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ABSTRACT

Humans face a dynamic world that requires them to constantly update their knowledge. Each
observation should influence their knowledge to a varying degree depending on whether it
arises from a stochastic fluctuation or an environmental change. Thus, humans should
dynamically adapt their learning rate based on each observation. Although crucial for
characterizing the learning process, these dynamic adjustments have only been investigated
empirically in magnitude learning. Another important type of learning is probability learning.
The latter differs from the former in that individual observations are much less informative and a
single one is insufficient to distinguish environmental changes from stochasticity. Do humans
dynamically adapt their learning rate for probabilities? What determinants drive their dynamic
adjustments in magnitude and probability learning? To answer these questions, we measured the
subjects’ learning rate dynamics directly through real-time continuous reports during magnitude
and probability learning. We found that subjects dynamically adapt their learning rate in both
types of learning. After a change point, they increase their learning rate suddenly for magnitudes
and prolongedly for probabilities. Their dynamics are driven differentially by two determinants:
change-point probability, the main determinant for magnitudes, and prior uncertainty, the main
determinant for probabilities. These results are fully in line with normative theory, both
qualitatively and quantitatively. Overall, our findings demonstrate a remarkable human ability
for dynamic adaptive learning under uncertainty, and guide studies of the neural mechanisms of
learning, highlighting different determinants for magnitudes and probabilities.

SIGNIFICANCE STATEMENT

In a dynamic world, we must constantly update our knowledge based on the observations we
make. However, how much should we update our knowledge after each observation? Here,
we have demonstrated two principles in humans that govern their updating and by which they
are capable of dynamic adaptive learning. The first principle is that when they observe a
highly surprising event indicating a likely change in the environment, humans reset their
knowledge and perform one-shot learning. The second principle is that when their knowledge
is more uncertain, humans update it more quickly. We further found that these two principles are
differentially called upon in two key learning contexts that could be associated with different
brain mechanisms: magnitude learning (which primarily requires adaptation to surprise, under
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the first principle) and probability learning (which primarily requires adaptation to uncertainty,
under the second principle). Our findings advance understanding of the mechanisms of human
learning, with implications for the brain and the development of adaptive machines.

INTRODUCTION

Humans live in a dynamic world that requires them to constantly update their knowledge as
events unfold. For example, new construction works that cause significant delays in transpor-
tation should prompt users to revise their estimate of their typical commute time. This learning
process is a fundamental part of our adaptive behavior, and a field of study that spans the
sciences of behavior, brain, and machines (Rescorla & Wagner, ; Rosenblatt, ;
Schultz et al., ; Sutton & Barto, ).

Learning is challenging because the environment is often not only dynamic, but also sto-
chastic. When we take public transportation, for example, our commute time varies from day
to day due to stochastic fluctuations. However, a delay can also be caused by an abrupt
change, such as construction work, that may persist for several weeks. In this case, we face
an ambiguity when a delay occurs: is it due to stochastic fluctuations (in which case we should
not significantly change our estimated average commute time), or a genuine change point (in
which case we should revise our estimate more drastically)? The challenge lies in determining
the appropriate weight to give to the current observation (the observed delay) in our learning
process.

A descriptive tool to quantify the weight given by the learner to an observation is the appar-
ent learning rate, which we will simply call learning rate hereafter (Heilbron & Meyniel, ;
Nassar et al., ). The learning rate measures the amount of update of the learned value
(from v, ; to vy induced by the observation x; in proportion to its deviation from the previously
learned value:

ar = (vi = Vi) /(X = Vi) (1)
This tool is useful for characterizing the learning process and distinguishing several levels of
adaptive learning (Foucault & Meyniel, ; Soltani & Izquierdo, ). Level zero (non-

adaptive) corresponds to a constant learning rate, as in the delta rule, a widely used learning
model in psychology and neuroscience. This model accounts for the basic fact that the amount
of update increases with the discrepancy between the expectation and the observation (also
known as prediction error). It has led to numerous successes across various forms of learning,
including associative learning and reinforcement learning in humans, animals, and artificial
agents (O’Doherty et al., ; Rescorla & Wagner, ; Rosenblatt, ; Schultz et al.,

; Sutton & Barto, ). Beyond level zero, adaptive learning processes involve an adap-
tation of the learning rate at some level. We distinguish two levels of adaptive learning: one is
at the average level over a block of trials, and the other is more fine-grained, at the level of
individual trials.

A first level of adaptive learning corresponds to adjusting the average learning rate to the
global statistics of the environment. Two relevant statistics for adjusting the average learning
rate are the average frequency of change points (also known as volatility) and the level of sto-
chasticity in the environment (Soltani & Izquierdo, ). To illustrate, change points are more
frequent in transportation systems where construction campaigns are more frequent, and com-
mute times are less stochastic in transportation systems that are better organized. When
change points are more frequent, the average learning rate should be higher to update the
estimated value more quickly. Accordingly, previous studies have shown that humans use a

OPEN MIND: Discoveries in Cognitive Science 616

¥20Z AeIN G UO Jesn QHO4XO0 40 ALISHIAINN Aq jpd'6€100™ & 1wdo/z900.£2/6€100 € 1wdo/zg | L0 L/10p/4pd-ajoie/iwdo/npa jwioaiip//:dny woly papeojumoq



Adaptive Learning of Magnitudes and Probabilities Foucault and Meyniel

higher average learning rate in a block of trials containing many change points compared to a

block with no change points (Behrens et al., ; Browning et al., ; Cook et al., ).
When the environment is more stochastic, the average learning rate should be lower to stabi-
lize the estimated value. Such an effect has also been observed in humans (Lee et al., ).

A second level of adaptive learning corresponds to dynamically adjusting the learning rate
from one observation to the next depending on what is observed—we refer to it as dynamic
adaptive learning. Such dynamic adjustments are particularly critical to learn effectively in a
dynamic and stochastic environment, so as to increase the learning rate locally when a single
change point is detected (Foucault & Meyniel, ; Nassar et al., ). Compared to the first
level (different average learning rates between blocks of trials), less is known in humans about
this second level (dynamic adjustments of the learning rate at the trial level).

Dynamic adaptive learning has been demonstrated in humans in the case of magnitude
learning. Empirical evidence is available for several kinds of magnitudes including symbolic
numbers (Nassar et al., ), positions (McGuire et al., ), and angular directions (Vaghi
et al., ). However, these studies leave unexplored another common type of learning:
probability learning. In the transportation example, this could be the probability that a traffic
jam (or an incident in transit) occurs and causes us to be late.

The literature on probability learning is vast, from the learning of reward probabilities to
stimulus occurrence to the validity of attentional cues, but it remains unknown whether
humans dynamically adapt their learning of probabilities. Previous studies are not suitable
to examine trial-level adjustments of the learning rate. Many of them are based on choices,
from which only an average learning rate can be estimated, as a model parameter that is fitted
across many choices and compared between blocks of trials (Behrens et al., ; Browning
et al., ; Cook et al., ; Cools et al., ).

From a learning perspective, magnitudes and probabilities present a fundamental differ-
ence: the amount of information provided by a single observation about the quantity to be
learned is typically much lower for probabilities than for magnitudes (see for com-
mon examples). This amount of information should in principle regulate the learning rate: the
more information the observation provides about the quantity to be learned, the higher the
learning rate should be. In particular, a single observation may be informative enough to detect
a change point and thus immediately increase the learning rate. Conversely, when observa-
tions are less informative, change points are more ambiguous (difficult to distinguish from
stochastic fluctuations), making dynamic adaptive learning all the more challenging.

In light of these differences, what has been demonstrated about human adaptive learning in
the context of magnitudes may not generalize to probabilities. A comprehensive understand-
ing of dynamic adaptive learning requires to study probability learning and to compare it
directly to magnitude learning, in order to uncover the extent and determinants of dynamic
adjustments in each case. Here, we address two main questions:

1) Do humans dynamically adapt their learning rate in probability learning (level 2, intro-
duced above) or use a fixed learning rate (level 0)? What are their adjustment dynam-
ics, and how do they compare to those of magnitude learning?

2)  What are the computational determinants of the dynamic adjustments of learning rates?

To answer these questions, we conducted a study in which human subjects performed two
learning tasks, a magnitude learning task and a probability learning task. We developed a
new experimental paradigm to measure the subject’s learning rate directly from their report
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at each observation. This measure of the learning rate serves to characterize the human
learning process.

To identify the determinants of adjustments in learning rates, we adopted a normative
approach (also known as rational analysis) (Lieder & Giriffiths, ; Oaksford & Chater,
). We studied the optimal Bayesian solution to the learning problem posed and derived
normative theoretical properties, which we then tested in subjects. We want to stress that we
make no claims about the algorithm used by subjects to achieve these properties (we use the
Bayesian solution as a means to identify these properties, not as a model of the algorithm).

We identified two computational determinants and we show that they play a quantitatively
different role in the two types of learning. Overall, our results show a remarkable alignment of
human behavior with normative behavior in dynamic adaptive learning, even in the difficult
case of probability learning.

RESULTS

Measuring the Learning Rate at Each Observation During Magnitude or Probability Learning

To measure subjects’ learning rate at each observation as they are learning, we developed a
new experimental paradigm where subjects update their estimate in real time as they observe a

sequence of stimuli occurring one at a time at regular intervals of 1.5 s ( ). We obtained
real time reports by continuous motion tracking: the estimation is done with a slider that fol-
lows the subject’s motion, captured on a touchpad or a mouse ( and B). The subject’s

estimate (v;, obtained from the slider position) is thus collected at each observation
(x;, t indexes the observation). This allows us to calculate the learning rate for each observa-
tion using

Note that the learning rate calculated in this way is directly obtained from the subject’s
estimates (Nassar et al., ), rather than derived from model fitting, as is often done (Behrens
etal, ; Browning et al., ; Cook et al., ). This learning rate is a behavioral mea-
sure that makes no assumptions about the computational process used by subjects for learning.
The learning rate can thus be measured for all kinds of learning models and compared to
subjects.

We developed two learning tasks using this paradigm: a magnitude learning task and a
probability learning task. In order to compare their results, we adopted a similar design and
task structure. In both tasks, the subject’s goal is to estimate a hidden quantity (magnitude or
probability) from the observations they receive, and to produce estimates as accurate as pos-
sible at each observation. During the observation sequence, the hidden quantity undergoes
discrete changes at unpredictable random times called change points (not limited to reversals),
which are also hidden (subjects are not told when a change point occurs). In the magnitude
learning task, the hidden magnitude is the mean horizontal position generating the observed
stimulus positions. Subjects were instructed that a hidden person was throwing snowballs and
that their goal was to estimate the position of this hidden person based on where the snowballs
are landing, knowing that the hidden person could change position from time to time without
their knowledge ( ). In the probability learning task, the hidden probability is the prob-
ability of the centrally-presented stimulus being blue (vs. yellow). Subjects were instructed that
the colors were drawn by spinning a wheel filled with a certain proportion of blue and yellow
and that their goal was to estimate this proportion, knowing that the wheel could be changed
from time to time without being told when it changes ( ). The observation sequences
were generated, in the magnitude task, using the same parameters as (Nassar et al., ) for
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Continuous learning paradigm
A Magnitude learning task B Probability learning task
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Figure 1. Magnitude and probability learning tasks with estimates reported in real-time. (A and B) Screenshots of the two tasks. The subject
must estimate a hidden quantity (magnitude or probability) based on the stimuli which appear one by one at regular intervals (1.5s). This
quantity changes at hidden, unpredictable times called change points. The subject reports their current estimate by moving a slider in real
time via motion tracking. For the magnitude task (A, frames show successive times), the hidden quantity is the mean horizontal position gen-
erating the stimuli (white circles). For the probability task (B), it is the probability that the circle appearing in the center is blue vs. yellow. Semi-
transparent elements indicating slider movements were added here for explanation. (C and D) Screenshots of the task instructions. For the
magnitude task (C), subjects were told that they should estimate the position of a hidden person throwing snowballs based on where the balls
are landing (the white circles), and that the person could change position at random times without their knowledge. For the probability task
(D), subjects were told they should estimate the proportion of blue and yellow on a hidden wheel used to draw the observed colors, and that
the wheel could be changed at random times without their knowledge. (E and F) Example of one session of the magnitude (E) and probability
(F) task. Vertical dotted lines indicate the first observation after a change point. Thin dotted lines show the hidden quantity values. Dots rep-
resent observations (positions in (E), colors in (F)). The blue line shows the subject’s estimate after each observation (0: left edge of the slider, 1:
right edge). (G and H) Accuracy of subjects’ estimates for each observation compared to normative (i.e., optimal) estimates in the magnitude
(G) and probability (H) task. The data were binned in 6 equal quantiles of normative estimate and averaged within-subjects. Points and error
bars (too small to be seen) show mean + s.e.m. across subjects, dashed line is the identity line.
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comparison (same or very similar parameters were also used in other magnitude learning stud-
ies (McGuire et al., ; Vaghi et al., )). In the probability task, we used a probability of
change point occurrence that made the task engaging and difficult but still tractable for sub-
jects. (See for more details.)

The human subjects (n = 96) performed the two task one after the other, in a counterbalanced
order across subjects (see an example session for each task and F). We evaluated sub-
jects” estimate accuracy at the level of each observation by comparing their estimates with the
normative estimates, i.e., the optimal estimates given the observations received. Although
change points were frequent, subjects were able to produce accurate estimates (close to norma-
tive) of magnitudes and probabilities (Pearson r=0.96 £ 0.01 and 0.80 = 0.01 mean + s.e.m.,
tys > 55.7, p< 10772 in both cases, see and H). (See for further
details on the comparison between the normative estimates and the subjects” estimates.)

Subjects Dynamically Adapt Their Learning Rate After a Change Point for Probabilities, and Differently
Than for Magnitudes

As per question 1, we investigated subjects’ ability to dynamically adapt their learning rate in
response to change points, by calculating their learning rate with and analyzing its
dynamics around the change points. An optimal learner should increase their learning rate
when they believe that a change point has occurred recently, to quickly update their estimate,
and then decrease their learning rate to stabilize their estimate (see illustration of this behavior
and how it differs from that of a learner using a fixed learning rate in ). Note that
change points are more difficult to detect in the probability learning task because the amount
of information provided by a single observation is much lower than for magnitude learning
( ). Despite this difficulty, subjects dynamically adapted their learning rate remarkably
well, not only in the magnitude learning task, but crucially also in the probability learning task

( and B).
In the magnitude learning task, the learning rate dynamics we found ( ) replicate
those found in previous studies of magnitude learning (McGuire et al., ; Nassar et al.,
; Vaghi et al., ). The increase in learning rate occurs immediately and mainly at

the first observation after a change point, with a learning rate suddenly close to 1. In the prob-
ability learning task, the learning rate dynamics show an increase that is smoother and more
prolonged, remaining significantly higher at the eighth observation after a change point com-
pared to before the change point ( ). Importantly, these different dynamics are very
similar to those prescribed by normative theory (see insets in ; the Pearson correlation
between subject’s mean dynamics and the normative one is 0.99 in both tasks; the amplitudes
of their dynamics are also similar to the normative ones, shown in further detail in ).
We also controlled for the frequency at which subjects updated: we observed similar, signif-
icant dynamic adaptations of the learning rate even after excluding from analysis all observa-
tions where subjects did not report an update ( ). (Note that subjects frequently
updated their estimate in our study, see ).

Two Normative Determinants of the Learning Rate

Having demonstrated the dynamic nature of subjects’ learning rate, we sought to identify the
determinants that drive these dynamics (question 2). To this end, we formalized the two tasks
within the same probabilistic framework and resorted to the general principles that govern
learning according to normative theory. Below, we summarize the essential elements for
understanding the normative determinants identified.
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Figure 2. Dynamics of subjects’ learning rate in response to a change point in the two tasks. The subjects’ learning rates were measured at
each observation (Equation (1)), then aligned to change points and averaged within-subject. Lines and error bands show mean + s.e.m. across
subjects. Subjects dynamically adapt their learning rate after a change point, increasing it transiently and mainly at the first observation in the
magnitude learning task (A), and more prolongedly in the probability learning task (B). Stars show statistically significant differences compared
to the baseline measured at the two observations before the change point (p < 0.05, two-tailed, FWE cluster-corrected for multiple compar-
isons across time). The subjects’ learning rate dynamics are very similar to those prescribed by normative theory, shown in the insets. (C)
Examples illustrating the difference in behavior between a fixed learning rate (delta-rule, red curves, for different values of the learning rate)
and a dynamic one (normative learner, black curve). When the learning rate is fixed, regardless of its value, the behavior shows systematic
deviations making learning less efficient: after a change point, the estimates are too slowly updated, and in the absence of change points, they
fluctuate too much following the random variability in observations. By dynamically increasing and then decreasing the learning rate after a
change point, the normative learner quickly updates and then stabilizes its estimate.

According to normative theory, optimal estimates are obtained by calculating the posterior
distribution p(h; | x; ., that is, the posterior distribution for the value of the hidden quantity (h,),
given the observations received so far in the sequence (x;.). The posterior must be updated
each time a new observation is received. The normative updating process, whereby the new
posterior is calculated from the previous one and the last observation, can be broken down
into two steps (see Figure 3A and Equation (4) in Methods). In the first step, the previous pos-
terior (that is, the posterior on h,;) is transformed into a prior on h, by incorporating the gen-
erative probability of a change point occurring between the two. In the second step, this prior
is multiplied with the likelihood function of the last observation to give the new posterior (that
is, the posterior on h)).

Two factors determine the amount of update (and therefore, the learning rate, which is pro-
portional to the amount of update, Equation (1)) that results from the product of the prior and
the likelihood function (Figure 3B).

(i) The prior uncertainty, u,, quantified by the standard deviation of the previous posterior:

ur = SD[ht—1 |X1:t—1] 2)
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Figure 3. Two determinants regulate updating in normative theory. (A) The normative updating process involves the product of the prior, p(h,
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| x7.1), and the likelihood of the last observation, p(x; | hy. (B) The amount of update resulting from the product is determined by two factors:
the uncertainty of the prior (dispersion), and the change-point probability indicated by the last observation (visualized by the degree to which

the likelihood overlaps with the prior: the less it overlaps, the greater the change-point probability). (C) Illustration of the effect on the update of

each determinant in each task. The specific effect of each determinant is shown by manipulating either the likelihood (through the last obser-

vation) or the prior (through the observations prior to last). A higher change-point probability or prior uncertainty each produce a greater

update (visible by the shift of the distribution and its mean between the prior and posterior). Vertical dashed lines on the plots of the distri-
butions indicate their means. On the likelihood and posterior plots, the prior is shown in semi-transparency to visualize the overlap and the

update, respectively.
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Adaptive Learning of Magnitudes and Probabilities Foucault and Meyniel

This is the uncertainty about the value of the hidden quantity before receiving the last
observation. The greater the uncertainty, the larger the resulting update for the same observa-
tion, as the wider spread of the distribution leads to a larger shift (towards values where the
likelihood is greater) when it is multiplied with the likelihood function. See , right.

(ii) The change-point probability, Q, which is the term used in previous literature for the
estimated probability that a change point occurred at the last observation (McGuire et al.,
; Nassar et al., , ; Vaghi et al., ). It is expressed as:

Q= P(hz # hi | X1:t) (3)

The change-point probability can be understood as the degree to which the likelihood func-
tion deviates from the prior. Visually, it corresponds to the degree to which the likelihood func-
tion and the prior overlap ( ). The change-point probability is inversely proportional to
this overlap (see denominator of in : the integral is equivalent to the area
under the curve of the product of the two curves, which is strongly related to their area of
overlap). Itis also strongly related to the magnitude of the error elicited by the last observation,
X; — Vi1, also known as prediction error (Spearman correlation p > 0.97 in each of the two
tasks). A higher change-point probability leads to a larger update because, as the change-point
probability increases, the previous posterior is increasingly discarded (by multiplication with
the likelihood function). See , left.

Differential Effect of the Two Determinants in Magnitude and Probability Learning

Normative theory predicts a differential effect of change-point probability and prior uncer-
tainty on the learning rate in the two tasks: the effect of change-point probability should
dominate over that of prior uncertainty in the magnitude learning task, and the effect of prior
uncertainty should dominate over that of change-point probability in the probability learning
task ( ). The effect sizes are measured by the weights of a multiple linear regression on
the learning rate, and made comparable through z-scoring prior to regression. This differential
effect is due to the fact that the variations of the two factors are not equal in the two tasks:
change-point probability has much larger variations in magnitude learning compared to the
probability learning, and conversely, prior uncertainty has much larger variations in probabil-
ity learning compared to the magnitude learning ( ). Thus, while both factors modu-
late the learning rate in both tasks, the factor that varies the most in the task is most responsible
for the variations in the learning rate. The differences in variations of the two factors are related
to differences in the likelihood function involved in magnitude vs. probability learning, which,
in the case of magnitude, is more precise (see , top vs. bottom), provides more infor-
mation ( ), and thus significantly reduces uncertainty and can produce extreme values
of change-point probability.

We further characterized the effects of change-point probability and prior uncertainty by
relating them jointly to the learning rate and plotting the qualitative patterns that should be
found in the two tasks ( and D). These effects are best understood when viewed over
time, by relating the variables to each other and to the observations, see and

Do human subjects regulate their learning rate according to the two determinant factors as
predicted by normative theory? To find out, we performed the same analyses as we had done
with the normative model but using the subjects’ learning rates instead. All the normative sig-
natures we had identified were found in the subjects. First, the weights of change-probability
and prior uncertainty on subjects’ learning rates are significant in both tasks ( and B)
(in the magnitude task, mean + s.e.m weight and two-tailed t-test against zero for change-point
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Figure 4. Differential effect predicted by normative theory in the two tasks. (A) In the magnitude task, the effect of change-point probability
on the learning rate should dominate over that of prior uncertainty, whereas in the probability task, the effect of prior uncertainty should
dominate. Effects are quantified by the weights of a multiple regression of the two factors on the normative learning rate (to make the weights
commensurable, all variables were z-scored). (B) Ranges of variation (min, max) of the two determinants in the two tasks. (C and D) Relation-
ship patterns predicted between the learning rate, prior uncertainty and change-point probability in the magnitude (C) and probability (D) task.

In A, C and D, we carried out the analyses on the model in the same way as for subjects in

. (E and F) Examples illustrating the

dynamics of the different normative variables as a function of the sequence in the magnitude (E) and probability (F) task; note that the y-axis
greatly differs between tasks for change-point probability, prior uncertainty and learning rate.
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probability: 0.43 + 0.02, tys = 23.4, p=10"*', and for prior uncertainty: 0.14 + 0.01, ty5 =
13.8, p= 10"2%; in the probability task, for change-point-probability: 0.07 + 0.02, ty5 = 4.3,
p =107, and for prior uncertainty: 0.15 = 0.01, tys = 17.0, p = 10739. Second, in the
magnitude task, the weight of change-point probability is significantly higher than that
of prior uncertainty ( ; two-tailed paired samples t-test: tys = 17.1, p = 103, see also
results in Supplementary Text 2 for comparison with previous studies). Conversely, in the prob-
ability task, the weight of prior uncertainty is significantly higher than that of change-point
probability ( i tys = —4.4, p=10">). Third, a graded co-variation of the learning rate
with prior uncertainty can be observed in the magnitude task ( ) and even more so in
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Figure 5. Subjects’ learning rates are differentially affected by the two determinants, as predicted
by normative theory. (A and B) Weights of the change-point probability and prior uncertainty on
subjects’ learning rates in the magnitude (A) and probability (B) task, calculated per subject by mul-
tiple regression on the subject’s learning rate. As predicted in , the effect of change-point
probability dominates in the magnitude task; that of uncertainty dominates in the probability task.
% p < 0.001, two-tailed ttests. (C and D) Subjects’ learning rate increases with prior uncertainty,
especially in the probability task. (E and F) The interaction effects between prior uncertainty and
change-point probability on subjects’ learning rate are similar to the normative model (

and D). In all plots, subjects’ learning rates were measured at each observation ( ), and
prior uncertainty and change-point probability were calculated using the normative model for the
same observations. Bars/dots and error bars show mean = s.e.m. across subjects.
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the probability task (Figure 5D). Fourth, the interaction effects between prior uncertainty and
change-point probability on the learning rate in subjects are similar to the normative ones
(Figure 5E and F).

Average Human Learning Is Close to Normative

So far, we have investigated the many ways in which human learning behaves normatively,
but it might also have systematic deviations. Here, we studied systematicity at the group level
by quantifying a systematic deviation as the degree to which the average estimate of human
participants for a given observation deviates from normative estimate. Systematic deviations
should be distinguished from non-systematic deviations, arising from mere variability. Both
contribute to the deviations observed in subjects, but what proportion of those deviations
can be attributed to the systematic vs. non-systematic component at the group level?

We disentangled the two components by performing a decomposition of the mean squared
error. According to statistical theory, the mean squared error (mse) is the sum of two sources of
error: the (squared) bias error (sbe), which is the systematic component, and the variance error
(var), which is the non-systematic component (Hastie et al., 2009).

mse = sbe + var

Here, we are interested in the error between the normative estimate and the subjects’ esti-
mate for a given observation of the same sequence. To measure the bias and variance errors
empirically in our study, we presented identical observation sequences across subjects (see
Figure 6, examples at the bottom). This allowed us to empirically calculate the mean and var-
iance of the estimate across subjects, and the resulting bias and variance errors, for each obser-
vation of each sequence (see Methods for the mathematical expressions of this calculation).
We then summed the errors across observations and sequences to obtain the proportion of the

A Magnitude learning task B Probability learning task
Total subject deviations from normative estimates Total subject deviations from normative estimates
systematic variance of estimates systematic variance of estimates
i for identical sequences bias for identical sequences
23.5% 17.3%
1.0 A 1.0
Human average Human average
0.8 1 0.8
o
= /
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s 0.6 = 0.6
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Figure 6. Group-level decomposition of deviations from normative learning reveals minor systematic deviations compared with the overall
variance. Identical observation sequences were presented across subjects. The bottom plots show, for one of the sequences in each task and
each observation in the sequence, the estimates of different subjects, their average and the normative estimate. The total deviation (mean
squared error) between the subjects’ estimates for a given observation and the normative estimate is equal to the sum of two terms: the bias
and the variance, which respectively measure systematic and non-systematic deviations across subjects. We calculated the proportion of
bias/variance across sequences. The bar graphs at the top show the total proportion across sequences + s.e. (obtained by bootstrapping)
for the magnitude (A) and probability (B) task.
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total mean squared error due to bias vs. variance. (Note that the variance measured in this way
at the group level encompasses both inter-subject variability, which accounts for individual
biases non-reproducible across individuals, and intra-subject variability as in Drugowitsch
et al. ( ), which is reflected across subjects in our case as there is at most one
presentation per subject.)

Using this method, we found that only a small proportion of the deviations were systematic:
in total across sequences, the bias/variance ratio was 23.5/76.5% (+1.1% s.e.) in the magni-
tude learning task and 17.3/82.7% (x0.7% s.e.) in the probability learning task ( ). This
indicates that there are relatively few systematic deviations in average human learning.

We observe that there is variability in subjects’ estimates, and this variability seems to be
autocorrelated over time (as seen in the examples in ). Such a variability can be pro-
duced in a model by introducing noise in the learning process. In other studies, introducing
learning noise helped better explain subjects’ choices, and resulted in an adjustment of choice
stochasticity (also known as exploration-exploitation tradeoff) to the surprise level
(Drugowitsch et al., ; Findling et al., ). These observations led us to wonder
whether such a learning noise could give rise to the adjustments of the learning rate we
observed in subjects. We examined this possibility through simulations of learning noise
( ), with a noise level that could be constant, as in Drugowitsch et al. ( ), or
scaled to the magnitude of the prediction error, as in Findling et al. ( ). In both cases,
these simulations did not reproduce any of the learning rate adjustments observed in subjects
( ). Therefore, the results reported in our study regarding the subjects’ ability to
dynamically adapt their learning rate are not explained by learning noise.

DISCUSSION

Many studies in psychology and neuroscience use a fixed learning rate to model the subject’s
behavior (with models known by various names such as delta rule, Rescorla-Wagner, temporal
difference (TD) learning, Q-learning, SARSA ...) (O’Doherty et al., ; Rescorla & Wagner,

; Rosenblatt, ; Schultz et al., ; Sutton & Barto, ). Our results actually show
that in humans, the learning rate varies dynamically from one observation to the next based on
what is observed, and is normatively adapted in response to inferred changes in the environ-
ment ( ). We found evidence for these normative dynamic adjustments of the learning
rate in two common types of learning, namely magnitude learning and probability learning,
despite fundamental differences that exist between these two types of learning, demonstrating
the generality of dynamic adaptive learning in humans.

The dynamic adaptation we have shown for probability learning is distinct from an average
adaptation to global environmental statistics such as volatility. In the latter, the average learn-
ing rate was found to be higher in a block of trials containing many change points (volatile
block) than in a block containing no change points (stable block) (Behrens et al., ;
Browning et al., ; Cook et al., ). Here, the adjustment of the learning rate we report
is not on average across trials but from trial to trial, in response to single change points. This
dynamic adaptation implies an adaptation to volatility (because more volatile environments
have more change points, inducing more frequent increases in the learning rate and thus a
higher average learning rate), but the reverse is not necessarily true. For instance, adaptation
to volatility can arise from a switch between strategies that are tailored to different volatility
conditions, with each strategy having its own static learning rate; for example, in a choice
task, a strategy closer to choice repetition can be used in the stable condition and one closer
to win-stay, lose-shift in the volatile condition (Cook et al., ).
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The generality of our finding is further strengthened by several advantages of our paradigm
compared to the numerous probability learning paradigms based on choices used previously,

such as probabilistic reversal learning paradigms (Behrens et al., ; Browning et al., ;
Cook et al., ; Cools et al., ). First, our measure of the subjects’ learning rate does not
require any model. It is obtained directly from the subjects’ behavior ( ). It is there-

fore not sensitive to the researcher’s modeling assumptions, as is the case when the learning
rate is estimated by fitting a model parameter across trials. Second, change points in our tasks
are not limited to simple reversals and the times at which they occur are completely unpre-
dictable). This eliminates the possibility that subjects may have anticipated the change points
(as do some models of reversal tasks (Costa et al., ; Wilson et al., ).

Before further discussing the implications of our findings, we would like to highlight the
context in which they were obtained. Here, we aimed to study how subjects learn the hidden
variable (a magnitude or a probability) of a given generative process, not how they learn the struc-
ture of a generative process. Therefore, we provided subjects with detailed instructions so that they
fully understood the generative process of the task, and the goal of estimating a time-varying var-
iable. Learning in a context where the structure is unknown, or partially known (to the extent of the
instructions), is a different problem and subject of study known as structure learning (Gershman &
Niv, ). It requires a distinct theoretical treatment and needs its own empirical investigation.
The extent to which our findings apply to structure learning remains to be determined.

Given that dynamic adaptive learning has been demonstrated in our study, research in neu-
roscience should now uncover its neural mechanisms. To study this question, our paradigm
could be reused in neuroimaging experiments, and as a starting point, neural measurements
could be related to the computational determinants we presented. Catecholaminergic neuro-
modulators (noradrenaline and dopamine) are good candidates for investigation as several the-
oretical and empirical works indicate that they may play a role in regulating learning based on
surprise and uncertainty (Aston-Jones & Cohen, ; Yu & Dayan, ). These neuromod-
ulators provide a biological implementation of gating, also known as gain modulation, a com-
putational mechanism that we have previously shown to play a crucial role for artificial neural
networks to achieve the very same dynamic adaptations that we have found here in humans
(Foucault & Meyniel, ).

Differences Between Magnitude and Probability Learning

In light of the differential effects we found in the magnitude and probability learning tasks
( ), it will be important in future studies of learning to distinguish the contribution of,
on the one hand, the effects related to the immediately received observation and the quantities
associated with it, such as error magnitude, surprise and change-point probability, and on
the other hand, the effects of prior uncertainty arising from past observations. Moreover, it
will be important to distinguish the role of these two types of effects in magnitude learning
vs. probability learning, as they do not necessarily involve the same mechanisms in these
two types of learning. In the present study, we found that there was overall little correlation
between the magnitude and probability task across subjects in terms of how much they
weighted change-point probability (no correlation, r=—0.01) and prior uncertainty (significant
but weak correlation, r= 0.26), compared to e.g. how frequently they updated their reports (r =
0.63) (see for more details). This invites us to be particularly careful and
to not consider a priori that the results discovered in one type of learning will generalize to all
types of learning under uncertainty, because it runs the risk of confusing what are potentially
very different processes.
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Comparing previous fMRI studies conducted separately on magnitude learning (McGuire
et al., ) and probability learning (Bounmy et al., ; Meyniel & Dehaene, ), we
noted differences between the two in the neural correlates that were specific to each type of
effect. Specifically, when examining the selective effects of the error (quantified by change-
point probability or surprise), we noted that frontal regions were implicated mainly in proba-
bility learning (right superior frontal gyrus, left and right supplementary and cingulate eye
fields). In magnitude learning, they involved primarily medial regions of the visual cortex
(calcarine sulci), whereas in probability learning the effects in visual cortex were more lateral
(left/right V3/V4). When examining the selective effects of prior uncertainty (quantified by
relative uncertainty or confidence), we noted that ventromedial and anterior prefrontal cortex
regions were involved primarily in magnitude learning. Interestingly, both types of learning
showed neural correlates in the parietal cortex, but in magnitude learning these correlates
were specific to prior uncertainty, whereas in probability learning they were common to both
prior uncertainty and surprise.

In general, several factors may give rise to differences between the two types of learning.
First, there may be distinct neural mechanisms for processing different types of quantities (mag-
nitudes vs. probabilities). Second, the ranges and dynamics of change-point probability and
prior uncertainty are different in magnitude and probability learning ( ), and different
neural substrates may be recruited in these different regimes. Third, these two factors may be
processed differently in the two types of learning because, in magnitude learning, change-
point probability is more diagnostic than prior uncertainty for detecting change points, while
in probability learning, prior uncertainty is a more reliable signal for inferring a change point in
the recent past ( and F). In addition, there may be a trade-off in the degree of pro-
cessing one can allocate to compute and use these two factors that favors the most relevant
factor in a given learning context, namely the change-point probability when learning magni-
tudes and the prior uncertainty when learning probabilities ( , and B).

Frequent Updating During the Learning Process

A previous study proposed that the brain does not update its probability estimate at each
observation, but only on rare occasions (Gallistel et al., ). This conclusion was based
on an empirical observation: in Gallistel et al.’s study, subjects overtly updated their reported
probability estimate only once every 18.1 observations on average, with only 7% of updates
occurring after a single observation. However, a lack of updating in the subject’s report may
not necessarily reflect a lack of updating in the subject’s internal learning process. In contrast
to Gallistel et al.’s study, our study shows frequent updating during the learning process. Sub-
jects updated their estimate at each observation in the vast majority of cases: 84% of updates
occurred after a single observation (vs. 7% in Gallistel et al.), and on average subjects updated
their estimate every 1.4 observation (vs. 18.1) ( ). This makes our data on human prob-
ability learning rather novel.

This difference in the frequency of report updates between Gallistel et al.’s study and our
study can be explained by task differences: the cost for the subject to overtly update their esti-
mate greatly varies depending on how the task is designed, and when this cost is high, subjects
may not manifest their update. In Gallistel et al.’s task, the action required to update the report
induces a time cost which, by reproducing the task interface, we estimated to be 4 to 5 s per
observation. If subjects had performed this action for all 1,000 observations of a session, it
would have taken them more than an hour (estimated 67 to 83 min) per session, instead of
the 25.6 min they took on average (Gallistel et al., ). In our task, there is no time cost
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since the observations occur at fixed time intervals. This design choice seems to have made
subjects much more willing to express their update. Subjects in our study also received a per-
formance bonus encouraging them to report their updates.

The frequency of subjects’ updating is critical to the results we have shown on the dynam-
ics of the learning rate at the scale of an observation. Note that all our conclusions hold after
stringently excluding from analysis all trials in which the report was not updated ( ).

Computational Models of Human Learning

Although the human learning algorithm remains to be determined, the results shown here
impose strong computational constraints on this algorithm. Models of this algorithm should
be able to exhibit the same dynamic adaptations as humans do in response to change points

and depending on change-point probability and prior uncertainty ( and 5). They
should also be able to reproduce the variability of human learning, and the fact that it is on
average close to normative ( ).

Various models have been proposed in the literature, including the Kalman filter (Kalman,
), the Hierarchical Gaussian Filter (HGF) (Mathys et al., ), @ model estimating the
volatility and stochasticity of the environment (assumed to follow a random walk as in the
Kalman filter) (Piray & Daw, ), the proportional-integral-derivative (PID) controller (Ritz
etal.,, ), an adaptive mixture of delta-rules (Wilson et al., ), a model with metaplastic
synapses guided by a change detection system (ligaya, ), the normative model we used
here (which computes the optimal solution via Bayesian inference) (Adams & MacKay, ;
Behrens et al., ; Heilbron & Meyniel, ), particle filters (which uses sampling to
approximate the optimal solution) (Brown & Steyvers, ; Prat-Carrabin et al., ), and
several architectures of recurrent neural networks (RNNs) (Foucault & Meyniel, ; Wang
etal.,, ). The Kalman filter is a particular case because it qualifies for level 1 but not level 2
of adaptive learning as we presented in the introduction: its learning rate depends on the
global level of stochasticity and volatility in the environment, but does not depend on what
is observed (the changes in learning rate over time are simply dictated by the number of obser-
vations). The other models qualify for level 2 (they dynamically adapt their learning rate), but it
remains to be evaluated to what extent they can, in both types of learning, conform to the
specific normative properties demonstrated here in humans.

In a previous article (Foucault & Meyniel, ), we have shown that a small recurrent
neural network (as small as three recurrent units) could solve the probability learning task
quasi-optimally and reproduce all the above-mentioned normative properties ( to

). This model thus provides a low-cost, neurally feasible solution. In addition, it has the
advantage of not incorporating a generative model of the environment a priori: through mere
exposure to the environment, the network spontaneously develops its dynamic adaptive learn-
ing capabilities (which is sometimes referred to as ‘meta-learning’) (Foucault & Meyniel, ;
Wang et al., ). One mechanistic insight from our study was that small networks demon-
strated optimal adaptive learning capabilities only when equipped with a gating mechanism.
This is interesting to put in perspective with the other proposed models as they often involve
multiplicative interactions (i.e., multiplication between two state variables or a state variable
and an input variable) like gating.

Using our behavioral dataset, future studies will be able to evaluate and compare models to
probe the algorithms underlying human learning. New data can also be collected easily and in
large amounts using the experimental paradigm that we make available to the community
(1 report per observation every 1.5 s).
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Relevance for Artificial Intelligence

Using a dynamic adaptive learning rate is relevant for machine learning and artificial intelli-
gence. The two determinants we identified could guide the search for new efficient, adaptive
learning methods. One advantage of change-point probability and prior uncertainty, com-
pared to state of the art methods such as Adam, AdaGrad and RMSprop (Goodfellow et al.,

), is that they do not require to evaluate the cost function of the task, which in many cases
is not accessible at the level of one input sample (in our task for example, the cost function is
the error between the subject’s estimate and the true quantity, which is hidden). This is espe-
cially relevant for learning from few input samples, as in one-shot or few-shot learning.
According to our findings, change-point probability might be particularly relevant for one-shot
learning in contexts where individual samples are highly informative, and prior uncertainty for
few-shot learning in contexts where individual samples are less informative. This could be
linked to current research in machine learning aimed at improving systems’ ability to assess

their uncertainty (Gal & Ghahramani, ; Hillermeier & Waegeman, ; Kendall & Gal,
; Kompa et al., ).
METHODS

The code of the experiment, the collected data, and the analysis code are all available on our
GitHub repository at . This repository allows other
researchers to reproduce all the results of the article, and enables them to build upon the mate-
rials we have created, including tasks, datasets, and analyses.

Participants

96 human subjects participated in our study (38 female, median age 30 years, interquartile
range 25-37 years, from 19 different nationalities). Participants were recruited from Prolific,
an online platform for recruiting participants focusing on academic research. The study was
approved by the Comité d’Ethique de la Recherche of the Paris Saclay university (#CER-Paris-
Saclay-2023-010). Participants were required to use a computer with a touchpad or mouse
and a screen large enough to perform the task. They were rewarded £8.40 for their participa-
tion (£9/h at an a priori estimated completion time of 56 min, which also turned out to be the
median completion time of the participants), plus a performance-based bonus of up to £4.20
(50% of the base pay). Informed consent was collected before the start of the experiment. No
participants were excluded from the analyses.

Ethics Statement

The study has been approved by the Ethics Committee of the Paris-Saclay University (Comité
d’Ethique de la Recherche, approval #CER-Paris-Saclay-2023-010). Participants gave their
written informed consent prior to participating in the study.

Experiment Steps

The experiment consisted of the following steps: Task 1 instructions, Task 1 sessions, Task 2
instructions, Task 2 sessions. Each task session consisted of a sequence of 75 observations,
taking under 2 min to perform (see examples and F). In total, the subjects took a
median time of 56 min to complete the whole experiment, including instructions (interquartile
range 52-65 min). They performed twenty-one task sessions (six of the magnitude task and
fifteen of the probability task; this split was determined a priori with an independent pilot study
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of eight subjects in order to obtain a sufficiently reliable measure of a subject’s learning rate
adjustments, with approximately equal relative error in the measurement in both tasks). At the
end of each task session, subjects received feedback whose purpose was to maximize sub-
jects’” engagement with the task. This feedback did not seem to induce a training effect, as
performance was stable over the course of the task ( ). The feedback display showed
the subject’s score for the session and the corresponding monetary gain (proportional to the
score), and also showed the true values of magnitude/probability along with the subject’s esti-
mates. The score was calculated based on the mean absolute error between subjects’ estimates
and the true values of magnitude/probability. The function mapping the error to the score was
designed to: normalize the score in 0-100%; keep the score of the normative learner at a con-
stant level (close to 100%); prevent too low scores (equal or close to 0%) that would demo-
tivate subjects, using a softplus nonlinearity.

Task Design

The graphic elements of the tasks were designed with several goals in mind: a) to allow sub-
jects to easily monitor the stimuli as they are appearing and adjust their estimate at the same
time, b) to strike a good balance between speed and accuracy of adjustments, c) to share as
much as possible between the two tasks (see and B and links below to run the
tasks). The total length of the slider track was 640 CSS pixels, such that the leftmost and right-
most reachable position of the slider was at about 6-7° of visual angle from the center (1 CSS
px corresponds to 0.0213° visual angle at the typical viewing distance of the user’s display,

). This allowed the subject to see the
slider and the stimuli at the same time. Tick marks were displayed at every 10% length of
the slider to make location easier for subjects. These elements were shared between the
two tasks. Additionally, there were a few design elements specific to the probability learning
task: labels were put below the tick marks showing the percentage corresponding to the esti-
mated probability (in the magnitude task, this is irrelevant as the position itself is the estimate);
the portions of the slider between 0-10% and 90-100% were hatched to indicate that the
hidden probability never lies within these intervals; a small yellow wheel and blue wheel were
shown at the left and right edge of the slider track, respectively, to indicate the direction of
estimation in relation to the two colors; we chose the blue and yellow colors to be easily rec-
ognizable by humans even with color-blindness.

Within the 1.5 s interval separating the onset of each observation, the stimulus offset
occurred at 1.3 s, and in the 1.3-1.5 s inter-stimulus interval, the slider thumb was highlighted
(lighter stroke color) to indicate to subjects when their estimate was recorded for calculating
their performance.

Throughout the session, subjects could at any time move the slider via motion tracking to
update their estimate. Motion tracking was implemented by continuously tracking movements
of the subject’s pointer (corresponding to finger movements on a touchpad, or to mouse move-
ments). The pointer itself was hidden during the task, to make it clear to the subject that they
were controlling the slider.

In the task instructions, for the magnitude learning task, the choice of the cover story (a
hidden person throwing snowballs) was inspired by Prat-Carrabin et al. ( ).

The tasks can be tested directly online without downloading the repository.

® The magnitude learning task can be tested separately at

OPEN MIND: Discoveries in Cognitive Science 632

¥20Z AeIN G UO Jesn QHO4XO0 40 ALISHIAINN Aq jpd'6€100™ & 1wdo/z900.£2/6€100 € 1wdo/zg | L0 L/10p/4pd-ajoie/iwdo/npa jwioaiip//:dny woly papeojumoq


https://doi.org/10.1162/opmi_a_00139
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://www.w3.org/TR/css-values-3/#reference-pixel
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent
https://run.pavlovia.org/cedricfoucault/ada-learn-task/ada-pos-study.html?skipConsent

Adaptive Learning of Magnitudes and Probabilities Foucault and Meyniel

® The probability learning task can be tested separately at

® The experiment combining both tasks can be tested at
(to perform the magnitude task
first) or (to
perform the probability task first).

Observation Sequences and Sequence-Generating Processes of the Tasks

We generated a set of 100 sequences for the magnitude learning task and 150 sequences for
the probability learning task. Each time a subject performed the tasks, they were shown
sequences randomly sampled without replacement from these sets.

For the sake of clarity and to be able to compare the two tasks, we use here as the reference
unit the horizontal position within the slider interval normalized between 0 and 1 (left and
right edge of the slider track, respectively). This unit applies to the estimates (slider positions)
and the hidden magnitudes/probabilities these estimates are about, and to the observations (for
the probability task, observation ‘yellow’ and ‘blue’ correspond to ‘0’ and ‘1’, respectively,
since when the estimate is equal to 1 this corresponds to a 100% probability of the observation
being blue). For the magnitude learning task, the observation-generating process was the same
as that used by Nassar et al. ( ) in order to replicate their procedure: the observations were
drawn from a Gaussian distribution with a standard deviation of 10/300 (in normalized unit),
and whose mean (the hidden magnitude) changed with a probability of zero for the first three
observations following a change point and 1/10 for all trials thereafter. For the probability
learning task, the observations were drawn from a Bernoulli distribution whose parameter
(the hidden probability) changed with a probability of zero for the first six observations follow-
ing a change point and 1/20 for all trials thereafter. The probability was sampled uniformly
between 0.1 and 0.9 initially, and resampled uniformly in the same interval at each change
point subject to the constraint that the resulting change in the odds p/(1-p) be no less than
fourfold. These parameters were chosen to maintain continuity with previous studies (Bounmy
et al,, ; Heilbron & Meyniel, ; Meyniel et al., ; Meyniel & Dehaene, ).
Sampling probabilities between 0.1 and 0.9 avoids producing sequences with excessively long
streaks of identical observations where almost no update needs to be made. The minimum
distance between change points and the odds-change constraint avoid having change points
that are too short-lived or too subtle to be perceived (even the optimal solution shows almost
no learning rate adjustments in response to such changes). Other studies on probability learn-
ing also used probabilities between 0.1 and 0.9 and constrained change points such that
nearly imperceptible change points did not occur (for comparison, the often-used reversal
between 20% and 80% produces an odds change of 16) (Behrens et al., ; Browning et al.,

; Cook et al., ).

Note that, for the magnitude learning task, we used the same parameter values as previous
studies (Nassar et al., ; Vaghi et al., ). Equalizing the two tasks in terms of the infor-
mative value of the observations would not be practically feasible (see also ).

Behavioral Analyses

The subject’s estimate v, for observation x, was taken as the normalized position of the slider
at the end of the 1.5 s interval just before receiving the next observation (the estimate prior to
the first observation, vy, is 0.5, as the slider is initially positioned in the middle). The value x; is
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equal to, for the magnitude task, the (normalized) position of the stimulus, and for the prob-
ability task, 1 for a blue draw and 0 for a yellow draw. v,_; and v; are the subject’s estimate
prior to and after receiving that observation, and ¢; is the subject’s learning rate for that
observation.

In the results relating to the subjects’ estimate accuracy, the significance was calculated by
computing the Pearson correlation at the subject-level between the subject’s and the norma-
tive estimates, and then performing at the group-level a two-tailed, one-sample t-test of those
correlations against zero.

When analyzing learning rates in the magnitude learning task, similar to Nassar et al. ( )
and Vaghi et al. ( ), we ignored from the analyses outliers in the learning rates (which
might occasionally occur when the error is very close to 0), corresponding to learning rates
above 1.3 or below —0.6. These values were determined a priori using the distribution of the
subjects’ learning rates in an independent pilot study of eight subjects by taking the values
above and below which the empirical density was less than 0.05.

Normative Models

Normative models are Bayesian models that compute the posterior distribution p(h; | x;.),
which is the probability distribution over the latent quantity that generates the observations
(hy given the observations received by the subject (x;.), with knowledge of the true generative
process of observations of the task (Ma et al., ).

Given the properties of the generative process in both tasks, this distribution can be com-
puted sequentially using the following update equation (this method is known as Bayesian
filtering, for a textbook, see Sarkka and Svensson ( ).

p(ht | X1:1) oc P(Xt | ht) P(ht | X1:t—1)
o< p(x; | hy) fp(hr | he1) p(her | xi:-1) dhe

where o< denotes equality up to a normalization constant (the left-hand side is obtained
from the right-hand side by dividing the right-hand side by its sum over the possible values of
hg1, so that the distribution sums to 1). This equation is derived by applying the rules of
probability theory and leveraging two conditional independence properties of the generative
process: hy is conditionally independent of xi given h;, and x. is conditionally independent
of x1.; given hg.

“4)

Having computed the posterior distribution, its mean can be computed to obtain the
model’s estimate, v; = E[h; | x;.J, and its standard deviation to obtain the uncertainty, which
is the prior uncertainty for the next time step (u; = SD[h1 | X7..~1], ). The change-
point probability can be computed from the posterior distribution using the following equa-
tion, which is derived from Bayes’ rule by leveraging the two conditional independence
properties mentioned above:

Q; = p(h # hi-1]x1:) (5)
= p(x¢ | hy # hi—) p(he # hH)/fp(Xf | he) phe | X1.0-1) dhe

Below, we provide the details of the specific implementation of the model we used for
each task.

Probability Learning Task. We reused the implementation of the Bayesian model for the prob-
ability learning task of Meyniel ( ) whose code is available online at
. We made one modification to match the task asked of
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the subject in the present study: as the subject was told that the hidden probabilities are drawn
in [0.1, 0.9] (with the restriction of the slider to that interval), we also incorporated this knowl-
edge into the model, by setting the corresponding distribution, p(h;) and p(hyq | het # hy,
equal to the uniform distribution on [0.1, 0.9], rather than [0, 1] as in the original version.

Magnitude Learning Task. We implemented the reduced Bayesian model of the magnitude learn-
ing task described in Nassar et al. ( ), which has also been used in other magnitude learning
task studies (McGuire et al., ; Vaghi et al., ). We implemented this reduced model
rather than the full model to replicate the procedure of Nassar et al. ( ), whose magnitude
learning task serves as a reference for comparison with the probability learning task. This model
simplifies computations by only maintaining the first two moments of the posterior distribution,
which was reported to have minimal effect on estimates in this task (Nassar et al., , ).
The model variables are computed sequentially using the following system of equations:

The estimate of the latent mean:

ber1 = by + n:(xt — by)

Vi = by
Learning rate:

=1+ -17)

The change-point probability:
Q[ = U(Xt)H/ [U(X[)H+N(Xt; bt,O'%) (1 - H)]

The predictive variance of observations:
ol =N +N*/(1 — 1)

The relative uncertainty about the latent mean with respect to the predictive variance of
observations:

Tt+1 = [NZQ( + (1 - Q{)Ter + Qf(1 - Qf) (X[Tt + b[(1 - Tr) - X{)2i|

SN2+ (1= Q)rN 4+ (1 = Q) (e + b1 = 70) = x)° + N?]

The uncertainty about the latent mean:
uj = 707

where U is the uniform distribution, N is the normal distribution with the mean and variance
given after the semicolon, N is the standard deviation of the observation generation distribu-
tion of the task generative process, and H = p(h; # h.;) is the probability of occurrence of a
change point of the task generative process.

Bias/ Variance Decomposition of the Mean Squared Error

Having presented the same sequences multiple times across subjects in our study, we have, for
a given sequence k out of K sequences, N(k) subjects who provided estimates (K = 100 and
150 sequences for the magnitude and probability tasks respectively; median N(k) across
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sequences: 6 and 10 for the magnitude and probability tasks respectively). For a time step t of the
sequence, the mean squared error (mse) between the normative estimate (v;) and the subjects’
estimate (Vi” where s(i) denotes the i-th subject among the N(k) subjects) is written as:

N(k)

1 n S(i))z
mse = ——— v — v
N(k) ;( t t
This is equal to the sum of the squared bias error (also called “bias error”) and the variance (also
called “variance error”) (Hastie et al., ). The squared bias error (sbe) is written as:

shbe = (v,” - vf)2

NK)
where v§ = WZVf(” is the mean estimate across subjects.
=
The variance (var) is written as:

N(k)

var = ﬁZ(vﬁ - vf("))2
p

We quantified the precision of our measurement of the proportion of bias/variance (and of
the proportion of conservatism bias in ) by the standard error (s.e., which corresponds
to the margin of error of the 68% confidence interval of the measurement). To estimate it, we
used a bootstrapping procedure. We generated 10,000 new sets of sequences of the same size
as the original set by resampling the original set with replacement, and performed the mea-
surement on each of those sets. The estimate of standard error is the standard deviation of the
measurement across the sets.
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