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Abstract

This article provides numerical results for a laminar gas flow at small
velocities in the "looped thermosyphon", or "natural circulation loop" : a
closed configuration composed of two horizontal adiabatic pipes and two
vertical pipes with different fixed wall temperature. To this extent, follow-
ing Paolucci, [39, 40] we construct a low-Mach number model capable of
taking into account the periodicity and the discontinuities intrinsic to this
configuration. This compressible model is richer than the Boussinesq model
since it describes the pressure variation and is adapted to the description of
flows driven by large temperature gradients. We settle averaged equations
through the pipes of small radius compared to the length, this gives a one
dimensional system of equations of mass, momentum and energy with two
pressures, a dynamical one and a thermodynamical one only function of time.
We construct a quasi-exact solution in a laminar and steady-state regime.
We approach the low-Mach averaged 1D Model with a coupled numerical
method based on the characteristics method considering the presence of the
periodic conditions and the discontinuous gravity term with Dirac distribu-
tions as derivatives at the corners. The numerical results are confronted



and validated by the aforementioned reference solution to determine their
accuracy.

keywords: gas flow, low-Mach assumption, thermosyphon simulation, single-
phase natural circulation loop, reference solution, periodic conditions, computa-
tional fluid dynamics.

Table 1: Nomenclature

Description Symbol Unit
Courant—Friedrichs—Lewy number CFL -
Specific heat at constant pressure C, m?s 2. K!
Pipe diameter, Radius D, R m
Rate of strain tensor D st
Modified Fannig f m-s~
Heat transfer coefficient h kg-s™3. K1
Thermal conductivity k kg-m-s~3.K~!
Loop length L m
Mean pressure across section P kg-m~1.s72
Thermodynamic pressure function of time P(t) kg-m~1.s72
Radial coordinates r m
Specific gas constant r m2.s72.K!
Pipe Surface S m?
Time t S
Mean temperature across section T(z,t) K
Cold temperature T. K
Fluid temperature Ty K
Longitudinal velocity ug(x, 7, t) m-s !
Mean longitudinal velocity u(zx,t) m-s~!
Longitudinal coordinate x m
Heat capacity ratio 0% -
Angle of the pipe 0 -
Dynamic viscosity U kg-m~1.s71
Dynamic pressure I kg-m~1.s72
Density p(x,t) kg-m™3
Shear stress at the wall Ta st




1 Introduction

Modeling gas flows in a network of heated or cooled pipes is crucial in a wide
range of engineering applications. We are interested in cases where the gas ve-
locity is low enough that the Mach number remains much smaller than one—a
condition frequently encountered in practical systems. Such low-speed gas flows
occur in many industries involving gas transport through pipelines and complex
pipe networks. In particular, the increasing demand for the transportation of lig-
uefied natural gas (LNG) has raised numerous questions about the behavior of gas
flows in pipe systems subjected to temperature variations. One of the most simple
archetypal flow problems in an arrangement of pipes with heat exchange is the
"thermosyphon" or "natural circulation loop" (see Figure 1 for a schematic repre-
sentation). The looped thermosyphon is a closed pipeline configuration of length
4L where the gas is confined at some mean pressure in the gravity field and flows
in a loop (here, a square) from one tube to another. The one at temperature 7%
cools the gas, making it denser causing it to descend, while the one at temperature
T, heats it, making it less dense and consequently move up. The two remaining
segments are adiabatic, with no heat exchange. These combined thermal effects
drive a continuous, buoyancy-induced circulation. We will study this configuration
in curvilinear coordinates with the axial coordinate x, taking values in [0,4L]. The
point x = 0 is the bottom left corner, corresponding with the inlet of the heated
pipe. As the domain is closed with periodic boundary conditions, the points z = 0
and x = 4L coincide. Moreover, the outlet of every pipe coincides with the inlet
of the contiguous pipe.

The most common approximation of the Navier-Stokes equations assuming lit-
tle overall density variations is the Boussinesq model [8]; this is equivalent to the
hypothesis of incompressible flow (null velocity divergence) and small variations of
pressure and temperature. Pressure remains close to the hydrostatic pressure and
there is a linear relation between density and temperature variations. Further-
more, "density variations are neglected where they are not multiplied by gravity
g" as stated historically by Boussinesq in [8]. One can indeed find in the literature
both experimental studies and numerical simulations based on a Boussinesq as-
sumptions for configurations similar to the thermosiphon described above. These
works are often motivated by industrial applications, aiming at specific analyses
of temperature behavior. Some examples are given in [27, 24, 13, 6, 46, 11].

Concerning the simulation of gas flows, several works tackle configurations
far more complex than the thermosyphon. Analyzing the most common choices
in physical, mathematical, and numerical modeling is still useful. A common
issue is dealing with non-linear conservative hyperbolic equations; it is common
to simplify some terms in the momentum equations such as the non-linear or the
gravity terms; usual choices are a Boussinesq or an isothermal assumption, see for
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Figure 1: A sketch of the geometry of the looped thermosyphon (natural circulation
loop): a closed pipe of length 4L where the gas is confined and flows between the
temperatures T (cooled, it is denser, and falls) and 7, (heated, it is less dense and
moves up). The inclination of the pipes 6 depends on the geometry: in the heated

pipe is 7, in the cooled one is —7 and in the others 0 and 7.

example [16, 22, 26, 37]. A frequent choice is to use an averaged one-dimensional
model instead of the full three-dimensional one and to simplify the momentum
equation as in [36, 26, 44|. They neglect the non-linear and the inclination terms
and do not use the energy equation; the former carries on the simulation through
an electrical analogy, while the latter uses a transfer function model coupled with
a linear interpolation of available temperature measurements instead of the energy
equation. Another application of an electrical analogy is proposed by [12], [21] and
[34] explore some alternatives. Concerning the numerical schemes, it is possible
to use finite differences combined with the method of characteristics as in [36]. In
contrast, others have made some comparisons between finite differences and finite
elements, like [18] and [52] or used only finite elements like [20].

In 1982, to add compressibilily effects to the Boussinesq model, Paolucci intro-
duced an alternative approach to remove the compressible effect of sound waves
(much faster than the average fluid flow) from the governing equations [39]. He



obtained a "low-Mach number" model for the three-dimensional Navier-Stokes
equations for general domains by means of an asymptotic analysis of the low-
Mach limit. One of the key features of Paolucci’s approach is the splitting of the
pressure into two terms: a thermodynamic one taking into account global com-
pressible effects (only function of time, not on space, noted P(t)) of the dominant
order and function of temperature only and a dynamic one associated to velocity
changes (noted I1, function of space and time) of the order of magnitude of squared
Mach, function of temperature and position. This model is then applied to study-
ing a differentially heated cavity [40], the first of many works on the differentially
heated cavity with a low-Mach model. In [28], they derive numerical reference
solutions for steady natural convection flows by varying the Rayleigh number and
the viscosity law. In [38], we see the effort of performing low-Mach simulations
through different methods, using an asymptotic expansion and developing an algo-
rithm for the fully compressible Navier-Stokes equations with particular attention
to the discretization when the Mach number is low. Over time the assumption of
low-Mach number has been extended to more complex physical problems like in
[1, 47, 7, 25]. During the last decades, the low-Mach model has greatly interested
the scientific community. For example [42, 4, 32, 30, 41, 35, 31, 23, 51| apply
this approximation in many fields. Recently in [45], we can see how to extend to
low-Mach regimes the methods for reduced models through proper orthogonal de-
composition of Navier-Stokes equations coupled with thermal effects. In [10] they
perform an asymptotic analysis combining the asymptotic limit of several small
parameters, including the Mach number.

We have seen how, in pipe flows, the state of the art is Boussinesqg-based and
how the low-Mach assumption is employed in many fields. In this paper, we
develop Paolucci [40] approach by applying the low-Mach expansion in a complex
geometric configuration with corners and periodicity.

The paper is organized as follows: in section 2, we derive an unsteady and
one-dimensional low-Mach model inspired from Paolucci for pipe flows based on
an asymptotic expansion. In particular, we exploit the small gas velocity to have
the Mach number tending to zero and apply the tools of perturbation theory
to obtain a simplified model. Additionally, we summarize the features of the
Boussinesq model and show the differences with the low-Mach model. In section
3, we construct a laminar steady reference solution for pipes. In section 3.2 we
see how to construct an analytical solution for the thermosyphon at constant
kinematic viscosity. Additionally, we prove on the thermosyphon the classical
limit of our model for small temperature differences. In section 4, we present the
numerical algorithm we have implemented and explain how the discontinuities of
the gravity term give issues to the simulation and how we addressed them. In
section 5, we show some numerical results (compared with the analytical solution)



obtained with the implementation of our algorithm.

2 The model

2.1 Thin layer compressible Navier-Stokes

We consider the compressible, laminar flow of a Newtonian ideal gas in a pipe of
radius R and length L. The pipe has an angle of inclination # with horizontal, the
gravitational acceleration is g (see figure 2).

Thermodynamical coefficients are supposed constant. The specific heat capac-
ity at constant pressure is C,, the thermal expansion coefficient o = (—/l) g—; p) =
1/T for ideal fluid. The ratio 7 of the heat capacity at constant pressure C, to
the heat capacity at constant volume C,, allows to write C), := % with r specific
contant of the gas.

The flow is assumed to be axisymmetric, r is the radial coordinate.The com-
pressible Navier—Stokes equations are non-dimensionalized using the classical Reynolds
number Re, Mach number Ma, Froude number F'r, and Prandtl number Pr. As-
suming the pipe is slender, with R/L < 1, the equations can be simplified to a
thin-layer Navier-Stokes system. In this limit, longitudinal second-order deriva-
tives in the momentum and energy equations can be neglected, and the pressure
is therefore uniform in the radial direction. This leads to a system analogous to
the axisymmetric boundary layer equations, as described in [48].

The resulting system remains two-dimensional. We integrate those equations
across the section as usual to obtain one-dimensional equations. This averaging
technique is classical and is used in many thin layer configurations in fluid mechan-
ics (compressible flow in pipes [21], shallow water equations, [50], flow in arteries
[19]...). The thin layer compressible Navier-Stokes section-averaged system writ-
ten back with dimensions and using Is(u,) := fOR 2mug(x,r,t)rdr as a shorthand
reads:

9 Is(p) + ~-Is(pus) = 0, (19)

%IS(,OUI) + % s(pu?) + =— . Is(p) = —TomD — pSgsin, (1b)
pC, (%1 (T) + 6‘9 (Tu$)> = (;JS( )+ a%h(p%)) + Is(7 : D)—27 Rqy,

(1c)

o

The 1D system (1) is function of space variables x and time variable ¢. It is
constituted of (1a) the averaged continuity equation, (1b) the averaged momen-
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tum equation, (1c) the averaged temperature (or energy) equation, and (1d) the
equation of state (ideal gas law).

The final unknowns are defined as an integral on the cross-section of the pipe.
For example, the mean value of velocity is defined as :

Is(uq(z,7,t)) _ [ ug(z, 7, t)dS
[ds s

u(z,t) =

For pressure p(x,t), due to the thin layer approximation, its mean value coincides
with itself Is(p(z,t)) = p(x,t). For quantities that vary on the cross-section, such
as velocity, density and temperature, one has to provide additional hypotheses
on the profile. These assumptions allow us, for example, to link [wuZrdr to Su?
(through the Coriolis-Boussinesq coefficient). This procedure is discussed in Shal-
low Water flows [50], in arterial flows [19], and in thermal flows [3]. It is possible
to suppose a plug flow (constant velocity with r) or a Poiseuille flow [33, 14] in
which the velocity is supposed parabolic along the radial axis. The first one is
more suitable for high Reynolds flows, and the second one is more suitable for
lower Reynolds flows, neglecting all entrance effects in both cases. In the case of a
Poiseuille profile, I5(u?) = (4/3)u?S. In practice (even if it is valid only for plug
flows), we will say that Is(u?) = u2S, as it is common for pipe flows [19]. The
area of the pipe cross-section is S = fOR 2nrdr = mR?, but few extra hypotheses
allow extend to any cross sections; hence D is the hydraulic diameter (and R the
hydraulic radius).

In the same vein, to estimate shear stress at the wall 7, and dissipation
Is(t : D) = [7;;D;;dS as function of mean value of velocity u(x,t), one has
to do the same hypothesis on velocity profile. The general expression for 7,, at the
wall is linked to w(z,t) by the tabulated Fanning friction coefficient : 7,/ ”—72‘2. In

sv
the case of laminar flow, 7, = 4“?” = £-pu. We suppose in the following kinematic
viscosity v = % to be constant (as a first approximation) and subsequently de-

fined a modified Fanning coefficient as f := %”. The constant v assumption will

help construct the analytical solution. Relaxing this hypothesis for the numeri-
cal computations will not be a problem. The source term of the Heat Equation
Is(1i;Di5) = f T2Ur (%”)2 dr may be computed in the case of the Poiseuille flow
and gives 71, D.

Finally, using the definition of the Nusselt number and the results of the Graetz
problem [29, 43|, we introduce the classical [53] heat exchange coefficient h to model
exchanges with the wall. We note that the temperature is the velocity-averaged
temperature in the Graetz problem. By considering a reference temperature 7.y,
the heat flow through the lateral surface of the pipe is :

qu(z,t) = MT(x,t) — Trep).

7



Hence the values at the wall 7, and ¢,, and the bulk value Is(7;;D;;) are linked to
the associated mean fields u(x,t) and T'(x,t) through empirical relations.

Figure 2: Sketch of an oriented inclined pipe of length L, cross-section S, and
inclination angle @, with mean axial velocity u(x,t) in a gravity field g.

2.2 The low-Mach model

In many practical industrial applications, the gas velocity is small compared to
the speed of sound ¢, which implies that the Mach number (Ma) is small. This
can present a singularity when working with the dimensionless momentum equa-
tion (1b), due to the presence of the Ma™2 scaling in front of the pressure term:

(m%). The dimensionless version of momentum equation (1b) is indeed :

(Spu)  A(Spu?) 1 oSp) f .~ 1 .
o 05 T oMa oz grpub - ppSpsmd. 2)

Following Paolucci [39, 40|, a low-Mach-number model can be derived by perform-
ing an asymptotic expansion of the flow variables under the assumption Ma — 0.
The expansions are as follows:

i(z,t) = o(x,t) + Maiy (z,t) + O(Ma?), (3a)
T(z,t) = To(z,t) + MaTi(x,t) + O(Ma?), (3b)
plx,t) = Py(z,t) + MaPy(z,t) + yMd(x, t) + O(Ma?). (3¢)

Substituted in the equations without dimension gives at the order Ma~2 and Ma™!
for the momentum equation (2):

(9@16020, 85]5120



At order O(Ma™?), the pressure is spatially uniform and hence is only function of
time. When dimensional variables are reintroduced, this corresponds to the ther-
modynamic pressure P(t). At order O(Ma™!), the perturbation in space and time
will remain null by boundary conditions. At the next order, O(1), the pressure gra-
w\}ag 8(8”? ) — 8(855). Re-introducing
the dimensional variables, equation (1a) is not changed, equation (1b) is with the
dynamic pressure II, and equation (1c¢) has the thermodynamic P(t) in it. The

resulting form of the 1D low-Mach number model is:

dient reappears in the momentum equation as:

d(Su) S, dp 9
_ _S9p  Op 4
Ox p(8t +u8x>’ ()
d(Spu)  O(Su?p)  O(SM) I i
o T or T op  grruD - pSgsind, (4b)
(ST (ST
p0p< (8t Lo <a:1: )) = SP'(t) — 27 Rqu, (4¢)

where P(t) is the thermodynamic pressure involved in the energy equation, while
[I(z,t) (the second order perturbation) is the dynamic pressure involved in the
momentum equation.

Always following Paolucci, different formulation of the divergence equation (4a)
can be settled, using the identity dp = g—;dT + g—l’f,dP, and taking into account of
(4c), the (4a) equation reads:

J(Su)

5y = ALP)P(t) + B(T, P)qu. (5)
In the case of ideal gases, A and B reduce to:
S _2nR(y—1)

A(T, P) = 5 B(T,P) := (6)

P
By the periodicity of the closed domain (the four closed pipes) of length 4L

/ 0,(Su) dx = 0, therefore / (A(T, P)P'(t) + B(T, P)q,) dz = 0.
domain

domain

It gives the following equation for the time evolution of thermodynamic pressure :

_B(T, P)g, d p 1
_fdomaln ( )q x _ WR(7 ) / Gw dZE,
domain

P'(t) = =

fdomain A(T7 P) dw 4SL (7)

This relation represents the variations of thermodynamic pressure due to the heat-
ing (in Boussinesq approximation, it is zero).



Remark.

For numerical resolution of pressure II, an additional equation (9) deduced
from (4b) is useful for the numerical implementation. Taking the derivative of
from (4b) with respect to z, it gives a kind of Poisson equation with source terms.
In the source terms are terms in derivative of u, we define the longitudinal shear
as a new variable (which is not null as in Boussinesq, Paoluci [39]):

 Ou 1 , 2rR(y — 1)
Sy = % = _")/P—(t) (P (t) + qu) ) (8)

those terms will appear between brackets in the final expression (9). In the source
terms are as well terms coming from the derivative of sinf at each change of
direction, in the case of the thermosyphon, the values of sin § are 1,0-1,0, (Figure 1),
so that a sum of four § Dirac Deltas distributions will appear with weights (say in
general §; corresponding to the magnitude of the discontinuous changes from one
pipe to the other at each of the four corners). The equation is :

4
0,11 frs. D
(5) - [ rvone e G2 e oBea 0
This continuous formulation highlights the type of equation to be solved. In the
following, we adopt a semi-discretization in time, upon which a splitting method
inspired by the Chorin—Temam projection approach is applied. The numerical
scheme is described in section (4).

2.3 The Boussinesq model

In this section, we revisit the Boussinesq model to highlight its key differences from
the low-Mach-number model. In particular, the counterpart of equation (4a) has
no source term leading to the simplified form 0,(Su) = 0, and in heat equation
there is no P’(t) contribution, only convection and diffusion. Then the counterpart
of (4a), (4b) and (4c) is the laminar 1D averaged Boussinesq problem:

9(Su) o(Su?)\ , A(Sp)  f :
pe < ot o Ox + or _QﬂpCUD +pSgsind, (10b)
a(ST o(ST
chp ( (8t ) +u (al' )) - 27Twa, (1OC)

In Boussinesq model we have the approximation p = piit(1 — a(7T'(z,t) — Tc;Tf )

the temperature does not vary much by hypothesis, while in low-Mach model,

Y
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larger temperature gradients may appear. In low-Mach model the velocity varies
due to a source term which is not present here. In the Boussinesq model, p =
Py+11, with Py is constant in both time and space (we may put in it the hydrostatic
variation I} ocratie(T) = —piirgsin @), whereas, in low-Mach model, it is only
constant in space.

3 Reference steady analytical solutions

3.1 The steady solution for one pipe

The system of equations (4), which defines the low-Mach-number averaged model,
admits a steady-state solution under a set of simplifying assumptions. First, the
nonlinear convective term 9, (pu?) is neglected, which is a reasonable approxima-
tion for slow flows. Additionally, the flow is assumed to be laminar, with friction
modeled as linear in velocity. A constant kinematic viscosity is also assumed, im-
plying p o< p, and the friction factor is given by f = %. Under these assumptions,
the steady-state equations reduce to:

Q'(z) = B(T, P)qu(z), (11a)
I'(x) = (—% (x) — gsin 8) p(x), (11b)
Q) g = BT, P)aua) (11¢)

where @) := Su denotes the velocity flux, and B(T, P.) is the coefficient defined
in (6). We will first derive local solutions for individual pipe segments and subse-
quently extend the analysis to a complete thermosyphon system.

Considering a generic pipe of length L (z takes values in the interval [0, L]) with
inlet temperature, flux, and dynamic pressure respectively T'(x = 0), Q(z = 0),
and II(z = 0), a reference temperature at the wall 7)., for non-adiabatic pipes,
the solutions of (11) for this pipe are:

T(x) = Tres + (T(x = 0) — Trep)e >, Q(z) =TT(x), (12)

B AP, gsinf
rTref

I(x) = (InT(x)—InT(z = 0)) Foe <%Trefr + gsin «9) z+1I(z = 0).

_rTref
(13)

The parameter I' represents the mass flow rate and the equivalent length A repre-
sentis the thermal entry length. They are defined as follows:
~ Qx=0) N\ r C, POOF.

2= =~ or A= 14
T(z=0)’ BT, Pk ™ "~ 27RR 1 (14)

11



Notice that the constant thermodynamic pressure P,, appears in a steady regime.
In the case of an adiabatic pipe with inclination # = 0, the solution reduces to:
P f

T(x) =T(xz=0), Q(z) = Q(x =0), (x) = . ﬁr.ﬂi + ;.

3.2 The steady analytical solution for low-Mach model for
a thermosyphon

Here, we extend the previous steady analytical solution valid for each pipe to the
thermosyphon with four pipes. Starting from the first pipe with Ty = T'(z = 0),
this pipe is heated at temperature T,.y = 1., then at its end the temperature is
Ty = T(x = L). This temperature T} is constant in the second pipe (the upper
adiabatic one). Then for the third pipe T} = T'(z = 2L) and this pipe is cooled at
T.ey = Ty. At the end of this third pipe, and in the fourth (adiabatic) pipe, the
temperature is by periodicity 7. See figure (1) for clarity. Using (12) we can then
express the temperatures Ty and 77 as functions of A :

T.ex + Ty
= .
ex +1

TreX +T. Ty Trex +T,

T : .
ex+1 T Tex+T;

, Tp= (15)

The conservation of the mass in space imposes the ratio between velocity and
temperature to be constant throughout the thermosyphon due to periodicity of
the domain. Defining )y in fourth and (), in second:

L @
h Th

Consequently, I' and A are global unknowns with the same value on each pipe.
The conservation of the mass in time imposes that the integral of the density

over the domain in the stationary regime is equal to that of the density in the

initial state (we define initial conditions by a subscript, for example pi,i). We

have by global mass conservation:

4L 4L
/ pdr = / PinitdT. (16)
0 0

The right hand side comes from initial condition and is just %4[/. The left-hand

Tlinit

side can be rewritten and decoupled, by computing all the integrals in each pipe
and making some manipulations, we can write equation (16) as :

Po A L /1 1 1 1 T (1 1
Il ==+ =+ =4 — In— — — — =4, 17
RnitL t<)\ <T0+Tf+T0+T1)+ nTO (TC Tf)) ( )

12



We need another relation to close the system. For that, we impose that the value
of II at the outlet of the first pipe is equal to the value of II at the inlet of the
second pipe, and so on to obtain a second expression (18). Indeed, using (13) the
continuity condition between the first and second pipes is:

g P . 11 Py L f

I, — In =t — J rr y:
1 T, T, T (BTl +9)+1h

while between the second and the third Iy = IT; — £=/LL The other two continuity

rRS
conditions are similar. Combining all the continuity conditions, we have:
gRS (AT, (1 1 1 1
el -Inh=(=4+—=—|— (= — = 4 =0. 18
T (LHT0 . T T, 1)) " (18)

The system (17)-(18) has to be solved to obtain the final solution. But they are
highly non-linear and it is not possible to decouple them. Nevertheless we can
combine these equations to generate a new one that is a function of only A. To
simplify this last expression we introduce a parameter without dimension G

PrGa

G = 128Nup

which is linked to the Galilei number, Prandtl number and Nusselt number :

- ngpiQHit _ _ hD
GCL—T, PT—[LOp/k, NUD—7
Furthermore, we define the dimensionless quantity ¢ := ;:j’; (smaller than one

by definition). Combining (17) and (18) by exploiting (15) gives the final tran-
scendental dimensionless relation linking all the quantities:

G1D 1—¢2 A G1D tanh £
R e+ c ——(6— L )ln(l—i—ZeL):O.

A 1—52tanh2% L A 1—5tanh%
(19)

The procedure we follow to find the unknown parameters consists in finding
A solving equation (19), then constructing Ty and 7 by using (15) and finally
computing I and P., by using equations (18) and (14).

We can use an iterative approach such as the Newton method to numerically
solve equation (19). After computing all the unknowns, the reference solution is
ready to validate the numerical results.

13



3.3 Linearized solution

When the difference of temperatures between heated and cooled wall is small, i.e.
when € < 1, a Taylor expansion of the previous relation (19) is:

2 L
—i—l—s(Qitanh——l)—I—

G, D L 2\
A L 1A L 2 A L
2 —2= tanh? — + — = tanh® — — — = tanh — — 1) = 5. 2
+e ( Ltan ) + GlDtan o GlDtan o O(e”) (20)
By dominant balance we guess that
2 A
D O(e),
so that:
2 A A L
=z 22 tanh — — 1) = 0. 21
G1D+E<Ltan ) ) 0 (21)

We will see at the end of this section that this equation represents the Boussinesq
continuity equation for a thermosyphon.

Exploring other asymptotic limits of (20) shows that % — 0 is not physically
possible, as A and L are at least comparable. The other possibility is % — 00.
Under this assumption, we have that: tanh % ~ 1. As a consequence, we obtain
the following linearization for \:

A~ RGlf.

In order to find by linearization the expression of P, equation (17) is rewritten
with ¢, it gives:

1-¢’ A tanh 55 Py T
1+ < ——slog<1+ze&)=2 t S (140

1—52tanh2% L 1—5tanh%

By Taylor expansion, it gives :

Py T} Py T} 9 A L o L 3
211 — ——— | — 26— —— —1 — 2— tanh — + tanh® — O = 0.
< P Tmit> 6Poo T +e 7 an ) + tan ) + O(e)

By dominant balance: 1— If:o % = O(e), this gives an estimation of P,, by making

a balance between the first two terms, obtaining:

T
Py = Pun-(1+€) + O(?). (22)

init
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this last equation is the linear estimation for P,, we were searching for. The total
variation for P is given by:

T
AP:Poo_Pini‘c:Pinit( ! (1+8>_1)+O(52)
ﬂnit
From this expression, one see that if Ti,;; is lesser or greater that ﬁ, then the
Tc T Ty
pressure drop is negative or positive.

10’
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Figure 3: Behavior of the characteristic length A as a function of the characteristic
dimensionless number G; by varying the relative temperature rise € for both the
low-Mach and the Boussinesq models.

3.4 Comparison with the classical limit (Boussinesq)

As just suggested when obtaining (21), we may now come back to the Boussinesq
model to compare with previous solution of the low-Mach model. To solve the
system (10), we also impose continuity conditions for the dynamic pressure along
the whole loop: between the first and the second pipes, and between the second
and third pipes, they are :

8 L 8
M= — QL +ang / (T(2) = T,)da + o and Ty = —— QL + T,

15
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Figure 4: Behavior of the characteristic length A as a function of the characteristic
dimensionless number G5 by varying the relative temperature rise € for both the
low-Mach and the Boussinesq models. For the low-Mach model, we consider several
admissible values of ¢, while for the Boussinesq one, we use a small €. We show
the asymptotic limit at infinity.

Similar expressions arise for the other two continuity conditions. Let us now define
the Grashof number at the radius scale: Gr := aAT,Ga, with AT, =T, — T}, and
the Boussinesq counterpart of (G; as:

PrGr R R G,D

= I R GlaAT =
128Nup, L 145t T

G

By making the sum of the four equations, we obtain the following final relation,
which is the counterpart of equation (19) and which is exactly the equation (21)
for Gie =~ 1 and ¢ approach 0:

L
— — tanh —. (23)
So we expect the values we found for A as a function of (G; to be the same for
both models as ¢ — 0. Figure 3 shows how % varies as a function of GGy for different

values of € for a low-Mach model. We see that for small enough values of ¢, the
results obtained for a low-Mach model coincide with those of a Boussinesq model.
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The behavior of A\ as a function of G5 is comparable to that as a function of Gjy;
the main difference is that, in this case, we see the asymptotic limits. We expect
that for Gie =~ 1 and consequently G5 =~ % the low-Mach tends to Boussinesq.
Moreover, we find a polynomial asymptotic behavior as % — 00. In this case,
% — 0 and by exploiting the series expansion of the hyperbolic tangent, equation
(23) gives:

A 1

-~ =G,

L /24

It is possible to see these limit behaviors in figure 4 where we take L/D = 10.

BN co|

4 General algorithm

At this stage we have constructed a low-Mach model and an analytical solution
for the simulation of a gas flow throughout a thermosyphon. An algorithm is here
proposed for a numerical simulation. Let us remind the final system, equations we
want to solve with 0 < x < 4L and ¢t > 0 are:

 Ou 1 , 27R(y — 1)
S5 = 5o = P00 <P (t) + 5 qw) : (24a)
on  f D
Oyu + ud,u + P 5TUg gsind, (24b)
/ _ 27TR(7 — 1)
P =" [ a (210
o(ST o(ST
pC, < (at ) +u <8x )) = SP'(t) — 2r Rqu, (24d)

Qu = h(T —Tyey). (24e)

The resulting system consists of four equations for the four unknowns u, T, II, and
P, supplemented by the closure relation for ¢, and the equation of state for the
density. It is important to note, however, that the model does not explicitly include
an evolution equation for II. Instead, II must be determined so that the quasi-
incompressibility constraint is satisfied. In this framework, II acts as a Lagrange
multiplier ensuring that the velocity field satisfies this constraint, leading to an
elliptic equation derived from the momentum equation.

In the following, we construct a coupled numerical algorithm, in which we put to-
gether several discretization techniques. Even if every technique is well known by
itself, we propose a way to combine them that takes advantage of the best features
of each of them. The mesh and the numerical scheme are based on a staggered
grid approach, where II is defined at cell centers, while p and T are defined at
the interfaces, together with the velocity (see Figure 5). This approach is chosen
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Figure 5: Placement of our variables on the mesh: velocities and temperature at
the center of the cells i + % while dynamic pressure at the nodes 7 .

to enable a simple and explicit discretization of the convective terms in the mass
and momentum equations (see [2, 5, 15, 49]). Alternatively, one could also retain
a velocity-pressure/density formalism and apply an interpolation for the density
during the correction step.

The algorithm is the following.

Algorithm for T

We apply the method of characteristics [42] described to the equation (24d). We
express equation (24d) on every pipe as:

T (z,) OT (x,1)
o Ut f(x,t) VYo el0,L],te (0,T],

T(z,0) =T;(z) Vze]0,L],
T(0,t) =To(t) Vte (0,T].
where T; € £>([0, L]), To € £°°((0,T]) and:

1, 2R (v = 1T (z,t)
fz,t) = /FP( )—

G = ( )_Zhﬂ'R(’}/ — DT (z,t)
C,pS™" ~vP(t) SyP(t)

(T(x,t)=Trey).

Set the temperature at the foot of the characteristic, T" := T (¢, t"), and the
discrete field 7" ~ T'(-,t"). We choose the following fully discretized scheme:

n 2rR(y—1)h
i T+1/2 + z+1/2At <'yP t")P (") + 'ysg(t") Tref>'

it1/2 — R(
/ ] 4 AR DT

z+1/2
YSP(t)
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Computation of the integral of ¢,

Supposing the temperature is regular enough, a good approximation of its integral
over the domain derives by the trapezoidal rule:

/Qq;j,“dx = / h(T™ = Top)dz = Z W7y — Trep) A

Computation of P

Thanks to the discretization of the integral of ¢, we discretize (24c) via the fol-
lowing implicit Fuler scheme:

21R(y — 1)
Pl =pr o AT / ¢ dr.
sial e

Computation of s,

Equation (24a) can be rewritten as:

_ 27R(y—1) 1/
= 5P (rm Tt = o |-

Thanks to the definition of T" at the interface i + —, a discrete expression for s,
can be written as:

2rR(y—1) [ 1
n+1 o n+1 _ 1
Seit1/2 = ’YSP"'H ’Q| /qu dz qw?—:—l/Q : (25)

Computation of II and u

We apply a projection-correction scheme to solve the coupled problem in veocity-
pressure using the formalism of Chorin-Temam. To do so, we introduce an in-
termediate velocity u* and use the quasi-incompressibility constraint d,u = s, at
time n + 1 computed with (25). We use a time semi-discretization and split the
equation (24b) into two parts: :

e Prediction step :

19



e Correction step :

un+1 _ u* 1 aHnJrl .
VT v gsinf. (27)

Equation for IT By applying the divergence operator to the correction step (27),
we derive an elliptic equation governing II. Note the presence of sin @, which rep-
resents the inclination of the pipe. In the case of a thermosiphon, this inclination
can vary from one section to another, leading to a discontinuity. As a result, a
Dirac delta appears in the right-hand side of the equation for the pressure.

1011 - 1
-0 | ——— ) = s+ —(Opu* — s,"). 28
(%) 1360 + ) (25)
The elliptic equation is discretized and solved using a Finite Volume Method.
Using the relation (1d), we introduce 7;,1/2, the value of the temperature, which
must be recomputed at cell interfaces for use in the pressure equation scheme. The
scheme for the pressure reads at node ¢ centered on the cell K; = [2;_1/2, Zi11/2):

Ti_1/2 Tz‘—1/2 + Tz‘+1/2 Tiv1)2
— IT,_ IT;, — I, = b, 29
AIZ' 1+ Al’z AiL’Z i ( )
with b; is defined as:
1 P
bi=yg Zgj(si(j),i + E((U;ﬂm —Uj_y) — A sap ). (30)
j=1

where i(j) denotes the index ¢ of the mesh node at which the j-th discontinuity,
corresponding to the inclination at #; is located. At a given node 4, and following
the approach proposed in [9] to handle the piecewise nature of the temperature,
we have to estimate the temperature at the interface, typically through harmonic
averaging : o
= 2T;T;
Tiv12 = =
Ti+Tina
with 7; which can be estimated at node i by T, = (Tiy1/2 + Ti—12)/2. Similarly,
for i € {1,2,3,4},¢; has to be estimated with a method based on the same work
[9, 17]. For a discontinuity located at a node i such that i = i(j), we have :
.7
& = mfj-
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where ; represents the corresponding amplitude coefficients 0, (sin 0) = Z?:l &0(z—
Zj).  Owing to the use of a staggered grid, with the temperature defined at cell
interfaces, u* is naturally evaluated at i + 1/2 and directly provided by the pre-
diction step. (26). In the context of the 1D model considered here, the chosen
strategy has the advantage of being straightforward to implement and is partic-
ularly well-suited for network-based coupling, as planned in future developments.

5 Numerical results

Let us briefly show the methodology used to analyze the numerical results obtained
by implementing our algorithms on a standard Linux i7-9850H CPU. We start
by showing the convergence results in space. Then we compare the numerically
computed T, u, P and II with the reference solution. We do that at the final
time the numerical curves converge to a stationary solution. Finally, we analyze
what happens by varying some of the physical parameters of the problem. We
summarize in Table 2 the physical parameter we used.

Table 2: Physical parameter values used in the numerical results.

Description Symbol Value Unit
Loop length L 0.125 m
Pipe diameter D 0.03 m
Cold temperature T. 300.15 K
Fluid temperature Ty 260.15/280.15 K
Thermal conductivity k 0.0224 kg-m-s~3- K~}
Dynamic viscosity U 1.66 x 107° kg-m~1.s71
Specific heat at C, 1039 m?.s72. K1
constant pressure

Heat capacity ratio vy 1.4 —
Courant—Friedrichs-Lewy CFL 4 -
number

Figure 6 shows the order of convergence of our algorithms. It confirms that
our algorithms are of the first order in space for temperature and velocity.

Figures 7, 8, and 9 show the typical results obtained for pressure and velocity.
Let us notice that the numerical solution is well-superposed to the reference one,
the profile of temperature and velocity is the same up to a scale factor, and the
global variation of speed is small, as expected. We also notice that the dynamic
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Figure 6: Performance analysis : Error profile for temperature and velocity for
a laminar flow at small velocities through a thermosyphon with total length L =
0.25m, diameter D = 0.03m, and imposed temperatures at the walls 7, = 300.15 K
and Ty = 260.15K.

pressure in the adiabatic pipes is linear with a small slope, almost constant. This
slope becomes more significant with smaller values of the radius.

Figure 10 shows the behavior of the thermodynamic pressure P as a function
of time. In this case, we change some physical parameters. We take T, = 300.15K
and Ty = 290.15K so that ¢ is small enough. We take L = 8m to assure that the
condition L > 2X. We consider two different sets of initial values for thermody-
namic pressure and temperature. In a first case P, = 202650Pa, T; = 293.07K so
that P,, > P;. In a second case P, = 205416Pa, T; = 297.07K so that P, < P;.

We have chosen the initial values so that the ratio % is the same. This choice al-
lows us to have the same asymptotic stationary estimations. We see that for large
enough values of ¢, they tend asymptotically after an oscillation to the stationary
value we computed through the analytical solution.

Figure 11 shows how the temperature varies along x with the conductivity k.
The reference temperatures are reached faster as k becomes bigger. Notice that
only for sufficiently large values of k£ the reference temperatures are attained. More-
over, the Péclet number varies between 42.29 and 178.70 for values of k between
0.0124 and 0.0524. Here, we have L = 1m.

Table 3 shows the values of the dimensionless number characteristic of the
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Figure 7: Comparison between the reference solution (in red) and the converged
numerical solution (in blue) for the temperature for a laminar flow at small veloc-
ities through a thermosyphon with as a number of nodes N, = 100000, final time
T = 10s, length L = 2m, imposed temperatures at the walls 7, = 300.15K and
Ty =260.15K, CFL = 4.

problem. Notice that the value of Reynolds matches the assumption of laminar
flow and that the value of the Mach number is small. Given that the relative
temperature difference ¢ is 0.0345, the values of G; and G tell us how far we are
from the Boussinesq regime. This is confirmed by the product Gie which is of
order 102, far from 1 and by the ratio diameter to length D/L, which is 0.03, far
from (G5. Notice that, thanks to the low-Mach model, we can take a temperature
difference as large as we want, and, thanks to the characteristics method, we can
take a CFL condition bigger than 1.

Table 3: The values of the dimensionless numbers characteristic of a laminar flow at
small velocities through a thermosyphon with total length L = 1m, diameter D =
0.03m, and imposed temperatures at the walls T, = 300.15K and T = 280.15K.

Re Ma Pr Nu Pe Ga Gr G, Go

12848 1.67107* 0.77 3.66 95.08 1.3810° 9.5210* 2.2710% 235
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Figure 8: Comparison between the reference solution (in red) and the converged
numerical solution (in blue) for the velocity for a laminar flow at small velocities
through a thermosyphon with as a number of nodes N, = 100000, final time
T = 10s, length L = 2m, imposed temperatures at the walls 7, = 300.15K and
Ty =260.15K, CFL = 4.

6 Conclusions and future developments

We focused on the physical modeling and numerical simulation of gas flows at low
velocities, with an eye toward engineering applications such as temperature-driven
laminar flows in closed pipeline configurations. Our study was based on the one-
dimensional, averaged, compressible Navier—Stokes equations under the low-Mach-
number approximation, following the formulation proposed by Paolucci. Initially,
we assumed a stationary laminar regime and neglected the nonlinear advection
term, enabling us to derive a quasi-analytical solution to the fully coupled system.
We compared this low-Mach model to its counterpart the classical Boussinesq ap-
proximation, demonstrating that the former offers a more accurate representation
of the underlying physics. Subsequently, we developed a coupled numerical al-
gorithm for the full set of governing equations, primarily using finite difference
schemes. We also designed an algorithm to solve the characteristic equations and
employed it to compute the temperature field and constructed a linear system to
solve the elliptic equation governing the dynamic pressure.

Although a detailed comparison with experimental data is beyond the scope of
this paper, it remains a promising direction for future work. Such a study would
involve benchmarking the numerical solutions obtained here with experimental
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Figure 9: Comparison between the reference solution (in red) and the converged
numerical solution (in blue) for the dynamic pressure for a laminar flow at small
velocities through a thermosyphon with as a number of nodes N, = 100000, final
time T' = 10s, length L = 2m, imposed temperatures at the walls T, = 300.15K
and Ty = 260.15K, CFL = 4.

results for looped thermosiphon configurations, using different solvers and physical
models (eg: 2D Boussinesq with FreeFem++4 and 3D models with OpenFOAM.
However, the primary focus of this paper is to establish an analytical reference
solution, which provides a clear framework for understanding the low Mach number
gas flows in these networks.

From the numerical point of view, it would be possible to enrich the algorithms
to make them more efficient, for example, by using second-order schemes. It could
also be possible to try techniques like finite elements, finite volumes methods, spec-
tral methods instead of finite differences. Possible future developments could be
the analysis of a turbulent regime, which presents no difficulties in the 1D frame-
work and extending the algorithm to pipeline networks. The numerical algorithm
is adapted to the extension to configurations with more pipes if conditions at the
junctions are taken into consideration. Moreover, we must also consider an ex-
tension to a non-ideal gas, to non-constant C,(T) or v(T), to the non-constant
cross-section and non-cylindrical pipes.
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Figure 10: Two examples of thermodynamic pressure profiles for a laminar flow
at small velocities through a thermosyphon as a function time with as a number
of nodes N, = 25597, final time T'" = 150s, total length L = 8m, imposed tem-
peratures at the walls 7, = 300.15K and Ty = 290.15K, so that ¢ = 0.017. For
the orange pressure P; = 202650Pa and T; = 293.07K, while for the blue one
P; = 205416 Pa and T; = 297.07K.
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