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We develop a framework for learning properties of quantum states beyond the
assumption of independent and identically distributed (i.i.d.) input states. We
prove that, given any learning problem (under reasonable assumptions), an
algorithm designed for i.i.d. input states can be adapted to handle input states
of any nature, albeit at the expense of a polynomial increase in training data
size (aka sample complexity). Importantly, this polynomial increase in sample
complexity can be substantially improved to polylogarithmic if the learning
algorithm in question only requires non-adaptive, single-copy measurements.
Among other applications, this allows us to generalize the classical shadow
framework to the non-i.i.d. setting while only incurring a comparatively small
loss in sample efficiency. We leverage permutation invariance and randomized
single-copy measurements to derive a new quantum de Finetti theorem that
mainly addresses measurement outcome statistics and, in turn, scales much

more favorably in Hilbert space dimension.

The advent of quantum technologies has led to a notable amount of
tools for quantum state and process learning. These are employed as
tools within use cases, but also to test applications and devices them-
selves. However, almost all existing methods require the assumption
that the devices or states being tested are prepared in the same way
over time - following an identical and independent distribution
(i.i.d.)"™. In various situations, this assumption should not be taken for
granted. For instance, in time correlated noise, states and devices
change in time in a non-trivial way" . Moreover, in settings where we
cannot trust the devices or states - for example, originating from an
untrusted, possibly malicious manufacturer, or states that are dis-
tributed over untrusted channels - the assumption of i.i.d. state pre-
parations can be exploited by malicious parties to mimic good behavior
whilst corrupting the intended application. Avoiding this assumption is
crucial for various applications such as verified quantum computation™
or tasks using entangled states in networks", such as authentication of
quantum communication’®, anonymous communication”, or dis-
tributed quantum sensing’®. At the core of the security for these appli-
cations is some verification procedure which does not assume i.i.d.
resources, however they are all catering for particular states or pro-
cesses, with independent proofs and with differing efficiencies.

The main contribution of this paper is to develop a framework to
extend existing i.i.d. learning algorithms into a fully general (non-i.i.d.)
setting while preserving rigorous performance guarantees. See Theo-
rem 1 and Theorem 3 for the type of results we provide. The main
technical ingredient is a variant of the quantum de Finetti theorem for
randomized permutation invariant measurements (See Theorem 2). As
a concrete example, we apply our findings to the task of feature pre-
diction with randomized measurements (classical shadows)”'*?° (See
Proposition 1). We then apply these results to the problem of state
verification, allowing us to find the first explicit protocol for verifying
an arbitrary multipartite state, showing the power of these techniques.

Results

In the following, we start by showing how to evaluate an algorithm in
the non-i.i.d. setting. Then, we show that, in principle, general algo-
rithms can be adapted to encompass non-i.i.d. input states at the
expense of an overhead in the copy complexity. Next, we reduce sig-
nificantly this overhead for incoherent non-adaptive algorithms using
our quantum de Finetti theorem. Finally, we apply this extension to the
problems of classical shadows and verification of pure states in the
non-i.i.d. setting.
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Fig. 1| Illustration of a general state learning algorithm. A learning algorithm
consumes (N-1) copies of p to construct a prediction p. Success occurs if p is
(approximately) compatible with the remaining post-measurement test copy p’,f”.

Evaluating a learning algorithm

The first difficulty we face is to define what it means for a learning
algorithm to achieve some learning task on a non-i.i.d. state. In the
i.i.d. setting, a learning algorithm requests N copies of an unknown
quantum state and is provided with the quantum state

p=0%N ¢ (Cdxd)@v. Subsequently, the learning algorithm makes
predictions about a property of the quantum state o. This algorithm
is evaluated by contrasting its predictions with the actual property of
the quantum state 0. To motivate our general definition, we imagine
a black box from which we can request copies. On the first query, we
receive a system that we call A; and on the kth query, we receive the
system A,. Learning means making a statement about some of the
outputs of the black box (e.g., the state is close to |0)). With the i.i.d.
assumption, the black box always outputs the same state. Removing
the i.i.d. assumption, the learning algorithm is presented with a

general quantum state p e (C4*%)®" where N is the number of
requested copies. In this case, we have to specify the system about
which we make the statement (this is the system that would be used
for a later application for example). The most natural choice is to
take a system at random among the ones that were requested. In
other words, we use the common idea in machine learning of
separating the data set (here the N systems that we denote A, ..., Ay)
into a training set used for estimation and a test set used for eva-
luation. We refer to Fig. 1 for a visual illustration. This idea was
previously used in the context of quantum tomography?,
verification”, and generalization bounds™.

The choice of which systems are used for training and which are
used for testing is random. More specifically, we apply a random
permutation (that the learner does not have access to) to the systems
Ay...Ay and we fix the training set to be the first N-1 systems and the
test set is composed of the last system. Thus, starting with the general
state p/i-4v, we obtain after the random permutation a state that we
denote g4, Written explicitly

Pl s

nmeGy

where G, denotes the set of permutations and p”" is obtained by
permuting the systems A;...Ay of p according to m. The learning
algorithm B is applied to the training set A;...Ay-; and makes a
prediction that we denote p and we test this prediction against
the system Ay. The learning task will be described by a family of
sets SUCCESS; where ¢ should be seen as a precision parameter.
The pair (p, 0) € SUCCESS; if prediction p is correct for the state o
with precision €. As an example, for the task of predicting M
observables O,, ..., Oy (shadow tomography), we would have

p = (py, ..., pw) € [0, 11" and

SUCCESS, ={((py, - --,Pn),0) : Vi € [M], |p; — Tr[O;0]| <&}
Note that this is precisely the learning task which has motivated (i.i.d.)
classical shadows”*.

We evaluate a learning algorithm B for the task described by
SUCCESS; on the input state p*1-4v as follows. The algorithm B takes as
input the systems A;...Ay-; and outputs a prediction p € P and a cali-
bration information ¢ < C. The role of the calibration information is to
determine the reduced state of Ay and can range from trivial ¢ to all
measurement outcomes. In other words, (c, p) follows the distribution
B("4-1), which we denote by: (c, p) ~ B(p"**-1). For an outcome
(c, p), we write p?fj, for the reduced state of Ay of the state (B®
id)(@"4¥) conditioned on the outcome of B being (c, p). Finally, we
define

BN, P, €)= P ¢ [ (P.PE) # SUCCESS,]. ()

We make a few remarks about this definition assuming c=¢ for sim-
plicity. First, in the i.i.d. setting we have that pﬁ” =¢ forany p € P and
we recover the usual definition of error probability. Second, note that it
is essential to consider the state of Ay conditioned on the outcome p.
One might be tempted to replace p,¥ with the marginal p** but this
would be both unachievable and undesirable. In fact, consider the
simple example p=1(10) (0/*" +1) (11®¥) and we would like to esti-
mate the value of the observable O=|1) (1|. Note that P, sz [-]=

3P, oo 1+ 3 P pesquyaen [l As such, with the naive definition
using the marginal p* which is 1/2 in this case, the error probability
would be given by 3P, .0 0y, [17 = PI>€] + 3P, g ey, [17 — PI>€]-
Clearly any good learning algorithm should work for the i.i.d. states
|0 (01®Y, |1y (1|®" and this implies that the error probability 55N, p, £)
is close to 1 for this choice of p. For this example, it is desirable that the
learning algorithm first detects which of the two states |0) (O]®" or

1) (1/®" has been prepared and then learns the state consistently. This
is captured by the definition (1).

A third remark about the definition we use is that the error
probability is evaluated for the averaged state p, or in other words the
learner does not have access to the randomly chosen permutation .
Another possibility would be to define the error probability as an
average over permutations  of the error probability evaluated for the
permuted state p”, i.e.,

BN, P, €)= B [P py-siom [ (P, 07V ) #SUCCESS, || (@)

It turns out that this definition renders learning impossible in many
cases. In fact, we show in Supplementary Note 1 that for the simplest
possible classical task of estimating the expectation of a binary random
variable, it is not possible to achieve 6;<1/4 for all states. This shows that
requiring 6; to be small cannot be achieved in general and it justifies our
choice in Eq. (1). We also remark that for verification problems, where the
prediction is of the form Accept/Reject and we only want to express the
soundness condition for all states in expectation, then the expression for
the error probability is linear in the state (see Supplementary Note 4). As
such, in this case, whether the permutation is available to the learner or
not does not make a difference. With our definition, we have
65(N,p,€)=65(N,p, €), so to make the notation lighter, we assume in the
rest of the paper that p is permutation invariant, i.e., p=p.

Adapting a learning algorithm designed for i.i.d. inputs
Our first result transforms any learning algorithm A for the task
SUCCESS; designed for i.i.d. input states to a learning algorithm 3 for
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Fig. 2 | Caricature of main results: how to lift an i.i.d. learning algorithm .4
beyond the i.i.d. setting. Left: the performance of general learning algorithms is
covered by our first main result (Theorem 1). Right: the performance of non-
adaptive and incoherent learning algorithms is covered by our second main result
(Theorem 3). Restricting to non-adaptive and incoherent measurement M, leads to
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much better theoretical performance guarantees. Mg, is @ measurement device
with low distortion, w is calibration, p is prediction, A is the data processing of the
i.i.d. algorithm and M;! is a measurement device uniformly chosen from A's set of
measurements. Success occurs if p is (approximately) compatible with the
remaining post-measurement test copies pfy”"ﬂy p OF pf”;' w,p*

the same task without requiring the i.i.d. assumption at the cost of an
increased number of queries.

Theorem 1. (General algorithms in the non-i.i.d. setting). Let £>0,1 <
k <N/2 and d be the dimension of the Hilbert spaces 4y, ..., Ay. Let A be
a learning algorithm designed for i.i.d. input states. There exists a
learning algorithm B taking arbitrary inputs on N systems and having
an error probability (1) satisfying

k*d® log(d)

6(N,pMv,26) < sup 64 <k,0 Ne2

K e) +0
o :state

Note that the evaluation of a learning algorithm is defined by first
randomly permuting the systems A;...Ay so we may assume that p™-4w
is invariant under permutations and the systems are identically dis-
tributed. The first term in the bound of Theorem 1 is the worst case
error probability in the i.i.d. setting. So, we can regard the parameter k
as the copy complexity within the i.i.d. setting. Hence, in order to attain
a low total error probability in the non-i.i.d. setting, it is sufficient to
take a total number of copies N = Q(kz’d2 log(d)). This result shows in
principle that any learning algorithm designed for i.i.d. states can be
transformed into one for general states at an additional cost that is
polynomial in the dimension d.

A possible algorithm B achieving the performance of Theorem 1,
illustrated in Fig. 2 (Left) and formally described in Algorithm 2 (dis-
played in Box 2), partitions the training data into 3 parts. For that we
choose a random number (I ~ Unif{k+1, ..., k+ %}). The first part has
size [-k and each system is measured using some fixed measurement
M leading to an output string w. The second part is of size k and we
apply the learning algorithm A and return this prediction. The third part
consists of N-I-1 systems that are not used by the learning algorithm.

To control the error probability of Algorithm B, we use the de
Finetti theorem of ref. 23 (proof of Theorem 2.4) to obtain the

approximation for all 1 < k < N/2:
3 52
] . [2k3d log(d)l
1 N

(gF)

where p is the state conditioned on observing the outcome w after
measuring the quantum state p+14 with a fixed measurement device

M%(i[s_tk) (which should be an informationally-complete measurement

satisfying a low-distortion property) and p{} denotes the reduced

E

o — (p/b)@k

[~Unif(k+1, .., k+5), W MG (k) H

A1 A i

quantum state derived by tracing out the systems A, for ¢ > 1 from the

quantum state pi~#. This theorem shows that when measuring a
sufficiently large number of systems of a permutation invariant state,

the remaining systems become approximately independent. Crucially,

in (gF) the approximation of the state pi** by the i.i.d. state () o is
conducted using the trace-norm. ThlS implies that any algorithm
utilizing arbitrary measurement strategies that necessitate i.i.d. input
states can be generalized to the non-i.i.d. setting at the cost of a new
error probability bounded as in Theorem 1. Unfortunately, for some
tasks, the additional cost in Theorem 1 is prohibitive. For example, for
classical shadows, we expect that the dependence on the dimension d
be at most logarithmic.

An example of ref. 24 shows that the dependency in the dimen-
sion can not be lifted for a general de Finetti theorem with the trace-
norm approximation. On the other hand, the authors of ref. 25 reduced
the dependency in the dimension for the LOCC norm. Specifically, it is
shown? that for a permutation invariant state pr~4v and 1<k<N,
there exists a probability measure denoted as v, such that the following

inequality holds:
2k log(@) ~ (IF)
N—k ~’

where the maximization is over measurements channels (a measure-
ment channel corresponding to a measurement device M ={M,},_, is
the quantum channel A(p)=3",_, Tr[M,p] Ix) (x| where {|x)},. is an
orthonormal basis). Initially, this might appear adequate for relaxing
the assumption of i.i.d. state preparations with a low overhead. How-
ever, the process of extending algorithms from i.i.d. inputs to a mix-
ture of i.i.d. states (not to mention permutation-invariant states) is far
from straightforward, particularly when dealing with statements that
require a correctness with high probability. To address this difficulty,
we use the same techniques from ref. 25 and show a randomized local
quantum de Finetti theorem.

SUPy,, .., A

idoA @ @A (pAl"'Ak - / du(a)a®k> <
. 1

Theorem 2. (Randomized local de Finetti). Let p#4v be a permutation
invariant quantum state, {A,},. be a set of measurement channels and
g be a probability measure on R. For all 1 < k < N/2, the following

inequality holds:
4K log(d)
Ja e

idoA, ® A, <’,,‘; A _

(pﬁv‘)M)

E(I,,..., )@@V, ~Unif(k+1, .., k +5) ]Ew [
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BOX 1

Algorithm 1 - Predicting properties of quantum states in the non-i.i.d.

setting - Non-adaptive algorithms

Require: The measurements {M{‘}

1<t<

Ensure: Adapt the algorithm A to non-i.i.d. inputs p/Av.

1. For k=k, log(k 4/6 4), sample | ~ Unif{k+1, ..., k+ 4} and r=(ry, ..

«, of algorithm A. A permutation invariant state p™“v.

L) Unif(, k)

2. Fort=k+1, ..., |, apply M;‘t‘ to system A; and obtain outcome w <« ®£:k+1/\/l;‘t‘(p).

3.Fort=1, .., k apply M to system A, and obtain outcome v < ®f_; M (py)-
4.Fort=1, ..., kyu, let s(t) € [k, log(k ,/6 4)] be the first integer such that rgq) = t.

5. Run the prediction of algorithm A to the measurement outcomes vy, .

6. Return: (L, r, w, p).

BOX 2

-+ Vs » and obtain p.

Algorithm 2 - Predicting properties of quantum states in the non-i.i.d.

setting - General algorithms

Require: Measurement A : L(A; ... Ay) — C”. A permutation invariant state phin,

Ensure: Adapt the algorithm A to non-i.i.d. inputs p/ A,
1. Sample [ ~ Unif {k+1, ..., k+4}.

2. Apply M to each system Ay.q to A, and obtain the outcome w < M®(”k)(p).

dist

3. Run algorithm A on systems A;...A, and obtain the outcome p < A(p).

4. Return: (I, w, p).

where w is obtained by applying the channel A
systems Agq --- A; of p.

The result we establish in Theorem 4 is actually slightly stronger:
we do not need p*-4v to be permutation invariant, it suffices to
choose a permutation of the systems (4, ..., Ay) at random, and the
result above holds in expectation over this choice. Moreover, it
suffices to sample (ry, ..., ry) -~ ¢" from a permutation-invariant mea-
sure on RV,

Observe that our de Finetti theorem requires stronger assump-
tions than the local de Finetti theorem (1F)*: the distribution of the
measurement channels should be permutation invariant (as opposed
to arbitrary). However, the implications of our de Finetti theorem are
also stronger than the local de Finetti theorem (1F) in that it approx-
imates the projection of the permutation invariant state to exactly i.i.d.
states (instead of mixture of i.i.d. states).

It is worth noting that the approximation error in Theorem 2 is
significantly smaller than the previous approximation error (gF).
Notably, the dependence on the local dimension d is logarithmic,
which implies that the total number of copies N only needs to scale as

Q(k2 log(d)), as opposed to the more demanding Qk3d? log(a)).

However, the approximation of the state pi“# by the i.i.d. state

®k . .
)" in the general trace-norm is no longer guaranteed. This asser-

tion now holds only when applying independent local measurement
channels drawn from {A,},., according to the distribution g on the

®---®A,, to the

Tk+1

quantum state pl . For learning algorithms that are non-adaptive
and incoherent (performing single copy measurements using a set of
measurement devices chosen before starting the learning procedure),
this is enough to bound their error probability and leads to the fol-
lowing theorem.

Theorem 3. (Non-adaptive algorithms in the non-i.i.d. setting). Let
£>0and 1 < k<N/2. Let A be a learning algorithm designed for i.i.d.
input states and performing non-adaptive incoherent measurements.
There is an algorithm B that takes as input an arbitrary state on N
systems and possessing an error probability:

[K*log*(N) log(d
68 (N'pAlWAN' 28) = SuDa:stateaA (k' 0®k’ £> +0 ( gl(vgig()> :

In terms of copy complexity, to ensure an error probability 6, the
number of copies in the non-i.i.d. setting should be

Noon_iid = Q (@ - kiia(e, 6)*log (kg /5)> ,
6°¢

where kiiq(g, 6) is a sufficient number of copies needed to achieve 6/2
correctness in the i.i.d. setting with a precision parameter &/2.

To prove Theorem 3, we provide an algorithm B, illustrated in
Fig. 2 (Right) and formally described in Algorithm 1 (displayed in
Box 1). Note that as .4 is assumed to be incoherent and non-adaptive, it
is described by some measurements {M,}, .. The algorithm B parti-
tions the training data into 3 parts. We choose a random number
(I ~ Unif{k+1, ..., k+ %}). The first part has size [~k and each system is
measured using some measurement M,, where r is chosen at random.
This step gives an output string that we denote w. The second part is of
size kand we apply the learning algorithm A and return this prediction.
The third part consists of N-I-1 systems that are not used by the
learning algorithm. Besides this, Algorithm B returns also the out-
comes w as calibration data.
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Many problems of learning properties of quantum states can be
solved using algorithms that perform non-adaptive incoherent mea-
surements - that is, measurements which are local on copies and
chosen non-adaptively (see Definition 5 for a formal definition). This
includes state tomography”, shadow tomography using classical
shadows’, testing mixedness?, fidelity estimation’, verification of pure
states’ among others. For all these problems, we can apply Theorem 3
to extend these algorithms so that they can operate even for non-i.i.d.
input states (see Methods’ subsection “Applications”). Here, we pre-
sent this extension for observable prediction via classical shadows. The
learning task is to e-approximate M target observables tr(O;p) in an
unknown d-dimensional state p.

Proposition 1. (Classical shadows in the non i.i.d. setting). Fix a col-
lection of M observables O; on an n-qubit system that are also k-local.
Then, we can use (global or local) Clifford measurements to success-
fully e-approximate all target observables in the reduced test state with
probability at least 2/3. The number of copies required depends on the
measurement process (global/local Clifford) and scales as

2
N:(b(nz’maxiewl I O;li3log"(M)

= ) (global Clifford),

_ (nkzlékmaxiew] I 04112 log?(M)

N=0O 5 > (local Clifford),
£

where O hides log log(M) and log(1/¢) factors.

Notably, taking classical shadows techniques allows us to perform
verification in the non-i.i.d. setting” without even revealing or making
assumptions on the verified target state.

Application: verification of pure states

The verification of pure states plays an important role in quantum
information, notably in the cryptographic setting, where devices, chan-
nels or parties are not trusted®. This stems from the view of quantum
states as resources for certain tasks, which is the case for many appli-
cations in quantum information, where the most challenging part is the
preparation (and/or distribution) of large entangled states, with which
various applications can be carried out by easier, usually local, opera-
tions. In measurement-based quantum computing, computation is car-
ried out by single qubit measurements on a large entangled graph
state”®. In networks, many applications rely on the sharing of particular
entangled resource states, such as anonymous communication®, secret
sharing®, and distributed sensing™. In these cases, what this means is
that, once we can be sure we have the good resource state, we can
confirm the application itself. The ability to verify the resource state is
then very useful, especially, for example, if the resource state is issued by
an untrusted server, or shared over an untrusted network. In these cases,
we would clearly not like to make the assumption of an i.i.d. source since
this would correspond to assuming i.i.d. attacks by the malicious party.
In the simplest case the malicious party would behave well on some runs
(in order to convince the user the state is a good resource), and badly on
the others (potentially corrupting the application). We then require
verification of pure resources states, without the i.i.d. assumption. Once
armed with this, for example, verified quantum computation, can be
achieved by verifying the underlying resource graph state®. Similarly,
verifying the underlying resource states provides security over untrus-
ted networks for anonymous communication®, secret sharing®* and
distributed sensing'®.

As an application of Theorem 3 and Proposition 1, we can show
that any n-qubit pure state can be verified with either © %) Clifford
measurements (see Proposition 4) or @(’%"") Pauli measurements (see
Proposition 5). In words, a verification algorithm should accept only
when the test set (post-measurement state) is e-close to the ideal state
in fidelity. Our proposed algorithm offers two significant advantages:

(a) it does not rely on the assumption of i.i.d. state preparations, and
(b) it does not demand prior knowledge of the target pure state during
the data acquisition phase (that is, the measurements in the algorithm
are independent of the state we wish to verify).

Notably, existing verification protocols in the non-i.i.d. setting are
state-dependent, such as stabilizer states™***, weighted graph states,
hypergraph states®, and Dicke states”. In contrast, our protocol is
independent of the state to be verified. This not only adds to its sim-
plicity but also offers potential advantages in concealing information
from the measurement devices regarding the purpose of the test. This
blindness is a crucial aspect of many protocols for the verification of
computation™, making this feature valuable in such contexts. More-
over, in both network and computational settings, having a universal
protocol simplifies the management of verification steps in broader
scenarios where different states may be used for various applications.

Discussion
We will now give an overview of the relationship between these results
and previous works.

The foundational de Finetti theorem, initially introduced by de
Finetti*®, states that exchangeable Bernoulli random variables behaves
as a mixture of i.i.d. Bernoulli random variables. Subsequently, this
statement was quantified and generalized to finite sample sizes and
arbitrary alphabets by refs. 39,40. This theorem was further extended
to quantum states. Initially in refs. 41,42, the authors established
asymptotic generalizations, while in refs. 24,43, the authors presented
finite approximations in terms of trace-norm. Later works®**
improved these approximations for weaker norms: exponential
improvements in the dimension dependence are achieved using the
one-way LOCC norm, initially for k =2 by ref. 44, and subsequently for
general k by ref. 25. In the mentioned works, the permutation-invariant
state was approximated by a mixture of i.i.d. states. In ref. 23, the
authors introduced an approximation to i.i.d. states in terms of the
trace-norm. In this work, we improve the dimension dependence of
this approximation, employing a randomized LOCC norm instead of
the trace-norm. Lastly, it is worth noting that information-theoretic
proofs for classical finite de Finetti theorems were provided
by refs. 45-47.

For the problem of state tomography, the copy complexity in the
i.i.d. setting is well-established: ©(d%/£?) with coherent measurements™*%,
and O(d%/€%) with incoherent measurements****°, where ¢ denotes the
approximation accuracy. In the non-i.i.d. setting, the authors of ref. 2
introduced a formulation for the state tomography problem and pre-
sented a result using confidence regions. This result pertains to the
asymptotic regime, specifically when the state can be represented as a
mixture of i.i.d. states. In this article, we build upon the formulation of
ref. 2, and we discern between algorithms that return calibration infor-
mation and those that do not. Furthermore, we introduce a state
tomography algorithm with a finite copy complexity (in the non
asymptotic regime). Finally, the authors of ref. 50 have also proposed
non-i.i.d. tomography algorithms tailored for matrix product states.

The problem of shadow tomography is known to be solvable
with a complexity that grows poly-logarithmically with respect to
both the dimension and the number of observables, provided
(almost) all i.i.d. copies can be coherently measured®®*'. However, if
we seek to extend this result to the non-i.i.d. setting using our fra-
mework, the copy complexity would be polynomial in the dimen-
sion. In the case of incoherent measurements, classical
shadows”'*** offer efficient algorithms for estimating properties of
certain observable classes. Leveraging our findings, these algorithms
can be adapted to the non-i.i.d. setting while maintaining compar-
able performance guarantees. Importantly, this extension retains
efficiency for the same class of observables. Finally, refs. 55,58,59
derived shadow tomography results assuming receipt of indepen-
dent (though not necessarily identical) copies of states. However, it
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is worth noting that the assumption of independence, which we
overcome in this article, is necessary for their analysis.

Regarding the verification of pure states, optimal and efficient
protocols have been proposed in scenarios where the verifier receives
independent or product states*”“°. Recently, considerable attention
has been given to the verification of pure quantum states in the
adversarial scenario, where the received states can be arbitrarily cor-
related and entangled”***°"%,  For instance, in ref. 61, the
authors proposed efficient protocols for verifying the ground states of
Hamiltonians (subject to certain conditions) and polynomial-time-
generated hypergraph states. Meanwhile, in ref. 21, the authors intro-
duced protocols to efficiently verify bipartite pure states, stabilizer
states, and Dicke states. Noteworthy attention has also been directed
towards the verification of graph states*?*®*¢*, Furthermore, the
authors of ref. 64 studied device-independent verification of quantum
states beyond the i.i.d. assumption. Lastly, the verification of
continuous-variable quantum states in the adversarial scenario is stu-
died in refs. 65-67. Note that in all these cases the protocols depend
explicitly on the state in question.

In summary, we have developed a framework for learning prop-
erties of quantum states in the non-i.i.d. setting. The only requirement
we impose on the property we aim to learn is the robustness
assumption (Definition 3). It would be interesting to analyze the sig-
nificance of this assumption in the context of the beyond i.i.d. gen-
eralizations we prove in the paper (Theorems 5 and 8). Furthermore,
while only non-adaptive algorithms that employ incoherent measure-
ments are shown to be extended to encompass non-i.i.d. input states
without a loss of efficiency, an open research direction is to investigate
whether general algorithms can achieve a similar extension or if there
exists an information-theoretic limit.

One of the applications of our results provides the first explicit
protocol for verifying any multiparty quantum state, accompanied by
clear efficiency statements. However, our results have certain limitations.
As discussed in Results’ subsection “Evaluating a learning algorithm”, the
choice of the random permutation should be hidden from the learner in
general. In addition, for local Pauli measurements, the scaling is expo-
nential in the number of qubits, and while the scaling for Clifford mea-
surements is close to optimal, they are non-local across each copy. In
addition, the scaling in the error parameters is not optimal. Nevertheless,
we see our results as a first proof-of-principle showing that beyond i.i.d.
learning is feasible in many settings with performance guarantees that are
comparable to the i.i.d. guarantees. We expect that further work will
improve the bounds we obtain both for the general statements as well as
using specificities of classes of learning tasks. In addition, we believe that
this work will contribute to the transfer of techniques between the areas
of learning theory and quantum verification.

Methods

We first present the necessary notation and preliminaries in the next
section. This section is essential for a complete understanding of the
evaluation of an algorithm in the non-i.i.d. setting and the distinction
we make between general and non-adaptive algorithms.

Notation and preliminaries

Let [d] denote the set of integers from 1to d and [¢, s] denote the set of
integers from ¢ to s. Hilbert spaces are denoted A, B, ... and we will use
these symbols for both the label of a quantum system and the system
itself. We let d, be the dimension of the Hilbert space A. Let L(4) denote
the set of linear maps from A to itself. A quantum state on A is defined
as

pelL@): p=0and Trp]=1,

where p > 0 means that p is positive semidefinite. The set of quantum
states on A is denoted by D(A). For an integer N > 2, we denote the V-

partite composite system by A1A, --- Ay=A; ® A, ® --- ® Ap. A classical-
quantum state is a bipartite states that can be written in the form

PXP=3 pulx) (¥ ®pf,

xeX

for some orthonormal basis {|x)},., of the classical outcome space X,
where p=(p,),. is a probability distribution and for x € X, p2 is a
quantum state. It will also be useful to interpret a classical quantum state
as p*f ¢ CY @ L(B), i.e., as a vector (p,p?),_, of operators acting on B.
This interpretation is more appropriate when the classical system takes
continuous values. In this case, technically C* should be interpreted as
the space L;(X, u) with some measure u on X. Quantum channels are
linear maps NV : L(A) — L(B) that can be written in the form

Np)=> Kpk} for allpeL(A).

xXeX

Here, the Kraus operators {K,},_, are linear maps from A to B and
satisfy >, KiK, = Iy, where I, is the identity matrix in d, dimen-
sions ([I4, ]l.’j =6, ;). Equivalently, A is trace preserving and completely
positive. The partial trace Trg[.] is a quantum channel from AB to A
defined as

dg
Trglp] = Z(HQ‘A ® <i|B) p (L‘;A ® |i>3) for allp e L(A) ® L(B).
i-1
For bipartite state p*®, we denote the reduced state on A by
p" =Trg[p*®]. In general, for an N-partite state p™4v and for two
integers ¢ < s € [N], we denote by p-4 the quantum state obtained by
tracing out the systems A; for i < ¢, as well as i > s. In formulas:

A

A Ay-A
3 = AN
p : TrAl"'AtflAsi'l"'AN [p ] N

In the situation where all systems except one (A4, for ¢ € [N]) are traced
out, we use the notation

Tr*A[[p] :TrAl'“Al—lAMl'“AN [pAlmAN] .

A quantum channel A with classical output system is called a mea-
surement channel, and is described by a POVM (positive operator-
valued measure) {M,},_, € (L(A))* where the measurement operators
satisfy My > 0 and 3_, M, =1, . After performing the measurement
on a quantum state p € D(A) we observe the outcome x € X with
probability Tr[M,p]. The measurement channel A should be viewed as
a linear map A : L(A) - C% (preserving positivity and normalization)
defined by:

vp e L(A): Ap)=(Tr[M,p)),..-

For a measurement operator 0 <M, <1 acting on A, we write p con-
ditioned on observing the outcome x by:

Note that this display is only well-defined if Tr[M,p]>0. We extend it
consistently to Tr[M,p] = 0 by identifying pZ with a single fixed density
matrix, e.g. the maximally mixed state. The state p and the
measurement A define a probability measure P[] on X by
Prpx1= Tr[M,p"] and we will usually write x to be a random variable
associated with this measure Py, [.].

Li.d. setting - input state. A common assumption in the field of
quantum learning is that the learning algorithm is provided with N
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independent and identically distributed (i.i.d.) copies of the unknown
quantum state.

Definition 1. (Li.d. states). Let N > 1 be a positive integer and
A; = A, = --- 2 Aybe Nisomorphic quantum systems of dimension d. An
i.i.d. state refers to an N-partite quantum state p € D(4; --- Ay) that can
be expressed as p = 0®¥ where 0 € D(4,) is a quantum state.

An i.id. state possesses the characteristic of permutation invar-
iance: if we permute the arrangement of the constituent states o, the
overall state p = ¢®"¥ remains unchanged. For a formal definition of
permutation invariance, let &, be the permutation group of N elements.

Definition 2. (Permutation invariant states). For m € &y, let C, be the
permutation operator corresponding to the permutation , that is:

Calir) @+ @ lin) =lin 1)) @+ @iy ) Vit -,y € [d).

Astate p € D(A; -+ Ay) is permutation invariant if for all m € G, we have

pn=C, Gy,

Note that every i.i.d. state p = 0®" is permutation-invariant. The
converse is not necessarily true, however. Take, for example an N-qubit
GHZ state: p=|GHZy) (GHZ,| with |GHZy)=(|0---0)+|1---1))/v2.
This state is unaffected under permutation operators, but it is very far
from an i.i.d. tensor product. It is worthwhile to point out that per-
mutation invariance plays nicely with partial measurements. If p is
permutation invariant then for an operator 0 <M, <1 acting on
A; -+ A, the post-measurement state pﬁ'*"""” is also permutation
invariant. So we can define the reduced state conditioned on observing
X as:

PR =Ty [or ] =T [ ] =pl, e+ LM

Problems/tasks. In this article, we consider problems of learning
quantum states’ properties. These problems can be formulated using a
SUCCESS event:

Definition 3. (Success formulation of learning properties of quantum
states). A quantum learning problem for states on the system A is defined
by: a set P of possible predictions together with a set of successful
predictions SUCCESS < P xD(A). If (p, 0) € SUCCESS, then p is con-
sidered a correct prediction for o. Otherwise, it is considered incorrect.

Many problems have a precision parameter &, we write in this case
SUCCESS: for the pairs (p, o) for which p is a correct prediction for o
within precision &.

We say that the property SUCCESS; satisfies the robustness
assumption whenever

¥(0,€) e DAY, if || o— €l <€, then (p,0)e SUCCESS, = (p,&) e SUCCESS,, .

Example 1. We illustrate the SUCCESS set for the shadow tomography,
full state tomography, verification of a pure state, and testing mixed-
ness problems:

* Shadow tomography: for some family of M observables O;, ..., Oy,
satisfying 0 < 0; <1, the objective is to estimate all their expec-
tation values within an additive error €. In this case, a prediction is
an M-tuple of numbers in [0, 1], i.e., P=[0,1]" and the correct
pairs are given by

SUCCESS, ={({#ty, ---, iy}, 0) IVISi<M : |p; — Tr[O0] |, <} C [0, 1] x D(A).

* State tomography: the objective is to obtain a description of the
full state. In this case, a prediction is a description of a density

operator, i.e., P=D(A) and we have

SUCCESS, ={(0,0)| || p — 0]l <&} C D(4) x D(A).

(Tolerant) verification of pure states: in this problem, the objec-
tive is to output O if the state we have is e-close to |W) and output 1
if it is 2e-far from |W). In this case, the prediction is a bit, i.e.,
P={0,1} and notice that this is a promise problem in the sense
that there are inputs for which any output is valid. For this reason,
it is simpler to define the incorrect prediction pairs:

(SUCCESS, ) = {(1,0)|(W|o|W) 21 — £} U
{(0,0)| (W|o|W) <1—2¢} C {0,1} xD(A).

(Tolerant) testing mixedness of quantum states: this problem is
similar to the previous one, except that we are testing if the state is
maximally mixed or not. In this case, we have
> Zs}
1

ss} u {(0,0)
1

o1
d

€ {0,1} x D(A).

I
0 ——

(SUCCESS,)* = {(1, 0) ;

Observe that all these problems, by the triangle inequality, satisfy the
robustness assumption.

Before specifying the algorithms we consider, let us first recall
how one could formulate a problem when the input state is non-i.i.d.

Non-i.i.d. setting - input state. Given a learning problem defined by
SUCCESS;, in the usual setting, an algorithm takes as an input an i.i.d.
state p4v =g®N and outputs a prediction p. Then, we say that this
algorithm succeeds if (p, 0) belongs to the SUCCESS set. In the setting
where the input state p#4v is no longer an i.i.d. state, it is not clear
when the algorithm succeeds. In what follows, we follow**' and present
a way to evaluate algorithms with possibly non-i.i.d. input states.

Consider a collection of N finite dimensional quantum systems
A= --- = Ay. We denote the dimension of A; by d (for an n-qubit system
Ay, we have d = 2"). This collection is shuffled uniformly at random so
that the state p4v € D(4; - -- Ay) is permutation invariant. We need
to form two sets:

* The train set which consists of the first N-1 copies of the state.
Some of these copies are measured in order to construct the
estimations necessary for the learning task, and

* The test set which consists of the last copy (the state on Ay) that is
used to test the accuracy of the estimations deduced from the
train set. This copy should not be measured.

Since the state p*4¥ can now be entangled, it is possible that the train
and test sets cannot be separated from each other. In particular, the
measurements we perform on the train set may affect the test set. In
addition, the choice of measuring a copy or not can also affect the test
set. At the end, we compare the estimations from the train set with the
single copy of the test set (see Fig. 3 for an illustration).

Note that in the i.i.d. setting, i.e., p = 0", the train set will be of the
form ¢®"! and the test set of the form o where we compare the esti-
mations deduced from measuring the state o with the test state o. Thus
we recover the usual setting. The following example illustrates the
importance of choosing the test state as the post-measurement state.

Example 2. Consider the following permutation invariant state

d n 5 ®N
prvAv =150 10 (.
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AN
c,p

p

Fig. 3 | A general algorithm for learning properties of quantum states in the
non-i.i.d. setting. A learning algorithm B takes as input the N-1 copies of the train
set and returns a prediction p and a calibration c. Success occurs if p is (approxi-
mately) compatible with the remaining post-measurement test copy p?[v,,.

SUCCESS P

If we measure the first system A; with the canonical basis
M ={li)(il}jc1q), We observe m € [d] with probability 1/d and the state
collapses to:

ArAy

P =1m) (m|*N

After this initial measurement, the state of the last system Ay is always
equal to |m) (m|. Therefore, it is more appropriate to compare the
prediction to pf,, =|m) (m| rather than the reduced measurement

d s
state pv = L5 i) (= 1.

Algorithms. In a general algorithm, the prediction can be an arbitrary
quantum channel from the train set to a prediction.

Definition 4. (General algorithm). Let N > 1 be a positive integer and
A; = A, =~ ... 2 Aybe Nisomorphic quantum systems. An algorithm for a
learning problem with prediction set P is simply a measurement
channel B: L(4; ---Ay_;) — C”.

We will also be interested in a special class of learning algorithms:
non-adaptive incoherent algorithms that can only measure each sys-
tem separately and then apply an arbitrary classical post-processing
function.

Definition 5. (Non-adaptive algorithm). Let N > 1 be a positive integer
and A; @ A, = .- = Ay be N isomorphic quantum systems. For a non-
adaptive algorithm, the prediction channel B should be of the form
B=D°(M; ®---® My_;) where M; : L(A;) - C"* are measurement
channels, and P:CY"®..-® C™1 - C” is an arbitrary post-
processing channel (aka a classical data processing algorithm).

Error probability. We can assess an algorithm based on its probability
of error, which represents the likelihood that its outcomes do not
satisfy the desired property for a given test set or state. Note that if a
learning algorithm outputs more information than simply the predic-
tion p, this may influence the post-measurement state that we are
comparing against and influence the error probability. This leads us to
the following definition which allows the learning algorithm to output
auxiliary information, which we refer to as calibration. See Fig. 3 for an
illustration of algorithms with calibration information.

Definition 6. (Error probability in the non-i.i.d. setting with calibra-
tion). Let N > 1 be a positive integer and A; ~ A, ~ - @ Ay be N
isomorphic quantum systems. Let p"14v € D(4; - --Ay) be permuta-
tion invariant. A learning algorithm with calibration is given by a

quantum channel B : L(4, ... Ay_;) - C¢ ® C”. The error probability
of the algorithm on input p is:

SN, ph-Av, )= P, pysip) [(Pﬁ?f‘b) ¢ SUCCESSJ ’

where (c, p) is a random variable having distribution B(p%-4v-1),

Note that, if p is i.i.d., the conditioning on ¢, p does not have any
effect on the post-measurement state and Definition 6 coincides with
the usual definition of the error probability.

We refer to Supplementary Note 3 for the distinction between
error probabilities with and without calibration. In particular, we are
able to extend algorithms to the non-i.i.d. setting without calibration
for a wide range of learning problems that can be formulated using a
function with reasonable assumptions.

In the following, we state and prove a randomized local de Finetti
theorem. We then concentrate on non-adaptive algorithms employing
incoherent measurements and illustrate how to extend their applic-
ability to handle non-i.i.d. input states. In Methods’ subsection
“Applications”, we apply the results we obtained for non-adaptive
algorithms (Theorem 5) to specific examples, including observable
prediction with classical shadows, verification of pure states, fidelity
estimation, quantum state tomography, and testing the mixedness of
states. Finally, in Methods' subsection “General algorithms in the non-
i.i.d. setting”, we detail the process of adapting any algorithm to
function within the non-i.i.d. framework.

Randomized local de Finetti Theorem

In this section, we state and prove a randomized local de Finetti the-
orem. Note that the statement does not need the state p42-4v to be
permutation invariant, but we show that for most choices of permu-
tations of the systems (4;, A,, ..., Ay), the conditional state of the first
few copies is close to product.

Theorem 4. (Randomized local de Finetti). Let N > 1 be a positive
integer and A; @ Ay ~ - A be N isomorphic quantum systems of
dimension d. Let 1<k< Iogd Let pM4v be a state and let g" be a
permutation-invariant measure on R". Let {A,},., be a set of mea-
surement channels with input system A and output system X. Let

J = Gu 0 Jn be a random permutation of {1, ... N},
[~ Unif{ik+1, ...,k+ 5}, r=(r, ... 1) - ¢" and W= (Wpy, ..., Weny2) be
the outcomes of measurlng the systems A; , ..., 4; using the

7 keny2

measurements A, , ..., A .The followmg lnequallty holds:

Tknj2®
i [ nods (@L0) it - @i

. 4k* log(d)
S\

where p,(w)= TrL(WI(/\,M ® - ® A,k+N,Z)(p"fl“'A’~)IW>] and we defined
the conditional state p;,w as

A/l Alk+1 -
pl rLw

A Ay
pe(W) TrAJk 2 A {<w|(/\fm ®-® Afkwv/z)(p e )|W)]

Note that if p1-4v is permutation invariant, the random permutation j

K
is not needed and we can replacej; by i and @7 1P1 v w DY (p, v w)® i

the above expressions.

The proof is inspired by refs. 25,68 and .
Proof. The mutual information is defined as follows:
+S(pM) — Sip )

I(AI:AZ : -~~:AN)p:S(pA1)+
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where S(p)= — Tr[plog(p)] is the Von Neumann entropy of p.
The muytual information of quantum-classical state &% %=
S PPt ¢ ® Im) (m|© is defined as follows:

I : - A 10) = Zp,,,z(Aj1 i Ay
m

The chain rule implies:

T A A O

Moreover, we can apply the data-processing inequality locally, for all

quantum channels T;: L4;) — LX), let (=I® - ®®

id(&% %) we have:
I(le HARR

For every r = (ry, ..., ry) define the state:
AX X . A
TN = id @ A"z ®--- ®A’N (ijl Am),

We have by the chain rule:

E"'VIIN |:I (Ajlsz o 'Xjk : Xjkﬂ T Xjkw,/z)” :|

' 3)
o k+N/2 .
- EI'NLIN |: l:k+II(Aj1ij . .Xjk . Xj( |Xj1+1 . .Xjk+N/Z)nr:| .

By taking the average over the random permutation j and using the
fact that the distribution ¢" is invariant under the permutation of the
systems k + 1 and [ we have for all k +1< [ < k + N/2:

Ej. r~gV |:I(Aj1Xj2 a .Xjk : Xj/ |Xj1+1 o Xjk+N/2 )”r:|

= Ej. r~q" |:I(Aj1sz a 'ka : Xjk+1 |sz+1 a 'kaw,/z ),,r:| ’

hence:
k+NJ2
Ej.l’“‘q’v |: l=k+II(Af1sz . 'X.l'k : Xfl |Xf1+1 . 'Xjk+N/2)nr:|
_ k+N/2 (4)
- Ejrr“‘qN l=k+II(Aj1ij . .Xjk : Xjk+1 IXj(u o 'Xjk+N,/z)nr :

Now using the data-processing inequality for the partial trace channel
and the fact that ¢" is permutation invariant and averaging over j, we
obtainforall2<i<kand k+1<[<k+ N/2:

EjrquN |:I(Aj1ij o .Xjk : Xjk+1 ‘leu o .Xjk+N,’Z)"r:|

2 Ej.r~q |:I(Aj1ij o .Xj; X |Xj1+1 '” Xjk+N/Z )”r:| (5)

Ji+1

= Ejyl‘wq’v |:I(A.I'1ij v .in : in+1 Ile+1 T Xjk+N/Z )”r:| :

Then we can apply the chain rule to get forall k + 1< [ < k + N/2:

k+1
Z; By rqn {I (A X, X,

i=

: in IXjHl c 'Xjk+N/2 )”r:|
(6)

= Ej:"“‘i’v |:I(Aj1 : sz Bt ka+1 |Xj/+1 o .Xjk+N/2)nr:| !

Now, for each k +1<[< k+ N/2, we introduce the notations ., for the
states conditioned on the systems (X;_, ..., X, )takingthevaluew,

and p,(w) for the probability of obtaining outcome w. Hence using
Pinsker’s inequality then Cauchy Schwarz’s inequality, we obtain:

B g {I(Afx Xy X W .Xjkwv,z)”']

X

jk+1)ﬂ,vw:|

1 A X, X A X, X;
o[ S etk orthe el
w

= pegq {Z PWIA; X, -
w

\2

2
]
1 A 2
= 3 Fyeegr {Z P (id @ @A )6 ™)~ 5 © Q1A 01 )| \1}
w
2

23 (Fare [T (00 @110 (it ~sliwo-eoli) )
@)

Combining the (In)Egs. (3)-(7) we obtain:

Ej,quN {Z (Aflez . 'ka : Xjkﬂ . 'ka+/v/z)”r:|
1 —k+N/2—k+1
22 i1 Dica B ey {I(AAXJZ X XX

N
2% Ej f ey

N
> % <Ej' L~V

.Xjk*N/Z)ﬂr]

Xj:q o 'Xjkwrz)ﬂj

2
S pw|(ide @) (Pih " ~pihwe @A) \J ) ‘

e

{Z(Ajl :ijz---:X

Since  Z(A4; X;, - X; : X X

Jk+1 Jren2

) < log(d*)=klog(d) for all

J

r € RV, we obtain finally the desired inequality:

Ej f pgy

S| (id o @A) (P ~ Al e @ P1k)

4k
S\n Biree [I<A11ij oK K 'XJM,Z),,’]

4k
< \/W ’ Supjeelv: TERNI(AjIij . 'ka : Xjkﬂ . .leuN’Z)”r
B 4k* log(d)
SN—wN

We refer to Supplementary Note 2 for an illustration of Theorem 4
for a specific permutation invariant state and a specific distribution of
measurements.

®

Non-adaptive algorithms in the non-i.i.d. setting

In this section, our emphasis is on problems related to learning
properties of quantum states (as defined in Definition 3) and algo-
rithms that operate through non-adaptive incoherent measurements
(as defined in Definition 5). We present a method to extend the
applicability of these algorithms beyond the constraint of i.i.d. input
states.

Let SUCCESS; define a property of quantum states. We consider a
fixed non-adaptive algorithm A that performs non-adaptive measure-
ments on the systems which make up the train set. Our approach
introduces a strategy B outlined in Algorithm 1 (displayed in Box 1) and
illustrated in Fig. 4, which extends the functionality of the algorithm A
to encompass non-ii.d. states. The input state, denoted as
phrAv e DA, - -- Ay), is now an N-partite state that can be entangled.

In words, given a non-adaptive incoherent algorithm A that uses a
set of measurement devices {M,},, Algorithm 1 measures a large num-
ber of the state’s subsystems using measurement devices uniformly
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Fig. 4 | lllustration of Algorithm 1. Algorithm 1 measures a large number of the
state’s subsystems using M;* that represents measurement devices uniformly
chosen from the i.i.d. algorithm’s set of measurements (red and green parts). Then,
Algorithm 1 applies the data processing of Algorithm A to the outcomes of a part of
these subsystems (green part), leading to a prediction p. Algorithm 1 returns the
remaining outcomes as calibration w. Success occurs if p is (approximately) com-
patible with the remaining post-measurement test copy p?,':, w,p"

chosen from {M,}, (see Fig. 4, red and green parts). This ensures that the
(small) portion of measured subsystems intended for the learning
algorithm approximately behave like i.i.d. copies (see Fig. 4, green part).
Then, in order to predict the property, Algorithm 1 applies the data
processing of Algorithm A to the outcomes of these subsystems.

More precisely, since A is a non-adaptive algorithm, it performs
measurements using the measurements devices {M},_, ., . We
sample at each time a POVM uniformly at random from the set
{M{‘}lggh so we need slightly more copies k,log(k /6, to
span {Mf}lstsk i

Let [ ~ Unif{kA log(k 4 /6 )+1, ..., klog(k /6 )+ ¥}. For each
i € [1], we choose r; € Unif{l, ..., k,} and we measure the system A;
using the measurement /vl;‘}.

To compute the prediction, Algorithm B considers the
k 4log(k ,/6,) outcomes v of measurements M, , oMy s
Provided ry, ..., Iy 1ogi 6, SPan the set {1, ...,k ,}, the prediction
algorithm of A is applied to the relevant systems (as described in
Algorithm 1). The coupon collector's problem ensures that
i Tk ogik s,y SPans all elements in (L, ...,k,} with high
probability.

We can support this algorithm with the following rigorous bound
on the failure probability that only depends on problem-specific
parameters, as well as the performance of an ideal i.i.d. learning
algorithm.

Theorem 5. (Non-adaptive algorithms in the non-i.i.d. setting). Let N> 1
be a positive integer and A; ~ A, = --- = Ay be N isomorphic quantum
systems of dimension d. Let € > 0 and k , <N/ log(N). Let A be a non-
adaptive algorithm suitable for i.i.d. input states and performing
measurements with {Mf‘}lstsh. Algorithm 1 has an error probability
satisfying:

ok (K3 1og2(k , /6 ;) log(d
SB(N,pAr"AN,Zg)SZSupL,,wﬁA(kA, (p'z’:"w) A,s>+6 %_

Remark 1. The first component of this upper bound essentially
represents the error probability of algorithm .4 when applied to ani.i.d.
input state g®4, where o0 € {p;": whi e Note that here we are not
required to control this error pr'o'bab'il'ity over all states but only over
the post-measurement states {pf"i'w}”w. The second component

consists of an error term that accounts for the possibility of the input
state p*14v being non i.i.d..

Remark 2. To achieve an error probability of at most &, one could start
by determining a value for k ,=k(A,6,¢) such that for all [, r, w,

O 4k 4, (p;"’;,w)gyk" ,€/2)< 6/6.Subsequently, the total number of copies
can be set to

_18%log

d
Nnon—iid - 6282( ) : kilog2(6kA/6)<

This choice of training data size ensures that the overall probability of
failure obeys 6 5(Nyon_iia, 27147, €) < 8, as desired.

Remark 3. The second error term of this upper bound can be

improved to 6\/’% through the same proof outlined in Theo-

rem 4 (see Inequality (8)). When the state p“t4v =¢g®V s ii.d., the

mutual information Zy(,) =Z(A; X;, --- X, : X - ~Xjk+m)”r becomes

zero for all local quantum channels A, =id®A, ® --- ® A . Con-

Tk+Nj2
sequently, the second error term vanishes in the i.i.d. setting and we
recover the i.i.d. error probability, albeit with a minor loss: substituting

€ with 2¢ and k , with k . log(2k ,/0).

Remark 4. In Algorithm 1, the initial stage of measuring systems
Ag+ -+ A; (corresponding to outcomes w) can be thought as a projec-
tion phase, while the subsequent stage involving measuring the sys-
tems A; -+ Ay (corresponding to outcomes v) can be regarded as a
learning phase. Note that we utilize only the outcomes v for the pre-
diction component p; however, the outcomes w hold significance in
enabling the application of the randomized de Finetti Theorem 4.

Remark 5. Algorithm 1 extends only non-adaptive incoherent algo-
rithms to the non-i.i.d. setting as it applies the measurements of the
i.i.d. algorithm chosen uniformly at random. Adaptive algorithms are
shown to outperform their non-adaptive counterparts for some
learning*”*° and testing’® problems. We leave the question of extend-
ing adaptive incoherent algorithms for future work.

The remaining of this section is dedicated to the proof of
Theorem 5.

Proof of Theorem 5. In this proof we differentiate between k , and
k. The former is the copy complexity of the non-adaptive algorithm A
while the latter is a parameter we use for the proof to ensure that all the
measurement devices used by the non-adaptive algorithm A are
sampled. Let [ - Uniftk + 1, ..., k + N/2} and r=(ry, ..., r)~
Unif{l, ..., k 4}. Algorithm B applies measurement M;‘} to system A; for
all i € [1].

Our proof strategy will be to approximate the reduced post-

measurement state pf“; wp by the reduced post-measurement state

pfr’:,W. Then, we approximate the state pf"r””f,k by the i.i.d. state
®k
(P?,A;,w> using the de Finetti Theorem 4.

More precisely, we write the error probability:

85N, MM, e €)=Py ) [(p,pﬁ;w,# SUCCESSM}
=Prowp (0P p)# SUCCESS e, ||y o, — pff;,le <¢|
P |00, £ SUCCESS. .o [lof, — 1| €]
<Py p (0.0 ) SUCCESS, | + Py | |>¢]
)

AN AN
Prewp " Plew
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where we used the robustness condition for the problem defined by
SUCCESS;.

Let us start with the second term by relating the reduced post-
measurement state pf,’:’ w,p With pjf”;,w. Note that as p is a function of v,
it suffices to bound the distance between pf”;’w and p/l“,,:',w,v' which is
done in the following lemma.

Lemma 1. We have for all £>0:

’pll“.’;,w,v _p;‘,’\ll',wH1>£/] < \l %

Proof of Lemma 1. We use the notation M,,=®!_ k+1Mtwt and
M, = ®F_ M, where M;!'={My},_, for t € [N]. We have:

P[,r,w,v[

xeX
o AAAy Ay )&k
Mrl ®-- @M, ®id Prew — (pl,r,w> .
L {(MV ®1) (pf‘},,v‘;“” ~ (plvw) ﬂ
\4

k
-y ‘ Try,.a, [(My @ D ] T {MV (ofr)” }pf_”,,w 1
v

1

and similarly by the data processing inequality we have

. ®k+1
HM,I ®--®M, ®id (pﬁ',,(,i“'” - (pf,N,,w) >

1

k
> HM -8 M, (pﬁ:;dk - (efhw) )
k
- sl () o)
A\
_ Z’
A\

1

®k
Tr {Mv (pf“;w) }pll“.,;,w - Tr[(Mv ® H)p[,r,w]p/;,’:,w .

So the triangle inequality implies:

Eye [Z Tr[(My ® My @ Dp]| [0 oy — P
V. W

J

= ]El,r |:Z Tr [(Mw ® ]Dp} Tr [(Mv ® H)pl,r,w} ||p/1ql;l—w\, - pf’;w
v, W

J

=E,, {Z Te((My © 1) || e, [(My © D 2]~ Tr[My @ Dyl
\A

|
]
]
)

On the other hand, we have by the randomized local de Finetti Theo-

rem 4:
|4 log(d)
1 - N ’

A Ay \®K] 4
<E. TrA["'Ak [(Mv ® H)ler,kaN} =Tr |:Mv (pLﬂ.l-}w) }pﬂ,w

> Tr[My, © D] ‘

+E,, {Z Tr[(M,, ® Dp] ‘

®k
Tr {Mv (ol4) ]pf,”,,w = Tr[(My © Py w] Ay

®k+1
<2E,, {Z Tr[(My, ® D)p] HM,} ® @M, ®id (pﬁ‘;;ﬁk"” - (pf,i,w) )
w

B o\ ®k+1
E,, [Z Tr[(M,, @ T)p] Hw ®-- @M, ®id (pﬁ;,CkA" - (p;f”r,w) >
w

Hence we can deduce the following inequality:

B [ ] 2,18

(10)

Finally, the Markov’s inequality implies:

Ay Ay
‘ >£,} < Errwy {” Prr,wv _pl,r,wHI] < 16k> log(d)
17 g - Ne?2

This completes the proof of Lemma 1.

We now go back to (9) and consider the first term. Let us denote
M, =®{:1M,i and D for the channel mapping the outcomes v and
outputting a prediction p (as described in Algorithm 1). We have

A A
‘P)l,r,W,V[ pl,’:,w,v _pI,Allf,w

Pl (P9} ) # SUCCESS,|

e[y iy [ (p ) 50008 |

e log(d)
A
<Efpw [PPND(WWW)M)) [(p, Py ,yw) ¢ SUCCESSSH +1/ N

using the randomized local de Finetti Theorem 4. To relate

B {P [ (ppity) #suCCESS, }

k
PPN )°

to the behavior of algorithm A4, we introduce the event that all the
measurement devices that algorithm A needs are sampled before k:

G= {[kA] c {rt}lstsk}'
The union bound implies:
P[G]=P[Alss<k,:SE(rehcrex]

K, k
1 .
< E:IP[Vlstsk L r#s] :kA<le) <k e k/ks,
=

Under G we let s(¢) € [k] be the smallest integer such that ry, = ¢ for
t=1,...,k,. Then

Eprw {P [CXME: SUCCESSSH

k
PDMEY ) )

<Eew {P

> A C
oM )™ Kp P ’errW> # SUCCESSS} l{g}} Pl

<Eirw [P,,N At ™) [CXAME SUCCEssE}] ke Kk

ok 4 B
<supy . woy <kA, (pfﬁ,w> ,s> +k e kika,

Choosing k=k , log(k ,/5 ;), € =¢ and bounding \/Ms \/%

we obtain the desired bound on the error probability.

Applications

In this section, we apply the non i.i.d. framework that we have devel-
oped in Methods’ subsection “Non-adaptive algorithms in the non-i.i.d.
setting” to address specific and concrete examples. These examples
include classical shadows for shadow tomography, the verification of
pure states, fidelity estimation, state tomography, and testing mixed-
ness of states.

Classical shadows for shadow tomography. In the shadow tomo-
graphy problem, we have M > 1 known observables denoted as
Oy, ..., Oy, with each observable satisfying 0 < 0; < I, along with Ni.i.d.
copies of an unknown quantum state o. The task is now to -approx-
imate all M observable values tr(Oo) with success probability (at least)
1-6. In ref. 7, the authors have introduced two specific protocols
known as classical shadows, which employ (global) Clifford and Pauli
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(or local Clifford) measurements to tackle this problem. In their ana-
lysis, the authors crucially rely on the assumption of input states being
i.i.d., which is essential for the successful application (concentration)
of the median of means technique (estimator). Given that both algo-
rithms proposed by ref. 7 are non-adaptive (as defined in Definition 5),
we can leverage Theorem 5 to extend the applicability of these algo-
rithms to encompass input states that are not i.i.d..

The initial algorithm employs measurements that follow either
the Haar or Clifford distributions. The Haar probability measure stands
as the unique invariant probability measure over the unitary (compact)
group and is denoted Ly,,.. For the Clifford distribution, certain
definitions need to be introduced. We consider an n-qubit quantum
system denoted as A ~ C¥ where d=2" First define the set of Pauli
matrices as follows:

P, - {ei"”/lo1 ®---©0,10=0,1,2,3, 0; € {IX, Y,Z}}.

Subsequently, the Clifford group is defined as the centralizer of the
aforementioned set of Pauli matrices:

ClR2M=(U e U, : UP, U =P,}.

It is known”’? that the Clifford group is generated by the Hadamard
(H), phase (S) and CNOT gates:

1 /1 1 1 0
H=— = NOT =
ﬁ(l _1>,S <0 i> and CNO

S O O~
S O~ O
= O O O
SO = O O

Moreover, the Clifford group is finite (of order at most exp(O(n?)))”.
Sampling a Clifford unitary matrix is given by selecting an element
uniformly and randomly from the Clifford group CI(2"). We denote this
distribution by Lecperorg- Importantly, Clifford distribution is a
3-design’7, thatis foralls =0, 1, 2, 3:

EU'vl:(:nrford {U®S ® U®s] = EU~£uaar [U®S ® U®S} :

This property of the Clifford distribution has a significant impli-
cation: unitaries distributed according to Ljierora OF Lyaar distribu-
tions yield identical performance for the classical shadows’. Now we
can state the first result of ref. 7:

Theorem 6. (Ref. 7, rephrased). Let {O;} M) be M observables. There is
an algorithm for predicting the expected values of the observables
{03} iy under the state o to within & with an error probability 6. This
algorithm performs i.i.d. measurements following the distribution
Lciifford (OF Lyaar), and it requires a total number of i.i.d. copies of the
state o satisfying:

&2

(maxiE[M]Tr [0,2} log(M /6))
N=0 .

Hence by Theorem 5 there is an algorithm B in the non-i.i.d. set-
ting with an error probability:

2 2
65 (N, ph-v, 26) <25Up,, . srate 6.4 <kA, 0%k, s) +61/ WA

By taking k , = O(%W) as the complexity of classical sha-

dows in the i.i.d. setting, we deduce that a total number of copies

sufficient to achieve §-correctness in the non-i.i.d. setting is given by:

NooKilog'ku/8)logd)) _ (1 O*log’(M/8)log’ (| O | 10g(M/6)/25) log(d)
- &%2 - 5%¢6

where || O || =max;y, Tr {0,2]

Proposition 2. (Classical shadows in the non-i.i.d. setting - Clifford). Let
{O;}iem) be M observables. There is an algorithm in the non-i.i.d. setting
for predicting the expected values of the observables {O;};,, under
the post-measurement state to within € with a copy complexity

max; Tr[O?]Zlo 2 2 i ?
e Tr [0 1og”(M/6)log? (maxiqpy Tr 07 ] logM/8)/e5 ) log()
N=0 56 .

The algorithm is described in Algorithm 1, where the non-adaptive
algorithmy/statistic A is the classical shadows algorithm of ref. 7 and the
distribution of measurements is Lcjisfora (OF Laar)-

The second protocol introduced by ref. 7 involves the use of Pauli
measurements. This is given by measuring using an orthonormal basis
that corresponds to a non-identity Pauli matrix. On the level of the
unitary matrix, we can generate this sample by taking U=u; ® --- ® uy
where u;, ..., U, " Unif (CI(2)). We denote this distribution by Lpay;-
The classical shadows with Pauli measurement have better perfor-
mance for estimating expectations of local observables.

Theorem 7. (Ref. 7, rephrased). Let {Odicpny be M k-local observables.
There is an algorithm for predicting the expected values of the
observables {O;};s,, under the state o to within & with an error prob-
ability 6. This algorithm performs i.i.d. measurements following the
distribution Lp,,;, and requires a total number of i.i.d. copies of the
state o satisfying:

NoO <22kmax,-€[M] I 0112, Iog(M/6)>
2 '
Now, combining this theorem and Theorem 5, we obtain the fol-
lowing generalization for estimating local properties in the non-i.i.d.
setting.

Proposition 3. (Classical shadows in the non-i.i.d. setting - Pauli). Let
{O:}iem; be M k-local observables. There is an algorithm in the non-i.i.d.
setting for predicting the expected values of the observables {O;} ;.
under the post-measurement state to within £ with an error probability
6 and a copy complexity satisfying:

NO <2“kmax.-e[m I 014, log>(M/6)log’ (2% log(M)/£6) log(d))
5%¢6

Recently, the authors of** provide protocols with depth-
modulated randomized measurement that interpolates between Clif-
ford and Pauli measurements. Since their algorithms are also non-
adaptive, they can be generalized as well to the non-i.i.d. setting using
Theorem 5. Other classical shadows protocols®~**"7¢ could also be
extended to the non-i.i.d. setting.

Classical shadows can be used for learning quantum states and
unitaries of bounded gate complexity”’. Our generalization of classical
shadows permits to immediately extend the state learning protocol
of ref. 77 beyond the i.i.d. assumption and a similar extension should
be possible for their unitary learning results.

Verification of pure states. The verification of pure states is the task of
determining whether a received state precisely matches the ideal pure
state or significantly deviates from it. In this context, we will extend
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this problem to scenarios where we have M potential pure states
represented as {|ll',~><lIJ,~|}lsisM, and our objective is to ascertain whe-
ther the received state corresponds to one of these pure states or is
substantially different from all of them. The traditional problem con-
stitutes a special case with M =1. To formalize, a verification protocol B
satisfies:

1. the completeness condition if it accepts, with high probability,
upon receiving one of the pure i.i.d. states {|W;)(W; |®N heiemr €4
for all i € [M], we have P o1 [p=0]=1- 6. Here, the
symbol O represents the outcémz: ’Acce t’ or the null hypothesis.

2. the soundness condition if when the algorithm accepts, the
quantum state passing the verification protocol (post-measure-
ment state conditioned on a passing event) is close to one of the
pure states {|¥;)(W,[},_;_,, With high probability, i.e.,

P e presohw) [P=0,¥i € M) (Wplo|W))<1—¢| <6, (1)
In this latter scenario, the protocol can receive a possibly highly
entangled state p* v,

Note that as the prediction for this problem is binary (Accept/
Reject), a verification protocol is modeled by an operator [Taccept,
which is given by B7(|0)(0]). The usual way (see e.g.,
refs. 21,35,36,61-63) of writing the completeness and soundness con-
ditions of a protocol for the case M =1 of verifying a single pure state is
as follows. The completeness condition is

Tr Mpceepel ¥) (WIV | 21 - 6,
where 6. is the completeness parameter, which is the same as what we
expressed in terms of B. The soundness condition is

Tr[Maceepe @ (1= W) (W)ph ] <6, 12
Note that this quantity evaluates the expected infidelity of the state
conditioned on acceptance, whereas Eq. (11) is slightly different: it
evaluates the probability (over p and ¢) of having a fidelity below 1-¢. It
is simple to see that Eq. (11) implies &, < € + 6. Conversely, using Mar-
kov's inequality, Eq. (12) implies Eq. (11) with = § = /6. We can, using
the same methods, express our findings directly in terms of expecta-
tions for the task of verifying one pure state, see Supplementary Note 4
for more details. Here we prove the following verification result with
high probability.

Proposition 4. (Verification of pure states in the non-i.i.d. setting -
Clifford). Let p% 4 be a permutation invariant state. Let
{IW;) (W1}, ;< b M pure states. There is an algorithm using Clifford
measurements for verifying whether the (post-measurement) state p/'
is a member of {|W;)(W;|}; ;. Or is at least e-far from them in terms of
fidelity with a probability at least 1 — § and a number of copies satis-
fying

log®(M/8)log’ (log(M)/£6) log(@) \
N=0 5
67¢eb
Proof. We can apply Proposition 2 to estimate the expectation of
the observables {O;= |lP,-><llJ,-|}1£i£M under the post-measurement

state pfyﬁ'w to within /4 and with a probability at least 1 - § using a

Iog (M/6)Iog (Iog(M)/s&) log(d)
&%e6

have a set of predictions p={u;};.;., satisfying (Proposition 2 and

number of copies N = O( ) More concretely, we

Lemma 1):

PV € M | = Te[|w)) (Wiloy [ <e/2 |00 — Pl

‘lss/s} 21-6.
13)

Then, our proposed algorithm accepts if, and only if there is some
i € [M] such that i; > 1 - &/2. We can verify the completeness and
soundness conditions for this algorithm.

1. Completeness. If the verifier receives one pure state of the form
Pl =W (W, =N for some i € [M] then every post-measurement
state is pure, ie., p[ P =|W;) (W, and Inequality (13) implies

Pyl —1<g/2] =P [|ﬂ, Tr[|W;) (W,lp*v]|<€/2] 21— 6.Hence
the algorithm accepts wnth a probability > P, [p; 21— /2] 21-6.
Observe that for this algorithm, we can even relax the assumption
that the input state is i.i.d.. For instance, we can only ask that the
input state is product phAv=@Y 0, where for all
te [N, (Vo |W;)=1-¢g/4.

2. Soundness. Here, we want to prove the following:

Pl [BO) =0, Vie M]: (Wil oIW)<1—e| <6.

If B(p)=0 then for some j € [M] we have y; > 1 - &2. Hence
(W, IP,,WOIWj)<1—£ implies wj|pﬁ':,w,y|q’j>S(""'jlﬁf‘,’l,wle)+£/8$
(Wilp)% o, o|W)) +£/4 <p; — £/4 therefore:

Pl BE" ) =0, Vie [M]: (Wilp)l;, olW;) <1—é]
<Pl rwp [Elj e[M]:p21-¢/2, <llJ oy O|Lle> <1- g]
< Pl,r,w,y [Hf € [M]: < p[ Y, wﬂ|lpj><ﬂj - 8/4]
[

SPLewu|Y €M]: ‘ﬂj - TrHlle> <'~Pj‘p;"Nr'w'ﬂ] ‘>£/4]
)

where we used Inequality Eq. (13).

The above result uses Clifford measurements, which are non-
local. If our primary concern lies in verification with local measure-
ments, an alternative approach would be to apply the non-i.i.d. shadow
tomography result for local measurements (Proposition 3). Using the
same analysis of this section, we can prove the following proposition.

Proposition 5. (Verification of pure states in the non-i.i.d. setting -
Pauli). Let p"4v be a permutation invariant state. Let {{W;)(W;|}<;<p
be M pure states. There is an algorithm using local (pauli) measure-
ments for verifying whether the (post-measurement) state p*v is a
member of {|W;)(W;|};.;<y OF is at least &-far from them in terms of
fidelity with a probability at least 1 — § and a number of copies satis-
fying

4n
N= O<n32 log? (M/6i]og (log(M)/s6)>
[

Discussion and comparison with previous works on verification of
pure states. The main contribution here compared to previous results
is that we give the first explicit protocol which works for all multi-
partite states. This stands in contrast to previous protocols where the
desired state must be a ground state of a Hamiltonian satisfying certain
conditions® or a graph state***%>®> or Dicke states”. However, the
more efficient protocol uses Clifford measurements, which are non-
local. The Pauli measurement case is local, but comes at a cost in
scaling with number of systems.
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We now go into more detail regarding the different scalings. The
optimal copy complexity, or scaling for the number of copies required,
with the fidelity error ¢, is /2%, The scaling with the number of systems
n depends on the protocol (e.g. for stabilizer states there are protocols
that do not scale with n, but known protocols for the W state scales with
n*). Applying our results using Clifford (i.e. entangled over the systems)
gives scaling with £ and n as O(n/®), and for random local Pauli scaling
(local) the scaling is O(n316" /£®). For the Clifford protocol, then, we
have similar scaling to optimal known for W states (though with &
scaling as 1/£® instead of 1/¢), but our protocol works for all states. The
cost here is that measurements are in non-local across each copy.
However for certain applications this is not an issue. For example ver-
ifying output of computations, Clifford are reasonably within the sets of
easy gates, so we have a close to optimal verification for all states that
can be implemented. In the case of random Paulis, where measure-
ments are local on copies, we have the same scaling with £ but we get an
exponential penalty of n scaling in the error. Given the generality of our
protocol to all states though, it is perhaps not so surprising that we have
a high dimensional cost. Furthermore, depending on the situation, this
scaling may not be the major cost one cares about. Indeed, for small
networks dimension will not be the most relevant scaling. We can
imagine many applications in this regime. For example small networks
of sensors, such as satellites or gravimeters'®*, this scaling would not be
prohibitive, but our results would allow for different resource states to
be used, for example spin squeezed states, or other symmetric states
which exhibit better robustness to noise’. Another example would be
small communication networks, where, for example GHZ states can be
used for anonymous communication® or W states for leader election®.
On such small scale networks our results would allow for verified ver-
sions of these applications over untrusted networks, in a way that is
blind to which communication protocol is being applied.

We also point out that we have not optimized over these numbers
(rather we were concerned with showing something that works for all
states). It is highly likely that these complexities can be improved and
we expect that for particular families of states one can find variants
where the scaling in the number of systems is polynomial or better.
One perspective in this direction coming directly from our results, is
the observation that the protocols in the framework of ref. 5, which
assume i.i.d. states, use random i.i.d. measurements, therefore our
theorem allows them to be applied directly to the non-i.i.d. case. This
allows us to take any protocol assuming i.i.d. states, and it works for
general (non-i.i.d.) sources with a small cost.

Lastly, our formulation is naturally robust to noise. Such robust-
ness is an important issue for any practical implementation, and
indeed it has been addressed for several of the protocols mentioned,
see for example®**#'%2, In terms of the completeness condition, we can
easily make out statements robust to noise. For instance, we can relax
the requirement to only ask that the input state is a product state
phrn =N 0, where for all t € [N], (W;|0,|W;) 21— &/4.

Fidelity estimation. The problem of direct fidelity estimation"** con-
sists of estimating the fidelity (W|p|W) between the target known pure
state |W) (W| and the unknown quantum state p by measuring inde-
pendent copies of p. The algorithm of ref. 1 proceeds by sampling i.i.d.
random Pauli matrices

(WIP|W)>
Pl’ ...,P[’V {7d
Pe{l,X,Y,Zy%"

where [ = [1/(£26)]. Then for each i =
state p with the POVM M, = {571, “P

, [, the algorithm measures the
} m; times where m; is defined as

= F log(2 /6);1 _
(WIP;|W)

The algorithm observes A; ; ~ LPe], % whereie€ {l, .., §

andj € {1, ..., m3}. The estimator of the fidelity is then given as follows

[
TZ w|P|w Z Ay =D

In general, in ref. 1, it is proven that the copy complexity satisfies:

]
E [Z m,} < <1+ g + zg—glog(24)>
i=1

to conclude that |S — (W|p|W)| < 2¢ with probability at least 5/6. This
algorithm is non-adaptive and performs independent measurements
from the set:

Mo, ..,

2
U“m ! M, repeated M times » where Py, ..., P, ~ WP
! (WP, |w)? d (LX,Y,2)®

To extend this result to the non-i.i.d. setting, we apply Theorem 5 with

the set of measurements Mp _ p and a copy complexity given by
[ 12/6% - log(24

k=3t m= 1 Wré(g’f’;‘_‘q})zy Theorem 5 ensures that we can

estimate the fidelity between the ideal state |W) (¥| and the post-

measurement state p@” to within 3¢ with probability at least 5/6 if the
total number of copies N satisfies:

111111

N=

48%log(d
Tg() K3 log? (18K ).

By Markov’s inequality we have with probability at least 5/6:

122d

kA<6lﬁ[Zm} <1+2+_| g(24))

i=1

Therefore, by the union bound, our non-i.i.d. algorithm is 1/3-correct
and its complexity satisfies:

N<

482 . 12%d*log?(18 - 122d /?) log(d) _ o <d2|og3(d/s))
6 - 6 :

Proposition 6. (Fidelity estimation in the non-i.i.d. setting). There is an
algorithm in the non-i.i.d. setting for fidelity estimation with a preci-
sion parameter &, a success probability at least 2/3 and a copy com-
plexity:

2 3
NO(M)

Moreover, in ref. 1, it is showen that for well-conditioned states
|W) (W] satisfying for all P € {I, X, Y, Z}®", |(W|P|W)| > & for some a >0,
the copy complexity is bounded in expectation as follows:

s+ o (52

i=1

Similarly, by applying Theorem 5 and Markov’s inequality we can show
the following proposition.

Proposition 7. (Fidelity estimation in the non-i.i.d. setting - Well-
conditioned states). Let |W) be a well-conditioned state with parameter
a > 0. There is an algorithm in the non-i.i.d. setting for fidelity esti-
mation with a precision parameter &, a success probability at least 2/3
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and a copy complexity:

ated

3
N=O<log(dﬁ«s))

State tomography. In the problem of state tomography, we are given
N copies of an unknown quantum state o and the objective is to con-
struct a (classical description) of a quantum state ¢ satisfying ||
0 — 0||; <€ with a probability at least 1 - 6.

In the i.i.d. setting, a sufficient number of copies for state tomo-
graphy in the incoherent setting with a precision £ and an error
probability & is*:

d*log1/6)  d°

Hence by Theorem 5 there is an algorithm 5 in the non-i.i.d. setting
with an error probability:

[k Jog’ (k /6.,) log(d
85 (N, phA,2€) <25Up,, . state S 4 (kA, a®kA,s> +6 W.

So a total number of copies sufficient to achieve §-correctness in the
non-i.i.d. setting is:

_ 256k’ log”(6k ,/6) log(d)

N

5%2
o d*log’(d/6¢)log*(1/6) log(d) . d®log’(d/6¢) log(d)
- &%eb 5%¢h ’

Proposition 8. (State tomography in the non-i.i.d. setting). There is an
algorithm in the non-i.i.d. setting for state tomography with a precision
parameter &, a success probability at least 1 - 6 and a copy complexity:

4y 5 613
NoO (d Iogz(d/és) ,d logz(d/cﬁs)) _
67 6°¢eb
Observe that, unlike the statement of state tomography in the i.i.d.
setting*, here we do not have an explicit dependency on the rank of the

approximated state. This can be explained by the fact that if the state
pAA is noti.i.d. then the post-measurement states {pf_’vp} opCan have a

full rank even if we start with a pure input state p14~. For instance, let
p=|¥) (V| where W)= idz,-e[d]li) ® |i) is the maximally entangled
state, and let X = D ierayild) (il be an observable. In this case, we have

rank (p*2) =1 and rank (pj) = rank (¥, Ta1i) (i) =d if all the coef-
ficients {at;};.(q are non-zero.

Testing mixedness of states. In the problem of testing mixedness of
states, we are given an unknown quantum state o, which can either be J
(null hypothesis) or ¢-far from it in the trace-norm (alternate hypoth-
esis). The objective is to determine the true hypothesis with a prob-
ability of at least 1 — 6. However, this problem does not satisfy the
robustness assumption required in Definition 3. Due to this reason, we
introduced the tolerant version of this problem in Example 1. To the
best of our knowledge, there is no algorithm for the tolerant testing
mixedness problem that outperforms the tomography algorithm
(naive testing by learning approach). Thus, in this section, we con-
centrate on the standard (non-tolerant) formulation of testing mix-
edness of states.

Under the null hypothesis, we assume that the learning algo-
rithm is given the i.i.d. state p = (L) ®N and is expected to respond with

0 with a probability of at least 1 — §. On the other hand, under the
alternate hypothesis, the learning algorithm receives a (potentially
entangled) state pYt4v. In this scenario, the learning algorithm
should output 1 with a probability of at least 1-6 if the post-
measurement state p’c‘f;, is e-far from 1. In the i.i.d. case, a sufficient
number of copies for testing mixedness of states problem in the
incoherent setting with a precision parameter ¢ and an error prob-
ability & is given by ref. 27:

Vi log(1/6)
kA :O<T/>

Hence by Theorem 5

[Ilog?(k 1/ 1) log(d
5B(N,pA1"’ANr25)525UP0:State‘sA(kA’U@kA'g) 6 %_

14)

We can apply Theorem 5 only under the alternate hypothesis where the
robustness assumption holds. Under the null hypothesis, the robust-
ness assumption no longer holds; however, since we are assuming that
the input state is i.i.d., i.e., p= (%)®N, we can directly apply the result
from ref. 27 in this case. So, from Eq. (14), we deduce that a total
number of copies sufficient to achieve §-correctness in the non-i.i.d.
setting is:

N

_ 256k%log?(6k ,/¢) log(d) _ o d’log?(1/6)log?(d/6¢) log(d)
- 5% - &%¢b '

Proposition 9. (Testing mixedness of quantum states in the non-i.i.d.
setting). There is an algorithm in the non-i.i.d. setting for testing mix-
edness of quantum states with a precision parameter & a success
probability at least 1-6 and a copy complexity:

3 5
N@<M>
67¢eb

General algorithms in the non-i.i.d. setting

In this section, we present a general framework for extending algo-
rithms designed to learn properties of a quantum state using i.i.d.
input states, to general possibly entangled input states. The dis-
tinction from Methods’ subsection “Non-adaptive algorithms in the
non-i.i.d. setting” lies in the relaxation of the requirement for algo-
rithms to be non-adaptive; meaning, they can now involve adaptive
measurements, potentially coherent or entangled (see Definition 4).
Coherent measurements are proved to be more powerful than
incoherent ones (let alone non-adaptive ones) for tasks such as state
tomography**’, shadow tomography®’#* and testing mixedness of
states'>®,

As we now consider general algorithms that encompass (possibly)
coherent measurements, a suitable candidate for the measurement
device in the projection phase (the w part in Algorithm 1) becomes less
clear. Furthermore, we require an approximation that excels under the
more stringent trace-norm condition, particularly when addressing
non-local (non product) observables. To address this challenge, we
adopt the approach outlined in ref. 23, utilizing any informationally
complete measurement device. We will use the measurement device
Mgist» having a low distortion with side information, of ref. 86. It
satisfies the following important property: the application of the cor-
responding measurement channel Mg to the system A, does not
diminish the distinguishability between two bipartite states on A;4, by
afactor greater than 2d, , wherein d,, represents the dimension of A,.
To be precise, the measurement channel M, satisfies the following
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Fig. 5 | Illustration of Algorithm 2. Algorithm 2 measures a large number of the
state’s subsystems using the measurement device with low distortion M5X (red
and green parts). Then, in order to predict the property, Algorithm 2 applies the
data processing of Algorithm A to the outcomes of a part these subsystems (green
part) leading to a prediction p. Algorithm 2 returns the remaining outcomes as
calibration w. Success occurs if p is (approximately) compatible with the remaining
post-measurement test copy pfr';vr o

8B .o &8
Vo
B o

wopuey

inequality for all bipartite states p*“: and o*142:

ot —o "

The measurement device M g, will play a crucial role in our algorithm.
By applying this channel to a large fraction of the subsystems of a
quantum state, we can show that the post-measurement state behaves
as an i.i.d. state. Thus, we will be able to use the same algorithm on a
small number of the remaining systems.

For a learning algorithm A designed for i.i.d. inputs, we construct
the algorithm B explicitly described in Algorithm 2 (displayed in Box 2)
and illustrated in Fig. 5.

In the following theorem, we relate the error probability of
Algorithm 2 with the error probability of the algorithm A.

0,524, [ © M (o — ot

Theorem 8. (General algorithms in the non-i.i.d. setting) Let N>1be a
positive integer and A; ~ A, = --- = Ay be N isomorphic quantum sys-
tems of dimension d. Let ,&>0 and 1 < k < N/2. Let A be a general
algorithm. Algorithm 2 has an error probability satisfying:

, y O\ 263d* log(d) ., |2k>d” log(d)
85(N, oMM, e+€) <sup; 6.4 (k, (pf'w) ,g) +12\/ e 2 ~ )

Remark 6. To achieve an error probability of at most 6, one could start
by deterng'ning a value for k(A,6,¢) such that for all w,
6 4(k, (pr) ,£/2)< /2. Subsequently, the total number of copies can
be set to

2 2
N= w.k(‘Ara’S)s'
6°¢e2

This choice of sample complexity ensures that §5(N, ph v, £)< 6, as
desired.

In what follows we proceed to prove Theorem 8.

Proof of Theorem 8. First, since we are using the informationally
complete measurement device Mg, we can relate the difference
between post-measurement states and the actual states. This along
with an information theoretical analysis using the mutual information
show that measuring using M g, a sufficiently large number of times,
transforms the state approximately to an i.i.d. one. Infact, the proof of

Theorem 2.4. of ref. 23 together with the distortion with side infor-
mation measurement device M g, of ref. 86 imply that for k < N/2:

Lemma 2. (Ref. 23, rephrased) Let p1~4v be a permutation invariant
state. For k < N/2, we have

2 kN2 A 40\ Bk 2k3d* log(d)
2 [ (o) | o2y 2 e

where w = (wg.q, ..., wy) is the outcome of measuring each of the sys-
tems Ags...A; with the measurement M g, .
We write the error probability as

85N, P, e +6)= Py, (P o], ) # SUCCESS, . |
= Ppp | (0.6}, ) # SUCCESS, .., ¢
+ Py (0.1, # SUCCESS, .., ]

< Pl | (P9 # SUCCESS, | + Py o |lofhs, , — 10 || €

A A
pl,’:lﬂ,p - pl,Av/v 1 (15)

AN
pl,w,p —PLw 1

/]’

where we use the robustness condition. Using Lemma 2 and the tri-
angle inequality, the first term can be bounded as follows:

P/ (B, W~(ARMEIR (o -Ary [(p Pl”(,,)¢ SUCCESSS}

dist

Ay
=Eyy {PM S [(p,p['w)¢ SUCCESSSH

2k>d* log(d)
S {PM <m )®k> [ P}, ¢ SUCCESS ]] + 2\/;
k 3 2
<sup; w64 (k, (pi"vﬂ)® ,g> +2 w

For the second term of Eq. (15), we apply the following lemma:
Lemma 3. Llet £>0,1<k<N/2and[-Unif {k+1, ..., k+ N/2}. Let w =
(Wg+1, ..., wy) and p be the outcomes of measuring the state p with the
measurement M2 on systems Ag.1...A; and A on Ay...Ag. The fol-

dist
lowing inequality holds:

23d° log(d)
NS/Z

Pl,w.pmptﬁ\lﬂ,p _pllqyliv 1>€/} <12

Proof. Denote by {Mp}p the elements of the POVM corresponding
to .A. Lemma 2 together with the triangle inequality imply:

Ep |l p;‘xv},,—p;fwl}:E,,W{;Tr[ 00 [t — P 1}
a3 et ot - ot |
sE,w— e[ ot~ Te Myl }
+Eq [ZHTr Myt ot~ e[ ol }
=Fpw Z Trg, [M ®1<p"' At — (p;‘u)@kﬂﬂ l]
+E,w[ |TrM(,Df”(,,) ] [ ,pr‘w/‘k]l]
<2E,w[ LAV (Pfﬂv)@m 1]

3 0 32
54\/2(k+1);5 ]Og(d)glz\/Zk dl\llog(d)'
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where we used the equality between states Try ., [(M, ® | ol Ak =
Tr[Mppﬁ}'”Ak]pCv’Yp and the inequality 3, | M, X[, <3 ,Tr Mp|X|] =|
Xlly as 3°,M,, =1. Therefore, by Markov’s inequality we deduce:

E:,w,p[l\ Pivp —pﬂv\ll} <D [2k3d* log(d)
r4 - N£’Z .
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