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During its propagation, a shock wave may come across and interact with differ-
ent perturbations, including acoustical waves. While this issue been the subject of
many studies, the particular acoustic-acoustic interaction between a weak shock and
a sound wave has been very scarcely investigated. Here a theory describing the en-
counter of those two waves is developed, up to second- and third-order. According
to the incidence angle and shock strength, several regimes of acoustic transmission
through the shock are identified. Generation of entropy as well as vorticity modes
are determined, while the perturbation of the shock front by the acoustic wave is
quantified. The theory predicts strongly different behaviors between air and water,
and preliminary results are coherent with recent experimental observations in solids.
It paves the way to both an acoustic monitoring of shock wave as well as a method

to determine the quadratic and cubic nonlinear parameters of material.
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Nonlinear sound versus weak shock interaction

I. INTRODUCTION

Shock wave interaction with ambient flow is an issue studied for long by many authors,
however mostly for the case of relatively strong shocks in perfect gases. The present paper
generalizes these studies to any ideal fluid properties, and focuses on the ’acoustic-acoustic’
interaction between a wave of infinitesimal small amplitude and a shock of small amplitude.
This allows to obtain several analytical results revealing the dimensionless fluid properties

that are important for the transmission of acoustic waves through a weak shock.

2 investigated theoretically the one-dimensional transmis-

In his seminal work, Burgers®
sion of a sound wave impinging normally a stationary shock wave. He namely pointed out
there cannot be any reflected wave, as this one would move slower than the flow. Similarly,
when considering, as in the present paper, a shock moving at a necessarily supersonic speed
in an undisturbed medium and interacting with a counter-propagating sound wave, a re-
flected wave propagating at the speed of sound would immediately be overwhelmed by the
shock. However, Burgers pointed out that, for properly solving the problem, one has to con-
sider also the existence of an entropy mode behind the shock, and an oscillation of the shock
front induced by its interaction with the sound wave. This leads to three unknowns (the
amplitudes of the transmitted sound wave, entropy mode and shock perturbation) that are
fully determined by the three Rankine-Hugoniot relations for mass, momentum and energy
conservation through a shock. Though solving mathematically the problem for the case of

a perfect gas, Burgers did not analyze his results. Note that Blokhintzev in his independent

study® also showed the absence of reflection but did not took into account the shock oscilla-
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Nonlinear sound versus weak shock interaction

tion. A close approach was followed by Kantrowitz* who investigated mostly the stability of
shock waves. The two-dimensional case was studied a few years later, first, to our knowledge,
by Moore’. This author pointed out a vorticity perturbation behind the shock has also to
be considered (which was ignored by Brillouin®), both vorticity and entropy modes being
non-propagating modes simply convected by the flow behind the shock”. He also outlined
that an acoustical wave propagating in the region behind the shock and towards it (at a
speed necessarily faster than the shock speed) cannot be transmitted to the unperturbed
fluid ahead of the shock. Therefore, the supersonic region behind the shock appears as a
"sonic black hole” : any sound wave entering this region cannot escape it. This opened a
fruitful analogy between sound/shock waves interaction and gravitational black holes®. Ex-
perimental realization of such a sonic black hole for a Bose-Einstein condensate’ lead to the
recent first laboratory experimental observation of Hawking radiation'” (thermal black-body
radiation out of a black hole’s event horizon that causes its evaporation). Another applica-
tion of sound/shock interaction was proposed by McKenzie and Westphal'! who, apparently
unaware of the work of Moore, generalized Burgers’ work at 2D. Their theory has been
verified by direct numerical simulations . They also extended it to the interaction between
Alfvén waves and hydromagnetic shocks, as a model for solar wind interacting with earth
magnetopause viewed as a magnetic bow shock'®. This problem was previously examined
by Kontorovich'* who also outlined the Doppler frequency shift undergone by the sound
wave. Such kind of models has also been applied to the problem of cosmic rays accelera-
tion by shock waves associated with supernova remnants'®. McKenzie and Westphal'! also

pointed out that, irrespective of its nature, either a sound, an entropy or a vorticity mode



56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

Nonlinear sound versus weak shock interaction

interacting with a shock, generates all three modes behind it. Associated to the work of
Kantrowitz, this observation paved the way to an abundant literature investigating shock
interaction with turbulence (e.g. a vorticity field), shock stability and supersonic boundary
layer receptivity that finds multiple applications in aerodynamics. A literature review of this
problem is beyond the scope of this paper, the reader is referred to Andreopoulos’s review et
al.'® or, regarding receptivity, to the work of Ma and Zhong'”. Considering specifically the
interaction of an acoustical field with a shock, a numerical analysis performed in air over a
wide range of Mach numbers between 1 and 5 by Mahesh et al.'® recovered the theoretical
observations of Moore’: below a critical angle of incidence, the transmitted sound wave is
propagating, while it is exponentially decaying above. In this last case, the incident sound
energy is transferred to the vorticity field. For weak or moderate shocks (Mach number be-
low approximately 1.2) and an isotropic field (all directions of incidence) the far field kinetic
energy of the acoustical field slightly increases, while it decreases for larger values (between
1.2 and 1.8) and then increases again. The kinetic energy of the vorticity field increases
monotonously with the Mach number, and exceeds the acoustic one for Mach about 2.25
(see their Figure 8). Entropy fluctuations become significant only above Mach 1.5 (see their

Figure 10).

The case of sound interaction with either weak shocks or in other materials has received
little attention. In solids, we can mention the theoretical works of Morro'” and Pluchino?’.
A recent experimental interaction’' between a laser-generated shock wave and a counter-
propagating ultrasonic field put in evidence a strong interaction between the two waves

in either aluminium, titanium and water, with an amplitude loss for the ultrasound wave

4
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Nonlinear sound versus weak shock interaction

up to about 10%, even though the shock amplitude is relatively low. This motivated our
present study, focused on the almost unexplored case of acoustical weak shocks in any type
of common fluids. Indeed, weak shocks are substantially different from both strong shocks
and from linear sound waves. Their entropy variations are not null but remain much smaller
than those of all other variables, of order €* versus e if € is a small dimensionless parameter
measuring the shock amplitude??. Also, their reflection on surfaces neither satisfies the
linear Snell-Descartes laws nor follows the strongly nonlinear Mach reflection®®. We expect
this ’in-between’ behavior to induce specific features in case of interaction with a linear
sound wave. Moreover, compression weak shocks in common fluids such as air and water
(or in hyperelastic solids) can be described mechanically by a single dimensionless thermo-
mechanical parameter of nonlinearity g, thus allowing to study with a unified formalism
the behaviors of gases and liquids, and also of solids in the 1D case (otherwise shear elastic

waves also have to be considered in solids).

In the present work, the interaction of a weak shock wave with an incident acoustic
wave is investigated for any common fluid, either liquid or gaseous. The various quantities
describing the propagation of the weak shock are described in section two. Weak shock limit
is reexamined by performing asymptotic expansions relative to small amplitude parameter €
one order higher (order three instead of order two). The acoustic incident and transmitted
fields, as well as the entropy and vorticity modes and shock perturbation are introduced
in the following section three. The sound wave refraction and its Doppler frequency shift
resulting from the interaction are highlighted in section four which investigates in details the

various regimes of sound transmission. The amplitudes of the various modes are determined



100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

Nonlinear sound versus weak shock interaction

in the fifth section. Throughout the entire paper, cases of air and water are compared. For
those two fluids, results obtained from second- and third-order theories are systematically

compared to quantify the limits of weak shock approximation.

II. THE UNPERTURBED WEAK SHOCK

In a perfect fluid with negligible viscosity and heat conduction, pressure p(z,y, t), density
p(x,y,t), speed of sound ¢(z, y, t), flow velocity v(x,y, t), specific entropy s(x,y,t), tempera-
ture T'(z,y, t) and specific enthalpy h(z,y,t) satisfy the Euler equations of mass, momentum
and energy balance in addition to the medium constitutive state equation. Rankine-Hugoniot
(RH) jump relations describe the mass, momentum and energy balance through a shock

moving with velocity w

W (p+ = p=) = (pvn)+ — (pn)- (1)
Wa ((pvn)4 = (pvn)-) = (0 + pvp) s — (D + puyp) - (2)
(ve)+ = (ve)- (3)

ht g (e —wa)? = ho b3 () = wn)? (4)

where index , (resp. index _) denotes the value of any quantity ¢ immediately behind (resp.
ahead of) the shock. For velocity vectors v and w, indexes ,, and ; are respectfully indicating
their normal (for instance v, = v.n) and tangential component to the shock front with n
the wave front normal vector, oriented towards the unperturbed region.

As illustrated in Fig.(1), a weak step shock at position x4(t) propagates with speed
ws = (dzrg/dt)e,, separating the fluid into two homogeneous but distinct regions. The

6
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Perturbed mediumg Unperturbed medium,
Behind the shock Ahead of the shock

Acoustic wave
e Weak
x shock wave

FIG. 1. Interaction geometry

ue frame of reference is chosen so that the fluid ahead of the shock is at rest, implying vy =
uz 0. Behind the shock the homogeneous flow is noted v, = wvse,. In this case, the RH

us relations (1-4) reduce to

ws(ﬂO - ps) = — PsUs, (5>
—WspPsVs = Po — (ps + ps”?)a (6>
L, 1 2
ho + —w; = hy + =(vs — wy)" . (7)
2 2
119 The shock wave is assumed to be of weak amplitude, measured by the parameter ¢ < 1
120 as a dimensionless density jump ps — po = po €. In this case, it is well-known?* that the

121 entropy jump is of very small order € and is therefore negligible at leading order

N

2
3 Ch B
s sy =0 (14 = 8
S TR0 €6T0<+2A) ®)

122 This relation®” involves the quadratic nonlinear parameter of the fluid given by

7
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Nonlinear sound versus weak shock interaction

B 1py (0p
oA = 56—%) (8_p2) (pos S0)- 9)

It is equal to (v —1)/2 for a perfect gas of specific heats ratio v. For diatomic gases such as
air v = 1.4 and B/2A = 0.2. Another commonly used quadratic nonlinear parameter is
B =1+ B/2A, which combines the influence of both convection and equation of state for a
nonlinear simple wave.

The equation of state for a common fluid p = p(p, s) and the sound speed ¢ = (Op/dp)s

can thus be expanded behind the shock up to third order

Ps = Do + pocy | €+ 262 + £€3+
0 24" 6A

<poc3 (5) 80)) (5= 50) + 0<e4>] (10

Be 1 (20 [(B\?* , ;
1+ﬁ+§<7—(z)>6 +O(6)

In the r.h.s. of Eq.(10) the first three terms correspond to the third-order expansion

and

Cs = (g

. (11)

of isentropic pressure variation with density. Cubic nonlinear effects involve the nonlinear

parameter C'/6A where

C  1p (03p
oA gc—g (8_/)3) (po, 50)- (12)
0 S

For a perfect gas, one has C'/6A = (y — 1)(y — 2)/6. Therefore C/6A = —0.04 for any
diatomic gases such as air. For water at 20°C, B/A = 4.96 and C'/6A = 36.95*. The last
term in the r.h.s. of Eq.(10) is associated to non-isentropic effects, which involve only the
first-order, linear entropy variation according to Eq.(8). Therefore Eq.(10) can be rewritten

8
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B
Ps = po + pocg {e + ﬁ@ + Ked+ 0(64)] (13)

with K = C'/6A + D. Coefficient D

p-t (%)@) (14

e

where k = (s, — s0)/€3 measures the influence of the entropy jump on the pressure jump,
which cannot be neglected at third order.An expression for D is provided in Appendix A.
According to the usual terminology®!, a weak shock is defined as a shock of sufficiently
small amplitude so that entropy variations can be neglected. Hence it corresponds to the
second-order expansion of pressure Eq.(13) up to order O(e?). To be consistent, a third-
order expansion up to order O(€®) includes necessarily entropy effects and is here referred
to as a shock of moderate amplitude.

The ratio of mass Eq.(5) and momentum Eq.(6) relations eliminates the shock speed and
yields after substitution of the pressure Eq.(13) the expansion for the flow velocity behind

the shock

Vs = €Cg

T
2\ 24

+%(§—£—i(£> +K)+O(64) - (15)

The shock speed can now be deduced from this expression and the mass RH equation Eq.(5)

1+ (2
2 \24

Ws = Cy
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Nonlinear sound versus weak shock interaction

Eq.(16) recovers the classical result for the second order (weak shock) approximation wy =
(co + cs +vs)/2 + O(€?): the shock velocity of a weak shock is the average of the speeds of
sound ahead of (¢p) and behind (cs + vs) the shock, this last one taking into account the
influence of flow convection. This result is not valid any more when considering higher order
terms (here cubic ones). The energy RH relation finally leads to Eq.(8) for the entropy

jump. It is not reproduced here as it can be found in classical textbooks.

III. THE FIELD OF PERTURBATIONS

A. The incident acoustic wave

As sketched in Fig.(1), an acoustic wave propagates ahead of the shock and towards it with
an incident angle # relative to the unperturbed shock normal vector. The frame of reference
is unchanged relative to the unperturbed case. Considering a harmonic decomposition, the
density perturbation due to this wave is

inc

P > wy,t) = Aexp [j(KM5e + KMy — wt)] (17)

with A its amplitude assumed to be much smaller than the entropy jump A < €pg, w the

inc

angular frequency and £}"§ the component of the wave vector along the e, direction with

z = (x,y). Inthe considered geometry we have k¢ = (k24 , k)'5) = (w/co)(—cos@, sinf).
The acoustical perturbations of the pressure, velocity and entropy field are pii¢ = ¢2p%c,

v = co(ph/po)(—cos B, sinf) and s¢ = 0.

10
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Nonlinear sound versus weak shock interaction

B. The modes behind the shock

As the shock wave is propagating with a velocity w, greater than the speed of sound
co ahead of the shock no reflected wave is possible on this side. Behind the shock, the
possible modes are obtained by linearizing Euler equations around the ambient uniform flow
of pressure p, and density ps moving at velocity vy = vse,. This leads to three types of
solutions : a transmitted acoustic wave, a vorticity mode and an entropy one - respectively
indexed by %, v and g. For each one, a dimensionless transmission coefficient in amplitude
TV, Ty or Tk is introduced. To satisfy the RH relations on the shock surface, all modes
should have the same spatial dependence along e, implying ki{l‘; =kpy =kyy = ki{y = k.

The adiabatic (s = 0) perturbation due to the acoustic transmitted wave can then be

expressed

ph = ATyexplj(kj o + ky — wit)], (18)
ph = ATuclexplj(k{, @z + ky — wit)], (19)
o = ATASnfexpli(k,e + ky — Wit (20)

S
Here WY is the transmitted angular frequency, different from the incident one due to the
Doppler effect induced by the sound interaction with the moving shock front (frequency is

not Galilean-invariant). The transmitted acoustic wave vector

kT = Wil (21)

satisfies the acoustical dispersion relation in a fluid of sound speed ¢, convected by the flow
at speed vs; = (vs,0)

11
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& ()" = (wf — v k) & K = 22)

12 with '] the unit vector directing the transmitted wave and 7 the slowness vector of the
13 transmitted wave. The perturbations associated to the vorticity and entropy modes are

18« similarly expressed

Cs
(pV7pV7 vx,Va Uy,Vv SV) = TV_ <O7 07 _Usky/wV7 17 0>

s

x Aexpli(kyy — wy(t —z/vs)] (23)

15 and

(pEapEavac,Eavy,EysE) = TE<1,O,O,O,—C§(8p/6s)_1>

x Aexpli(kyy — wp(t—x/vs)] . (24)

185 The vorticity mode is a pure rotational, velocity field with no associated perturbation of
17 pressure, density nor entropy. The ratio ¢/p; in Eq.(23) is chosen to make the coefficient T3,
s dimensionless. On the contrary, the entropy mode is a perturbation of density and entropy
19 only, leaving pressure and velocity unaffected. Both vorticity and entropy fluctuations are
1o simply convected by the ambient flow speed v, but do not propagate. We note ¢p the total

11 perturbation of any quantity ¢ in the post-shock region

ap = 44 + g8 + qv . (25)

102 C. The shock front perturbation

103 Due to the incident acoustic field, the shock front itself is perturbed and cannot be con-

12
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Nonlinear sound versus weak shock interaction

sidered as perfectly plane anymore. Therefore a correction is applied on the shock position

along time
xc(yvt) = Ts + f(yat) = wst + f(yvt) (26>

where f(y,t) is proportional to the incident acoustic amplitude A. Thanks to this smallness

approximation, the vector normal to the shock front is n = (1, —9f/dy)/+/1 + (0f /0y)? ~

(1, —0f/0y), the vector tangential to the shock front is t = (0f/dy,1)/v/1+ (0f/0y)? =~

(0f /0y, 1) and the normal shock velocity is w,, = ws + 0f/0t. Velocity wa = 0f /0t is
therefore the perturbation of the shock front normal velocity resulting from its interaction
with the incident sound wave. It must be proportional to the common exponential form

exp(jky,y) leading to

wy = %TWAexp (jcﬁ[siné’y — (co + w; cosQ)t}). (27)
0 0

The time dependence is the one of the incident wave on the shock front position x, = w,t

(see later on) and Ty is a dimensionless amplitude coefficient. We deduce

jcﬂws

fly,t) =

pow(co + wscos)

x Tw A exp (jg [sinfy — (co + wscos 9)15]) . (28)
Co

IV. REFRACTION AND DOPPLER EFFECT
A. Linearization of jump relations

Ahead of the shock, any quantity ¢ calculated on the actual shock front is the sum of
the homogeneous, unperturbed ambient flow gy and of the incident acoustic field ¢%'¢. One

13
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deduces the following linearization

G+ (@e(t),t) = (a0 + q4")+ (Wt + fye, )

(29)
= qo + Q,Tc(wsﬂ Ye, t)
Similarly one has behind the shock
q- (mc(t)7 t) = (qs + qp)+(w8t + f7 Ye,s t)
(30)
=qs + QP(wst, Ye,s t)v
while we recall that shock velocity w,, = ws, + ws. Perturbations ¢gp and w, resulting

from the interaction of the incident sound wave with the unperturbed shock are therefore
proportional to the incident sound field and of much smaller amplitude than the shock.
This allows the linearization of the RH relations Eqgs.(1-4). Substracting RH relations for

the unperturbed shock front Eqgs.(5-7) yields the linearized RH relations for mass

ws(PF¢ — pp) + walpe — ps) = poviks — PsUPa — PPUs, (31)

momentum in the shock normal direction x

WsPoUyy — WsPsUPy — WsPPUsy — WAPsVsz
inc 2
= (Pff - pP) - 2psvs,zUP,a: - pP(US,z): (32)

momentum in the shock tangential direction y
. 0
v = Usa—?j; + vzjy + vgy + vy, (33)

and energy

14
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(@_@

— Tssp + ws(wa — vi";
Po ps) ( 4 )

= (vs — wy)(vp — wa). (34)

29 In all these linearized RH relations, one has to substitute the expressions of the various
20 fields at the unperturbed shock position s = wyt. In the same way as Snell-Descartes laws
21 are usually established for acoustic refraction and reflexion through an interface, equalizing
22 phase dependence versus space y provides the axial wavenumber of the various modes.
23 Equalizing phase dependence versus time ¢ yields the frequency of these modes behind the
224 shock, and in particular the Doppler effect. The equalization of amplitudes leads to a four-

»s  by-four linear system for the four unknown amplitudes (T4, Tg, Tv, Tw).
226 B. Doppler effect
207 Equalization of time dependencies yields

inc

tr tr
w — wski'y = wy — wsky,

= wa(l — %)

pointing out the equality of frequencies of vorticity and entropy modes. The Doppler ratios

(35)

2!

N
©

29 between the frequencies of the modes behind the shock to the frequency of the incident

230 sound wave

DV:w—E _wy vs(co + wscosh) ' (36)
w w co(vs — wy)
DA:w_Z _ @ + wg cos 0 ‘ (37)

w co(l — wsrfg@)

15
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C. Regimes of refraction

Injecting Eq.(37) into the acoustical dispersion relation Eq.(22) shows that the z-

component of the transmitted slowness vector is a root of a 2nd degree polynomial

(rtr )" [(co + ws cos )2(c? — v2) + w? sin? 6]
+2 [Us(CO + w, cos 0)? — w,c? sin? 6’} ri{:x

s

= (co+wycosf)? — csin® 6. (38)

Its solutions are

o w,c? sin® 6 — v,(co + w, cos 0)% £ VA (39)
Ae (2 —v2)(co + wy cos0)? + (csws sin 0)?

with the associated discriminant A

A = (co+ wscosf)>c
(40)

X |(co + ws cos 0)* + sin? O((w, — v,)* — )|

In the absence of shock wave (e = 0 implying vy = 0 and ws = ¢5 = ¢), the solution of
Eq.(39) with positive sign reduces to rf&x = 1/¢p and the one with negative sign negative one
to r{ , = —cosf/co, which is the physical solution (unperturbed incident wave). Therefore,
only solutions with negative sign in Eq.(39) are considered further. At normal incidence, it

has the simple solution

ri.(0=0)= (41)

Vs — Cs
describing a wave counter-propagating at sound speed —c, and convected by the ambient

flow v,. In this case, the acoustical Doppler frequency shift is

16
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tr _
D, — wi _ (co + ws)(cs vs)' (12)
w co(ws + cs — vg)

The transmitted frequency is larger (resp. smaller) than the incident one under the condition
cs — Vs > o (resp. ¢s —vs < (o) that the phase speed of the transmitted wave is larger (resp.

smaller) than the incident one. Using expansions Eqgs.(11,15,16) one gets

¢ (B €2 10B  4C B\?
DA—1+Z(Z—2>+3—2<12—7+7+(Z)>. (43)

In particular, in the weak shock limit (second-order expansion), the transmitted frequency
will be larger than the incident one (D4 > 1) for fluids with a nonlinear parameter larger
than one (B/2A > 1), and smaller (D4 < 1) otherwise (B/2A < 1). This opposite behavior
for fluids with a nonlinear parameter smaller (like air) or larger (like water) than one, will
turn out essential to explain most features here investigated. This difference is due to the
fact that the acoustical phase speed behind the shock is either larger or smaller than ahead
of it.

A tedious asymptotic expansion up to order € only yields

3B B
Cor'y , = —cosf +e {H — cosf (1 + m)] + O(€%). (44)
In particular, at normal incidence one recovers corf, = —1 + ¢(8 — 2) which is the weak

shock limit of the slowness 1/(vs — ¢;). Injecting Eq.(44) in Eq.(37) gives

€ 3B B 9
DA—l—l—m{H—COS@(l—FE)]—FO(E ), (45)

from which one deduces
tr tr
kA,a: — WDASA,:C

w € 3B B
= L 1+ — 2.,
kx+cgl+cose [4A COSQ( +4A)}+O(e)

17
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Eq.(46) brings light on the deviation of the transmitted wave, by introducing the function
g(0) = 3B/4A — cosO(1 + B/4A) and by recalling that the incident wavenumber in the
a-direction k, = —wcosf/cy is negative. The function g is equal to B/2A — 1 at normal
incidence, so once again has a different sign for air and for water. At grazing incidence
it is equal to 3B/4A which is assumed to be always positive. In the case B/2A > 1, the
correction g(f) is always positive: the angle of the transmitted wave with respect to the
shock normal is always larger the incident one. Everything happens similarly to the usual
linear Snell-Descartes laws with a transmission medium having a sound speed larger than
than the incident one. This is called the 'normal’ case, as the sound speed behind the shock
is indeed larger than in the undisturbed medium, see Fig.(2.a). In the second case B/2A < 1,
we observe the opposite behavior, see Fig.(2.b): the transmitted wave is propagating closer
to the shock normal direction than the incident wave. This case is similar to the usual linear
Snell-Descartes laws with a transmission medium having a sound speed smaller than the
incident one. Such a refraction is observed here because the moderate increase in sound
speed due to the shock with a moderate value of B/2A < 1, is counterbalanced by the
convection due to post-shock flow motion in the opposite direction. However, this situation

cannot be observed for all angles. Indeed function g(6) can vanish at some neutral angle 6,

wio= () /(14 2). -

which has a solution only if its right hand side is smaller than one, e.g. if B/2A < 1. At

defined by

neutral angle 6y, the wave is not deviated by the shock wave. Above it, function ¢ is again
positive and we recover a ‘normal’ deviation illustrated by Fig.(2.a). So for fluids such that
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FIG. 2. Scheme illustrating properties of the different regimes of sound transmission. Dark blue :
abnormal transmission - Light blue : normal transmission - Green : inverted transmission - Yellow

. critical transmission. ki{x is negative in the first two cases, positive in the last two ones.

B/2A < 1, we have first an "abnormal’ deviation for angles smaller than the neutral one,
and then a 'mormal’ deviation for higher values. The neutral angle, if it exists, is (at least
in the weak shock approximation) dependent on the medium, but independent on the shock

amplitude (provided this one keeps sufficiently small).

Near grazing incidence, the axial slowness rf{’w can vanish. This happens for angles larger
than a so-called inversion angle 6; for which 7% . = 0, such that
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cos? O (w? + ) + 2cow, cos O + i — ¢ = 0. (48)

Solution of this second order polynomial in cos 6 is

cs\/ 2+ w2 — 3 — cows (49)

2 2 )
wi + ¢

cos b =

and using weak shock expansion we get

7 B
9[— §—€ﬂ. (50)

This expression indicates that the angle of inversion deviates from grazing incidence pro-
portionally to the weak shock amplitude € and to its nonlinear parameter B/2A. Exactly
at inversion angle, the transmitted wave propagates parallel to the shock front. For usual
Snell-Descartes transmission, beyond this angle, one observes total reflexion. This cannot
be the case here, because there is no reflected wave at all ! On the contrary, a transmitted
wave still exists, but it now propagates towards the shock front instead of away from it.
However, its speed in the axial direction x is much smaller than the shock velocity: the
inverted transmitted wave cannot overtake the shock front and remains behind it. We call
this regime ’inverted transmission’; see Fig.(2.c).

At small incidences, discriminant A (Eq.(40)) involved in solution of axial slowness
(Eq.(39)) is positive and solutions r{ . are always real, leading to propagating waves. At
grazing incidence § = 7/2 = 90°, one has A = 3¢ [ + (ws — v,)? — ¢?]. The coefficient

between brackets can potentially change of sign. Its asymptotic expansion is
[ch + (ws —v)> — 2] =1 — Be—T€ + O(e) (51)

with' = =14+ B/2A+C/3A—D. For not too small shock amplitudes e and large values of I
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such as those observed in water, it is possible that a weak shock leads to imaginary solutions
for rf{x. This is called ’critical transmission’. Under the above quadratic approximation,

the smallest shock amplitude at which this occurs is

NEw 52

2T

€ =

which for water is equal to about 0.088, reasonably small. In air, I' < 0, preventing crit-
ical transmission for weak shock waves. This phenomenon is nevertheless observed for
strong shocks!'!. For other materials, critical transmission will occur if coefficients of cu-
bic nonlinearities are large enough compared to those of quadratic nonlinearities, so that
I' > (8—/?%)/4. However, this result should be taken with caution, as it ignores higher order
terms in the various asymptotic expansions. In the general case (no weak shock approxima-

2 — 2 < 0. The particular angle

tion) the condition for critical transmission is ¢ + (ws — vs)
above which this kind of transmission is observed is called the critical angle 6.

As the critical transmission involves complex wavenumbers and frequencies, it raises the
issue of stability of the flow in this case. This issue is handled in Appendix D, showing
numerically that no instability arises.

To summarize (see Fig.(2), regarding geometry, there are four possible regimes of sound
transmission through a moving weak shock. For a given medium, only three are possible :
when B/2A < 1, the most frequent one is abnormal transmission. Normal transmission is
observed for incidence angles larger than the neutral one, and inverted transmission at graz-
ing angles and shocks not too weak. When B/2A > 1, the most common regime is normal

transmission. When increasing incidence angle and shock strength, inverted transmission

occurs and finally critical transmission.
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D. Example : air versus water

These four regimes are illustrated by Fig.(3) for air (top line) and water (bottom line).
The selected fluid properties are gathered in table I. For each medium, we used exact solution
Eq.(39) to determine the transmitted wavenumber, but we used either (left column) low
order (weak shock) quadratic expansions (first two terms in the r.h.s. of Eqs.(11,15,16) for
the ambient shock parameters cs, ws, vs), or (right column) higher order cubic ones for more
precise results in the case of moderate shocks. The comparison allows to quantify the limit
of the weak shock approximation. Shock amplitude e ranges between 10~% and 1, this last
value being at the fringe of any asymptotic approximation. In air, explosions can lead to
strong shocks with e = 1 or even much more. Sonic boom at the ground level produced by
Concorde was of amplitude 100 Pa or € = 7 x 10~%. Future low boom aircraft are expected
to induce significantly lower levels with € ~ 10~*. In water, such value of € corresponds
to an easily reached amplitude of 0.225 MPa. Focused shocks produced by Extracorporeal
Shock Wave Lithotripsy (ESWL)?® can reach in vitro more than 100 MPa or € & 4.6 x 1072,
Intense laser focused on the surface of a metallic sample can produce observed velocity peaks

7 corresponding to € ~ 3 x 1072, The Hugoniot

of about 200 m/s in aluminum or titanium?
Elastic Limit (HEL) prevents the observation of much higher amplitudes without inducing
irreversible plastic deformation®®. Therefore, for liquids and solids, values much higher than

5x 1072 seem unlikely contrarily to air, but are nevertheless inspected here from a theoretical

point of view.
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TABLE I. Considered water, air and aluminum properties

p (kgm™?) co (ms™) B B/A D C/(6A) K
Water 1000 1481 3.5 4.96 0.05 36.95 37.00
Air 1.2 340 1.2 0.4 0.08 -0.04 0.04
Alum. 2.7 6400 15% 28 0.05 375% 375.05

In air, the most common regime is the abnormal one (dark blue in Fig.(3)), observed for
all amplitudes and all angles below 6, (plotted as a white dotted line). This one deviates
from the constant value of Eq.(47) only when € > 107'. This quantifies the maximum
value of low order weak shock approximation. Above, #; is no more constant and tends
to increase with e considering third-order theory. For higher incidence angles, the normal
regime (light blue) is observed. A tiny region for inverted transmission (green) appears at
angles significantly different from 90° only for ¢ > 0.1. In this case, it is more accurate to

consider a 3rd-order expansion.

In water, the most common regime is normal transmission (light blue). Inverted trans-
mission is observed in a much larger domain than in air, with significant deviation from
90° for € > 0.01. Third order expansion also predicts this regime at lower incidence than
second order theory, for instance at about 50° for ¢ = 0.1. Further increasing the shock
amplitude soon leads to the regime of critical reflexion (yellow). This one is observed above
€ ~ 0.2 according to second order theory, but ¢ ~ 0.08 according to third order theory. This
last value is not very different from the approximation Eq.(52). When e approaches one,
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€
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€

0= -
0 107
FIG. 3. Regimes of transmission for air (top line) and water (bottom line) depending on incidence
angle 0 and shock amplitude e. Left (resp. right) column : results from second-order (resp. third-
order) expansion of weak shock parameters. Dark blue : abnormal transmission - Light blue :

normal transmission - Green : inverted transmission - Yellow : critical transmission

third-order theory also predicts critical transmission at much lower incidence angles than

second-order one.
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FIG. 4. Acoustical Doppler effect D4 for air (subfigure b)) and its normalized deviation from
unity (D4 — 1)/e (main figure a)) versus incidence angle for three shock amplitudes. Solid lines:

2nd-order theory. Dashed lines: 3rd-order one.

358 E. Doppler effects

350 Results for the Doppler ratio Dy are detailed in appendix C as they do not differ sig-

3

=)

o nificantly between air and water and between 2nd and 3rd-order theories. Regarding the
s acoustic Doppler ratio, Dy is calculated using Eq.(37) for air (Fig.(4)) and water (Fig.(5)),
32 also showing its deviation to unity normalized by shock amplitude (D4 — 1)/e. For air,
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FIG. 5. Same as Fig.(4) for water. In subfigure a) the case ¢ = 107! for 3rd order theory is

beyond range.

all curves almost superimpose, again showing weak shock theory is sufficient for prediction
up to € = 0.1. Also D4 reaches the value of one at the neutral angle, for which the wave
is not deviated nor its frequency changed. Above this angle, the transmitted frequency is
increased, as we go from abnormal to normal transmission. For water, there is no abnormal
regime and the acoustic frequency always increases through transmission. The Doppler ef-

fect is all the more important as the incidence angle is larger. Significant deviation between
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second- and third-order theories is visible even for the low strength ¢ = 1072 due to the

large value of C'/6A. For ¢ = 1071, the difference between the two orders is dramatic, with

a much higher Doppler effect according to third order theory. In addition, this one predicts

critical reflexion for an incidence angle larger than 6o =

79.32°, corresponding to a peak

value of D 4. Beyond this incidence, D4 gets complex, but only its real part is plotted here.

V. AMPLITUDES

A. Linear system

Amplitudes (T4, Ty, Tg, Ty ) of each unknown wave are determined by the linearization of

the four Rankine-Hugoniot shock relations. Introducing a function f;

and the density ratio s = ps/po, one gets a four-by-four matrix system

= ¢ssinf/(co + ws cos )

(ws — vs — can’Z)TA + ws(rs — DTw + (ws —vs)Te + fs(vs —ws)Ty = ws + cocosd

cssinf TsUsWs f, _
u D (cs +vn'f VTa — —"Tw + ¢, Ty = rycosinf
Col/A ’ Cs
2 2 tr
(c5 +v5 — vews + canig (20 — wy))Ta — rsvswsTw +

vs(vs —ws) T + fs(ws — 2v4)(vs — ws)Ty = co(co + wg cos )

Cs (CS + (US - ws)nfg,x) TA - TswsUsTW - fs(vs - ws)QTV -

2. Is B
Cols——
" Ty 6D

Tp =

(53a)

(53b)

(53c)

cors(co + ws cos @)

(53d)

;9 solved numerically to monitor the dependence of the transmission coefficients with incidence

380

angle 6, shock strength ¢ and medium parameters.
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B. Normal incidence

In the case of normal incidence 8 = 0 and second-order theory, the above system simplifies
into a much simpler two-by-two system as vorticity mode vanishes. As shock entropy jump
is of order € only, the amplitude of the entropy mode induced by the sound wave cannot
exceed the ambient entropy increase so that Tg = O(e®). Therefore, everything happens at
leading order as if the propagation were adiabatic, and energy RH relation can be omitted.

This is detailed in Appendix B. The results

Ty=1+(1—-B/2A)e+ O(e) (54)

Tw = (B/24 — 1) + O(e) (55)

once again outline the key effect of parameter B/2A — 1. If negative (resp. positive),
the amplitude of the transmitted acoustic wave is larger (resp. smaller) than the incident
one and the shock perturbation is in phase opposition (resp. in phase) to the incident
wave. Comparison between 2nd- to 3rd-order theories in Fig.(6) shows the transmission
loss (or gain) normalized by the shock strength ¢ (T4 — 1)/e. Results are shown for air,
water and aluminum. In this last case (see values of parameters in Tab.(I)), we use the
equivalence between nonlinear compression waves in fluids and solids®’. Much higher values
are found for § in case of solids. However, cubic nonlinear parameters are known for only
few metals®”. A deviation from the weak shock limit Eq.(54) is visible for air, as expected,
only for relatively large shock amplitudes (e > 0.1). For water or aluminium, deviations are
significant for much weaker shocks, namely € ~ 0.01, due to the large values of the high-order
nonlinear parameters. This indicates that transmission of an acoustic wave through a weak
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shock can provide quantifiable information on higher-order nonlinear parameters of this
kind of materials even at relatively small shock amplitudes of order € = 10~2 experimentally
achievable. Note also that, for aluminum and for a shock strength of e = 1072 corresponding
to values reported in?’ for laser-generated shocks, Fig.(6) yields a transmitted amplitude
reduced by about 10% relative to the incident one, in agreement with the experimental

observations?'.

C. Oblique incidence

At oblique incidence, Fig.(7) illustrates the normalized transmission coefficients versus
incidence angle for three shock strengths ¢ = 107!, 1072 and 1072 in air. In water, Fig.(8)
shows only the cases ¢ = 1072 and 1073. The case ¢ = 107! with complex coefficients
associated to critical reflexion examined separately. For both fluids, second- and third-
order theory are shown. For acoustics, we plot transmission loss or gain normalized by
shock amplitude (Ty — 1)/e. For the entropy mode, the coefficient T is normalized by the
shock entropy jump € as it cannot be of larger order. The same normalization is chosen
for the vorticity mode amplitude, while the shock perturbation is directly proportional to
the sound wave. In air, all curves for acoustical transmission are quite similar : 2nd-order
weak shock theory remains valid for all explored shock strengths and incidence angle and
3rd-order expansion provides only minor corrections. The sound amplification is essentially
proportional to the shock amplitude. Whatever the angle, the wave amplitude is increased
through transmission (74 > 1). In particular, at the neutral angle 6y the sound wave is not
deviated, but it is amplified. This amplification however reduces somewhat when increasing
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€

107 10 10 107" 10°
a)

L ALr l

FIG. 6. Normalized transmission (T4 — 1)/e coefficient at normal incidence (§ = 0°) in the case
of a) air, b) water ¢) and aluminum versus shock strength ¢ - second- (resp. third-) order theory

in blue (resp. in red).
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the incidence angle, reaches a minimum slightly below 60°, and then quickly increases above.
As a counterpart, the amplitude of the shock perturbation, in phase opposition (T < 0)
with the ambient shock, decreases in absolute value with angle, reaches a zero value at some
particular angle around 75° independent on the shock amplitude, and then gets in phase
(Tw > 1) with the shock at higher incidence. The very different behaviors of T and Ty
depending on the theory order were to be expected at least for Tg : as both are of very

3 second-order theory is insufficient to predict them accurately. From

small amplitude e
third-order theory, one observes that the amplitude of the vorticity mode varies in a non-
monotonic way with angle, reaches a maximum in absolute value at around 65° and then

decreases. On the contrary, the amplitude of the entropy mode shows little variations. Both

modes tend to vanish near grazing incidence.

In water, see Fig.(8), as in air, the entropy and vorticity modes both remain very small
and are poorly predicted by second-order theory. However, considering third-order theory,
they are of opposite sign compared to air, and T}, increases significantly with incidence angle.
Contrarily to air, the acoustic to entropy/vorticity is thus maximum at grazing incidence.
The shock amplitude Ty is always positive (shock perturbation in phase with the incident
wave) and is increasing with grazing angle, with a significant difference between second- and
third-order theory visible above € ~ 10~2. This difference is also visible for the normalized
transmission coefficient (74 — 1)/e which is also increasing with angle. Thus, it changes
of sign for angles around 77.24° (at ¢ = 1072?): we observe an amplitude decrease of the
transmitted sound wave for small and moderate angles, and an increase for large ones. Note

this amplitude change occurs at smaller values that the inverted transmission.
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FIG. 7. Normalized angular variations of the transmission coefficients in the case of air for three
different shock strengths ¢ = 1073 (black), ¢ = 1072 (red) and ¢ = 10~! (blue). Second-order

theory (solid lines) is compared to third-order one (dashed lines).

As noticed in Fig.(3) for water and e = 0.1, critical reflexion beyond angle ¢ is predicted
(by third-order theory), leading to complex values above this angle. This case is shown on
Fig.(9). The critical angle is here - = 79.32°. Below it, all transmission coefficients show
the same behavior observed in water for smaller shock strengths, and increase (in absolute

value - note that only Ty is negative) with incidence angle. This increase accelerates when
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FIG. 8. Same as Fig.(7) for water. The case ¢ = 0.1 is shown separately.

approaching the critical angle. Beyond the critical angle, all real parts sharply fall down,
except the one of the vorticity mode that suddenly changes of magnitude, getting of order €
instead of order € for smaller angles. Above ¢, all imaginary parts also brutally increase
in absolute value before reaching a smoother variation. Such sharp variations were also

observed for imaginary parts of frequency and wavenumber, see Fig.(11).

For the value e = 107%% closer to unity, the critical regime appears at a much smaller
angle 6 = 6 = 34.88°. Below this value, compared to the case ¢ = 0.1, real transmission
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FIG. 9. Angular variation of the real and imaginary parts of transmission coefficients in the case of

water for ¢ = 107! (blue solid line) and ¢ = 10795 (red dashed line) for a 3rd-order expansion.

coefficients tend to be of smaller amplitude, except T which is no longer negligible and
changes of sign. Beyond the critical angle, compared to € = 0.1, the variations of real and
imaginary parts are not as sharp, values for Ty and Ty, are smaller while those of Ty, and
Tg are larger. In this case at the fringe of asymptotic approximation, the energy of the
incident wave tends to be more equally distributed among the four induced modes. This
case approaches the configurations with stronger shocks studied in the literature (for air

only).
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VI. CONCLUSION

This study investigates the interaction between an acoustic wave and a counter-propagating
weak shock wave. In contrast to previous studies, attention is focused to the case of weak
shocks in the nonlinear acoustical limit. Second- and third- order expansions for the shock
parameters are compared to quantify the limits of the weak shock approximation. The
case of an ideal gas is extended to any common fluid, allowing the comparison of water
versus and air. Several regimes of sound transmission have been highlighted, depending on
the incidence angle, the shock strength and the nonlinear parameter(s) of the fluid. For
most cases, air shows an "abnormal’ refraction with an angle of refraction smaller than the
incident one because of the dominant effect of convection compared to the non-linearity
of the state equation. On the contrary, water shows a normal behavior with a refraction
angle larger than the incident one. When increasing the shock strength, normal refraction
is recovered for air. For both fluids, an 'inverted’ transmission regime is observed at high
incidences for the highest considered shock strengths (in the case of a 'not too weak’ shock),
with a transmitted wave propagating towards the shock, while remaining slower. For water
only, an evanescent wave is observed for highest amplitudes and largest incidence angle, but
no shock instability is observed in the weak shock limit. Because third-order nonlinear pa-
rameters of their respective state equation are much higher for water than for air, significant
differences are observed for water between second- and third-order theories, while differences
are much tinier for air. Deviations of sound transmission coefficient from unity show sig-
nificant differences between second- and third-order theories, even at relatively small shock
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strengths for water. Amplitudes of entropy and vorticity modes generally remain negligible,
of order €3. This was expected for entropy due to the smallness of the shock entropy jump.
However, for water, induced vorticity cannot be neglected anymore for the critical regime
when transmitted sound wave gets evanescent. In all cases, the perturbation of the shock
wave resulting from its interaction with the sound wave cannot be neglected. The present
theory has to be extended in the future to the case of hyperelastic solids. For metals such
as aluminum or titanium, we expect even stronger interactions due to the higher coefficients
of non-linearity of their constitutive laws, in qualitative agreement with the recent exper-
imental observations. This paves the way to a new measurement method of third-order
elastic constants, in particular in solids, and to an in situ monitoring of shock propagation

by ultrasound in opaque materials.

APPENDIX A: EXPRESSION OF COEFFICIENT D

Coefficient D can be determined by recalling the formula (see for instance appendix 2 of

() () (%),

where ¢, = To(0s/0T), (resp. ¢, = Tp(0s/0T),) is the specific heat capacity at constant

Ref.*!)

Oe
volume (resp. at constant pressure), v = ¢,/c, being their ratio. We also have T, = (8_>
s

0 0
and py = p2 (i) with e the specific internal energy. Maxwell relation gives (a—];) =
s p

, [ 0% o (0T o : :
05 = pi | = ) . Multiplying the two expressions of (Jp/0s), gives

0pds dp
(a_> = ooy (A2)
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s0  and therefore

B [v-1
D== . A3
6 TOC’U 8 ( )
502 For a perfect gas of molar mass My with d degrees of freedom (3 for monoatomic gases,

s03 b for diatomic ones) ¢, = dr/2, v = (d+2)/d and ¢y = \/yrTy with r = R/ M, (R being the

s universal gas constant). One gets <%) = (y—1)poTo/d and deduces D = (y*—1)/12 and
p

ss K = (v — 1)?/4, equal to respectively 0.08 and 0.04 for a diatomic gas. For water at 20°C

s with ¢ =1481m/s, ¢, =4203 J/K/kg, v =1.004 and S =3.5, one obtains D =0.05, much

sov smaller than C'/6A. For water, the effects of entropy jump are negligibly small compared to

sos  those of cubic, isentropic non-linearity , while they are comparable and of opposite signs for

500  aQir.

s APPENDIX B: TRANSMISSION COEFFICIENTS AT NORMAL INCIDENCE

511 At normal incidence, § = 0, f; = 0, there cannot be any vorticity mode so that Ty, = 0
s and the wave direction is unchanged n’j , = —1. By introducing the new unknowns X, =
sis (cs — vs + ws)Ta, Xy = wTw, Xg = (ws — vs)TE and the notation C' = ¢y + w;, the 1D

sie system Eqs.(53a-53d) can be rewritten

iy

XA+(TS—1)Xw+XE:C (Bla)
(s —vs)Xa — rsvs Xy — v Xp = ¢gC (B1b)
& X4 — 0 Xw — g BB Xp = coC (Blc)
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Inserting the expressions Eq.(11) for ¢s , Eq.(16) for w, and Eq.(15) for vy but limited at

second-order expansions yields

Xa+eXw+Xg=C (BQ&)
(1+€e(f—2)X4— Xy — eXp = C 4+ O(?) (B2b)
(14+€(B—2)X4 — Xy —aXp =C+0(?), (B2¢)

with @ = /6D + O(e). The last two equations are identical except for the coefficient in
front of Xg. Substracting them, on gets that Xz = O(€?) at most, showing that the entropy
mode has a much smaller amplitude than the other ones. Indeed, entropy induced by the
incident sound wave cannot be bigger than the entropy jump through the unperturbed shock,
and therefore one has necessarily Xz = O(€?). It can thus be ignored, and the system for
(X4, Xyw) reduces to Eqgs.(B2a-B2b). Solving it leads to X4 = C(1—¢(B/2A—1)/2+0(€?))

and Xy = (B/2A —1)/2+ O(€). Returning to physical variable yields Egs.(54-55).

APPENDIX C: FREQUENCY OF VORTICITY AND ENTROPY MODES

The Doppler ratio Dy for vorticity and entropy modes, given by Eq. (36), is now consid-
ered for the same parameters and media. As Dy is proportional to the ambient flow velocity
vs, it is proportional to the dimensionless amplitude €. This is a high to low frequency
conversion from acoustics to vorticity/entropy. A first order expansion of Eq. (36) yields
Dy = —¢(1 + cosf) + O(€?) independent of the medium parameters. Therefore Fig.(10)
shows the ratio Dy /e. As expected, results are quite insensitive to both shock strength and

medium: the ratio increases with incidence angle from —2 at normal incidence to —1 at
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FIG. 10. Angular variation of the normalized Doppler ratio Dy /e versus incidence angle for three
shock amplitudes for a) air and b) water. Only 2nd-order theory is shown, differences with 3rd-

order one are negligible.

grazing angles. Only the values for strongest shocks (¢ = 107!) in water (the medium with
the highest nonlinear parameters) slightly vary by about 10%. Comparison between second-

and third-order theories show negligible differences of order €* for Dy, .
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FIG. 11. Angular variation of (I,) and (wsIy) in the case of water for four values of € between 0.1

and 1, considering a third-order expansion.

s55p APPENDIX D: FLOW STABILITY

536 As the critical transmission involves complex wavenumbers and frequencies, it raises the

s37 issue of stability of the flow in this case. In terms of density, the transmitted acoustic wave

s may be rewritten
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Ph(z,y,t) = ATaexp (j[Rex + kyy — Rut])
(D1)
x exp (It — Ixx) .

where Ry and I (resp. R, and I,,) are the real and imaginary part of k'{ , (resp. of w¥).
Spatial stability at large distances from the shock front x — —o0 is ensured by choosing the
imaginary part of the complex wavenumber negative I}, < 0. However the shock is moving
towards positive values of x at speed w,, which could potentially induce an exponential
growth of the solution. The most sensitive point is the shock front at position wgt. At this
point, the stability is determined by the term exp [({, — Iws)t], which will be stable only
it I, — Iyws; < 0. We found no simple way to evaluate analytically this quantity, so it
was computed numerically using either second- or third-order expansions for water and for
shock strengths € large enough so that the critical transmission exists. Results are displayed
in Fig.(11). Only results for third-order theory are shown as this one is better adapted to
moderate (not too small) values of e for which the critical regime is observed. Below 0,
both I, and I, are null and are not displayed due to the chosen logarithmic scale. Above
Oc, both I, and wl, quickly increase (by one or two orders of magnitude) over the first
couple of degrees, and then increase at a much slower pace. But the main result is that, for
each tested value of €, we find numerically that I, = wgl,. When computing the difference
between the two, we obtain equality close to the machine precision (roughly 107'1), whatever
the theory order we rely on. We can therefore conclude that the critical transmission does
not induce a flow instability. The transmitted wave keeps bounded on the shock front where
it reaches its maximum amplitude, while decaying exponentially with distance away from
the shock. It is nevertheless associated to a real component of the axial wavenumber, and
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thus appears as an acoustical surface wave localized behind the shock front. This last regime

is illustrated by Fig.(2.d).
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