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Competition between deflection and 
penetration at an interface in the 

vicinity of a main crack

E. Martin, B. Poitou, D. Leguillon, J. M. Gatt

Abstract The mechanisms which govern crack deflection and crack penetration at 
interfaces must be understood in order to design composites and layered materials. Experi-

mental observations have shown that a realistic description of crack deflection must take 
into account the initiation of fracture mechanisms by the stress field of an approaching 
matrix crack. Fracture mechanisms which include interfacial debonding and penetration are 
thus analysed in the vicinity of a main crack. For this purpose, a unit cell consisting of a 
single fibre surrounded by a cylindrical tube of matrix is studied with the help of a finite 
element model. Initiation stress and nucleation length are determined for both mechanisms 
by using an initiation criterion which requires to fulfil an energy and a stress condition. 
Investigating the competition between the initiation of the two mechanisms provides 
decohesion/penetra-tion maps which depend on the strength and toughness of interface and 
fibre. It is shown that the debonding or penetration condition can be reduced to an energy 
or a stress condition depending on the relative value of some characteristic fracture lengths 
of interface and fibre. Finally it is noted that a low toughness interface is not systematically 
a sufficient condition to promote the initiation of deflection.

Keywords Crack initiation · Interfacial fracture mechanics · Composite materials

1 Introduction

Increasing the reliability of brittle composites or laminated systems requires to control 
interfacial crack deflection. Ceramic matrix composites demonstrate damage tolerance if
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matrix cracks are deflected along the fibre/matrix interfaces (Evans et al. 1991). Laminated

ceramic materials offer substantial toughening as a result of the promotion of interfacial

cracking under flexural loading (Phillipps et al. 1994). In both cases, improved toughness

compared to monolithic ceramics is obtained as a consequence of the mechanism of crack

deflection at an interface which must be understood to design the adequate interface (Kerans et

al. 2002). Detailed fracture observations are difficult but various studies in brittle matrix com-

posites have shown that the interface separates before the arrival of the matrix crack at the fibre

(Majumdar et al. 1998; Pagano 1998). This mechanism was also observed in model laminates

and bimaterials as shown by (Lee et al. 1996; Kagawa and Goto 1998; Xu et al. 2003). Those

experimental observations indicate that a realistic description of crack deflection must take

into account the initiation of fracture mechanisms by the stress field of an approaching crack.

As illustrated by Fig. 1, the aim of this paper is to analyse the initiation of interfacial deb-

onding and penetration in the vicinity of a main crack. After crack onset, it is assumed that

the main crack will join the initiated secondary crack. Analysing the competition between the

two mechanisms will thus provide the capability of the interface to promote crack deflection.

This approach is different from previous studies which focus on the competition between

crack penetration and crack deflection with the crack tip located at the bimaterial interface

(He and Hutchinson 1989; Martinez and Gupta 1994; Martin et al. 2001; Parmigiani and

Thouless 2006). Previous authors (Leguillon et al. 2000; Martin and Leguillon 2004) have

attempted to describe the initiation of interfacial debonding in the vicinity of a main crack

with the help of an energy analysis but this approach does not always allow to evaluate the

initiation stress and the corresponding nucleation length. In the present work, use is made of a

more adequate criterion which combines an energy and a stress conditions. The competition

between the two fracture mechanisms can be analysed in order to elucidate the roles of the

Material 

1
Material 

2

(a)

(b)

2d

p

Fig. 1 A stationary main crack located near an interface: (a) nucleation of a debonding crack of length 2d 
and crack deflection at the interface and (b) nucleation of a penetrating crack of length p and crack penetration 
into the interface
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strength and toughness of the components (including the interface) of the bimaterial on crack

deflection. The studied geometry is a composite cell made of a single fibre embedded in a

cylinder of matrix. It is assumed to be representative of a composite system but the results

are presented in non-dimensional terms to evidence the dominating parameters which are

expected to be qualitatively similar for laminated geometries.

2 The initiation criterion

Crack initiation in brittle elastic materials is usually based on stress distribution. The point

stress criterion (Mc Clintock 1958; Whitney and Huismer 1974) states that fracture is initiated

if the opening stress at a characteristic distance reaches a critical value. The average stress

criterion (Novozhilov 1969; Seweryn 1994) assumes that failure occurs when the average

opening stress over a characteristic length equals a critical value. In each case, the criterion

does not refer to any energy balance and requires a tensile strength and a characteristic length

which are supposed to be material properties, independent of geometry and stress distribution.

As proposed by Leguillon (2002), this approach can be improved by combining an energy

and a stress condition to derive an initiation criterion. First, an energy balance between an

elastic state prior to any crack growth and after the onset of a crack extension of area δS leads

to

δW + δWk + GcδS = 0, (1)

where δW is the change in potential energy, δWk the change in kinetic energy and GcδS the

fracture energy (Gc is the material toughness). Under the assumption of plane elasticity, the

increment area is δS = ae is where a is the crack length and e the specimen thickness. This

energy balance leads to an incremental energy condition with

δWk ≥ 0 ⇒ −
δW

δS
= Ginc(a) = A(a)σ 2

≥ Gc, (2)

where σ is the remote applied stress and Ginc(a) is the incremental energy release rate in

which the infinitesimal energy rates of the classical Griffith approach are replaced by finite

energy increments. If the scaling coefficient A(a) is an increasing function of the crack length

(which can be numerically or asymptotically checked in many cases of stress concentration),

the relation (2) provides a lower bound of the crack increment for a given value of the applied

loading.

Second, a stress condition states that the opening normal stress σop along the anticipated

path of crack nucleation is greater than the relevant strength σ c:

σop = kop(a)σ ≥ σ c. (3)

If kop(a) is a decreasing function of the crack length (once again this can be numerically

or asymptotically checked in many cases of stress concentration), relation (3) provides an

upper bound of the crack increment for a given value of the applied loading. Increasing the

loading reduces the lower bound but increases the upper bound. Finally, for a monotonic and

increasing applied loading, the crack increment at nucleation a∗ is obtained by combining

the equalities in (2) and (3) which leads to

A(a∗)
(

kop(a∗)
)2

=
Gc

(σ c)2
, (4)
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The left hand side member of (4) is an increasing function of a∗ vanishing for a∗
= 0 so

that this equation has always a solution and shows that the initiation length is not a material

property but depends both on a characteristic fracture length Lc
= EGc/(σ c)2 (where E is

the material modulus) and on the geometry of the structure. It will be seen in the following

that in practice a∗ is bounded by a structural value. Once the initiation length a∗ is deter-

mined, the initiation stress σ ∗ equivalently derives either from the energy condition or from

the stress condition with

σ ∗
=

σ c

kop(a∗)
=

√

Gc

A (a∗)
. (5)

It is to be noted that this analysis allows to evaluate the initiation parameters (a∗, σ ∗) which

exactly fulfill Ginc(a∗) = Gc so that the fracture event is not associated with any production

of kinetic energy. One of the major drawback of the “finite fracture mechanics” approach

is thus eliminated (Nairn 2001). Using the asymptotic expansion of the displacement field

of the elastic solution, this approach was shown to provide a closed form expression which

reveals accurate to predict the crack onset initiation at a sharp notch (Leguillon and Yosibash

2003). The approach was also recently used to study the fracture of a bond submitted to

thermal loading (Muller et al. 2006). It is here applied to analyse the initiation of fracture

mechanisms in the vicinity of a matrix crack within a composite cell.

3 The composite cell

The single fibre composite cylinder with axisymmetric boundary conditions which is often

employed to understand the fibre/matrix interface behaviour is selected as a representative

cell (Fig. 2a). This model considers a single fibre of radius R f surrounded by a cylinder of

matrix having an inner radius R f and outer radius Rm such that the area fraction of the fibre

is V f =
(

R f /Rm

)2
. A set of cylindrical polar coordinates (r, θ, z) is selected so that the z

axis corresponds to the axis of the fibre with the origin taken to be at the centre of the cell.

The half length L of the cell is L = 10R f . A matrix crack normal to the fibre direction is

located in the plane z = 0 and the ligament width between the crack tip and the fibre/matrix

interface is denoted by ℓ. Multiple matrix cracking is not taken into account here as we

Fig. 2 The simple fibre

composite cylinder submitted to a

uniform axial strain: (a) location

of the annular matrix crack and

(b) boundary conditions of the

numerical model

2Rf

2Rm

2L

(a)

L

Rm

Rf

z

r

U = Lz ε

U =0z

U =0r

(b)

4



A

 M
an

us
cr

ip
t

only consider the early stage of damage development. This composite cylinder is submitted

to a uniform remote axial strain ε. The lateral surface r = Rm is stress free and a perfect

interfacial bonding is assumed. The fibre and matrix materials are taken to be elastic and

isotropic with Young’s moduli
(

E f , Em

)

and Poisson’s ratios
(

ν f , νm

)

. A numerical model

(with the boundary conditions indicated by Fig. 2b) was used in order to obtain displace-

ment based finite element solutions as detailed in the Appendix. The values R f = 7.5 µm,

E f = 100 GPa, ν f = νm = 0.2, and V f = 0.4 were selected as typical values for the

calculations. The dimensionless ligament width ℓ/R f was taken within the range (0.6–6%).

Closure of the interfacial crack was checked but was not observed for the simulated debond

lengths 2d with d/ℓ ≤ 10.

For a given ligament width ℓ, the stress concentration induced by the matrix crack is

evidenced by plotting (Fig. 3) the radial stress σrr (ℓ, z) along the fibre/matrix interface and

the axial stress σzz(ℓ, r) in the fibre which are given by

σrr (ℓ, z) = krr (ℓ, z)Eiε,

σzz(ℓ, r) = kzz(ℓ, r)E f ε,
(6)

where (krr , kzz) are stress concentration factors and Ei is the effective modulus defined by

2/Ei = (1 − ν2
f /E f )+ (1 − ν2

m/Em) which enters the energy release rate expression for an

interfacial crack between two semi-infinite and different elastic materials (Hutchinson et al.

1987).

The energy release rates
(

Gm, Gd , G p

)

(i.e. the derivatives of the potential energy with

respect to the crack area) for the propagation of respectively a matrix crack, an interfacial
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Fig. 3 Stress concentration induced by the matrix crack: (a) radial stress concentration factor along the

interface and (b) axial stress concentration factor in the fibre
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crack of length 2d and a fibre penetrating crack of length p are estimated with the help of a

crack closure method. The following relationships

Gm(ℓ) = Am(ℓ)R f E f ε
2,

Gd(ℓ, d) = Ad(ℓ, d)R f Eiε
2,

G p(ℓ, p) = Ap(ℓ, p)R f E f ε
2,

(7)

allow defining the coefficients
(

Am(ℓ), Ad(ℓ, d), Ap(ℓ, p)
)

as dimensionless energy

release rates. Then, the incremental energy release rates
(

Ginc
d , Ginc

p

)

for decohesion and

penetration mechanisms are deduced from

Ginc
d (ℓ, d) =

1
δSd

∫ d

0 Gd(ℓ, d)d Sd = Ad (ℓ, d) R f Eiε
2,

Ginc
p (ℓ, p) =

1
δSp

∫ p

0 G p(ℓ, p) d Sp = Ap(ℓ, d)R f E f ε
2,

(8)

where δSd =
∫ d

0 d Sd , δSp =
∫ p

0 d Sp are the corresponding increment areas.

Figure 4 illustrates the evolution of the dimensionless energy release rates (Am(ℓ),

Ad(ℓ, d), Ap(ℓ, p)) versus the relevant crack lengths and shows that higher values are

always obtained if E f /Em < 1. In the following, the coefficients (krr (ℓ, z), kzz(ℓ, z)) and
(

Am(ℓ), Ad(ℓ, d), Ap(ℓ, p)
)

estimated with the help of the numerical model are used in

order to determine the applied strain ε∗
m at initiation of the matrix crack propagation and the

applied strains
(

ε∗
p, ε

∗

d

)

at initiation of penetration and debonding.

4 Results and discussion

4.1 Propagation of the matrix crack

As already discussed by previous authors (Leguillon and Sanchez-Palencia 1992), Fig. 4a

shows that the discontinuity in the elastic properties strongly modifies the behaviour of the

energy release rate of the matrix crack in the vicinity of the interface. In the case of a weak

singularity (E f /Em > 1), the non-dimensional energy release rate Am(ℓ) decreases to 0 if

the ligament width reduces. Reversely, a strong singularity (E f /Em < 1) implies that Am(ℓ)

tends to infinity. The use of the classical Griffith condition Gm(ℓ) = Gc
m (where Gc

m is the

matrix toughness) allows evaluating the applied strain ε∗
m(ℓ) at initiation of the matrix crack

with

ε∗

m(ℓ) =

[

Gc
m

Am(ℓ)E f R f

]1/2

. (9)

As expected, relation (9) shows that matrix crack propagation is inhibited (respectively

enhanced) by a stiffer (respectively softer) fibre.

4.2 Initiation of fibre cracking

Considering the fibre cracking mechanism, the initiation criterion (2)(3) provides the following

conditions

Ginc
p (ℓ, p) = Ap(ℓ, p)E f R f ε

2
≥ Gc

f ,

σzz(ℓ, p) = kzz(ℓ, p)E f ε ≥ σ c
f ,

(10)
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where Gc
f and σ c

f denote respectively the fibre toughness and the fibre tensile strength. As

is made clear by Fig. 4c, Ap(ℓ, p) is an increasing function of p for a given value of the

ligament. Introducing the characteristic fracture length of the fibre Lc
f = (E f Gc

f )/(σ
c
f )

2

and using (4) allows to determine the penetrating length at initiation p∗ by solving

Ap(ℓ, p∗)

k2
zz(ℓ, p∗)

=
Lc

f

R f

. (11)

For small values of Lc
f such that Lc

f /R f ≪ 1, results show that the initiation length remains

small with p∗/R f ≪ 1. If the fibre toughness tends toward low values with the limiting case

Gc
f → 0, the energetic condition is easily satisfied and the initiation criterion tends towards

the stress condition with

lim
Gc

f →0
ε∗

p(ℓ) = εS
p(ℓ) =

σ c
f

E f kzz(ℓ, 0)
. (12)

The left hand size of (11) is an increasing function of p∗ which implies that larger is the char-

acteristic length Lc
f and larger is the initiation length p∗. The whole fibre will be fractured

at initiation with p∗
= R f if Lc

f is high enough with

Lc
f ≥ Lmax

p (ℓ) =
Ap(ℓ, R f )

k2
zz(ℓ, R f )

R f . (13)

Assuming that the energy condition is satisfied with Ap(ℓ, R f )E f R f ε
2

= Gc
f and rewriting

(13) as

E f Gc
f

R f

k2
zz(ℓ, R f )

Ap(ℓ, R f )
≥

(

σ c
f

)2

implies that the stress condition is always fulfilled because

(

σzz(ℓ, R f )
)2

=
(

kzz(ℓ, R f )E f ε
)2

=
E f Gc

f

R f

(

kzz(ℓ, R f )
)2

Ap(ℓ, R f )
≥

(

σ c
f

)2
. (14)

If the characteristic fracture length of the fibre is large enough as required by (13) with

Lc
f ≥ Lmax

p , then the energy condition is the governing one and the applied strain at initia-

tion of fibre cracking ε∗
p is

ε∗

p(ℓ) = εw
p (ℓ) =

[

Gc
f

Ap(ℓ, R f )E f R f

]1/2

. (15)

The structural length Lmax
p must be compared with the material length Lc

f in order to obtain

the main features of the penetration mechanism. Figure 5a which plots Lmax
p versus ℓ indi-

cates that condition (13) is more easily satisfied for a large ligament width and a soft fibre. As

summarized by Fig. 6 which depicts the applied strain at initiation ε∗
p/ε

w
p and the initiation

length p∗/R f versus the length ratio Lc
f /Lmax

p , two cases must be differentiated:

(i) a strong but brittle fibre (i.e. a high σ c
f and a low Gc

f ) with Lc
f < Lmax

p : the initiation

length is reduced (p∗ < R f ) but the applied strain at initiation is increased (ε∗
p > εw

p ).

(ii) a tough but weak fibre (i.e. a high Gc
f and a low σ c

f ) with Lc
f ≥ Lmax

p : the energy

condition (15) is dominating so that the initiation length reaches its maximum value
(

p∗
= R f

)

.
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4.3 Initiation of interfacial debonding

In the case of interfacial debonding, results in Fig. 4b indicate that the incremental energy

release rate always exhibits a maximum value for z = dmax(ℓ). Thus, for a monotonically

increasing applied strain, the energy condition (2) is first satisfied if

Ginc
d (ℓ, d) = Ad(ℓ, dmax)Ei R f ε

2
= Gc

i , (16)

where Gc
i is the interfacial toughness. The initiation of a debonding crack of half length dmax

also requires the stress condition (3) to be satisfied with

σrr (ℓ, dmax) = krr (ℓ, dmax)Eiε ≥ σ c
i , (17)

where σ c
i is the tensile interfacial strength. The inequality (17) with (16) implies

Lc
i ≥ Lmax

d (ℓ) =
Ad(ℓ, dmax)

k2
rr (ℓ, dmax)

R f , (18)

where the interfacial characteristic fracture length Lc
i = Ei G

c
i /(σ

c
i )2 and the structural length

Lmax
d are introduced. It is interesting to note that (Pronin and Gupta 1998) suggest correlating

the length Lc
i with the interatomic separation distance across the interface. Comparing Lc

i

and Lmax
d allows to distinguish between two different situations:

(i) a tough but weak interface (i.e. a high Gc
i and a low σ c

i ) results in a high value of the

interfacial characteristic length with Lc
i ≥ Lmax

d . In this case, the stress condition (17)

is always satisfied and the energy condition (16) is the governing one. The debonded

length at initiation is a structural parameter d∗
= dmax which does not depend on the

interfacial fracture properties. The applied strain at initiation of debonding does not

depend on the interfacial strength and is given by

ε∗

d(ℓ) = εw
d (ℓ) =

[

Gc
i

Ad(ℓ, dmax)Ei R f

]1/2

. (19)

(ii) a strong but brittle interface (i.e. a high σ c
i and a low Gc

i ) induces a low value of the

interfacial characteristic length with Lc
i < Lmax

d . In this case, the debonded length at

initiation d∗ is obtained by solving

Ad(ℓ, d∗)

k2
rr (ℓ, d∗)

=
Lc

i

R f

, (20)

which shows that d∗ is lower than dmax and now depends on the structural geometry

and the fracture properties. In the limiting case Gc
i → 0, the energetic condition is

always satisfied and the initiation criterion tends towards the stress condition with

lim
Gc

i →0
ε∗

d(ℓ) = εS
d (ℓ) =

σ c
i

Ei krr (ℓ, 0)
. (21)

The structural length Lmax
d (ℓ) which delineates the frontier between “high” and “low”

values of the interfacial characteristic length is plotted in Fig. 5b. It is interesting to note that

Ld
max(ℓ) decreases with lower values of the ligament width and a soft fibre so that (18) is

more easily satisfied in this case. Figure 6 schematically depicts the applied strain at initiation

εd
∗/εd

w and the initiation length d∗/dmax versus the normalized interfacial strength L i
c/Ld

max 

in order to exhibit the main features of the decohesion mechanism (which are similar to
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those obtained for the penetration one). For large values of the characteristic length such

that Lc
i ≥ Lmax

d , the energy condition (19) is dominating and the initiation length reaches its

maximum value dmax. Reducing the characteristic length such that Lc
i < Lmax

d leads to an

increase of the applied strain at initiation and reduces the initiation length.

Following the analysis of each fracture mechanism, the competition between matrix crack-

ing, interfacial debonding and fibre penetration can now be straightforwardly examined. It is

assumed here that the matrix crack is stationary and that the representative cell is submitted to

a monotonic tensile loading so that a given mechanism will be promoted if the corresponding

applied strain at initiation is the lowest.

4.4 Competition between matrix cracking and fibre penetration or interfacial debonding

• Compared to matrix crack propagation, fibre penetration is promoted if

ε∗

p(ℓ) < ε∗

m(ℓ), (22)

where ε∗
m is provided by (9). Figure 7a, b show the relevant mechanism map in the plane

(

Gc
m, Gc

f

)

with E f /Em = 1 for a fixed value of the ligament width and various values

of the fibre strength. The penetration domain is located below the curves. As expected, the

penetration mechanism is more difficult for strong fibres. Figure 7a, b reveal the presence

of (i) a matrix toughness threshold which increases with the fibre strength and which must

be exceeded to allow the penetration mechanism, (ii) a linear part of the frontier for which

the penetration criterion is then reduced to an energy criterion (i.e. Gc
f /Gc

m < fixed value).

Those specific features are now explained by comparing the lengths Lc
f and Lmax

p as suggested

by the results of Sect. 4.2.

For the highest values of the fibre fracture length such that Lc
f ≥ Lmax

p , the penetration

into the fibre is only driven by the energy condition (15) so that the penetration criterion (22)

turns out to

Gc
f < Wpm(ℓ)Gc

m with Wpm(ℓ) =
Ap(ℓ, R f )

Am(ℓ)
. (23)

Relation (23) corresponds to the linear part of Fig. 7b. In this case, the whole fibre is fractured

at initiation with p∗
= R f .

Reducing the fibre fracture length such that Lc
f < Lmax

p decreases the initiation length

p∗ which becomes smaller than R f . The stress condition (12) holds for the limiting case

Gc
f → 0 so that the penetration criterion (22) becomes

(

σ c
f

E f kzz(ℓ, 0)

)2

<
Gc

m

E f R f Am(ℓ)
or 1 <

Gc
m

G th
p (ℓ)

with G th
p (ℓ) =

Am(ℓ)

k2
zz(ℓ, 0)

R f

(

σ c
f

)2

E f

.

(24)

Relation (24) demonstrates that the matrix crack propagation is always favoured if the matrix

toughness Gc
m is smaller than G th

p which is the matrix toughness threshold observed in Fig. 7a.

For a given value of the matrix toughness, fibre penetration is inhibited if the fibre strength

is larger than a strength threshold σ th
p defined by

σ th
p (ℓ) =

[

(kzz(ℓ, 0))2

Am(ℓ)

E f

R f

Gc
m

]1/2

. (25)
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To summarize these results, Fig. 7c schematizes the mechanism map in the normalized plane

(Gc
m/G th

p , Lc
f /Lmax

p ) for a given value of the ligament. The penetration domain is limited

by a concave part if Lc
f < Lmax

p whereas the linear curve (23) is obtained if Lc
f ≥ Lmax

p . It

is to be noted that the slope of the linear part is now

[

kzz(ℓ, R f )

kzz(ℓ, 0)

]2

as a consequence of the normalisation choice.

• The competition between matrix cracking and interfacial debonding is now analysed.

Interfacial debonding will occur preferentially to matrix cracking if

ε∗

d(ℓ) < ε∗

m(ℓ). (26)

Figure 8a plots the related mechanism map in the plane (Gc
m, Gc

i ) with E f /Em = 1 for a

fixed value of the ligament width and various values of the interfacial strength. The deco-

hesion domain is located below the curves. As could be intuitively expected, the deflection

is easier for weak interfaces. Figure 8a indicates that each boundary includes in the bottom

a matrix toughness threshold which must be exceeded to allow interfacial debonding and a

convex part followed by a linear curve. In this last case, the deflection criterion takes the

form of an energy condition (i.e. Gc
i /Gc

m < fixed value). The results of Sect. 4.3 are now

used to recover those features by comparing the lengths Lc
i and Lmax

d .

For higher values of the interfacial fracture length such that Lc
i ≥ Lmax

d , the decohesion is

driven by the energy condition (19) so that the decohesion criterion is εw
d (ℓ) < ε∗

m(ℓ) which

leads to

Gc
i ≤ Wdm(ℓ)Gc

m with Wdm(ℓ) =
Ei

E f

Ad (ℓ, dmax)

Am(ℓ)
. (27)

Relation (27) corresponds to the linear part in Fig. 8a. In this case the initiation length reaches

its maximum value with d∗
= dmax. Lowest values of the interfacial fracture length with

Lc
i < Lmax

d leads to the convex part in Fig. 8a with d∗ < dmax. The stress condition (21) must

be used for the limiting case Gc
i → 0 so that (26) becomes

(

σ c
i

Ei krr (ℓ, 0)

)2

<
Gc

m

E f R f Am(ℓ)
or 1 <

Gc
m

G th
d (ℓ)

with G th
d (ℓ) =

E f

Ei

Am(ℓ)

k2
rr (ℓ, 0)

R f (σ
c
i )2

Ei

. (28)

Relation (28) defines the matrix toughness threshold G th
d which is exhibited in Fig. 8a. For a

given value of the matrix toughness, the interfacial decohesion is only possible if the interface

strength is smaller than a strength limit σ th
d defined by

σ th
d (ℓ) =

[

(krr (ℓ, 0))2

Am(ℓ)

(Ei )
2

E f R f

Gc
m

]1/2

. (29)

To summarize these results, Fig. 8b schematizes the mechanism map in the normalized plane

(Gc
m/G th

d , Lc
i /Lmax

d ) for a given value of the ligament width. The normalizing factor G th
d

is used and the debonding domain is located below the curve. The boundary is convex if

Lc
i < Lmax

d but the linear curve (23) is obtained as soon as Lc
i ≥ Lmax

d . It is to be noted that

13
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Fig. 8 Competition between matrix cracking and interfacial debonding: (a) propagation/debonding domain

in the plane (Gc
m , Gc

i
) for E f /Em = 1 and ℓ/R f = 1.33% and (b) schematic of the propagation/penetration

domain in the normalised plane (Gc
m/Gth

d
, Lc

i
/Lmax

d
)

the slope of the linear part is now
[

krr (ℓ, dmax)/krr (ℓ, 0)
]2

as a consequence of the normalisa-

tion choice. For a weak singularity
(

E f /Em > 1
)

, results show that the structural parameters
(

Wdm, Wpm

)

exhibit higher values which favours interface debonding or fibre penetration

because the matrix crack propagation is inhibited in this case as already mentioned in Sect.

4.1.

4.5 Competition between interfacial debonding and fibre cracking

Ignoring now the possibility of matrix crack propagation, the competition between interfacial

debonding and fibre penetration is analysed. The decohesion will be predicted if the applied

strain at initiation of debonding is lower than the applied strain at initiation of penetration

ε∗

d(ℓ) < ε∗

p(ℓ). (30)

The decohesion/penetration domain now depends on the full set of fracture parameters

(Gc
f , σ

c
f , Gc

i , σ
c
i ). Selecting the (Gc

f , Gc
i ) plane, Fig. 9 shows a mechanism map for

E f /Em = 1 and a fixed value of the ligament width. The boundary of the penetration/dec-

ohesion domain is computed for a fixed value of the interfacial strength (σ c
i = 500 MPa)

and various values of the fibre strength. As one could expect, decohesion is promoted by a

weak value of the strength ratio σ c
i /σ c

f . Figure 9 reveals the presence of (i) a fibre toughness

threshold for large values of σ c
i /σ c

f , (ii) an interfacial toughness threshold for low values of

σ c
i /σ c

f , (iii) a linear part of the boundary for which the decohesion criterion reduces to an

14
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Fig. 9 Competition between

fibre penetration and interfacial

debonding: the penetration/

debonding domain is plotted in

the plane (Gc
f
, Gc

i
)for

E f /Em = 1, ℓ/R f = 1.33%

and σ c
i

= 500 MPa
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energy criterion (i.e. Gc
i /Gc

f < fixed value). Those characteristics features will be evidenced

in the sequel by comparing the characteristic fracture lengths
(

Lc
f , Lc

i

)

with the structural

lengths
(

Lmax
d , Lmax

p

)

.

First, it is assumed that the penetration mechanism is only controlled by the energy con-

dition (15). This implies that large values of Lc
f are selected with Lc

f ≥ Lmax
p and thus fibre

toughness values such that

Gc
f ≥ Lmax

p (ℓ)

(

σ c
f

)2

E f

. (31)

In the limiting case Gc
i → 0, the condition for decohesion tends towards the stress condition

(21) so that the decohesion criterion (30) reads

Gc
f ≥

Ap(ℓ, R f )

k2
rr (ℓ, 0)

R f E f

E2
i

(σ c
i )2

= γ1(ℓ)
R f E f

E2
i

(σ c
i )2

= G th
f (ℓ), (32)

which introduces the fibre toughness threshold G th
f (depending on σ c

i through the structural

parameter γ1(ℓ)) observed in Fig. 9. Relations (31) and (32) provide two different lower

limits for Gc
f but (32) is sufficient if it is assumed that
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σ c
i

σ c
f

≥ δ1(ℓ) =
Ei

E f

krr (ℓ, 0)

kzz(ℓ, R f )
. (33)

For a given value of the fibre strength, a “strong” interface can thus be defined by (33).

Keeping σ c
i in order to satisfy (33) but increasing Gc

i such that Lc
i ≥ Lmax

d with Gc
i ≥

Lmax
d

(σ c
i )2

Ei
allows using the energy condition (19) to describe the initiation of decohesion so

that the criterion (30) becomes

Gc
i <

Ei

E f

Ad (ℓ, dmax)

Ap(ℓ, R f )
Gc

f = Wdp(ℓ)G
c
f with Wdp(ℓ) =

Wdm(ℓ)

Wpm(ℓ)
. (34)

Figure 10a plots the relevant decohesion/penetration domain obtained for the values of the

ratio σ c
i /σ c

f defined by (33). The data are plotted in the plane (Gc
f /G th

f , Lc
i /Lmax

d ). As

expected from (34), a linear curve is obtained as soon as Lc
i /Lmax

d ≥ 1 which means that

both mechanisms are only controlled by the energy condition. A convex curve is observed

if Lc
i /Lmax

d < 1 and penetration is always predicted if the fibre toughness is lower than the

threshold G th
f defined by (32). In this case, the penetration mechanism is always activated

whatever the value of Gc
i provided that Gc

f < G th
f . This result demonstrates that a low

toughness interface is not systematically a sufficient condition to promote the initiation of

deflection.

Second, it is now assumed that the debonding mechanism is only controlled by the energy

condition (19). Large values of Lc
i with Lc

i ≥ Lmax
d and thus interfacial toughness values such

that

(a) (b)
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Fig. 10 Competition between fibre penetration and interfacial debonding. Schematic of the penetration/

debonding domain for: (a) σ c
i
/σ c

f
> δ1(ℓ) in the normalised plane (Gc

f
/Gth

f
, Lc

i
/Lmax

d
) and (b) σ c

i
/σ c

f
<

δ2(ℓ) in the normalised plane (Lc
f
/Lmax

p , Gc
i
/Gth

i
)
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Gc
i ≥ Lmax

d

(σ c
i )2

Ei

(35)

are selected. For small values of the fibre toughness such that Gc
f → 0, the initiation of

penetration is mainly dependant on the stress condition (12) so that the penetration criterion

ε∗

d > ε∗
p reads

Gc
i ≥

Ad(ℓ, dmax)

k2
zz(ℓ, 0)

R f Ei

E2
f

(

σ c
f

)2
= γ2(ℓ)

R f Ei

E2
f

(

σ c
f

)2
= G th

i (ℓ). (36)

Relation (36) defines the interfacial toughness threshold G th
i (depending on σ c

f through the

structural parameter γ2(ℓ)) observed in Fig. 9. Two different lower limits are provided by

(35) and (36) for Gc
i but (36) is sufficient if it is assumed that

σ c
i

σ c
f

≤ δ2(ℓ) =
Ei

E f

krr (ℓ, dmax)

kzz(ℓ, 0)
. (37)

For a fixed value of the fibre strength, relation (37) defines a “weak” interface. Keeping σ c
f in

order to satisfy (36) but increasing Gc
f such that Lc

f ≥ Lmax
p requires that Gc

f ≥ Lmax
p

(

σ c
f

)2

E f
.

In this case, the energy condition (15) can be used to describe the initiation of penetration so

that the penetration criterion ε∗
p < ε∗

d becomes

Gc
f <

E f

Ei

Ap(ℓ, R f )

Ad (ℓ, dmax)
Gc

i =
1

Wdp(ℓ)
Gc

i . (38)

Figure 10b depicts the corresponding failure map now obtained for the values of the ratio

σ c
i /σ c

f which satisfy (37). The data are plotted in the plane
(

Lc
f /Lmax

p , Gc
i /G th

i

)

. As expected

from (38), a linear curve is obtained as soon as Lc
f /Lmax

p ≥ 1 which means that both

mechanisms are controlled by the energy condition. A different behaviour is observed if

Lc
f /Lmax

p < 1 and decohesion is always possible if the interfacial toughness is smaller than

the threshold G th
i defined by (36) whatever the value of Gc

f . This result indicates that the

initiation of deflection can be achieved even if the fibre toughness is low.

The decohesion/penetration maps represented by Fig. 10 were obtained under the general

assumption that at least one of the mechanism is controlled by the energy condition. In this

case, only three fracture parameters (Gc
f , Gc

i , σ
c
i ) or (Gc

f , Gc
i , σ

c
f ) are needed. For inter-

mediate values of the ratio σ c
i /σ c

f such that δ2 < σ c
i /σ c

f < δ1, the full set of the fracture

parameters (Gc
f , σ

c
f , Gc

i , σ
c
i ) is involved as already shown by Fig. 9 which exhibits a gradual

transition between the two previous regimes.

Influence of the modulus ratio and the ligament width on the competition between inter-

facial decohesion and penetration is analysed in Fig. 11. Figure 11a which plots δ1 versus the

ligament width indicates that obtaining a “strong” interface (as defined by (33)) is easier with

a stiff fibre because δ1 decreases with the modulus ratio. Nevertheless, Fig. 11b shows that

in this case a higher value of the fibre toughness threshold G th
f is necessary to prevent pen-

etration. Conversely, defining a “weak” interface (following relation (37)) is facilitated by a

soft fibre as δ2 is higher in this case (Fig. 11c) but decohesion then requires a low value of the

interfacial toughness threshold G th
i (Fig. 11d). For ceramic matrix composites (Domergue

et al. 1995), the elastic mismatch is moderate and the typical values
(

σ c
f ≈ 1–4 GPa

)

and
(

σ c
i ≈ 50–300 MPa

)

allow to satisfy the “weak” interface condition (37). Consequently, the
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Fig. 12 Competition between

fibre penetration and interfacial

debonding: the penetration/

debonding domain is plotted in

the plane (σ c
f
, σ c

i
) for

E f /Em = 1, ℓ/R f = 1.33%

and Gc
f

= 10 J m−2
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criterion for interfacial deflection for this class of materials is derived from relation (36) and

combine the interfacial toughness and the fibre strength with Gc
i < γ2

R f Ei

E2
f

(

σ c
f

)2
.

The boundaries of the decohesion domain can also be plotted in the (σ c
f , σ

c
i ) plane.

Figure 12 plots this map for E f /Em = 1 and a fixed value of the ligament width. The fron-

tiers of the domain are computed for a given value of the fibre toughness (Gc
f = 10 J m−2) and

various values of the interfacial toughness. This figure confirms that decohesion is facilitated

by a weak value of the toughness ratio Gc
i /Gc

f . In the case of low values of the characteristic

fracture lengthes Lc
i and Lc

f , both mechanisms tend to be controlled by the stress conditions

(12) and (21) so that the decohesion criterion (33) leads to

σ c
i <

[

Ei

E f

krr (ℓ, 0)

kzz(ℓ, 0)

]

σ c
f = Sdp(ℓ)σ

c
f (39)

which is the upper limit obtained in Fig. 12 for higher values of (σ c
f , σ

c
i ). For larger values of

the characteristic fracture lengths Lc
i and Lc

f (and thus smaller values of σ c
i and σ c

f ), strength

thresholds are now observed depending on the value of the
Gc

i

Gc
f

ratio.
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5 Conclusion

The ability of an interface to deflect a crack must be understood in order to improve the

damage tolerance of composites and laminated materials. While previous studies in the lit-

erature considered a main crack impinging on the interface, the present work analyses the

initiation of interfacial debonding and fibre cracking ahead of a matrix crack tip. The analysis

was conducted in the case of a cracked axisymmetric fibre/matrix cell submitted to a mono-

tonic tensile loading. A fracture criterion based on energy and stress conditions was used in

order to determine the influence of strength and toughness of the interface and fibre on the

crack deflection mechanism. This “finite fracture mechanics” approach allows estimating the

applied strain and the nucleation length at initiation without invoking a pre-existing kink.

For each mechanism (interface debonding and fibre cracking), the comparison between

a characteristic fracture length Lc
= EGc/(σ c)2 and a structural parameter Lmax allows to

distinguish a large characteristic fracture length (Lc
≥ Lmax) from a small one (Lc < Lmax).

In the first case, the initiation length is a structural parameter and the applied strain at initia-

tion does not depend on the strength. In the second one, the nucleation length and the applied

strain at initiation both depend on the geometry and the two fracture parameters (σ c, Gc).

The analysis of the competition between matrix cracking and the fracture mechanisms

shows that the penetration criterion (respectively the debonding criterion) can only be reduced

to an energy condition Gc
f /Gc

m < Wpm (respectively Gc
i /Gc

m < Wdm) if the fibre characteris-

tic length (respectively the interfacial characteristic length) is large enough with Lc
f ≥ Lmax

p

(respectively Lc
i ≥ Lmax

d ). Exploring the domain of small characteristic fracture lengths

reveals strength thresholds (σ th
p , σ th

d ) which allow to protect the fibre from crack penetra-

tion (with the condition σ c
f > σ th

p ) or to promote interfacial decohesion (with the condition

σ c
i < σ th

d ). Those strength thresholds are depending on the matrix toughness and the geom-

etry.

The analysis of the competition between fibre cracking and interfacial debonding is more

complex because all the fracture parameters (Gc
f , σ

c
f , Gc

i , σ
c
i ) are involved. Comparing the

characteristic fracture lengths allows to assess the dominant condition for each mechanism

in order to obtain a simple condition for debonding:

(i) large values of the fracture lengths (Lc
i ≥ Lmax

d , Lc
f ≥ Lmax

p ) lead to the energy cri-

terion Gc
i /Gc

f < Wdp ,

(ii) small values of the fracture lengths (Lc
i → 0, Lc

f → 0) lead to the stress criterion

Gc
i /Gc

f < Sdp .

The introduction of the structural parameters (δ1, δ2) allows to define a “strong” or a “weak”

interface with σ c
i /σ c

f ≥ δ1 or σ c
i /σ c

f ≤ δ2. In the first case, fibre penetration is predicted if

Gc
f < γ1

R f E f

E2
i

(σ c
i )2

(whatever the value of the interfacial toughness Gc
i ) while in the second one interfacial

debonding requires

Gc
i < γ2

R f Ei

E2
f

(

σ c
f

)2

(whatever the value of the fibre toughness Gc
f ). Those results show that the criterion for inter-

facial deflection can combine strength and toughness as already pointed out by the recent 
work of (Parmigiani and Thouless 2006). These authors consider a different situation with the
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matrix crack tip located at the bimaterial interface and use cohesive zone models to analyse

the competition between deflection and penetration. Cohesive zone models are an alternative

to fracture criteria and it is to be noted that a recent asymptotic analysis has demonstrated

an excellent agreement between the stress-energy criterion and the Dugdale cohesive zone

model to predict the initiation of failure at a V-notch in brittle elastic materials under mode I

loading (Henninger et al. 2007).
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Appendix. Finite element analysis

Due to symmetry in the geometry and the boundary conditions, the elastic finite element

calculations are only performed on a quarter of the single fibre composite cylinder as shown

in Fig. 2b. Linear axisymmetric elements are used throughout the analysis. Very fine meshes

are used to limit inaccuracy. The size of the smallest element which is immediately adjacent

to the crack tip is chosen to be less than ℓ/50. Half the length L of the unit cell is chosen as

L = 10R f . This value is selected to simulate a structure with an infinite length by comparing

the far field stress given by the finite element solution with the classical Lamé solution for

a damage free concentric cylinder model (Mc Cartney 1989). The resulting mesh typically

contains a number of nodes varying from 10,000 to 30,000. The energy release rate is com-

puted with the help of a virtual crack closure integral method. This local energy method was

shown to provide good results if the layout of the mesh around the crack tip is homogeneous

(Buchholz et al. 1999). The adequacy of the mesh refinement was evaluated by performing

a convergence study and comparing with the results of (Liu et al. 1997) who consider the

problem of a matrix crack approaching an interface by solving singular integral equations.

The finite element library Modulef is used as the analysis tool (Bernadou et al. 1988).
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