak → ∞. This means that one cannot obtain
nucleation of crack under isotropic loading states. This is not consistent with the experimental
observations, as illustrated by Kumar and Lopez-Pamies (2021) for the case of the Poker-chip
experiment on almost incompressible elastomers. More in general, independent tuning of the
shear and isotropic strength is a necessary property for modelling crack nucleation under multi-
axial stress states. Lorenzis and Maurini (2021); Vicentini et al. (2024) discussed how energy
decompositions have an important influence on this aspect and can add additional flexibility
on the shape to parametrically tuning the strength surface.

The independent control of the peak stresses for deviatoric and isotropic states induces to
believe that this kind of issues is apparently solved in the S-LS model by setting the softening
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ūt = t L

L

Figure 2: Uniaxial traction problem with imposed end-displacement ūt.

parameters according to (29). However, the reasoning above assumes that the peak stress
surface ∂R(αpeak) coincides with the strength surface at which cracks nucleate, as commonly
accepted the literature (Kumar et al., 2020; Lorenzis and Maurini, 2021; Tanné et al., 2018).
For uniaxial stress-states, this is justified by the stability and bifurcation analyses. Pham et al.
(2011a); León Baldelli and Maurini (2021) show that, for sufficiently large structures, the peak
stress corresponds to the critical loading at which solutions with homogeneous damage become
state- and incrementally-unstable under imposed end-displacement. Extrapolating this result
to multi-axial stress states leads to the identification of the peak stress surface ∂R(αpeak) with
the strength surface (Kumar et al., 2020; Lorenzis and Maurini, 2021; Vicentini et al., 2024).
The numerical nucleation tests of the next sections show that the actual response is more
complex, and intriguing. They will show unexpected situations in which the assimilation of
the peak stress with the strength, i.e. the critical load at which cracks nucleate, is abusive.
The second-order stability analysis will reveal that the nucleation conditions under multi-axial
stress states are more complex, and homogeneous states can be stable also in the softening
regime, a point ignored in the literature on phase-field models of fracture.

In the rest of this work, we will discuss this issue in details. We will start with the one-
dimensional case, which is amenable to a complete analytical treatment. We will extend the
analysis to the multiaxial case in a second step.

3. Uniaxial traction test

We start considering the case of the uniaxial traction of a bar of length L with a monotoni-
cally increasing loading, see Figure 2. We assume in this section that the softening modulation
parameter is the same for the spherical and deviatoric part of the energy γκ = γµ = γ. For this
specific model, full analytical expression of the homogeneous and localized solutions, including
the stability limit of the homogeneous solution, are possible. On this basis, we will discuss
the scale effects arising because of the competition between the structural leng-scale L, the
cohesive length-scale ℓch relate to the softening parameter γ, and the regularizing length-scale
ℓ introduced through the gradient term in the damage. This will allow us to underpin the
crack formation mechanisms and the non-trivial dependence of the numerical experiments on
the model parameters.

3.1. Analytical solution of the 1d model
For the analytical solution, we use a one-dimensional bar model under an uniaxial stress

hypothesis, as in Pham et al. (2011a). Denoting by x ∈ (−L/2, L/2) the axial variable, the
total energy per unit of width is:

E(u, α) :=
∫ L/2

−L/2

(
E0a(α(x))

u′(x)2

2
+ w1

(
w(α(x)) + ℓ2 α′(x)2

))
dx, (31)
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where,

a(α) :=
1− w(α)

1 + (γ − 1)w(α)
,

u : x ∈ Ω ≡ (−L/2, L/2) → R and α : x ∈ Ω → R being the one-dimensional axial displace-
ment and damage fields, u′(x) = du(x)

dx and α′(x) = dα(x)
dx their space derivatives. The sets for

admissible displacement fields and damage fields are

Ct ≡ {u ∈ H1(Ω,R), u(−L/2) = 0, u(L/2) = t L}, Dt(αt) ≡ {α ∈ H1(Ω,R), αt ≤ α < 1},
(32)

The 1d version of the equilibrium conditions (15) imposes the stress σt = E0 a(αt)u
′
t to be

uniform throughout the bar. The damage criterion (16) writes as

α̇t ≥ 0, − σ2
t

2w1E0
s′(αt)+w′(αt)−2ℓ2α′′

t ≥ 0,

(
− σ2

t

2w1E0
s′(αt) + w′(αt)− 2ℓ2α′′

t

)
α̇t = 0. (33)

where s(α) := 1/a(α) is the 1d compliance function. In the absence of Dirichlet boundary
conditions on the damage, the Neumann boundary conditions are α′

t(−L/2) ≤ 0, α′
t(L/2) ≥ 0,

with the complementary condition α′
t(−L/2) · α̇t(−L/2) = 0, α′

t(L/2) · α̇t(L/2) = 0 given by
the energy balance. Two possible classes of solutions compete during the evolution problem:

(i) Solutions with homogeneous damage and strain;

(ii) Solutions with a damage localization, inside the domain or at the boundary.

We analyze below their properties.

3.1.1. Homogeneous solution
Solving the system of inequalities above for α′(x) = α′′(x) = 0 gives the homogeneous

solution which is also homogeneous in strain (u′(x) = t). Starting from an undamaged state
α0 = 0, for

σt ≤ σpeak :=

√
2w1E0w′(0)

s′(0)
=

√
2w1E0

γ
⇔ t ≤ tpeak :=

√
2w1

γE0
=

σpeak
E0

(34)

the second inequality in (33) is strict and α̇t = 0 because of the third complementary condition
in (33). The solution is linear elastic in this range. For t ≥ tpeak, the damage criterion must
be verified as an equality. Solving this equation for αt gives the damage evolution. Hence, the
evolution of homogeneous damaged states under the monotonic increasing end-displacement
tL is

αH
t =


0, 0 ≤ t ≤ tpeak,

1−
√

tf − t

tf − tpeak
, tpeak ≤ t ≤ tf ,

1, t ≥ tf ,

σHt =


E0 t, 0 ≤ t ≤ tpeak,

σpeak
tf − t

tf − tpeak
, tpeak ≤ t ≤ tf ,

0, t ≥ tf ,

(35)

where tf = γ tpeak =
√

2γw1

E0
.
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3.1.2. Localised solution
Exploiting a change of variable α ↔ w (Alessi et al., 2014b), one finds the following

family of solutions of (33) with damage localization centered in x = x̄. These solutions
are characterized by the homogeneous stress level σ̄ at which the localization process initiates,
starting from a homogeneous damage level ᾱ, and by the current stress σ, constant throughout
the bar, with 0 ≤ σ ≤ σ̄ ≤ σpeak, see Figure 3-left:

αloc(x;σ, σ̄, x̄) =

1−
√

σ̄
σpeak

(
1−

(
1− σ2

σ̄2

)
cos2

(
x−x̄
ℓ

))
, |x− x̄| ≤ πℓ

2

ᾱ = 1−
√

σ̄
σpeak

, otherwise
. (36)

When the damage is not prescribed at the boundary as a Dirichlet condition, the localiza-
tion can be centered at the bar ends with x̄ = ±L/2 and only one-half of the profile should
be considered. The energy dissipated for a localization initiated from the elastic solution
(σ̄ = σpeak, ᾱ = 0) and reaching the the stress level σ is

Dσ = 2m

∫ x̄+πℓ
2

0
(w1w(α(x)) + w1ℓ

2α′(x)2)dx = mw1πℓ

(
1− σ

σpeak

)
, (37)

where m = 1 for a full localization in the bulk and the m = 1/2 for half-localization at the
boundary. The fracture toughness Gc is the energy D0 dissipated in a fully developed crack
in the bulk when reaching the stress level σ = 0. This gives the following relation between
the toughness Gc, the specific material dissipation w1 per unit volume, and the regularization
length ℓ (we consider a crack in the a bulk, i.e. m = 1):

Gc = w1πℓ. (38)

Integrating the strain field u′ = s(α)σ/E0 across the localization band gives the relation
between the displacement jump [[u]] at the ends of the localization, x̄± πℓ/2, and the stress σ
(see Figure 3-right) :

σ =


E0[[u]]
mπℓ , 0 ≤ [[u]] ≤ σpeak

E0
mπℓ,

1− σpeak

2mGc
[[u]]

1− πℓσ2
peak

2E0Gc

σpeak,
σpeak

E0
mπℓ ≤ [[u]] ≤ 2mGc

σpeak
.

(39)

The expressions above are for a localization starting at σ̄ = σpeak, ᾱ = 0. To emphasize the
equivalence with cohesive-zone models, we replaced γ and w1 with σpeak and Gc, using (34)
and (38), respectively. This point will be discussed in details later.

3.1.3. Global response
For a monotonically increasing loading starting from t = 0, the solution is purely elastic

and unique for t ≤ tpeak. For t ≥ tpeak the solution can be either with homogeneous or
localized damage. Equation (35) gives the homogeneous solution. If the bar is long enough
to host a damage localisation (L > mπℓ), solutions with damage localisation can start at any
loading t̄ ∈ [tpeak, tf ), branching from homogeneous solution at the damage level ᾱ := αH

t̄ and
stress σ̄ := σHt̄ . The global force-displacement response of a bar is obtained by integrating
u′ = s(α)σ/E0 across the whole bar. For the one-parameter family of solutions obtained by
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considering the bifurcation from the homogeneous solution happening at the critical loading
t̄ ∈ [tpeak, tf ), the global force-displacement response writes as :

σ =



E0t, 0 ≤ t ≤ tpeak =
σpeak
E0

,

σHt =
tf − t

tf − tpeak
σpeak, tpeak ≤ t ≤ t̄,

σHt̄
t∗ − t

t∗ − t̄
, t̄ ≤ t ≤ t∗ = m

2Gc

σpeakL
,

0, t ≥ t∗.

(40)

Figure 4 reports the global response of the bar graphically, showing several possible localised
solutions (dashed line) branching from the homogeneous solution (solid line). For the specific
model (5) at hand, not only the homogeneous response, but also the localized branches are
straight lines, and the global response is piece-wise linear. The arrow indicates a possible
loading path, with loading and unloading after a bifurcation from the homogeneous to a lo-
calized solution. The dark gray region represents the energy dissipated during the localization
process, whilst the light gray region is the elastic energy that is released after the unloading.
We discuss below how the relative ordering of the critical loads tpeak, tf , and t∗ characterizes
the stability of the homogeneous states and the qualitative properties of the evolution.

Figure 3: Localized solution for the 1d traction problem (analytical solution). Left: Damage field bifurcating
from a solution with homogeneous damage ᾱ := αH

t̄ = 1−
√

σ̄/σpeak for different stress levels from σ = σ̄ ≤ σpeak

(light gray) to σ = 0 (black). Right: Relation between the stress σ and the displacement jump [[u]] across
the localization band, representing the equivalent cohesive law, where the first phase with positive stiffness
represents the homogeneous elastic response, whilst the softening phase corresponds to the development of the
localization. Here we consider a full localization in the bulk, m = 1.
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Dissipated
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Figure 4: Global stress-displacement responses of a bar with homogeneous (solid line) and localised (dashed
lines) solutions. Bifurcations from the homogeneous solution to a solution with localized damage is possible at
any homogeneous damage ᾱ, as shown in Figure 3, corresponding to the end-displacement t̄ and the stress σ̄,
see (40). Here we consider a full localization in the bulk, m = 1. The regions in gray illustrate the energetic
interpretation of the areas under a generic loading path. The area under the curve is the sum of the energy
dissipated during the localization process (dark-gray) and the elastic energy (light-gray) that can be released
after the unloading (arrow).

3.2. Stability of homogeneous states
Crack nucleation can be understood as a bifurcation from the homogeneous solution to

a solution with localized damage. As shown in Figure 4, for any loading t ∈ [tpeak, tf ] the
solution with homogeneous damage can coexist with infinitely many localized solution param-
eterized by the bifurcation loading t̄. Studying the (un)stability of the homogeneous solution
is therefore crucial to determine the crack nucleation threshold (Pham et al., 2011a). To this
end, we resort to the definition of incremental- and state-stability of Section 2.2-2.3 and apply
results of previous studies dedicated to the stability/bifurcation analysis (Pham et al., 2011a;
León Baldelli and Maurini, 2021).

During the elastic stage, the first order terms of the expansion (13) are strictly positive,
because the damage criterion is satisfied as a strict inequality. Hence, the elastic solution is
incrementally- and state-stable. Damage, and cracks, cannot nucleate during this phase (Pham
et al., 2011a).

Assessing the stability of the phase with homogeneous damage, requires to compute the
second variation of the energy functional. The computations, reported in (Pham et al., 2011a;
Marigo et al., 2016) for a generic model, lead to the following conditions for state-stability
(SS) and incremental-stability (IS):

SS :
L

mπℓ
<

√
32a(αt)

2s′(αt)
4σ4

t /E
2
0

w2
1(s

′′(αt)σ2
t /(E0w1)− 2w′′(αt))3

=
γ tpeak

t
,

IS :
L

mπℓ
<

√
16

s′′(αt)σ2
t /(E0w1)− 2w′′(αt)

= 1,

(41)

where m = 1/2 if one allows for damage localization at the boundary or m = 1 if one imposes
α(±L/2) = 0 and allows for damage localization in the bulk only. As expected, IS implies SS.
The inequalities with the opposite signs are sufficient conditions for state- and incremental-
instability, respectively.
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Figure 5 summarizes the analytical results for the 1d-traction problem, reporting the sta-
bility diagram of the homogeneous solution as a function of the bar length and the loading
(left) and the global force-displacement response (right) for the homogeneous (solid lines) and
localized solutions (dashed lines). For the present model, the homogeneous and the localized
solution lead to final failure for the finite loads tf and t∗, respectively. The figure discloses
several interesting scale-effects for a bar of finite length L, with three qualitatively different
regimes, depending of the relative ordering of tpeak, tf and t∗:

• For very short bars with L < mπℓ (left-bottom), t∗ > tf and the solution with homo-
geneous damage is incrementally-stable and state-stable for any loading. In this regime,
solutions with localized damage does not exist, because the bar is too short to host a
localization zone of size mπℓ.

• For bars of intermediate lengths, mπℓ < L < γmπℓ = m2GcE0

σ2
peak

= mℓch (left-center),
tpeak < t∗ < tf and bifurcations from the homogeneous solution with damage localization
are possible after the elastic limit. The homogeneous solution is incrementally-unstable,
being state-stable for t < t∗ = 2m Gc

σpeakL
and state-unstable for larger loadings.

• For long bars with L > m2GcE0

σ2
peak

= mℓch (left-top), after the elastic limit the homogeneous

solution is state-unstable (hence, incrementally-unstable). The localised solutions always
exhibit a snap-back in the global strain-stress response.

SU & IU

SS & IU

SS & IS

E
la
st
ic

SU & IU

SS & IU

SU & IU

SS & IS

Figure 5: Analytical solution for the 1d traction problem. Left: stability diagram of the homogeneous solution
with purely elastic states in blue, state-stable (SS) states and incrementally-stable (IS) states in green, state-
stable (SS) states and incrementally-unstable (IU) states in orange, state-unstable (SU) and incrementally-
unstable (IU) states in red. Right: global force-displacement diagrams in the three qualitatively different
regimes representing the stress σ as a function of the imposed average strain t. The solid lines are for solution
with homogeneous damage and strain (35), whilst dashed lines are for the localised responses bifurcating from
the homogeneous solution for different initial damage levels ᾱ, see (40).
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Free parameters Gc w1 γ ℓ σpeak tpeak t∗ tf ℓch

E0, Gc, γ, ℓ Gc
Gc
πℓ

γ ℓ
√

2GcE0
πℓγ

√
2Gc

πℓγE0

1
L

√
2πℓγGc

E0

√
2Gcγ
πℓE0

πγℓ

E0, Gc, γ, σpeak Gc
Gc
πℓ

γ 2GcE0

πγσ2
peak

σpeak
σpeak

E0

2Gc
σpeakL

γ
σpeak

E0

2GcE0

σ2
peak

E0, Gc, σpeak, ℓ Gc
Gc
πℓ

2GcE0

πℓσ2
peak

ℓ σpeak
σpeak

E0

2Gc
σpeakL

2Gc
πℓσpeak

2GcE0

σ2
peak

E0, w1, γ, ℓ πw1ℓ w1 γ ℓ
√

2w1E0
γ

√
2w1
γE0

πℓ
L

√
2γw1
E0

√
2w1γ
E0

πγℓ

Table 1: Expression of the relevant model quantities for different free-parameter sets (m = 1, i.e. for cracks
corresponding to localizations in the bulk).

Note that the state-stability threshold for the homogeneous solution corresponds to the
snap-back threshold for the global σ−t response of the localized solution, as already highlighted
in Pham and Marigo (2013b).

3.3. Material parameters, length-scales, and dimensionless parameters
The expressions (5) for the constitutive functions adopt the independent material param-

eters w1, ℓ, γ. The solution of the bar traction problem shows how the peak load σpeak and
the toughness Gc are related to these parameters. Using these relations, one can use these
derived quantities of primary applicative interest as independent parameters. First, focusing
on fracture phenomena governed by damage localization in crack-like bands, one can replace
the dissipation per unit of volume w1 by the dissipation per unit surface Gc as dissipation
parameter using (38). Moreover, instead of regarding the softening parameter γ as a free
parameter, one can set it to control the peak stress, using (34):

γ =
2E0w1

σ2
peak

=
2GcE0

πℓσ2
peak

=
ℓch
πℓ

. (42)

Table 1 collects the expressions of the relevant model quantities for different parametrizations
of the constitutive model. We classify four different relevant parametrizations, according to
the sets of free parameters:

• (E0, Gc, γ, ℓ) corresponds to the classical presentation of phase-field models of brittle
fracture, where the softening parameter γ (or an analogous quantity) is a free parameter
independent of the material length-scale, and the peak stress σpeak is a derived quantity,
depending on ℓ. In agreement with gamma-convergence results, for ℓ → 0, one obtains
a finite Griffith-like brittle fracture model, with a finite fracture toughness Gc, but an
infinite strength σpeak → ∞ and a vanishing cohesive length-scale ℓch → 0.

• (E0, Gc, γ, σpeak) corresponds to the parametrization used in Amor et al. (2009) and
Tanné et al. (2018) to obtain crack nucleation with finite and controlled peak stress
σpeak in uniaxial traction, while keeping a finite and controlled fracture toughness Gc.
With this choice the regularization length-scale ℓ, becomes a dependent parameter, that
should be set according to Table 1. The model can be interpreted as a quasi-brittle
damage model, with well-defined specific dissipation w1, toughness Gc and cohesive
length-scale ℓch.

• (E0, Gc, σpeak, ℓ) exploits the softening modulation γ to independently control the peak
stress σpeak, the toughness Gc, and the regularization length-scale ℓ (Lorentz et al.,
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2011). Note however, that the energy dissipation per unit volume w1 diverges as ℓ−1 for
ℓ → 0: homogeneous damage states are not allowed in this limit.

• (E0, w1, γ, ℓ) corresponds to a regularized damage model, where, for vanishing regular-
ization length ℓ, keeps fixed the properties of the homogeneous damage response (spe-
cific dissipation, softening modulus and peak stress) whilst the toughness becomes a
ℓ-dependent quantity, with Gc → 0 for ℓ → 0.

A dimensional analysis reveals that two of the four parameters can be eliminated by a
simple variable rescaling. The material parameters above introduce two length-scales: the
cohesive length-scale ℓch and the regularization (or localization) length-scale ℓ. These two
length-scales compete with the structural length-scale L = |Ω|. We select ℓch as reference
length, and defines the following dimensionless parameters :

λstr :=
L

ℓch
=

Lσ2
peak

2GcE0
, λreg :=

ℓ

ℓch
=

1

πγ
, (43)

representing the dimensionless structural length and the dimensionless regularization length-
scale, respectively. The model responses depends on this two dimensionless parameters only.

3.4. Numerical simulations of the uniaxial traction test
We perform different numerical experiments on the bar under uniaxial traction shown in

Figure 6.
We solve here a problem on two-dimensional geometry under plane-stress conditions. We

consider a rectangular domain of length L = 1 and height H = 0.1, setting the Poisson ratio
to ν = 0.3. We apply free-sliding conditions at the left- and right-end, setting ux(0, y) = 0
at the left-end and prescribing the traction loading ux(x = L, y) = t L at the right-end.
Rigid-body modes are prevented by fixing the displacement in the y-direction at a single node
on the left-end. The top and bottom boundaries are free. To rule out damage localization
at the boundaries, we impose the Dirichlet boundary condition α = 0 on both sides of the
bar. We consider evolutions under monotonically increasing loading t ≥ 0, starting with an
intact material (α = 0) at t = 0 as the initial condition. The problem is discretized using
standard triangular finite elements with an unstructured mesh, where the average element size
is h = ℓ/5. Figure 6 shows a typical mesh and the localized damage field corresponding to
a fully developed crack. Without loss of generality (see the previous section on dimensional
analysis), we set σpeak = 1.

At each time step t, we look for solutions of the nonlinear variational inequalities (14)
by using the classical alternate minimization scheme and nonlinear bound-constrained solvers
provided by PETSc (Balay et al., 2023). Hence, we check the (incremental) stability (19) of
the solution found via the second-order stability check algorithm presented in (León Baldelli
and Maurini, 2021). This algorithm tests the sign of the eigenvalues of a reduced hessian
matrix eliminating the degrees-of-freedom where the irreversibility constraints are active. Both
these algorithms are implemented in FEniCSx (Dokken et al., 2023). The reader can refer to
(León Baldelli and Maurini, 2021) for further details.

First, to illustrate the three different possible qualitative behaviors from the stability di-
agram of Figure 5, we report in Figure 7 the numerical solutions obtained for three sets of
parameters, that are classified as relatively long bars (πℓ < ℓch < L = 1, Figure 7a), inter-
mediate bars (πℓ < L = 1 < ℓch, Figure 7b), and short bars (1 = L < πℓ < ℓch, Figure 7c).
For each set of parameters, we present the global force-displacement response (left), the evo-
lution of elastic and dissipated energy with loading (center), and the damage field along the
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Figure 6: Geometry, boundary conditions, mesh of the bar and typical localized damage field for the 2d
numerical simulations.

mid-line of the bar at different time instants (right). The parameter values and correspond-
ing dimensionless lengths are displayed at the top of each figure. In the force-displacement
response, we include the results of the second-order stability analysis of the solution found:
green markers indicate incrementally-stable (IS) states, while red markers in green indicate an
incrementally-unstable (IU) solution. For comparison, the analytical solution is shown as solid
lines (localized solution) and dashed lines (homogeneous solution) in the force-displacement
response. All the tests in Figure 7 for E0/σpeak = 1.

We observe the following behaviour:

• For sufficiently long bars (Figure 7a), at the peak load t = tpeak the homogeneous solution
is unstable and we observe the sudden transition from an elastic solution to a fully
developed localized solution with supΩ(α) = 1 and σ = 0. This condition corresponds
to the presence of a snap-back in all the possible localized solutions (t∗ < tpeak). We
characterized this behavior as brittle.

• For bars with intermediate length (Figure 7b), we observe an incrementally-stable local-
ized solution that evolves without abrupt transitions. Once the peak stress is reached,
even if the damage field localizes with supΩ(α) increasing smoothly over time, without
snap-backs (t∗ > tpeak). This is consistent with the analytical results, for which the
homogeneous solution is state-stable but incrementally-unstable (bifurcations are possi-
ble). In addition, the numerical stability analysis reveals that the localized solutions are
incrementally-stable (all the points in the Figure 7b-left are green), a result that was not
accessible from the analytical calculations. We characterized this behavior as cohesive.

• For very short bars (Figure 7c), the numerical results show the smooth development
of a non-homogeneous diffuse damage field t∗ > tf > tpeak, which is stable. The the-
oretical stability analysis predicts that the homogeneous solution is state-stable and
incrementally-stable in this case. However, the homogeneous solution is forbidden by
the boundary conditions on the damage field setting α = 0 at the left- and right-end.
The numerical solvers produce a non-trivial solution with a diffuse damage field, which
was not considered in the analytical study. Comparing the numerical results with the
continuous gray line in the plot on the left panel, we can see that this solution has a
force-displacement response that closely matches the analytical prediction for a bar with
an effective length greater than L.

3.5. Energetic interpretation of the transition from brittle to cohesive behavior
The transition from the brittle to the cohesive behavior has a relevant and immediate

energetic interpretation that can be deduced from the energetic interpretation of the areas
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(a) Long bar with L > ℓch > πℓ, see Figure 5 (case right-top in red).

2.0001.000

t/tpeak

0.0

0.2

0.4

0.6

0.8

1.0

σ
/
σ

p
e
a
k

Homogeneous

Localized

FE Unstable

FE Stable

0.0 0.5 1.0 1.5 2.0 2.5

t/tpeak

0.00

0.02

0.04

0.06

0.08

0.10

E
n

er
gi

es
/G

c
L

Dissipated energy

Elastic energy

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

α

0.000

1.000

2.000

2.600

t/
t p

ea
k

Gc/(σpeakL) = 1.00, E0/σpeak = 1.00, `/L = 0.100 (λstr = 0.500, λreg = 0.05)

(b) Intermidiate-length bar with L ∈ (πℓ, ℓch), see Figure 5 (case right-center in orange).
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(c) Short bar with L < πℓ, see Figure 5 (case right-center in orange).

Figure 7: Numerical solution for the 1d traction problem different values of the parameters Gc/(σpeakL)
ℓ/L corresponding to the three cases in Figure 5. Left: global force-displacement diagrams representing the
stress σ/σpeak as a function of the imposed average strain t/tpeak. The green (incrementally stable) and red
(incrementally unstable) dots are the result of the numerical finite element simulations on the 2d geometry,
the gray solid lines correspond to the analytical localized responses bifurcating from the homogeneous solution
in α = 0, see (40), the gray dashed dotted lines to the solution with homogeneous damage and strain (35).
Center: elastic and dissipated energies. Right: evolution of damage fields α along the mid-line of the bar for
increasing values of the loading t.
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under the force displacement diagram of Figure 4 and the energy diagram in the center column
of Figure 7:

• If at the peak loading tpeak the elastic energy Lσ2
peak/2E0 is larger than the energy

required to create a fully developed crack, Gc, the solution exhibits a brutal transition
from the elastic to the cracked state, with a snap-back in the global force-displacement
response. This is the case of Figure 7a for which λstr = L/ℓch > 1.

• If at the peak loading Lσ2
peak/2E0 < Gc (λstr = L/ℓch < 1), there is not enough energy

to create instantaneously a fully developed crack. The crack can develop only at the
expense of the external working, leading to a smooth transition from the elastic to the
cracked state controlled by the end-displacement. This is the case of Figure 7b.

Interestingly, the energetic condition above on λstr = L/ℓch coincides with the critical
conditions for the stability of the homogeneous solution at the peak loading and the presence
of a snap-back in the localized response.

3.6. The case of almost inextensible bars
Kumar et al. (2020) raised the interesting question of the crack nucleation conditions and

strength in the case of almost incompressible materials. The equivalent condition for the 1d
traction problem is that the bar is almost inextensible, i.e. E0/σpeak → ∞. Figure 8 reports
the response of a bar with E0/σpeak = 50, with Gc/σpeakL = 0.25 and ℓ/L = 0.1. The present
model allows us to set the peak stress σpeak independently of the Young modulus E0, and the
regularization length ℓ independently of the peak stress σpeak, provided that it is sufficiently
small compared to the bar length L. However, the crack cannot develops instantaneously at
the peak load, as the energy required to create a fully developed crack is larger than the elastic
energy stored in the bar. In the inextensible limit, the stored elastic energy at the peak load is
vanishing and ℓch → ∞. We are in the case of the bar of intermediate length with a cohesive
response of Figure 7b, and the crack development is stable. The end-displacement controls the
crack development process. In absence of sufficient elastic energy to be released, the loading
device progressively provides the energy required to create the crack.
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Figure 8: The response of an almost inextensible bar. In this case L < ℓch → ∞ and the crack development is
stable, as in Figure 7b. The evolution is smooth and controlled by the end-displacement, which provides the
energy dissipated in the crack development process.

Our stability analysis and energetic arguments suggest that a brittle behavior, with a
sudden unstable nucleation of a crack at a fixed end-displacement, is impossible for infinitely
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stiff materials. Indeed, a brittle behavior requires a sufficient amount of elastic energy to
be released in the crack creation process and compensate the dissipated energy Gc. This is
consistent with the classical theory of fracture of Griffith (1921) and Irwin (1958). To force a
brittle behavior also in the case of limited or absent elastic energy, Kumar et al. (2020) adds
an “external” driving force, independent of the elastic energy release, in the damage criterion.
The thermodynamic consistency of similar non-energetic approaches is questionable, as the
origin of the energy provided by the driving force remains to be specified.

3.7. Issues for ℓ ≪ ℓch (γ → ∞)

The analytical results indicate that, for sufficiently long bars (L > ℓch), the model (5)
with the softening modulation parameters γ set according to (42) gives a peak stress and
a toughness independent of the regularization length ℓ. Yet, the volumetric dissipation pa-
rameters w1 become very large for ℓ → 0. We observe that in these situations the classical
alternate minimization solver can stagnate in unstable solutions with diffuse damage fields,
instead of finding the localized solutions, as shown in Figure 9. The use of a second-order sta-
bility analysis is crucial to identify the (un)stable solutions. More sophisticated path-selection
algorithms (León Baldelli and Maurini, 2021) or coupled solvers are required to retrieve the
lower energy branch.

The use of a regularization length ℓ that is much smaller than the Irwin length ℓch is rarely
feasible from the computational point of view, because it requires a very fine mesh (ℓ ≈ h/4)
to correctly discretize the localized solutions. Vice-versa, setting ℓ > ℓch/π (γ < 1) poses main
issues, as the model becomes strain-softening. The homogeneous solution at imposed strain is
not unique in this case, and numerical and theoretical problems arise.

In most situations, the more convenient setting is to use a regularization length ℓ that is of
the same order of magnitude as the Irwin length ℓch. In this case, the model behaves similarly
as the classical AT1 and AT2 phase-field models of brittle fracture Tanné et al. (2018), with a
peak stress that are related to the regularization length ℓ. Whenever separate experimental
data on the energy dissipated in localized damage solution, Gc, and diffuse damage solutions
are available, w1, ℓ should ideally be adjusted according to the relation (38). Indeed, while
the properties of localized solutions are independent of ℓ, the properties (and the stability) of
diffuse damage solutions are not, as shown in Figure 5.
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Figure 9: Numerical solutions of the bar problem for ℓ ≪ ℓch. The numerical solvers stagnate in unstable
solutions with diffuse damage fields. The use of a second-order stability analysis is crucial to identify the
(un)stable solutions (in red).
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Figure 10: Geometry and loading for the bi-axially loaded disk.

4. Model behavior under multi-axial stress states

This section discusses the behavior of the S-LS model (5) under multi-axial stress states.
To this end, we consider a disk Ω in 2d with a Dirichlet boundary condition

Ut(x) = t ε1 x on ∂Ω, with ε1 =
cos θ + sin θ

2
(ex ⊗ ex) +

cos θ − sin θ

2
(ey ⊗ ey), (44)

and the initial condition α0 = 0, see Figure 10. The loading is monotonically increasing with
the scalar loading parameter t. The angle θ determines the multiaxial loading mode. The
magnitude the spherical and deviatoric parts of the homogeneous strain εt = t ε1 compatible
with the boundary condition are

εisot := tr(εt) = t cos(θ), εdevt :=
√
2 |εdevt | = t sin(θ). (45)

We parametrize the model by the elastic moduli (κ0, µ0) and the peak stress (ppeak,τpeak)
for the isotropic and deviatoric modes, the fracture toughness Gc, and the regularization length
ℓ. Hence, we rewrite the energy density (3) in the following form :

W (ε, α,∇α) =
κ0
2

tr−(ε)2+
κ(α)

2
tr+(ε)2+µ(α) |εdev|2+ Gc

π

(
1− (1− α)2

ℓ
+ ℓ|∇α|2

)
, (46)

with

κ(α) :=
(1− α)2

1 +

(
2Gcκ0

πℓ p2peak
− 1

)
(1− (1− α)2)

κ0, µ(α) :=
(1− α)2

1 +

(
2Gcµ0

πℓ τ2peak
− 1

)
(1− (1− α)2)

µ0,

(47)
where the softening parameters γκ and γµ are set according to the equations (29) and w1 =

Gc
πℓ .

We assume that the regularization length-scale ℓ is set to a sufficiently small value so that
the strain-hardening condition is satisfied, see (30).
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4.1. Homogeneous solutions
Homogeneous states automatically satisfy the equilibrium equation. A trivial solution for

the displacement field is ut(x) = t ε1 x, for all x ∈ Ω, with the homogeneous strain εt = t ε1.
The evolution of damage (and the stress) can be found by solving the system of inequalities:

α̇t ≥ 0, t2
(
tr+ (ε1)

2

ε̄κ(α)2
+

2|εdev1 |2
ε̄µ(α)2

)
− 1 ≥ 0, α̇t ·

(
t2

(
tr+ (ε1)

2

ε̄κ(α)2
+

2|εdev1 |2
ε̄µ(α)2

)
− 1

)
= 0.

(48)
The solution is purely elastic until the strain is inside the initial elastic domain R(0). When
it reaches the boundary, the damage starts increasing monotonically, until attaining the fully
damaged state α = 1. During the damage process the strain domain R expands (strain-
hardening), whilst the stress domain R∗ shrinks (stress-softening).

For purely isotropic loading (θ = 0), with εisot = t, εdevt = 0, the response is purely elastic
for t ≤ ε̄κ(0) = ppeak/κ0. For t ≥ ε̄κ(1) = γkε̄κ(0) =

2Gc
ppeakπℓ

the full damage level is attained
and the stress is zero. For intermediate values, the damage is found by solving the damage
criterion as an equality. This gives the following strain-stress response, see Figure 11-left:

σt = pt I, pt =


κ0 t, t ≤ ppeak

κ0
,

ppeak
t− 2Gc

ppeakπℓ
ppeak
κ0

− 2Gc
ppeakπℓ

, t ∈
[
ppeak
κ0

, 2Gc
ppeakπℓ

]
,

0, t ≥ 2Gc
ppeakπℓ

.

(49)

The purely deviatoric loading mode (θ = π/2), with εisot = 0, εdevt = t leads to an analogue
response, where the deviatoric constants replace the spherical counterparts:

σt =
εdev1

|εdev1 |
√
2 τt, τt =


µ0 t t ≤ τpeak

µ0
,

τpeak
t− 2Gc

τpeakπℓ
τpeak
κ0

− 2Gc
τpeakπℓ

, t ∈
[
τpeak
κ0

, 2Gc
τpeakπℓ

]
,

0, t ≥ 2Gc
τpeakπℓ

.

(50)

Figure 11 reports the homogeneous stress-strain response under monotonically increasing load-
ing for purely volumetric (left) and purely deviatoric (right) loading modes. The plot is for
κ0 = 1, µ0 = 1/3 and τpeak = 0.5, ppeak = 1.0. The light-gray area under the stress curve is the
dissipated energy in a homogeneous damage process w1 = Gc

πℓ and must coincide for the two
loading modes. In this example, we set Gc = 0.1 and ℓ = 0.55 ℓmax, ℓmax being the maximal
value of the regularizing length-scale to assure the strain-hardening condition, see (30).

4.2. Multi-axial nucleation test
To investigate the crack nucleation threshold under multi-axial stress states, we perform

different numerical experiments on the bi-axially loaded disk. At t = 0, the material is intact,
i.e. α = 0 everywhere. Maintaining θ fixed, we increment the value of t up to the point when a
crack appears. We identify this critical load as the nucleation threshold of the material under
the given loading mode θ. The goal is to recover numerically a nucleation surface performing
numerical tests for different θ. We focus on the set of loading directions θ ∈ [0, π/2], varying
between isotropic expansion (θ = 0) and pure shear (θ = π/2), passing through uniaxial
traction (θ = π/4). We refrain from considering compressive stress states for which there are
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Figure 11: Homogeneous response in purely spherical (left, θ = 0) and deviatoric (right, θ = π/2) loading
modes for Gc = 0.1, ℓ = 0.03, κ0 = 1, µ0 = 1/3, ppeak = 1.0, τpeak = 0.5. The gray area under the stress curve
is the dissipated energy in a homogeneous damage process w1 = Gc

πℓ
and must coincide for the two loading

modes.

additional model-dependent issues, discussed in length in (Vicentini et al., 2024; Lorenzis and
Maurini, 2021).

For the considered model, the peak stress surface in the stress space ∂R∗(0) coincides with
the elastic limit. The corresponding peak surface in the strain space is ∂R(0). For tr(ε) > 0,
they are semi-ellipses with semi-axes ppeak and τpeak for the stress and ppeak/κ0 and τpeak/µ0

for the strain, see (25)-(26). The purpose of this test is to determine whether these peak loads
correspond to the critical surface where damage localizes into bands to form cracks.

We set κ0 = 1, µ0 = 1/3, Gc = 0.1, and τpeak = 1/2. To show the influence of the
peak stress ratios, we perform simulations for either ppeak = 1 or ppeak = 1/2. The cohesive
length-scales of the spherical and deviatoric modes are ℓ

(µ)
ch := 2µ0Gc/τ

2
peak ≃ 0.267 and

ℓ
(κ)
ch := 2κ0Gc/p

2
peak = {0.2, 0.8}. Naively extrapolating the 1d results to the multi-axial

setting, we set ℓ = 0.03 with D = 1 to ensure a snap-back at the peak stress. Indeed,
the model verifies the strain hardening condition (30) and the condition πℓ < ℓ

(κ,µ)
ch < D.

In 1d, this condition ensures the presence of localized solutions with snap-back at the peak
load and that the homogeneous solution is always incrementally unstable. In other words,
in a 1d context, these parameters would assure a "brittle" behavior with a crack appearing
instantaneously at the peak load, as for the "long bar" in Figure 7a.

We discretize the problem in space with standard triangular finite elements and piece-
wise linear approximation using an unstructured mesh with average size h = ℓ/5. We solve
the first-order stability conditions at each time step t to find the solution with an alternate
minimimization algorithm implemented in FEniCSx (Dokken et al., 2023). At each time step,
we check numerically the second order stability of the solution using the algorithm presented
in León Baldelli and Maurini (2021).We impose Dirichlet boundary conditions on α = 0 on
the whole boundary of the disk to exclude localized solutions on the boundary.
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Figure 12: Multi-axial nucleation test: numerical results for different loading modes with the boundary condi-
tion (44) and Gc = 0.1, ℓ = 0.03, κ0 = 1 µ0 = 1/3. Left: τpeak = 1/2 and ppeak = 1. Right: τpeak = 1/2 and
ppeak = 1/2. Each figure reports three sets of simulations obtained by increasing the loading amplitude t for
loading modes that are purely isotropic (θ = 0), uniaxial (θ = π/4), and purely deviatoric (θ = π/2). The blues
dots denote solutions with null damage while the brown dots indicate solutions with diffused non-vanishing
damage. The red circles mark the critical load for which damage field localizes in the form of cracks. The gray
solid line represents the elastic limit in strain and the peak strain surface. The insets show the damage field
on the disk immediately after the nucleation event.

Figure 13: Global response for the purely isotropic loading mode (θ = 0) reporting the pressure pt = tr(σt)/2
versus εisot = tr(εt) for the numerical parameters as in Figure 12-right (ppeak = τpeak = 1/2). The insets show
the damage field on the disk at different loading level.

Figure 12 shows the results for purely isotropic loading (θ = 0), uniaxial strain (θ = π/4),
and purely deviatoric loading (θ = π/2), respectively. The gray solid line represents the
elastic limit in strain given by (25) and the dots the numerical results, with elastic states
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with zero damage in blue and states with diffuse non-vanishing damage in brown. The red
circles mark the states corresponding to the damage localizations in the form of cracks. For
ppeak = 1 (left panel) the critical load for crack nucleation coincides with the elastic limit for
all the considered loading modes, as one would naively expect extrapolating the 1d results
to the multiaxial setting (Figure 12-left). For ppeak = 1/2 (right panel) the crack nucleates
immediately after the elastic limit for purely deviatoric loading. However, for purely isotropic
and uniaxial loading modes, we observe the persistence of solution with diffuse damage after
the elastic limit (Figure 12-right). For isotropic and mixed loadings, the solutions with damage
localization in the form of cracks appear only for larger values of the loading parameter t, after
the development of a phase with diffuse damage. To better understand this behavior, we report
in Figure 13 the global response for the purely isotropic loading mode. The insets show the
damage field at different loading levels.

The outcome of the simulations is somehow unexpected. It shows that the results of the
1d analysis of Section 3 cannot be directly transposed to multi-axial stress states. The current
literature identifies the critical loading for crack nucleation, i.e. the strength, with the peak
stress surface (see e.g. Tanné et al., 2018; Kumar et al., 2020; Lorenzis and Maurini, 2021).
In the example of Figure 12, decreasing the peak stress ppeak from 1 to 1/2 one would expect
the critical displacement loading for purely isotropic mode decreasing according. Vice versa,
the numerical results show an increasing of the critical load from 1.0 to 1.87. A second-order
stability analysis is necessary to get a finer understanding of the crack nucleation threshold.

4.3. Stability of states under multi-axial loading
To study the stability of the homogeneous states under multi-axial loading, we leverage

the results of Pham and Marigo (2013a). To simplify the presentation, we focus on the case
tr(ε) > 0, assuming tr(ε) = tr+(ε) and tr−(ε) = 0 in (46).

As discussed in Section 2.2, purely elastic solutions are stable because the damage criterion
is verified as a strict inequality and the first derivative of the energy is non-negative for any non-
vanishing perturbation. For damaging states, the damage criterion is verified as an equality and
the first derivative of the energy is vanishing. The sign of the second derivative of the energy
determines the sign of the energy increment, according to the second-order condition (18)-(22)
for state and incremental stability, respectively.

For the model at hand, the second derivative of the energy in the direction (v, β) can be
expressed as

E ′′(ut, αt)(v, β) = P(ut, αt)(v, β)−Q(ut, αt)(v, β) (51)

where P(ut, αt)(v, β) and Q(ut, αt)(v, β) are two quadratic forms of the variations (v, β),
which, for homogeneous states, are given by

P(ut, αt)(v, β) =

(
2w1ℓ

2

∫
Ω
∇β · ∇βdx+

∫
Ω

At

(
ε(v)− βS′

tσt

)
·
(
ε(v)− βS′

tσt

)
dx

)
Q(ut, αt)(v, β) =

(
1

2
S′′
tσt · σt − w1w

′′(αt)

)∫
Ω
β2dx.

To condense the notation and render the presentation more general and consistent with Pham
and Marigo (2013a), we introduce the forth-order tensors At := A(αt) and St := S(αt) repre-
senting the elastic stiffness and compliance. They are defined by

σt = Atεt = κ(αt)tr(εt) I + 2µ(αt) ε
dev
t , St := A−1

t

with the shorthand notation A′
t :=

dA(αt)
dαt

, A′′
t := d2A(αt)

d2αt
, S′

t :=
dS(αt)
dαt

, S′′
t := d2S(αt)

d2αt
.
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The first quadratic form P is positive semi-definite for any non-vanishing perturbation
(v, β). The quadratic form Q is positive for stress-softening regimes and negative for strain-
hardening regimes, because the sign of its first factor is determined by the sign of the derivative
of the admissible stress domain (24b). This implies the response would be always stable in
stress-hardening regimes. However, the model considered here is stress-softening for any non-
vanishing damage level. Hence, the sign second derivative of the energy in the direction (v, β)
depends on the Rayleigh ratio between the two quadratic forms P and Q, that writes as

RL(v, β) :=
2w1

ℓ2

L2

∫
Ω1

∇β · ∇βdy +
∫
Ω1

At

(
ε(v)− βS′

tσt

)
·
(
ε(v)− βS′

tσt

)
dy(

1
2S

′′
tσt · σt − w1w′′(αt)

) ∫
Ω1

β2dy
. (52)

To render the structural scale effect explicit, we introduced the change of variable x → y :=
x/L, with L = |Ω|, that transforms the domain Ω in Ω1 with |Ω1| = 1. The second direc-
tional derivative is positive for RL > 1 and negative for RL < 1. Hence, according to the
definition (10), the state (ut, αt) is state-stable if

ρL := min
(v,β)∈N+

0

RL(v, β) > 1 (53)

and state-unstable if ρL < 1, where N+
0 is the set of non-vanishing perturbations defined

in (17). The incremental-stability condition is tested by replacing the cone N+
0 with the vector

space N0. Pham and Marigo (2013a) showed that the minimization problem is well-posed and
that ρL exists and is positive. Adapting their results to the model and the nucleation test at
hand, we obtain the following results :

• For sufficient small structures, the solution is always state-stable for any multi-axial
stress states; this is because of the term in ℓ2/L2 in the numerator of the Rayleigh
ratio (52).

• For sufficiently large structure, the stability is determined by

ρ∞ := lim
L→∞

ρL. (54)

If ρ∞ > 1, the solution is state-stable, independently of the structural size. If ρ∞ < 1
there is a critical domain size Lc such that the solution is state-unstable for L > Lc and
stable for L < Lc.

Pham and Marigo showed also that the stability condition ρ∞ > 1 for large structures co-
incides with the strong ellipticity condition (Ball, 1980; Benallal et al., 1993) of the underlying
local damage model (see Pham and Marigo, 2013a, sec. 6).

After some calculations reported in Appendix A, we computed explicitly the value of ρ∞
founding that the results critically depends on the load multi-axiality:

• For εiso
t

κ′(αt)
κ(αt)

≥ εdev
t

µ′(αt)
µ(αt)

,
ρ∞ = 0.

.

• For εiso
t

κ′(αt)
κ(αt)

< εdev
t

µ′(αt)
µ(αt)

,

ρ∞ =

(
εdev
t

µ′(αt)
µ(αt)

− εiso
t

κ′(αt)
κ(αt)

)2
κ(αt)µ(αt)
κ(αt)+µ(αt)(

εiso
t

)2 (κ′(αt)2

κ(αt)
− κ′′(αt)

2

)
+
(
εdev
t

)2 (µ′(αt)2

µ(αt)
− µ′′(αt)

2

)
− w1w′′(αt)

. (55)
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This results implies that, in the former case, the homogeneous states will be always unstable
for sufficiently large structure (L → ∞), as in the 1d traction problem of Section 3. Vice
versa, in the latter case, depending on the material parameters and the damage level, the
homogeneous states can be stable in the softening regime even for infinitely large structures,
which is not possible in 1d.

To test the stability criterion above, we replicate the numerical experiments on the disk for
a larger number of loading modes θ. In this case, we leave the damage free on the boundary.
The results are reported in Figure 14. Each red empty dot is the result of the multi-axial
nucleation test for a different loading mode θ and represents the critical loading at which
the homogeneous solution is incrementally-unstable numerically, according to the numerical
second-order stability test. The solid gray line represents the peak strain surface, whilst
the dashed red curve corresponds to the analytical second-order stability threshold, obtained
as the peak strain surface where ρ∞ < 1 and the region where ρ∞ = 1, otherwise. The
agreement between the numerical and the analytical stability results is good, even if the
numerical computations tests only the incrementally stability (22) of the solution for a finite
structure, whilst the analytical calculations are performed in the limit of an infinite structure
and test the state-stability (18) of the solution. These results rationalize the unexpected
numerical observations in Figure 12, disclosing the complex behavior of the critical surface for
crack nucleation under multi-axial loading.

Even for infinitely large structure, the critical surface for crack nucleation is not always the
peak stress surface, as one would naively expect. The results of the one-dimensional stability
analysis cannot be extrapolated to the multidimensional case. States with dominant isotropic
loading can be stable even in the softening regime and for infinitely large structures. This is
because of compatibility issues arising to develop localized solution under multi-axial loading.
As detailed in Pham and Marigo (2013a), these issues do not arise for rank-one states, as
purely deviatoric modes.

The case of the purely isotropic loading mode is particularly interesting and can be treated
analytically. The critical loading ts for the instability of the homogeneous solution, i.e. for
which ρ∞ = 1, is computed to get

ts = γκ
1 + κ0

µ0

γµ−γκ
γκ(γκ−1)

1 + κ0
µ0

γµ−1
γκ−1

tpeak, (56)

where tpeak = ppeak/κ0 and ts = tpeak for γκ = 1 + κ0
µ0

. Hence, the qualitative behavior of the
multiaxial stability diagram is of the type of Figure 14-left when ts ≤ tpeak, i.e.

γκ ≤ 1 +
κ0
µ0

⇔ p2peak ≥ 2Gc

πℓ

κ0µ0

κ0 + µ0
= γµ

τ2peak
1 + µ0

κ0

(57)

and of the type of Figure 14-right otherwise.
The condition (57) is of practical relevance when considering the setting of the parameters

of the model (46) to control the critical surface for crack nucleation. The S-LS model allows
for the independent setting of the peak stresses ppeak and τpeak, the toughness Gc, and the
stiffnesses κ0 and µ0, by the tuning of the parameters γκ and γµ as in (29). However, for a hard
loading device, the solution becomes unstable at the peak loads only if the condition (57) is
met. This implies that the ratio between the peak stresses τpeak and ppeak cannot be arbitrary
large, being bounded by

√
1 + µ0/κ0. Otherwise, the critical surface for crack nucleation will

not coincide with the peak stress surface and stable homogeneous states are to be expected
even after the peak load.
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Figure 14: Multi-axial stability test of homogeneous states for τpeak = ppeak = 1/2 (left) and τpeak = 1/2,
ppeak = 1 (right). The numerical parameters are as in Figure 12. Each red empty dot is the result of the
multi-axial nucleation test for a specific θ and represents the loading for which the homogeneous solution is
incrementally-unstable numerically. The gray solid line is the peak strain surface corresponding to the elastic
limit. The red dashed line is the critical strain surface computed as the peak strain surface where ρ∞ < 1 and
the region where ρ∞ = 1, otherwise.

5. Conclusion

In variational phase-field models of fracture, cracks nucleate when solutions with diffuse
damage become unstable and damage localizes in crack-like bands. In the literature, nucleation
is assumed to take place at the peak stress, associated to the transitions from stress-hardening
to stress-softening behavior. We have shown that the conditions for the loss of stability of
the homogeneous solution and crack nucleation are more complex and subtler. Our results
provide a theoretical and numerical methodological framework to rationalize the complex crack
nucleation conditions observed in numerical simulations.

To conduct this analysis, we considered the model introduced by Alessi et al. (2014a),
which represents a minor modification of the cohesive-like by Lorentz et al. (2011). As a
main advantage, it enables a complete analytical derivation of homogeneous and localized
solutions in 1d. This model features a softening parameter γ, which allows for the independent
adjustment of Gc and σpeak, regardless of the regularization length ℓ, provided that the latter
is taken sufficiently small, see (30).

We considered first the elemental one-dimensional traction problem. The analytical so-
lutions and the second-order stability analysis disclosed the fundamental role played by the
Irwin length ℓch = E0Gc/σ

2
peak in characterizing the behavior of the structure:

• If ℓch < L (large structures), the homogeneous solution is state-unstable and all the pos-
sible localized solutions show snap-back. This means that in a displacement-controlled
tensile test (hard-device), once the peak stress is reached, the solution brutally snaps
from a completely elastic state to a fully localized solution with αmax = 1. We define
this behavior as brittle.

• If πℓ < L < ℓch (small structure), the homogeneous solution is state-stable but incrementally-
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unstable. This complex scenario implies that the homogeneous solution is observable but
not unique, being in competition with localized solutions with similar energies. The lo-
calized solutions do not present snap-back at the peak load and may evolve with a stable
evolution. The evolution of the localised damage field in a displacement-controlled tensile
test evolves smoothly. We classify this behavior as strongly cohesive.

The ratio ℓch/L = 2E0Gc/(σ
2
peakL) measures the competition of the energy dissipated to form

a unit surface crack, Gc, and the stored elastic energy at the peak stress, σ2
peakL/(2E0). If

the latter is large enough to pay-off the energetic price Gc of a crack, the model shows a
brittle behavior. In very stiff bars, the stored elastic energy is very low. This explains why
the brittle failure of nearly inextensible bars under displacement control is not possible with
the considered models. The modification of the model introducing a more complex nonlinear
constitutive behavior with reduction of the stiffness before failure may be necessary to account
for the experimental results. This is the object of an ongoing research, not reported here.

In the multi-dimensional model, we introduced two softening parameters, γκ and γµ mod-
ulating independently the softening behavior of purely deviatoric and volumetric states, re-
spectively. Nominally, they allow for the independent adjustment of the peak load ppeak and
τpeak for the spherical and the deviatoric loading modes. However, the second-order stability
discloses new effects, absent in the 1d traction problem. In the multi-dimensional case, the
nucleation behavior under displacement-controlled purely deviatoric states is different from
the one under displacement-controlled purely spherical states. We showed that, while devia-
toric states are always unstable for sufficiently large structures, spherical states tends to be
stable even in the softening regime and for infinitely large structures. Hence, even for infinitely
large structures, the critical surface for crack nucleation is not always the peak stress surface,
as one would naively expect. The results of the one-dimensional stability analysis cannot be
extrapolated to the multidimensional case. This effect limits flexibility in setting ppeak and
τpeak because they do not always correspond to critical loads if the ratio τpeak/ppeak is too
large, see equation (57).
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Appendix A. Calculation of ρ∞

Appendix A.1. General definitions
According to Lemma 1 in Pham and Marigo (2013a) ρ∞ is given by:

ρ∞(εt) =
A(αt)S′(αt)σt · S′(αt)σt − δ(εt)

1
2S

′′(αt)σt · σt − w1w′′(αt)
(A.1)

In order to define δ(εt), we need to introduce some preliminary definitions.
Let b be the unit vector which defines the unit sphere Sn of Rn such that Sn = {b ∈ Rn :

|b| = 1}. Thus, we can define the n-dimension subspace V (b) of Mn
s by

V (b) = {b⊗ v + v ⊗ b : v ∈ Rn} (A.2)
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over which we can obtain δ(εt) by solving the following maximization problem

δ(εt) = max
{b:|b|=1}

A(αt)ξ(b) · ξ(b), (A.3)

where ξ(b) ∈ V (b) is calculated as follows

ξ(b) = argmin
ξ∈V (b)

A(αt)(S′(αt)σt − ξ) · (S′(αt)σt − ξ). (A.4)

Appendix A.2. ρ∞ for 2D mixed deviatoric-volumetric homogeneous states
In order to calculate δ(εt), we define the optimal vector v(b) ∈ Rn such that ξ(b) =

b ⊗ v(b) + v(b) ⊗ b. We then insert v(b) into (A.4) in order to find the optimal v(b) and
therefore ξ(b) which minimise (A.4):

v(b) = −
b1

[
2εdevκ(α)µ

′(α)b22 +
µ(α)
2 (εisoκ

′(α) + εdevµ
′(α))

]
µ(α)(κ(α) + µ(α))

e1

+
b2

[
εdevκ(α)µ

′(α)b21 +
µ(α)
2 (−εisoκ

′(α) + εdevµ
′(α))

]
µ(α)(κ(α) + µ(α))

e2

(A.5)

where b1 and b2 are respectively the component along e1 and e2 of the unitary vector b. Then,
maximizing A(αt)ξ(b) ·ξ(b) over all the unitary vectors b ∈ R2, we get the following expression
for δ(εt):

δ(εt) =

{ 4ε2isoκ
′(α)2

κ(α) +
4ε2devµ

′(α)2

µ(α) if εisoµ(α)κ
′(α)

εdevκ(α)µ′(α) ≤ 1
4(εisoκ

′(α)+εdevµ
′(α))2

κ(α)+µ(α) if εisoµ(α)κ
′(α)

εdevκ(α)µ′(α) > 1
(A.6)

and applying (A.1) to our case, we finally find:

ρ∞(εt) ={
0 if εisoµ(α)κ

′(α)
εdevκ(α)µ′(α) ≤ 1

(εdevκ(α)µ
′(α)−εisoµ(α)κ

′(α))2

(κ(α)+µ(α))
[
µ(α)

(
κ(α)

(
ε2dev

µ′′(α)
2

+ε2iso
κ′′(α)

2
+w1w′′(α)

)
−ε2isoκ

′(α)2
)
−ε2devκ(α)µ

′(α)2
] if εisoµ(α)κ

′(α)
εdevκ(α)µ′(α) > 1.

(A.7)

Appendix A.3. ρ∞ for purely volumetric homogeneous states
With a similar procedure we used to calculate v(b) for 2D mixed deviatoric-volumetric

homogeneous states and considering (5) we get

v(b) = − κ′(α)

κ(α) + (n− 1)2µ(α)

tr(εt)
2

b. (A.8)

Thus, it turns out that A(αt)ξ(b) ·ξ(b) is independent of b, so we find the following expression
for δ(εt):

δ(εt) =
κ′(α)2

κ(α) + (n− 1)2µ(α)
tr(εt)2. (A.9)

If we apply (A.1), we get

ρ∞(εt) = − tr(εt)2µ(α)κ′(α)2

(κ(α) + (n− 1)2µ(α))
[
tr(εt)2

(
κ(α)κ′′(α)

n − 2k′(α)2

n

)
+ 2w1w′′(α)κ(α)

n

] . (A.10)
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Inverting the multi-dimensional damage criterion from (48) applied to a purely volumetric
state we can calculate the homogeneous damage field, function of tr(εt):

αt(εt) = 1−
√

γκ − tr(εt)/tr(εpeak)
γκ − 1

, (A.11)

where tr(εpeak) =
ppeak
κ0

is the isotropic peak strain. Hence, we can express ρ∞(εt) for the 2D
case:

ρ∞(εt) =
2(γκ − 1)γκ(ν0 − 1)

2γκ

[
tr(εt)

tr(εpeak)
(ν0 − 1)− ν0 − 1

]
+ 4 tr(εt)

tr(εpeak)
+ 2γκ

(
tr(εt)

tr(εpeak)
− 1

)
(ν0 − 1)

(
ppeak
τpeak

)2 .

(A.12)
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