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Abstract

We consider a phase-field system modelling solid tumour growth. This system consists of a
Cahn—Hilliard equation coupled with a nutrient equation. The former is characterised by a
degenerate mobility and a singular potential. Both equations are subject to suitable reaction
terms which model proliferation and nutrient consumption. Chemotactic effects are also
taken into account. Adding an elliptic regularisation, depending on a relaxation parameter
6 > 0, in the equation for the chemical potential, we prove the existence of a weak solution to
an initial and boundary value problem for the relaxed system. Then, we let § go to zero, and
we recover the existence of a weak solution to the original system.

Key words: Tumour growth, phase-field models, Cahn—-Hilliard equation, degenerate mobility,
singular potential, nutrient equation, chemotaxis, existence of a weak solution.
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1 Introduction

The diffuse interface or phase-field approach has recently found many applications in the description
of biological phenomena, among which tumour growth is a prime example [9}26|. This is due
to a solid physical foundation on continuum mechanics and the theory of mixtures, and to the
mathematical properties of the corresponding systems of PDEs, both from the analytical and
numerical point of view. In this context, a basic phase-field model in the mechanics of living
tissues is the following initial and boundary value problem for a degenerate Cahn—Hilliard equation

A — div(b(p) V) =0 in Qr,
p=—7Ap + V(o) in Qr,
Onp = b(¢)Onpu =0 on X,
©(0) = ¥o in Q.
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Here Q7 = Q x (0,7T), where T > 0 is a given final time, and Y7 = 99 x (0,T), where Q C R¢,
d = 2,3, is a given bounded domain. In the above model, ¢ usually represents the volume fraction
of one of the two cell types, while p is the corresponding chemical potential, namely the first
variation of the Ginzburg-Landau-type free energy

anle) = [ HIVel + (o) do.

In this case, v > 0 is a positive parameter related to the width of the diffuse interface, that is,
the region of width proportional to /4 where ¢ varies continuously between the pure phases
¢ =0 and ¢ = 1. Thus, the first term in the functional penalises steep transitions between the
two phases, while the potential W(¢p) is typically of double-well type with equal minima in ¢ =0
and ¢ = 1. However, in solid tumour growth modelling (see, e.g., [1] and references therein), a
more appropriate assumption for ¥ is that it is concave and degenerate near ¢ = 0 (short-range
attraction) and convex for ¢ close to 1 (long-range repulsion). Moreover, it is usually taken
singular at ¢ = 1 to model saturation by one phase. A prototypical potential density satisfying
these properties is the single-well logarithmic potential of Lennard—Jones type

3 2
U(s) = —(1 — s*)log(1 — 5) — % (- s*)% —(1-s%s forselol), (1.1)
for some s* € (0, 1), corresponding to the position of the single-well. The mobility function b(-) is
usually assumed to degenerate at pure phases, such as

b(s) = s(1 — s)?, (1.2)

thus formally enforcing the property that 0 < ¢ < 1.

The combination of a singular potential and a degenerate mobility makes the above equation
very challenging to study analytically. Indeed, only very weak existence results are available in
the literature [1,2]| (see also |15] for the classical Cahn—Hilliard equation, and the recent 22| for
an anisotropic version). At the same time, numerical analysis is also highly non-trivial, due to
the degeneracy of the fourth-order differential operator. For these reasons, in [27], the authors
introduced a relaxed degenerate Cahn—Hilliard equation combined with a convex splitting (cf. [29]
for a simpler, but similar, model). The relaxation is obtained by adding an elliptic regularisation
term to the definition of the chemical potential p, multiplied by a small parameter 6 > 0. In
this way, the resulting Cahn—Hilliard equation can be seen as a system of two coupled PDEs, a
parabolic and an elliptic one respectively. More precisely, the system proposed in [27] takes the
following form:

Orp — div(b(p)V(p + ¥y (¢))) = 0 in Qr,

5
—0Ap+p=—yAp + 0. <s0 - v“) in Qr,

On (so - iu) =b()0n(p+ ¥ (p)) =0 on Xr,

©(0) = wo in Q.

The convex splitting ¥ = ¥, + W_ allows us to keep the convex and stable part in the parabolic
equation for ¢ and the concave and unstable part W_ in the (now elliptic) equation for . In the
case of the potential introduced above (|1.1)) we have, for some given k € R,

3 2

U (s) = —(1—s*)log(1l —s) — % th, T_(s)=—(1- s*)% —(1-sYs,  (1.3)

where W is convex if s* € (0,0.7]. We will tacitly assume this condition on s* in everything that
follows. In |27] the authors established the existence of a weak solution for 6 > 0. Then, they
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proved that a suitable sequence converges to a weak solution to the original system as 6 — 0.
This provides a validation of the approximation, which turns to be useful also from the numerical
viewpoint. Indeed, in [4], the authors derive and analyse a structure-preserving numerical scheme
for the relaxed system, showing the validity of the proposed relaxation.

In this contribution, we extend this relaxation to a more refined phase-field model for tumour
growth which accounts for the presence of a nutrient as well as for chemotaxis. We recall that
many solid tumour growth models based on the Cahn—Hilliard equation are available in the
literature |21], however, degenerate mobility is rarely employed, despite being relevant from a
physical viewpoint, due to the above-mentioned technical difficulties.

Let us introduce our extended model. The phase variable ¢ represents the volume fraction
of tumour cells in a tissue, with ¢ = 0 being the healthy phase and ¢ = 1 the cancerous one.
Then, we model the tumour proliferation through the consumption of a key nutrient o, such
as oxygen or glucose, whose evolution is ruled by a reaction-diffusion equation. Additionally,
by including also some cross-diffusion terms weighted by a non-negative parameter y > 0, we
introduce chemotactic effects to model the natural movement of tumour cells towards regions
with higher nutrient concentrations. Summing up, we study the following system:

drps — div(b(ws)V (s + ¥ (ps))) = Ri(es, ps, 0s), (1.4)

1)
— 0Aps + ps = —yAps + UL <905 — 7#5) — X05, (1.5)

o5 — A (0'5 - X (1 - <<P5 - jua))) = Ra(ps, 15, 05), (1.6)

in Qp, subject to the boundary and initial conditions

o)
On <<st - ,Ym) = b(ps)On (s + Vs (95)) = G5 =0 on S, 7)
©s(0) = o, 05(0) =00 in . (1.8)

This system is characterised by the following free energy
v 5§ \I* &, , §
Es(ps, 05) = Uilps) + |V iws——us || +o-lwsl”+V- | s — —ps | | do
Q gl 2y gl

o (o) o

We observe that, even if us appears in its expression, for any fixed time ¢ € (0,T), the free energy
actually depends only on ¢s and oy, since s can be determined as the unique solution to the
stationary elliptic equation . Moreover, the system also presents an entropy structure due
to the presence of the degenerate mobility. Indeed, one can define an entropy density function
n:(0,1) = R as the solution to the following Cauchy problem

{b(S)n”(S) =1,
n(1/2) = n'(1/2) = 0.

Then, the entropy functional is given by

[\)

(1.9)

S(ps) 2/977(%)(195-

Going back to our system, the choice of the reaction terms Ry (s, its, 05) and Ra(ps, pis, 0s) is a
rather delicate matter, especially in the limiting case § = 0. Indeed, due to very weak regularity
that can be established on account of the degenerate mobility, they have to preserve in some
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way the energy and entropy structure of the system, uniformly in §. For this reason, we adopt
the choices made in [19] for a non-local version of the same model with degenerate mobility and
singular double-well potential. These choices are based on the original model introduced in [25].
More precisely, we assume:

Ri(@s, s, 05) = P(ps) (Ua + X (1 - <<P5 - iua)) — (s + q’;ﬁm))) ,

Ro(s, s, 05) = —Ri(ps, 15, 05),

(1.10)

where P(ps) is a suitable non-negative proliferation function. The main contribution of these
reaction terms is the first one, which models the evolution of the tumour by the consumption
of nutrient, while the other two terms are related to the Lyapounov structure of the system. In
our case, this is fundamental to have an energy inequality independent of § > 0. At the same
time, to balance the degenerate mobility and guarantee an entropy structure, the proliferation
function P must also be degenerate in 0 and 1, namely one can also assume that it has the same
expression of b, i. e. P(s) = Pys(1 — s)? for some Py > 0.

It is worth observing that the choice of a degenerate mobility is particularly relevant with
these reaction terms, as in the numerical simulations shown in [25] we can see the formation of
branches in the tumour’s evolution when chemotactic effects are relevant enough. Finally, on
account of , setting = 0 in our problem, we formally recover the original tumour growth
model proposed in [25]:

Orp — div(b(p) V) = P(p)(o +x(1 = ¢) — ) in Qr, (1.11)
p=—vAp+¥'(p) - xo in Qr, (1.12)
o —A(c+x(1—¢))=—Plp)le+x(1 —¢) —p) inQr, (1.13)
Onp = b(¢)Onp = Opo =0 on X, (1.14)
©(0) = o, oc(0) =09 in Q. (1.15)

We recall that system f was first analysed in [18] in the case of constant mobility
and regular potential, without chemotaxis. The singular potential was then considered in [6],
but in the viscous case. Then, systems like f have been widely studied in the recent
literature, also with respect to its non-local variants |16,/17,[24|, optimal control |7,8,|11], inverse
problems [3,20], and long-time behaviour [5,23,30]. However, the case of degenerate mobility and
a singular single-well potential has remained unexplored so far.

Our main results include the proof of the existence of a weak solution to (|1.4)— E[) for
0 > 0 (Theorem , and the rigorous limit as § — 0 to recover a weak solution to @ —
(Theorem [2.8)). The first result is obtained by extending the approach used in [27], which is based
on suitable approximations of the potential and the mobility, combined with a Galerkin scheme. It
is interesting to note that, in the relaxed case 6 > 0, the chemical potential has a nonlocal spatial
dependence on . Thus, our second main result can be viewed as a nonlocal-to-local convergence.
For a similar issue related to the nonlocal Cahn—Hilliard equation, see, for instance, |10,/12-14].
We point out that our novel existence result for weak solutions to f is obtained passing
to the limit in a non-approximated version of the relaxed problem (cf. [27]), which can be solved
numerically in a more efficient way.

The plan of the paper is as follows. In Section [2] we introduce some notation and the basic
assumptions, as well as the main results of the paper. Section |3|is devoted to the construction of
approximating solutions by regularising the mobility, the potential, and the proliferation function.
Sections [] and [f] contain the proof of the two main results, respectively. A technical lemma is
reported in Appendix.
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2 Main results

Our first purpose is to introduce some notation that will be used throughout the paper and the

key hypotheses on the parameters of the system ([1.4)—(1.8).
Let X be a real Banach space, and denote by ||-||x its norm, by X* its dual space, and by

(-,-)x its corresponding duality product. If X is a Hilbert space, then we indicate by (-,-)x
its inner product. Given a sufficiently smooth bounded domain Q C R%, d = 2,3, we use the
standard notation LP(Q) and W*P(Q) for the Lebesgue and Sobolev spaces, respectively, for
p € [l,+00] and k € N. If p = 2, we set H*(Q) = Wk2(Q). For any function f € L'(Q), we

denote its mean value as )
f= / fdz.
12| Jo

Given T > 0 and a Banach space X, we denote by LP(0, T; X) and WP (0, T; X) the corresponding
Bochner spaces for p € [1,4+0c0] and k € N. If p = 2, we similarly write H*(0,T;X) =
Wh2(0,T; X).

Next, we introduce the Hilbert triplets that will be extensively used in the following. Setting

H:=1*Q), V:=H(Q), W:={uc H*Q)|du=0onQ}
and identifying H with its dual space, the following compact and dense embeddings hold:
WcCcVCCH=H " ccV*ccW™
Additionally, we recall that, by elliptic regularity theory, if 9 is of class C?, the norm
lully == [lull; + | AullF
is equivalent to the H2(Q)-norm on W. Next, we introduce the Riesz isomorphism A : V — V*

defined by

(Nu,v)y := / (Vu-Vv+wuv)dz for any u,v € V.
Q

It is well-known that N is an isomorphism between V and V*, and that its inverse N/ ~! is the
operator which associates to any f € V* the weak solution u € V to the following Neumann—
Laplace problem:

—Autu=f in €,
Opu =10 on 0f).

In particular, the following identities hold

I = lullY, AN v =151, Nu, N )y = [lullf

Moreover, it is well-known that for v € W we have that Nu = —Au + v € H and that the
restriction of N' to W is an isomorphism from W to H. Finally, we recall that, by the Spectral
Theorem, there exists a sequence of eigenvalues 0 < A\; < A < ..., with \; = 00 as j — oo, and
a family of eigenfunctions {w;}jeny C W such that Nw; = A\jw;, which forms an orthonormal
Schauder basis in H and an orthogonal Schauder basis in V. In particular, w; is constant.

We now introduce the main assumptions that we use throughout our analysis.

Al. Q c R% d = 2,3, is a bounded domain with C?-boundary and outer normal n, T' > 0 is
given, and v > 0 is a fixed parameter.

A2. The single-well potential ¥ can be decomposed in a convex and a concave part as follows:

U(s) =Wi(s)+P¥_(s) foranyse]l0,1).
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We suppose that the singularity is contained in the convex part ¥, , and we assume that
T_ e C*([0,1]), Py eC*[0,1)), Wi(s)>0 forany0<s<1, lim T’ (s) = +o0.
Moreover, we assume that ¥_ € C2([0,1]) can be extended to a smooth function on the
full real line such that

U_eC*R), ¥’ eL®R), [V (s)|<cols|+co, foranysceR,

and
U_(s) > c15° — ¢y, for any s € R, (2.1)

for some constants cg, ¢1, c2 > 0. One may think of a quadratic extension with a double-well
structure. Also, we can assume ¥ to be non-negative in [0, 1) provided we fix a convenient

r (see (T3)):

A3. We additionally assume that § is sufficiently small, that is,

2
0 < dg:= min{w’zugo,;}.
A4. The degenerate mobility b € C°([0, 1]) satisfies
b(0) =b(1) =0, b(s)>0 for0 <s <1,
as well as the compatibility condition
b( )WL () € C°([0, 1))

Moreover, we assume that there exists €9 € (0,1/2) such that b is non-decreasing in [0, o]
and non-increasing in [1 — o, 1].

A5. The proliferation function P € C°([0,1]) satisfies P(s) > 0 and the compatibility condition
P(-)¥,(-) € C°([0,1]).
Moreover, we assume that
mg%b(s) forany 0 <s<eand 1—¢g9g<s<1,
for some constant cg > 0, where g € (0,1/2) (see |A4)]).
AG6. The chemotaxis parameter Y > 0 is such that x? < ¢1 (see .
AT7. ¢o € L*(Q2) with 0 < g < 1 is such that ¥(pg) € L' (), and o¢ € L2(9).

A8. We define the entropy density function 7 : (0,1) — R as the solution to the following Cauchy
problem

{b(S)n”(S) =1,
1(1/2) = #/(1/2) = 0.
Then, we assume that n(eg) € LY(Q).

Remark 2.1. Regarding the smallness condition on the relaxation parameter § given in hypothesis
, we observe that the bound by 1/2 appears mainly for technical reasons. However, it is not
restrictive in practice. Indeed, the actual smallness condition is given by the first bound, since ~
is the interface parameter in the Cahn—Hilliard equation, which is usually taken very small in
applications.
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Remark 2.2. By defining the entropy density function 7 as in assumption we can see that
hypotheses [A4] and imply the existence of two constants ¢4, c5 > 0 such that

IV P(s)n(s)| < cals| +c5 for any s € [0,1]. (2.2)

Indeed, the estimate is trivial if s € (g9,1 — &g), due to the boundedness of P and the non-
degeneracy of b. For s € [1 — &g, 1), we proceed as follows:

, S 1 1—eg 1 S 1
VPE e < VPG [ ar < VPG ( [ e /b()d>
< VPl + ab(s) 5 < cald + T,

where we used the fact that b is non-increasing in [1 — £¢, 1] and For s € (0, gp] instead, by

similar arguments, we infer that
/P (s)] < m/mldr g‘\/%(/soldr—k/l/zldr)‘

s b(r) s b(r) e (1)
+ [[VP]|oC < c3|s| + Co.

< 03b(s)60 — S

b(s)
This proves (2.2]) with ¢4 = c3 and ¢5 = max{C1, Cs}.

In what follows, we will extensively denote by C > 0 a positive constant depending only on the

fixed quantities introduced in the hypotheses above. Such constants may change from line to line,

depending on the context. We may use subscripts to highlight some particular dependencies.
We now state the main results of the paper. Our first result is existence of a weak solution to

the relaxed problem (|1.4)—(|1.8).

Theorem 2.3. Let hold. Then, problem (1.4)—(1.8) admits a weak solution (ps, us,os),
such that

ps € H'(0,T;V*) N L*(0,T; V),
ps € L*(0,T; V),
5
s Hs € HY0,T;V*)N L®(0,T; V)N L*0,T; W),

o5 € HY(0,T;V*) N L*°(0,T; H) N L*(0,T; V),
0<ps <1 a.e inQp,

and that, for any v € V' and almost everywhere in (0,T),

(Brps, v)v + (b(ps) (Vs + W' (05)Vis), Vo) i

— <P((p5) <05 +x (1 - <<P5 — jua)) — (ps + qﬂ(%))) 7U>H (2.3)

5(VM67 VU)H + (Néa U)H
)

=v(Vps, Vo) + <\If’_ <s05 - 7#5) ,v>H = x(0s,0)H (2.4)

e (51 (- ),

= <P(<P5) (Ua +X (1 = (% - iua)) — (us + ‘1’I+(<P5))> 7U>H (2.5)

with initial conditions ¢s(0) = ¢o and o5(0) = op.
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Remark 2.4. In general, due to the structure of the reaction terms, we cannot ensure that
o5 € [0,1]. However, testing both equations with 1 and adding them up, one can see that the
total mass of @5 + o4 is conserved over time.

Remark 2.5. A comment on the initial datum fs5(0) for the relaxed chemical potential is in
order. Indeed, such initial datum is not prescribed, but, by the regularities given above, one
can easily deduce that @5 — %ug € C°([0,T]; V), meaning that g — %M(O) € V should be well

defined. Indeed, given ¢y € H and o9 € H, g — % us(0) € V can be determined as the unique
weak solution to the following boundary value problem, which can be deduced from ({1.5) at time
t = 0 by multiplying by 6/ and by adding and subtracting ¢, namely

) ) 1) 1) o) .
_sA <<P0 - MJ(O)) + <<P0 - u5(0)> I (m - u5(0)> e, o,
Y Y Y Y Y

On <soo - iu5(0)> =0, on .

Then, by the regularity hypotheses on ¥’ | one can uniquely find g — %ug (0) € V, which then
gives that us(0) € H, since pg € H. This also crucially implies that the initial energy

éxtnon) = [ (‘1’+(800) #2090 2)| + gotmor + 9 (- jmm)) a

+/Q <;|00|2 + x05 (1 — (@o - jua(@))) dz

is bounded under our hypotheses. It is worth pointing out that, in the relaxed problem, it is
enough to assume that g € H. This is related to relaxation of the chemical potential which
transforms the original Cahn-Hilliard equation into a second-order system.

Remark 2.6. If we additionally assume that the mobility b degenerates fast enough at 1 so that
lim,_,;- n(s) = 400, we can also show that

s <1 a.e. in Qp,

exactly as done in the proof of [27, Theorem 5|, due to the boundedness of the entropy. In
particular, we observe that this condition is satisfied if we take the standard degenerate mobility
b(s) = s(1 — )2, since in this case n(s) ~ —log(l —s) as s — 1~

Our second result shows that the relaxed model f is a consistent approximation
of model f. Namely, we prove that, as § — 0, a weak solution to f given
by Theorem [2-3] converges, up to a subsequence, to a suitable notion of solution to problem
L1010

Let us introduce a convenient notion of weak solution to the original problem 7,
following the approach pioneered in 15| and later used also in |1,[27]. The main issue is that, due
to the degeneracy of the mobility, one is not able to control Vy in L2(0,T; H) from the energy
estimate. Actually, one is only able to bound the flux

J = b(p)Vu = b(e)(V(=7yAp) + ¥ (p)Vy — xVo)

uniformly in L2(0,T; H). Thus, the system has to be formally rewritten only in terms of the two
main variables ¢ and o, namely:

Do — div(b(@)(V(=7Ap) + ¥"(p) Ve — xV0))

= P(p)(0 +x(1 =) +7Ap — V'(¢) + x0) in Qr,  (2.6)
o — Ao +x(1 =) = —Pp)(o+x(1—¢) +7Ap —¥'(p) + xo) inQr, (2.7)
Onp = b(0)On(—YAp + V' (¢) — x0) = Opo =0 on Yy,  (2.8)
©(0) = o, 0c(0) =09 in Q. (2.9)

Then, by assuming the additional hypotheses
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A9. be C([0,1]),

A10. pg eV,
one can introduce the following notion of weak solution to problem (2.6)—(2.9).

Definition 2.7. Given ¢ and og satisfying and we say that the triple (¢, J, o) such
that

¢ € H'(0,T;V*) N C([0,T]; V) N L0, T; H*()),
J e L*(0,T; H),
oc HY0,T;V*)nC°([0,T]; H) N L*(0,T; V),

is a weak solution to ([2.6)—(2.9) if the following variational formulation is satisfied for any v € V,
any € € H'(Q;RY) N L>®(Q; RY):

(Orp,v)v + (J,Vu)g = (P(p) (0 + x(1 = ¢) + 7Ap — ¥'(p) + x0),v) &, (2.10)
(J, &) n = —(YAp b (0)Ve, &) — (W0(0) A, div€) n
(b(@) " ()Ve, &) — x(b(¢) Vo, &), (2.11)
(Opo,v)y + (V(e+ x(1—¢)),Vo)g
= —(P(p)(0 +x(1 = ¢) +7Ap — ¥'(p) + x0),v)m, (2.12)

almost everywhere in (0,7).

We are now in a position to state our second main result.

Theorem 2.8. Let and hold. For any & > 0, let (ps, us,05) be a weak
solution to problem (1.4)—(1.8) in the sense of Theorem . Then, as 6 — 0, one can extract a
non-relabelled subsequence of {(vs, 15, 05) ts>0 such that
J 5 = b(ps) Vs + b(ps) V' (p5)Vips — J - weakly in L*(0,T; H),
ps — —vAp + V' (¢) — xo  weakly in L?(0,T; H),
)

05— “s = weakly in L2(0,T5 HA(R)),
Y

05 — j,ug — @ and @5 — ¢ strongly in L>(0,T;V),
Opps — Opp  weakly in L*(0,T;V*),
os — o weakly in H'(0,T;V*)N L?(0,T;V),
0<p<1 ae inQr,
and (¢, J,0) is a weak solution to problem f in the sense of Definition ,
Remark 2.9. The main ingredient for the proof of Theorem is the validity of some uniform

bounds on the solutions, provided by the energy and entropy structure of the relaxed system
(1.4)—(1.8). Indeed, from the energy estimate we can deduce that, for almost any ¢ € (0,7),

),

2
14
dx+/u5t 24z
SPALC

ws(t) — i#d(t)

2

2
t5 da:+oz/|o'5(t)|2dx
Q

2
dx ds

V (@5( ) — jm( ))

oo (-22) |
/ / VPG (5 (1= (5= 2s) ) = (s + Wit ) | ot

< &(po,00) + C|Q,
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for some «, 8 > 0 and C' > 0 depending only on the parameters of the system, but independent
of T and of §. In this case, assumption ensures that the initial energy & (o, 09) for § =0
is bounded, thus the right-hand side can be bounded uniformly in § (see also Remark .
Additionally, from the entropy estimate we get that

(5—/15) dedt + — / /\Vu5|2da:dt

< S QO()) + 0155((,00, Uo) + Oy,

for some C1,Cy > 0 depending only on the parameters of the system, but independent of §. These
estimates are rigorously derived in the sections below, starting from the corresponding ones for
an approximated version of the relaxed system.

Remark 2.10. Also in this case, if we additionally assume that the mobility b degenerates fast
enough at 1 so that lim,_,;- n(s) = 4+00, we can also show that

p <1 ae. inQr,

using the argument recalled in Remark [2.6]

3 Approximating solutions

Here we construct approximating solutions to the relaxed problem f. More precisely,
following |15], we consider a regularised problem with non-degenerate mobility and regular
potential. Then, we prove a corresponding existence result. The proof of Theorem will be
obtained in the next section by letting the regularisation parameter vanish.

Let us fix a small positive parameter 0 < € < 1 and define the regularised mobility as follows:

b(e) for s <e,
be(s) = ¢ b(s) fore <s<1-—g¢, (3.1)
b(l —¢) fors >1—e.

Then, we can find constants b7, b5 > 0 such that
be € C(R;RT), b5 <b(s) < b5 for any s € R. (3.2)

To define a regular potential, instead, we smooth out the singularity at 1, which only occurs in
U, but we also truncate near 0 to preserve the validity of [A4] Indeed, by using a second-order
Taylor expansion, we define:

Ui(e) + W (e)(s—e) + 3V (e)(s —e)? for s <e,
U, (s)=4qPy(s) fore<s<1-—g¢,
U (l-e)+ 0, (1—e)(s—14e)+ 3V (1—c)(s—14¢e)* fors>1—¢,
(3.3)
which implies that
U (e) if s <e,
W (s) =S W (s) ife<s<1—e, (3.4)

U (1—¢) ifs>1—e.
Then, by the regularised potential W . satisfies ¥y . € C?(R) and

Uoo(s) >k, Wy ()| Sc:(14[s), Wi.(s) 27, foranyseR  (35)
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where k,c.,¢. > 0 are positive constants, with x independent of €. Additionally, since W is
convex and W . is defined through its quadratic approximation at € and 1 — ¢, when ¢ is small
enough, we also have

U, (s) <Wy(s) foranyse]l0,1].

At the same time, we also extend the concave part W_ to all R (see [A2]) and we define ¥, =
W, .+ W¥_ on the whole real line. Then, by our particular choices, the compatibility condition in
[A4]is also satisfied at the approximate level for any e small enough, namely

be(-)WZ() € COR), with [|be WL ooy < (69" (| Lo (p0,1)- (3.6)
Moreover, it is easy to see from (3.3 that

1% (o)l (0) < 12 (w0)ll 1) + C (llpollE +1) - (3.7)

Thus, thanks to [A7] we have W.(¢g) € L*(R). For compatibility reasons with the approximate
mobility b., we also need to regularise the proliferation function P: as follows:

P(e) for s <e,
P.(s) = ¢ P(s) fore <s<1-—¢, (3.8)
P(1—¢) for s >1—e.

A similar approach was also used in [19, Section 4]. Then, the compatibility condition in is
still satisfied at the approximate level, namely P.(-)¥.(-) € CY(R). Finally, we introduce the
approximate entropy density function 7. : R — R as the solution to the following Cauchy problem

be(s)n?(s) =1, o)
1e(1/2) = ni(1/2) = 0. :

As b. satisfies (3.2), n. € C%(R) is well defined by (3.9) Moreover, using (3.1]), one can see that
7 has the form:

n(e) +1'(e)(s — ) + 31" (e)(s — €)? for s <e,
ne(s) = q n(s) fore<s<l—g, (3.10)
nl—e)+n(1l—e)(s—1+e)+3n"(1—e)(s—1+¢e)? fors>1—e.

Then, since by n” = 1/b is non-increasing in (0,&0] and non-decreasing in [1 — g, 1), when
€ < g9, by a simple Taylor expansion argument, one can see that

ne(s) <n(s) for any s € (0,1), (3.11)

so that [|-(0)llLi@) < (o)l This implies that n.(vo) € L'(%), if [A8 holds. To
conclude, we also mention that, for ¢ < gg, the argument in Remark can be repeated to
deduce that

|V P:(8)n:(s)] < cqls| +¢c5 for any s € R, (3.12)

where ¢4, c5 are the same constants appearing in (2.2)) and they are independent of e.
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We can now introduce the following approximating problem:

Opse — div(be(0s.e)Vpse + W'y (@52)))

= 5(906,5) <06,5 + X (1 - <<P5,a - jﬂé,a)) - (Mé,a + qjt{—,g(@é,a))) in QT7 (3'13)

) .
- 6AN5,5 + Wse = *VASD(S,S + Ul <905,s - 7#5,8) — X006 in Qr, (3'14)

1)
at06,e - A (0'5,5 +X (1 - (906,5 - 7#6,5)))

= —P:(ps.) (U&,g + x <1 - ((Pa,e - iﬂ6,5>> — (s e + qj,—&-,a(@&,s))) in Qr, (3.15)

)
On (@6,5 - 7#6,5) = bs(@d)an(,u(ia + \Ill—f—,s(@li&)) = 61106,5 =0 on X, (3~16)
906,5(0)

=0, 05:(0) =00 in Q. (3.17)
The existence of a weak solution to (3.13)—(3.17) is given by

Proposition 3.1. Let be satisfied and let b, Uy ., P. and 1. be defined by (3.1), (3.3)),
(13.8), , respectively. Then, problem (3.13)—(3.17) admits a weak solution, that is, a triplet

(906,57 e, 0675) such that
Pse € HI(O, T; V*) N LQ(()’ T, V)7
pse € L20,13V),
0
P = Spioe € H'(O.T:V) N L0, T5V) N L0, T5 W),

05e € HY(0,T;V*)N L>®(0,T; H) N L*(0,T; V),
which satisfies, for any v € V' and almost everywhere in (0,T), the following identities

<8t806,57 U>V + (bs(@é,a)v(/‘&e + \I}ihg(@&&))a VU)H
1)
= <Pz-:(906,a) (Gd,a + X <1 - <906,a - 7”6,5)) - (:U(S,a + ql,—&-,g(@é,a))) 7U> (3'18>
H

5(Vitse, V)i + (s, v)m

1)
=v(Vese, Vo)g + <‘If’_ <<p5,5 — 7#5,5) ,v) — X(05¢,V)H (3.19)
H

)
<8t05,67 U>V + <V (0'5,5 + X <1 - (305,6 - M5,5>>> a'U>
v H

=— (Pg(%,s) (ms,s +x <1 - <<,05,5 - jua,e>) — (use + \I/;,g(cpa,s))> w)H (3:20)

with initial conditions ps5(0) = o and o5.(0) = o¢ in H.

Proof. We use an approach based on a Faedo—Galerkin discretisation, as similarly done in [27] for
the relaxed Cahn-Hilliard model (see also |1,2] and [19] for the non-local version). Hence, we
consider the eigenfunctions {w;};eny C W of the Neumann-Laplace operator A introduced in
Section [2 and we define the spaces W), := span{ws, ..., wy,} for any n € N. It is well-known that
Unen Wa is dense in W, V and H. We also call II" : H — W, the L?(£2)-projection operator
onto W,, for any n € N. Since the spaces W,, are generated by the eigenfunctions of A, the
L?(Q)-projection operator II" onto W,, has the important property that it coincides with the
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H'(Q)-projection operator onto W, as one can easily verify by direct calculation. Then, for any
n € N, we look for a ¢} _, u2_,o%_ € C*([0,T]; W,,) of the form

Or(t) = a(thwy, pi ()= Gtwy, of(t) =) di(t)wy, (3.21)
j=1 j=1 j=1
where a7, ¢}, d} : [0,7] — R for any j = 1,...,n. Such functions are determined by solving the
following discretised system for any test function v € W), and for almost any ¢ € [0, T:
(5. (1), 0) 1 + (be(05 () V (g () + (W L(95:(1)))), VV)u
(Pa(gocgs( ))R5s (10?, (t)v g,e(t) ge(t))av)H (322)
SV (6), Vo) + (3 (6), )
n 5 n n
(g Vol + (¥ (¢80 - 2u0) 0) “x(@hO0n G2
H
n 5 n
(08,000 + ( (055@) wx (1 (eh0- 2uz.0)) ) o)
H
- _<PE(()0(?,E (t)) g,s(@?,s (t)a :ug,s (t)7 O—g,s (t))? Q))H (324)
05.(0) =" (o), 05.(0) = 1I"(00) (3.25)

where
n (G ()2 (1), 02 (1))
= (ozis(w Ty (1 - (w?,s(t) - ju&(ﬂ)) i+ H”(M,As&&(ﬂ)))) |

It suffices to solve f only for v = wj, j = 1,...,n. Then, by inserting the expressions
(3.21)) in (3.22)—(3.25) with v = wj, j = 1,...,n, and by computing the H-inner products,
one can easily see that f becomes a system of 3n nonlinear ODEs in the unknowns
aj,cl,dy [0,7] — R. Consequently, owing to the continuity of b., ¥, ., ¥_ and F:, by the
Cauchy-Peano Theorem there exist local solutions af, ] ,d? € C’l([O t )) j = 1 ,m, for
some t, € [0,7]. Then, the local solutions Pf e My er 05 € CH([0,t,); Wy) to - are
well-defined.

We now obtain some a priori estimates on gogﬁa, uge, ogia, with constants independent of n,
that will allow us to extend the solution to [0,7] and then pass to the limit as n — oo. To do

this, it is useful to formally rewrite (3.14)) as

1) )
Hse = _7A <30<5,5 - 7“5,6) + UL (‘106,5 - 7”6,5) — X056 (326)

which, in terms of the discrete variational formulation above, becomes

ot = (7 (o240 Do) ), -
3.2

= (v (0 - 250) —xopi0) |

H

for any v € W,, and for any ¢ € (0,t,).
ENERGY ESTIMATE. To get the main energy estimate, for any given ¢t € (0,t,), we

take v = py_ + I"(P) (p5.) in (3.22), v = -0 (‘P?,a_%:“:ia> in (3.27) and v = of, +
(1 — (go — *M(s E)) in (3.24). We stress that all the above test functions are allowed, since
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their expressions make sense in W, for any ¢ € (0,¢,). Then, by summing up the equations, after
some cancellations, we obtain that

d 1) 16
— i} n U n _2.mn d - n 2d
dt</9< +e(pse) + (@a,s 71%)) fv+27/Q!u5,e| z
2
Y n 5 n 1 n |2 / n 5
J - de + = dz — 1- 2 d
+ Z/QV(%,a 7#5,&«) x + 2/9\05,5| x QXUJ,e ,yM(se x
5 2
+/Qbs(sofs‘,s)\v(u§s+ﬂn(‘1f’ NIk dw+/‘ (05€+x<1— <w55—7u55>>>

dz
+ P(o5.) (o5 +x (1 —(¥5e — éuas — (g + 1P (¥5.2))) 2 dz =0,
ANCERICR ( :
(3.28)

where the term differentiated with respect to time is exactly the free energy Es(¢f _, 0§ ), with ¥
replaced by W . (see (1.9)). Differently from [27], due to the chemotaxis and the reaction terms,
we need to have some additional coercivity properties on the free energy. In fact, we invoke
to recall that

§ 5 2 ,
U_ <g0g,g - 7“35) Z C1 (ﬁpgs - 7“35) — C2 1N QT

Then, by the Cauchy—Schwarz and the Young inequalities, we can estimate the chemotactic term
from below as

1)
_ / X0 (1 - <<p3‘,€ - MS})) dz
Q v
1 X° 5 2
1 X2 X2 5 2
e (b) [par e X [ (0

for any o € (0,1/2). Therefore, with hypothesis one can find a € (0,1/2) such that

Y

Hence, we get

555(906570-65 :U(SE

o +3 /Iu(sEIQdIE

2
i X
+2 /1v (dg - 7u:;,g) dr+a [logPac - (cr 250 ) 0l

where both « and (3 are positive constants independent of n, e, § and T'. Thus, integrating (3.28])
n (0,¢), for any given t € (0,t,), and using the above lower bound on the free energy, we deduce
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that
2
5 n 2
20 dot 52 [ g (0P da
2y Q
. n ()2 4 £)[2d
+ v @6,5(75) 7:“’66() T+« ‘065 | €L
// 9055 ’V N56+Hn \II/Jrs ‘ dz ds

2
dx ds

V (agfg +x <1 - <gp§6 - i“gL’E)))
/ / [ =(5) (a?,e + X (1 - (@Sﬁg - jﬂ&)) — (n5e + Hn((\llﬁr7€(gpg7€)))>:| i dzds

< &5 (Mo, " op) + CQ,

(3.29)

where C' > 0 is a constant independent of n, ¢, § and T. We now comment on the term regarding
the initial energy in the discretised initial data, namely,

Es ("o, 1M"0g) = / (‘I’+5(H wo) + ¥ _ <H @0-jﬂ35(0)>> dz

+/|u55 (0)]*da + o /‘ <H" 0—M55(0)> 2

dx
n 2 n n 0 n
+f |M"og|“dz — | xII"og |1 — (I"00 — —p5.(0) | | dz.
2 Jao Q v

First of all, we observe that, if the initial data satisfy [A7] then by Remark the initial energy
Es(po,00) is bounded. Next, we aim to replicate the argument of Remark at the discrete level
to find /1:51,5 (0) € W, through the variational formulation in W, starting from I1"ypy and
II"0p. Indeed, given "y € W, and I"og € Wy, "o — dug (0) € Wy, can be determined as
the unique solution to the following discretised elliptic system, which can be deduced from
at time ¢ = 0 by multiplying by 6/ and by adding and subtracting I1"¢g, namely

(- $200) ), o (- S10).0),

1) 1) 1)
— (Mo, v) — 2 (w (Hwo - usig<o>) ) (o0, v,
Y Y H Y

for any v € W,,. Then, one uniquely finds II"pg — % wy.(0) € Wy, and, since 1"y € W),, deduces
that pf_(0) € Wy,. By the properties of 11", it follows that I1"ypg — ¢o in H, II"0g — 09 in H,
2. (0) = 117115, (0) = p15(0) in H and I — 2123 (0) = I* (90 = £115.(0)) = o — 2115,(0)
in V', where 15.(0) is the corresponding initial data for the regularised chemical potential, found

as in Remark Moreover, by , U, . has at most quadratic growth, so there exists C: > 0
such that

194 (" 9o)l[ 210 < C=(IT"@oll7 + 1) < Ce(llwollF + 1),
owing also to the convergence II"¢g — ¢ in H. By the continuity of ¥, . and the almost
everywhere convergence I1"py — g (up to a non-relabelled subsequence), we also have that
U, (") = ¥ (o) almost everywhere in 2. Then, by the Dominated Convergence Theorem,
it follows that W, (IT"pg) — ¥, (o) in L1(Q). A similar argument also provides the convergence

v_ (H”gao = %ug£(0)> — W_ (npo - %u5,5(0)> in L1(Q), as ¥_ also has at most quadratic growth.

Consequently, by the convergences above, we deduce that

Ese(IM"po, I1"0g) — E5.(¢o,00) as n — oo. (3.30)
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Moreover, since U, . < U in [0, 1] by convexity and its definition (3.3]), and 0 < ¢y < 1 almost
everywhere in Q with U, (¢q) € L*(Q) by we can bound

Es.(p0,00) < Es(p0,00),
for € small enough. This means that the right-hand side of can be replaced by a uniform
bound depending only on Es(po, 0p) and the structural parameters of the system, but independent
of n, € and T'. This has two important consequences. First, the local solutions @36, Mg,@ GZ{E €
CY([0,t,); W) can actually be extended to global solutions P or 5 er g € C([0,T); Wy) by a
standard continuation argument. Then, provides the following uniform estimates:
0

QO(TSL,E — THse <,
v Loo(0,T;V)

Vo llus ol oo, < C,

gl oo o,y < C,
be (@3 )V (uge + H”(‘I’ﬁr,s(wfig)))‘ I c, (3.31)

1)
(oo (1= (-3 ))
\/ PS(()OSL@) Rgl,s(gogsv :ug,sv U(?,E)

with C' > 0 independent of n, € and 7', and depending on § only through &s(¢p, 0¢). From the
first and fifth bound in (3.31]) it also follows that

orv) < C. (3.32)

GRADIENT ESTIMATE ON ¢f . Following the ideas used in the proof of [27, Theorem 1|, we
now deduce a uniform estimate on Vyj . First, by factoring some terms and recalling that, for
the regularised potential, VW', (¢} ) = ¥/ _(p§.)Vpj . by the chain rule, we observe that

s 2 1 §
V n +7\I// n ) dx:/ V\I/, n +7
/Q‘ <906,5 +,5(906,5) o +a< ) \Ijl—:-a((p(ig) ~y
> i 2
—;21&(@18 ) J7 e cteropas
> ( ( > >/|V\Il 5| da,

for some 6. > 0. Here, we crucially used the fact that, by (3.3)—(3.5)), for any fixed £ > 0 the
regularised potential W . is a strictly convex function with bounded second derivative. Next,
reading the inequality in the opposite direction, we add and subtract some terms to obtain that

( ())/w afde < [|9 (e 20 o a>)
v(wgﬁs—j#gg) 2dx+< ) /\v (o + (W, (o)) | do

I, (2 )| da

<C,
L2(0,T;H)

<C
L2(0,T;H)

)

dx

2
dx

+
7 N\
2>
N———

)

S—
<

| & —~
<

%,

>

‘1_/

2
dx+< ) /\v (k. + (W, (£3)[* da




ON A RELAXED DEGENERATE CAHN—HILLIARD TUMOUR GROWTH MODEL 17

where the last inequality follows from the properties of the L? projection operator II" onto the
discrete spaces W,,. Indeed, such projection operators not only satisfy the standard inequality
|lv —I™0||g < ||v||z for any v € H, but also |V (v —II"0)|| g < ||Vv||g for any v € V' due to the
fact that W, is generated by eigenvectors of the operator A/. Therefore, by cancelling the equal
terms on both sides and integrating on (0,7"), we get that

02/ /|V\If Sy P dadt
2 2
<906€ M&z—:) dl’dt—l—( ) / /‘V M65+Hn ((pg,e»)‘ d.’I)dt,

which, owing to the uniform bounds (3.31]) and to the fact that the approximated mobility b, is
bounded below (cf. (3.2))), imply that

92/ /\wf 3P dzdt < Cp.

Here C7 > 0 may depend also on T, since on ¢f§_ — %u?s is bounded in the stronger space
L*>(0,T;V). Consequently, by computing again the gradient and exploiting the regularity of
U, ., as well as the non-degeneracy of its second derivative (cf. (3.5))), we deduce that

T T
9?05/ /|ch§6\2dxdt < 62 (inf \p’;e(s)> / /|V<p§62dxdt < Cr.
0 Q ' seR ’ 0 Q '

Hence, we get the uniform bound

IVes el L20.1m) < Cre- (3.33)
Moreover, by comparing ([3.33)) with the first uniform estimate in (3.31)), we also infer that
\/SHVM?,EHL?(O,T;H) < COrp. (3.34)

MEAN VALUE ESTIMATE. We now aim to find some uniform estimate on the mean value of
¢ .. Hence, we choose the constant function v = 1/|Q| in (3.22)), which is possible due to the
fact that the first eigenfunction of N is constant. This yields

- 1
0. = 1oy /Q P )R (o i o)

Then, by integrating on (0,t), for any ¢ € (0,7T), and employing the Cauchy—Schwarz and the
Young inequalities, we deduce that

Wnﬁ() HTLSO()—F ‘Q/ /\/P 9055 \/P 9065 ()0557[1'5570.65)(1%‘

< ||800||L1(Q)+m / / Pu(gr.) dadt

2‘9’/ /P 9055)R65(9065?:U'557055) dx dt

< leollzr (@) + I1P:llocT + C < O,

owing to[A7] the uniform boundedness of P. (cf. (3.8))) and the last bound in (3.31)). Consequently,
we deduce that

165 Mo 0,1y < Cr- (3.35)
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By the Poincaré-Wirtinger inequality, (3.33]) and (3.35)) also imply that

l¢sellz20,mv) < Cre. (3.36)

A HIGHER ORDER ESTIMATE. We now choose v = —A (cpgs — %Mge) in (3.27), which is

possible since ¢y and pj_ are written in terms of eigenvectors of A. Then, by integrating by
parts and applying the Cauchy—Schwarz and the Young inequalities, as well as hypothesis on
U’ | we obtain that

n g n ?
Y A (/76,5 - 71“’5,5
Q Y
_ noA n é n d o/ no_ é n A n é n d
- /Lﬁ,a 90(5,5 /Lé,a T+ - (105,5 iué,a 805,5 /'65,5 €T
Q Y Q v Y
0
~x [t (h - S ) ao
Q Y
v 5 ?
<3z A <()0:5L,5 - :U'(TSL,5> dz + C/ |M:5L,a|2dx
Q Y Q

-2
2
dx—i—C’/]aZ{Eﬁ{dx—kC.
Q

dx

)
na - ;:ug,a
Then, by integrating on (0,7") and recalling the uniform bounds (3.31), we deduce that

n 0 n
HA <905,6 - 7”5,6)

which, by elliptic regularity theory and (3.16)), readily implies

Note that the constant Cs > 0 now depends on § since the second bound in (3.31]) was used.
ESTIMATES ON THE TIME DERIVATIVES. Lastly, in order to use compactness theorems, we

< Cs,
L2(0,T;H)

o
90:51,5 - */lg,a

< Cs. 3.37
5 5 (3.37)

L2(0,T;:H?(2))

need some uniform estimates on the time derivatives 0;p§ _ and d;075 _, as well as 0 <gog — % % a),

in the dual space V*. Hence, for any test function v € V', we decompose v = v1 +v9 with v1 € W,
and vy € WL, Then, owing to the fact that d;p}_ € W, for almost any ¢ € (0,T), we can insert
v1 in (3.22) and employ Holder’s inequality and Sobolev embeddings to obtain

<8t807§,57 'l)>V - <8t¢§57 'l)1>V

= /Qba(spg,&)v('u?,zs + Hn(\Ij/—i-,e((pg,E))) -V dr + /Q P€(30:51,€)R<75L,8((10g,57 M?,av O-gl,a) vy dz

=Y NOXETR] N WX\ RS AR 8] W\ P
O VTR O IVEXCTRL R R
<C(Hm ﬂae+ﬂ" )] (VXY e o o8] (N N

since both b, and P. are globally bounded functions belonging to C°(R) uniformly in . Then,

we deduce that
T 2
< n n n / n
v < o [ oetopa v + e g a

2
/ H\/Téi—? 0, 9058’“65—:?0—65) Hdt>’

HU1||L6(Q)
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which, by the uniform bounds (3.31]), immediately yields

o5l 0,y < C, (3.38)

uniformly in d, €, n and T. Arguing similarly and testing (3.24]) with any v € V', one can also

deduce that
T ) T )
/ ||8t0-(75L,5”L2(0,T;V*) dt < C / \% (O’Z;E + X <1 - <90§,5 - Mg,fs)))
0 0 Y
2
dt |,
H

T
*/0 |/ P Ry (P e )
morve) < 0, (3.30)

2

dt
H

which, again by (3.31)), implies that

[r

uniformly in 6, &, n and T

Finally, we can also perform an additional estimate on 9;(¢} . — % {3 ), as in [27]. Here we
use a more rigorous approach with respect to that of |27], which leads to changing the smallness
assumption in To do this, we recall and, multiplying by % and adding ¢g . on both
sides, we get

) 0 0 ) 0

Then, we differentiate (3.40) with respect to time. This yields

1) )
Zi (w?,s - ME}) —0A <<9t <s0?,g - u?;))
Y Y
1) ) 1) )
= Oy, — =" (cp" — — g > O <<p” — — g > + —x00y ..
d,e v d,e v d,e d,e v d,e v d,e
Thus, setting
)
U := 0, <<,0§‘75 - 7;&) ,

we obtain the following elliptic equation for U:

o 0 o
—0AU + <1 + ;\Iﬂi <(,038 - ’)/MSL’E>> U= 87590?,5 + ;XatO'ga. (341)

We now observe that all the steps above can be rigorously repeated also at the level of the
discrete variational formulation. Indeed, one can start from , multiply by %, add ((pf{ HU)H
on both sides and, then, differentiate in time. We stress that time-differentiation is allowed in
the discretised framework as it only affects the coefficients a7, ¢, d} € C1([0,T)), so that the
functions 0% _, Oy . and Oyof  are still well defined with values in W,,. Consequently, the same
U satisfies the variational formulation

J J J
(VU,Vu)g + <(1 + -’ (@SLE - H§e>> U, v) = <8tgogs + X@U&,U) , (3.42)
17 k) ’7 7 H y /y ’ H

for any v € W,. Observe that the right-hand side iy, + %Xataga, is uniformly bounded in

L2(0,T;V*) by (3.38)(3.39). With the idea of exploiting this bound, we would like to test ([3.42))
by v = N 71U, which is still an admissible test function since U € W,, for almost any t € (0,7)
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and W, is generated by the eigenvectors of A'. To do this, we add and subtract U on the
left-hand side of (3.42)). This gives

0 1) )
ST o)+ (1= )0 = =2 (0 (= 2. ) U)o+ (g + Dxduon)
fy b ﬁy b H b 77 b H
for any v € W,,. Then, choosing v = N ~'U in the equation above and setting f := Gtcpfis +

%Xﬁtaga, by means of standard inequalities and using the properties of the operator A/, we infer
that

. 5 . .
S|UIE + (1 =0)U|F- = (LN U)y - <7\If’i <s05,g - 7#5;) U,N 1U>
L

: 5 s
< IF - IN Uy + 7H\M (% - 7u(s,g) U

INTTU |y
V*

6 n 5 n
< Iflv- 10y + H‘I’ (905,5 - M5,5> UH 1y
Y v H

1 0
< I~ + 111 + ;Il‘l"illoollUHHIIUl v

1 52
< §IIU||2v* +[I£II5- + gll\l”il\?,oHUH%

Hence, by also integrating on (0,7"), we obtain that

5 "2 r 2 1 r 2 T 2
S 1— Vi[5 Ul dt+ {5 -6 Uy~ dt < £ v+ dt. (3.43)
o 0 2 0 0

>0

Then, by and estimates (3.38)—(3.39)), we find the uniform bound

o
o (6532

where C' > 0 is independent of §, ¢ and n.
PASSAGE TO THE LIMIT. We now pass to the limit in the discretisation as n — 400 to

recover a weak solution to the regularised problem (3.13)—(3.17)) (see (3.18)—(3.20))). If not further

specified, all the convergences below have to be intended as n — oo. By Banach—Alaoglu’s
theorem, up to a non-relabelled subsequence, the uniform bounds ([3.32)), (3.34)), (3.36]), and (3.37)
imply the weak convergences

<C, (3.44)
L2(0,T;V*)

P5e = @se  weakly in L*(0,T; V), (3.45)
pe — pse  weakly in L*(0,T; V), (3.46)
a?’a X os5e weakly star in L*>(0,7; H) N L2(07 V), (3.47)
0 x o .
O — —uf. = i — —puf.  weakly star in L>(0,7;V) N L*(0,T; H*(2)). (3.48)
) r)/ ) y /y y
Similarly, by (3.38)), (3.39) and (3.44]), we deduce
@3 — @se  weakly in H'(0,T;V*), (3.49)
o§. = 05c weakly in H'(0,T;V*), (3.50)

) 0
O5e — ;M:Sl,e — Q5 — ;,u(;ys weakly in H'(0,T;V*). (3.51)
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Then, known compact embeddings (see |28| Section 8, Corollary 4]), (3.45)—(3.48)) and (3.49)—(3.51)
entail the following strong convergences:

P5e = @se  strongly in L*(0,T; H), (3.52)

05, — 05 strongly in L*(0,T; H), (3.53)
) J

O5e— g,ug’g — Q5 — ;u&g strongly in L?(0,T;V). (3.54)

Finally, from (3.52)—(3.54)), up to a further non-relabelled subsequence, we also infer that

Pse = Pse  ae. in Qr, (3.55)

05, — 05e a.e. in Qr, (3.56)
5 b ,

Pse — ;u?,s T Poe T e e in Qr. (3.57)

With the convergences above, passing to the limit in all the linear terms in f is
a standard matter, therefore we only comment on how to pass to the limit in the remaining
nonlinear terms. First, by , , the Dominated Convergence Theorem and the continuity
and boundedness of b., one easily sees that

be(pse) = be(pse)  strongly in L?(0,T; H). (3.58)

Next, we comment on the convergence of the term IT" (¥, _(oF.)). The continuity of ¥/, _ and
W'l _, their growth conditions (3.5), the convergences (3.52) and (3.55), and the Dominated
Convergence Theorem imply that

U (5 =V, (pse) and W _(pf.) = O (pse) strongly in L?(0,T; H).

As a consequence, the bound ([3.36)), the convergence (3.45) and the regularity of W . also give
that

VU, _(5.) =9 (5)Ves. = U (05:)Vpse = VI, (pse) weakly in L2(0,T; H).
Hence, we conclude that
U (p5) = W (psc) weakly in L2(0,T; V).

Now, we recall that, since the spaces W,, are generated by eigenfunctions of A/, the H-projection
II" onto W, coincides with the V-projection. Then, by standard properties of the projection
operators, together with the density of U,cnyW,, in V', we further deduce that

(Y, _(p5.)) = ¥, (pse) weakly in L2(0,T;V). (3.59)

The combination of (3.46)), (3.58]) and (3.59)), together with the uniform bounds (3.31)), finally
gives the convergence of the gradient term on the left-hand side of (3.18)). Indeed, by (3.46) and
(3-59), we have that Vg _+ VII" (V! (¢5.)) = Vuse + V¥, (pse) weakly in L?(0,T; H). By
combining this with (3.58)), we infer that

be(93 ) (Vg + VII(Y, _(£5.)) = be(wse) (Vise + VI, (p5:))  weakly in LY (Qr).

However, by Banach-Alaoglu’s Theorem, the first uniform bound in (3.31]), together with the
boundedness of b., implies the existence of some ¢ € L?(0,7T; H) such that

be(05.) (Vg + VI (W, (¢3.)) =& weakly in L*(0,T; H).
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Then, uniqueness of the weak limits gives that £ = b.(ps.c) (Vug,g + V\Ifﬁr7€(gpg75))7 providing the
desired convergence. Next, we deal with the convergence of the reaction term on the right-hand
sides of (3.22)) and (3.24). First, by (3.52), (3.55), the Dominated Convergence Theorem and the
continuity and boundedness of P-, one easily sees that

Pg(gog,s) — P.(pse) strongly in L?(0,T; H). (3.60)

Second, (3.46), (3.47)), (3.54]) and (3.59) readily imply that

R (@5 es 152 05c) = Rs(Pser fo,e,05:) weakly in L?(0,T; H), (3.61)

where 5
Ré,a(‘pé,aa Hs.e5 06,6) =06 + X (1 - <905,5 - 7”5,6)) - (/L&a + qj,—i—,g(@&a))'

Hence, (3.60)) and (3.61)) yield

PE(@EE)REE(SO:{E? ,U(TSL,Ea Ugb,g) - Pe(@é,a)Ré,a(S@é,m Hse5 06,5) weakly in L (Qr).

Then, arguing as above, the uniform boundedness of P;, the last bound in (3.31)) and Banach—
Alaoglu’s Theorem imply that

PE(@E&)R35(¢357 Mgga O-gig) - PE(@5,E)R5,€(S@5,E7 /1’5757 05,6) Weakly iIl L2(07 T7 H)7

which results in the convergence of the full reaction term. Finally, the last nonlinear term to be
discussed is the one involving ¥’ , but this is again a direct consequence of the continuity of ¥’ ,

its linear growth by (3.54), (3.57) and the Dominated Convergence Theorem, yielding
/ n 0 n / Y . 2
U5 — —pse | = VY | 05— —lse strongly in L*(0,T; H). (3.62)
’ v Y

Lastly, we need to verify that the initial conditions @9 € H and o¢ € H are attained. However,
this is a standard matter, because the regularities above and some standard embeddings imply
that ¢, € C°([0,T]; H). O

4 Proof of Theorem 2.3

Here, we start from Proposition [3.I] and let £ go to 0 along a suitable sequence. The main
ingredients are some uniform bounds, independent of € combined with a new entropy estimate.
The latter exploits the structure depending on the degenerate mobility as well as on the single-well
potential. We will make use of all the regularising properties introduced in 7.

By Proposition for any € > 0, there exists a weak solution (s, 16, 05,¢) to the regularised

problem ([3.13)—(3.17) such that
@5 € HY(0,T;V*) N L*0,T;V),
pse € L*(0,T; V),
0
5. = —pse € H'(0,T: V) NL¥(0,T5V) N L*(0,T5 W),
Y
05 € HY(0,T; V)N L>(0,T; H) N L*(0,T; V),
satisfying the identities (3.18)—(3.20). We now perform some a priori estimates which are
independent of € > 0.

ENERGY ESTIMATE. For the main energy estimate, we argue as in the proof of Proposition
Then, we observe that the energy inequality (3.29)) is preserved as n — 400 thanks to the
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weak lower semicontinuity of the norms, the weak and strong convergences stated in (3.45)—(3.61)),
and in (3.30). Thus, for almost any ¢ € (0,7), we have

),

2
8055 *Més( )

dx—i—/\,ugs (t)]* da

+ % /Q ‘V (soa,s(t) - jua,s(t)>
+ /Ot /Q be(95.2)|V(Hse + V', (p5:))|* dads
V <05,5 + x (1 — <(p57€ — iu(;ﬁ)))
/ / { (s <05,s +x (1 - (wa,a - iu5,5>> — (Mse + \If’+7a(¢5,€))>} i de ds

< &s(o,00) + C|9,

dz + a/ |05, (t)> dz
Q

(4.1)
2
dx ds

J

where C' > 0 is a constant independent of ¢, §, and 7. Then, (4.1)) provides the following uniform
Po,e — "Hse < C7
Y

bounds:
’ L (0,T;V)

\/SH,UJ,EHLOO(O,T;H) <C,

losellLoe 0,1y < C,
<C, (4.2)

be(05.)Vpse + W'y (@5e))
L2(0,T;H)

1)
\Y (0'5,5 + X (1 - (4)0(5,6 - 7#6,6>>>

P (‘P(S,a) Rs e (906,57 Hé.e, Ué,a)

<C,

<C,
L2(0,T;H)

with C' > 0 independent of € and T, and depending on § only through Es5(¢p, 0p). From the first
and fifth bounds in (4.2)) it also follows that

2 oryy < C. (4.3)

ESTIMATES ON THE TIME DERIVATIVES. Going back to the Galerkin discretisation used in
the proof of Proposition one can also see that estimates , , and on the time
derivatives hold with a constant independent of n and €. Moreover, their derivation relies only on
the uniform bounds given by the energy estimate. Then, using the convergences 7,
and the weak lower semicontinuity of the norms, we get

) <O, |00sell 2o,y < C,

; (0,T;
)

O (905,5 — Ma,e>
Y

with C' > 0 independent of ¢.
ENTROPY ESTIMATE. Given the approximate entropy density function 1. € C?(R) defined by
(3.9), for any & > 0, we define the approximate entropy functional as follows

<c (4.4)

L2(0,T;V*)

55(906,5) :/9776(‘»05,5) dz. (4.5)
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We observe that the entropy functional S, is bounded below uniformly in €, since 7. is a C?
convex function due to and . Then, one formally deduces the entropy estimate by
differentiating S.(ps,.) in time and substituting . To do this rigorously, we first recall that,
by Proposition ¢se € L2(0,T;V) for any € > 0. Consequently, since 7. € C*(R) and, by
, has a linearly bounded first derivative and a globally bounded second derivative, it follows
that v = nl(pse) € L*(0,T; V) is a valid test function for (3.18). With this choice, we get

d
ass(@é,e) = (Orps.e M. (Ps,2) )V

=— /Q be(5,2)V(pse + V', (@52) 0" (@s.)Vips,e da

)
+ /Q Pe(‘Pé,s) (‘76,5 + X (1 - (@6,5 - 7”6,6)) - (Né,s + \I}/Jr,a(()o&s))) 77;(()06,5) dz
=11 + Is.
(4.6)

To estimate I;, we argue as in |27, that is, we use (3.9) to cancel out the degenerate mobility
and integrate by parts. More precisely, we have that

Il == /Q be(()O(S,E)V(/’Lé,E + \Iliha(@é,g)) . né’(¢5’€)v(p575 d.:U
_ /Q (Vitse - Vipse + V(T _(5)) - Vigse) dae
6 6 n 2
= — ; Vise | V| pse — ;/1'5,5 + §V/~Lzs,g dx — ; U (5.2)| Vs, |* da

0 1)
= / s, A (@5,5 - Ma,s) dr — — / |V sel da — / VL (p5)|Vipse|* da,
Q Y 7 Ja Q

where the first integral on the last line is well defined due to the fact that ¢s. — %Mé,e S

L?(0,T; H?(Q)) for any € > 0 by Proposition Then, we recall that (3.14)) can be rewritten in
the following form (cf. (3.26)):

) 0
Hse = _7A <90(5,5 - 7“6,5) + \Ij/— <906,5 - 7”6,5) — X056

which now holds in strong form due to the regularities given by Proposition [3.1, Hence, on
account of this equation, we rewrite the first integral on the last line above as

1)
/ Hs.e A <906,s - M6,s) dz
Q Y
§ 2 ) 5 )
= A Ps.e — " Hde dz + v Po.e — —Hde A Poe — “Hée dz
Q Y Q Y Y
1)
- X/ U§,EA (‘pé,s - Né,s) dx
Q 0
§ 2 5 5
< —y / A (cpa,s - u5,5> dx + / L4 (%,E - u5,5> ‘V <<P5,5 - M5,5>
9) Y Q Y Y
y 5 ? X2 )
+ = A Vse — —Mse dr + = ‘05,5| dx
2 Jo v 2y Ja

5 2 5
< _;I/ A <906,5 - Mé,a) do + H\IIILHOO/ ’v (906,8 - Mé,zs)
Q Y Q Y

2
dx

2 X2
dx+/\0575|2dx,
2y Jo
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where we also used and the Cauchy—Schwarz and the Young inequalities to handle the
chemotactic term. For I, instead, we proceed by employing the Cauchy—Schwarz and the Young
inequalities as follows:

I, = / Pa(@é,s)Ré,e((Pé,aa Hs.e5 06,5)772(906,5) dw

/ mns 30(55 \/78)R55(90557M55,055)d
2

< 2H Ps(%,e)ﬁé(%,a) + 2” P-(¢5.6)Rs.e(s5e1 I15,21 O5.¢)
H

Now, the second term is bounded by (4.2]). Concerning the first one, we use hypothesis (3.12]),
which holds uniformly in € > 0. Then, we obtain

H\/Pa(@&a)né(‘pé,e) 2

2
dx

P.(¢5)nL(ps.e)

§2c?1/9|<p575]2d1:+2c§\(2]

§4c?1/
Q
§4ci/

Q

for 0 € (0,0dp). Thus, by integrating (4.6) in (0,¢), for any given ¢ € (0,7'), and incorporating the
above computations, we infer that (see also (4.1)))

<9065_ ,u65>

//\11’;5 05.) Vs 2 dads + 2 //\wég\ dz ds

" d 2
ssg(goo)ﬂ\w,uoo V ( pse — —tse dxdt+— |o5.c|* do dt
Q Y 2y Jo Ja
5 2
/ /{ =(s.e) (05,5+X<1—<<ﬂ5,s—Ma,s>>—(M5,5+\If’+75(g05,5))>} dx dt
4¢250 0

+4c4/ / C“ / /|u55\2dxdt+2c5\Q]T

< S:(po) + C1€5(o, Uo) + Oy,

2 52
dz + 4(:?172 / \1s.e)? dz + 2¢2|9|

)
Pse — "Hée
Y

2

)
oo — Liis. / gl de + 22192,
Y Y

2

Se( 9065 dx ds

dx dt +

Poe — *Né,e

where the constants C, Cy > 0 only depend on the parameters of the system, |Q2| and T'. Moreover,
by (3.11)), one easily sees that S:(¢0) < S(¢o), since g satisfies Hence, we have the entropy

inequality
S 8065 / /' <‘;065_M55)

4.7
//qj;e¢5a)|v806a| dzds + — //|w56| dz ds (4.7)
< S(po) + C1&5(po, 00) + Co,

dxds

which in turn, also due to the uniform bound from below on &, provides the following uniform

bounds:
)
HA (@5,5 - 7#5@) <C VIViselzommn < C. (4.8)

L2(0,T;H)
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By elliptic regularity theory, the first bound in (4.8)) and the boundary condition (3.16)), together
with the first bound in (4.2)), imply that

Additionally, combining the second bound in (4.2)) with the second bound in (4.8)), we get that

1)
Pée — —Hse
Y

<C. (4.9)
L2(0,T3H2(2))

Vollpsell 20y < C- (4.10)
Then, the first bound in (4.2)) and (4.10)) imply that
lps.ellz20,1v) < C, (4.11)

with a constant C' > 0 independent of e.

PASSAGE TO THE LIMIT. We now fix 4 > 0 and pass to the limit in the regularisation along a
suitable vanishing subsequence {e, },en to recover a weak solution to the relaxed system (see
7). Recalling the end of the proof of Proposition we argue in a similar way. If
not further specified, all the convergences below have to be intended along a suitable vanishing
subsequence of €. The uniform bounds and f imply, up to a non-relabelled

subsequence, the weak convergences

@se — s weakly in L2(0,T;V), (4.12)
pse — ps  weakly in L2(0,T;V), (4.13)
05e — 05 weakly star in L(0,T; H) N L*(0,T; V), (4.14)
) * J :
se — —Hse — o5 — —ps  weakly star in L>(0,T;V) N L3(0,T; H*()). (4.15)
Y Y
Similarly, by (4.4]), we deduce
@se — s weakly in HL(0,T;V*), (4.16)
o5 — 05 weakly in HY(0,T;V*), (4.17)
5 o
Pse — —Hse — s — —ps  weakly in HY(0,T;V*). (4.18)
Y Y

Then, on account of known compact embeddings (see |28, Section 8, Corollary 4|), (4.12)—(4.15])
and (4.16)—(4.18) entail the strong convergences:

©se — s strongly in L?(0,T; H), (4.19)

05 — 05 strongly in L?(0,T; H), (4.20)
) o .

Ps.e — ;/‘L(S,E — Pse — ;M&,e Strongly m L2(0, T; V) (4'21)

Finally, from (4.19)—(4.21)), up to a further non-relabelled subsequence, we also infer that

P5e = s ae. in Qr, (4.22)

05 — 05 a.e. in Qr, (4.23)
) 0 .

Pse — ;ug,e — 5 — ?u(; a.c. in Qr. (4.24)

Then, the limit variables (ps, s, 05) satisfy the regularity properties stated in Theorem
Next, we aim to prove that ¢s takes its values in [0, 1] almost everywhere in Qp. To do
this, we follow the approach used in [1] and |27] for the Cahn—Hilliard equation with single-well
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potential and degenerate mobility. First, we look at the regularised entropy density 7. and observe

that, by (3.1]) and (3.9)—(3.10)), for s > 1, it holds

ne(s) = (1 — &)+ /(1 —)(s — (1)) + = L s-1,

TS —e)2 (1 — <)

since n(1 — ¢) and 7'(1 — €) are positive by definition. Then, observe that
/(Wé,e(t) - 1)1 dr = / (ps.(t) — 1)2 dz
Q {s,c(t)>1}
<o1-9) [ nleslt)do
{s,c(t)>1}

<ap(1-¢) /Q ne(pse () da
— 9B(1 - £)S.(pae (1)) < Cb(1 — 2),

for almost any t € (0,7), where C' > 0 is a constant independent of € (see (4.7))). Then, recalling
the strong convergence (4.19) and that b(1 —¢) — b(1) =0 as ¢ — 0 by passing to the limit
as € — 0 we deduce that

/Q(SO(S(t) — 1)?|r dz =0 forae. te(0,7),

which implies that ¢5 < 1 almost everywhere in Q7. A similar reasoning on 7. for s < 0, relying
again on the entropy inequality , also gives g > 0 almost everywhere in Q7.
Finally, it remains to show that the limit functions (ps, og, 15) satisfy the identities f.

As in the proof of Proposition [3.I], the weak convergences above easily imply the convergence
of all the linear terms in f as € — 0. Then, we just comment on how to pass to the
limit in the nonlinear terms. First, we observe that, by its definition , b. — b uniformly in
[0,1]. Hence, together with and the fact that 0 < @5 <1, this implies that b.(¢5.) — b(¥s)
almost everywhere in Q7. Then, the boundedness of b (see and the Dominated Convergence
Theorem yield

be(pse) — b(ps) strongly in L?(0,T; H). (4.25)
By a completely analogous argument, , and the Dominated Convergence Theorem
imply that

P.(ps:) — P(ps) strongly in L?(0,T; H). (4.26)
We now consider the gradient term on the left-hand side of , which, for any € > 0, can

be rewritten as b.(¢s5.)Vitse + b6(<p575)\11’jr75(cp575)Vg05’5. Our aim is to show that this converges
weakly in L?(0,T; H). For the first term, we have (see (4.10))

16 (06.6)Vitsell L2 0,1 < Cs- (4.27)

Then, arguing as in the last part of the proof of Proposition the bound (4.27)) and the weak
and strong convergences (4.13]) and (4.25)) imply that

be(ps.e)Vise = b(yps) Vs weakly in L*(0,T; H). (4.28)

Next, we observe that, since b0’ € C°([0,1]) by bW’ . — bW uniformly in [0,1] as € — 0.
Hence, together with (4.22)) and the fact that 0 < @5 < 1, this implies that b.(psc) ¥’} (0se) —
b(¢s) ¥’ (¢s) almost everywhere in Qp. Then, thanks to the boundedness of bE\I/’J’r,E (see (3.1
and (3.4)), the Dominated Convergence Theorem yields

be(05.2) UL o(5.2) — bls) WL (ps)  strongly in L*(0,T; H). (4.29)
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Finally, to deduce the desired convergence, we combine (4.2]) and (4.27) to infer that
16=(@5.6) W'} (@5.)Vosellrzor.m) < Cs,
which, together with (4.12)) and (4.29)), implies that
be(05.6) VYL (95)Vpse = b(s) W (05)Vips  weakly in L?(0,T; H). (4.30)

We now deal with the reaction term P.(ps5.)Rs:(Pse, sz, 05e). Due to the singularity of ¥/,
we have to split Rs (@5, fo.e, 5,e) into two parts and treat them separately, namely,

)
Rd,e(@&,aa Kses 05,6) = <U(5,a + X <1 - (SO&E - 7#5,5)) - N&,e) - qj,—&—,e(@é,a)

Then, we observe that, by (£.13)—([4.15) and the Sobolev embedding V' < L5(£2), it holds

) )
Ose + X (1 — (tpa,a — W;m)) — Mse — 05+ X <1 - (@5 - 7#5)) — s

weakly in L2(0,T; L5(92)). Combining this with the strong convergence (4.26)), we easily see that,
for any v € V — L3(Q),

/Q Pe(ps) (05,5 + X (1 - (905,5 - jﬂé,s)) - u5,5> vdz
— /QP(SO(S) <0'5 + x <1 - <806 - jua)) —Ma) vde,

almost everywhere in [0,7] as ¢ — 0. For the second term, instead, we observe that, since
PV, € C°([0,1]) by PV _ — PV uniformly in [0,1] as ¢ — 0. Hence, together with
and the fact that 0 < 5 < 1, this implies that P.(psc )P’  (¢se) = P(ps) ¥, (¢5) almost
everywhere in Q7. To apply the Dominated Convergence Theorem, we now need a uniform bound
on P-(pse)P’, (@s,e) in some LP space. By looking at their approximations and , and
relying on the fact that P¥’, € C°([0,1]) and P(s) < c3b*(s) by one can easily infer that,
for any 0 < € < g,

|P(s)W', (s)| <C+Cls| forany s € R, (4.31)

for some C' > 0 independent of €. Indeed, this is trivial for eg < s <1 —¢gg. For s > 1 — g,
instead, one can proceed as follows:

|Pe(s)W (s)| = [P(1 =)W\ (1 =) + P(1 — )P (1 —¢)(s — (1 —¢))|
< |[[PY [l ooqpo,1)) + c31b(1 — &)|[b(1 — )WL (1 —g)||s — (1 — &)
< |[PY[| coggo,17) + <3110l co o 10¥L lcooap Is| < C + Cls.

A similar argument also provides the bound for s < €. Then, (4.31]) and the strong convergence
(4.19) are enough to apply the generalised Dominated Convergence Theorem to conclude that

Pe(cp(;,g)\llg’g(cp(;ys) — P((pg)\I/'Jr(npg) strongly in L?(0,T; H).

Thus, we can pass to the limit in the reaction term. Finally, we are left to handle the nonlinear
term V(5. — J s ), but this is immediate thanks to the linear growth of ¥’ and the strong
convergence (cf. Proposition .

Summing up, we have shown that the limit variables (s, i1s5, 0s) satisfy the identities (2.3)—
. We conclude the proof of Theorem by stressing that the initial conditions ¢s(0) = o and
05(0) = o9 are trivially satisfied in H, due to the standard embedding H'(0, T; V*)NL?(0,T; V) <
C°([0,T); H).
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5 Proof of Theorem 2.8

By Theorem for any 0 > 0, there exists (s, 05, ) that satisfies f and
ws € HY0,T;V*) N L*(0,T;V),
ps € L*(0,T;V),
05 — j,m € H'Y(0,T;V*) N L>(0,T;V) N L*(0,T; W),
os € HY(0,T;V*)N L>®(0,T; H) N L*(0,T; V),

0<ps <1 ae. in Q7.

We now proceed as in Theorem and perform some a priori estimates uniformly with respect
to the relaxation parameter 9.

ENERCY ESTIMATE. We start from the energy inequality obtained in the proof of
Theorem for € > 0. Then, we observe that we can let € go to 0 along a suitable subsequence
and, using weak lower semicontinuity of the norms along with the weak and strong convergences

(4.12)—(4.24) and their implications. This gives, for any ¢ € (0,7), the following energy inequality

[ listt) - i”‘%t) o+ ;j [ nsto da
+3 /Q‘V <‘/’6<t> - jw(t)) ot OZ/Q|05(t)|2 do

+/ot/gv(05+x(1—<%—jm)>) " deds (5.1)
+/0t/Q [\/m <05+X <1 - (805 - jﬂ(s)) - (u5+\11’+(%)))]2 d ds

< 56(@0’ UO) + C’Q|7

where C' > 0 is a constant independent of 6 and 7. We observe that the singularity of ¥/ prevents

us to send to the limit as ¢ — 0 the term f(f Jo b=(0s) [ Vs, + \I/’J’DE((,O&E)VQO(;,E‘Q in (4.1), unless
we assume a higher degeneracy for b, namely that \/I;\Il’fr € CY, but this would exclude the typical
choice for b. However, this is not an issue since this term is well defined and non-negative for any
€ > 0, so we can still pass to the limit in by neglecting it. At the same time, we observe
that the other singular term involving /P-(¢s5:)V', . (¢s.) easily passes to the limit due to the
second condition in Let us now show that the bound holds uniformly with respect to 4.
More precisely, we prove that

Es(p0,00) = E(po,00) as § — 0, (5.2)

where

1
E(po,00) = /Q <\I’(g00) + %|Vﬂﬂo|2 + 5\00]2 + xoo(1 — (po)) dz.

Indeed, we recall that gpg—%,u(s € C%[0,77; V) and, by Remark given ¢g, 00 € H, @0—%p(0) €
V' can be obtained as the unique weak solution to the elliptic problem deduced by (1.5)) at time
t=0:

1) o) 1) 9 1) )
— A <<Po — M5(0)> + <<Po - N6(0)> =y — -0 <<Po — M5(0)> + —x00 in Q,
Y Y Y Y v

On ((po — j,u(;(O)) =0 on 0f).
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Now, since ¢g € V' by 00 € H and U’_ is of class C!, linearly bounded and with bounded
derivative, one can show that (see Lemma |A.1])

o
wo — —ps(0) = o strongly in V as § — 0. (5.3)
Y

Then, the convergence above and the continuity of W are enough to pass to the limit in the energy
and conclude (5.2)). Hence, (5.1)) and (5.2]) provide the following uniform estimates:

0
w5 — — 4§ <C, \/SH,UJHLOO(O,T;H) <C, osllzeo,rm < C,
T AlLee(0,1v)
0
\% <05 + X <1 - (cpa - ua))) <C, (5.4)
Y L2(0,T;H)

)

\/P(QOJ)R&(‘P&M&U&)’

with C' > 0 independent of 7" and of §. From the first and fifth bound in ([5.4) it also immediately
follows that

<
L2(0,T;H)

losllz20,mv) < C. (5.5)

ESTIMATES ON THE TIME DERIVATIVES. We start from the uniform bounds . We recall
that such bounds were obtained by means of the estimates (3.38)), (3.39)) and (3.44)) derived within
the Galerkin discretisation in the proof of Proposition [3.1} Moreover, we stress that, for any € > 0,
their derivation only relied on the uniform bounds obtained through the main energy estimate at
the approximated level, which, in view of , now holds with a constant independent of € and §.
Therefore, by using the convergences —, one obtains by the weak lower semicontinuity

of the norms, that
)
O <<P5 - M5>
Y
with C' > 0 independent of J.

ENTROPY ESTIMATE. Also in this case we start from the entropy inequality derived in
the proof of Theorem for any € > 0. In view of , we observe that the right-hand side of
is uniformly bounded in € and 6. Therefore, thanks to the convergences (4.13)) and (4.15]),
by the weak lower semicontinuity of the norms we deduce that

o

with C' > 0 independent of §. We remark that the singularity of ¥, does not allow us take the
limit of the full entropy inequality . However, the uniform bound from below on S, and the
non-negativity of the third term, for any fixed ¢ > 0, are enough to get . Then, by elliptic
regularity theory, the first bound in together with the first bound in , imply that

|

Additionally, combining the second bound in (5.4)) with the second bound in (5.7)), we get that

<C, (56
L2(0,T;V*)

10kpslL20,mv+) < €, NOosllrzorve) < C,

<C, Vo|Vusllizoz.m) < C, (5.7)
L2(0,T;H)

o
Y5 — —Hs

- <. (5.8)

L2(0,T;:H?(2))

\/SH:U%;HL?(O,T;V) <C. (5.9)
Then, the first bounds in (5.4) and (5.9)) give

sl z20.1v) < €, (5.10)
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with a constant C' > 0 independent of 9.
PASSAGE TO THE LIMIT. Before passing to the limit as § — 0, we rewrite the relaxed system

(1.4)—(1.8) using the identity (see (1.5))
1) , )
ps = —vA | @5 — Hs + UL | s — ~Hs ) = x5 (5.11)
Thus, we obtain a formulation similar to (2.6)—(2.9). More precisely, we get

. 1) )
Oyps — div <b(%)v (—VA (soa - 7#5) + ¥ (ps) + W <<P5 - 7#5) - X06>>

) )
= P(ps) (05 +x (1 - (@6 — 7/15)) + A (W - 7ua)
6 .
— W (p5) — WL <905 - 7#6) + X06> in Qr, (5.12)
)
Oios — A <05 +x (1 — (cp(; — ’Y%)>)
5 )
= —P(ps) <05 +x (1 - (@5 — 7#5)) +7A ((Pa — 7#5)
5 .
— W (p5) — WL <soa - ,yua) + xm;) in Qr, (5.13)
)
On <905 - Ma) = Opos =0,
Y
5 . . )
b(ps)On | —7A (s — SHs )+ U (ps) + 9L | @5 — hs | = x0s ) = 0 on L7, (5.14)

©5(0) = o, 05(0) = 00 inQ, (5.15)

which has to be interpreted in the weak sense. On account of Theorem this system can also
we written in the weaker formulation (cf. (2.10)—(2.12)):

(Orps,v)v + (Js, V)

= (P(soa) (05 +X (1 - <<pa - jua)) +7A <<pa - ju(s)

— V., (ps) — <805 - Ma) + XU&) : U)H (5.16)
(J5,€) <7 <<P5 - M(S) b'(%)V%é)H - <75(<P5)A (% - iﬂa) ,div E)H
+ (b(ps) ¥ (9s) Vs, €)mr + (b(%)‘l"i <<P5 - j#a) \Y (905 - iua) ,€>H
= x(0(¢5)Vos,€)u (5.17)
(Oros5,v)v + (V(os + x(1 —¢5)), Vu)u
= - <P(905) <05 +x <1 - (soa - iua)) +7A (soa - i%>
— W, (p5) — ¥L <805 - jﬂa) + XU&) : U>H (5.18)

for any v € V, for any & € H'(Q;R?) N L°°(;RY) and almost everywhere in (0,7). Our aim
is to show that (s, 15, 05) converges to a weak solution (¢, J, o) to problem (2.6)—(2.9), in the
sense of Definition as § — 0 along a suitable subsequence.
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The main difficulty lies in handling the terms related to the flux Js. To do this, we need
one more uniform bound. Recall that for any fixed § > 0, the flux J; is well defined as

Js5 = b(ps)Vius + b(ws) ¥ (05) Vs (see also and [A4). Moreover, from (4.28) and (4.30) we
know that

Js5e =bo(pse)Vise + bg(gpg75)\lf’_i'_7€(<,0575)V30575 — Js weakly in L?(0,T; H) as € — 0.
Thus, by the weak lower-semicontinuity of the norms, we get

2 DI 2
151220,y < 0k ([T 561720, 7y
o § ) (5.19)
< liminf [|b:[|o / be(p5,)[Vise + VY (956)Vipsel” da < C,
Q

by and the boundedness of b, where C' > 0 is independent of 4.

We now collect all the uniform estimates and use known compactness results to extract
converging subsequences. If not further specified, all the convergences below have to be intended
as 0 — 0 along a suitable subsequence. First of all, from (see (5.9))

\/SHMJHL%O,T;V) <C,

it follows that

Sus — 0 strongly in L2(0,T;V). (5.20)
Then, by Banach—Alaoglu’s theorem, the uniform bounds , , and imply that
w5 — ¢ weakly in L?(0,T;V), (5.21)
o5 — o weakly star in L>(0,7; H) N L?(0,T;V), (5.22)
5 — jﬂé X ¢ weakly star in L®(0,T;V) N L2(0,T; H*(Q)), (5.23)

where we also used ([5.20]) identify the limit in ([5.23|) Similarly, by (5.6)), we deduce the following

weak convergences:

ws — ¢ weakly in HY(0,T;V*), (5.24)

os — o weakly in HY(0,T;V*), (5.25)
)

0§ — ;/1,5 — ¢ weakly in HY(0,T;V*). (5.26)

Consequently, by known compact embeddings (see |28, Section 8, Corollary 4]), (5.21)—(5.23)) and
(5.24)—(5.26) imply the following strong convergences:

ws — ¢ strongly in L?(0,T; H), (5.27)

o5 — o strongly in L?(0,T; H), (5.28)
)

s — —ps — @ strongly in L2(0,T;V). (5.29)
Y

In particular, (5.20) and (5.29) also entail that

@5 — @ strongly in L2(0,T; V). (5.30)
Additionally, from ([5.27)—(5.30) we also infer that

ws = ¢, Vos = Ve ae. in Qr, (5.31)

o5 — o a.e. in Qr, (5.32)

d .
05 — ;Mé — @ a.e. in Qr. (5.33)
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From (j5.31)), since 0 < s < 1 by Theorem , we deduce that

0<p<1 ae inQr.

Recalling ((5.11]), thanks to (5.23)), (5.33]), the continuity and the linear growth of ¥’ | the
Dominated Convergence Theorem and ([5.22)), we deduce that

ps — —YAp + ¥’ (¢) — xo weakly in L%(0,T; H). (5.34)
Therefore, by (5.19)), it also follows that
Js — J weakly in L*(0,T; H). (5.35)

Then, the limit variables (¢, J, o) satisfy the regularity properties stated in Theorem

We are now left to check that (¢, J, o) satisfy the identities f. Starting from
7, the weak convergences above easily imply the convergence of all the linear terms.
Then, as before, we are left with the nonlinear terms. We start from the reaction terms appearing

on the right-hand sides of (5.16]) and (5.18]). First of all, by the continuity and boundedness of P
and (/5.31)), the Dominated Convergence Theorem implies that

P(ps) — P(p) strongly in LP(0,T; LP(S2)) for any p > 1. (5.36)

Hence, the weak convergences in L2(0,T; H) of o5, @5 — %,u(; and A (cp(; — %,u(;) by (5.22) and
(5.23)) are enough to conclude that

/P% <(1+X)05+X<1—<%—iua>>+7ﬁ< 5—iu5>> dz

—>/ (T+x)o+x(1 —¢) —7vAp)vde,

since v € V < L5(Q) and (5.36)) can be applied with p = 3. Then, we must handle the two terms
involving the convex splitting of W. For the convex one, we use together with (5.31)), the fact
that 0 < s, < 1 and the Dominated Convergence Theorem, to conclude that

P(ps)V (p5) = P(p)¥, () strongly in L*(0,T; H).

For the concave one, we use again (5.31), (5.33)), the continuity and boundedness of P, the
continuity and linear growth of ¥/ and the Dominated Convergence Theorem, to obtain

Plos)v <905 - %) S P()W(¢) strongly in L(0, T H).
Y

This provides the convergence of the full reaction term. Our last task is now to identify the limit
the right-hand side of (5.17)). We proceed term by term. For the first one, we observe that, by

and ((5.31)), we have

V(ps)Vips — b (0)Ve a.e. in Qp.
Moreover, by the boundedness of b and (5.30), we have that

1V (05)Vs| < |16 ]|oo|Veos| — ||V |loo| V| strongly in L2(0,T; H).
Then, by the generalised Dominated Convergence Theorem, it follows that

V(ps)Vips — b (p)Ve strongly in L(0,T; H). (5.37)
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Consequently, (5.23)), , and the crucial fact that & € L>(; R?) imply that

1)
_ / A (@5 - ua) Y (05)Vips - € da — — / VA b(p) V- € da,
Q v Q

For the second term, we observe that, by the continuity and boundedness of b and (5.31)), the
Dominated Convergence Theorem gives

b(ps) — b(p) strongly in L2(0,T; H). (5.38)

This convergence combined with (5.23]) and the uniform bound

o)
< HbllooHA (@5 - 7#5) <C,

L2(0,T;H)

bps)A 905—élt5
oo (o0 )

L2(0,T;H)

which follows from (5.7)), imply that

b(ps)A (% - 5#5) — b(p)Ap  weakly in L*(0,T; H).
Y

Then, we proved the convergence of the second term, since div€ € H. Next, we recall that

b € C°([0,1]) by Thus, by (5.31]) and the Dominated Convergence Theorem, we deduce
that
b(s) W'l (105) — b(e) WL () strongly in L*(0,T; H),

which in combination with ([5.30|) yields the convergence of the third term. Similarly, the pointwise
convergences ((5.31)) and ([5.33]), and the boundedness and continuity of b and ¥” | using again the
Dominated Convergence Theorem, imply that

bos) 0" <% - jua) L b(@) W (¢) strongly in L2(0, T H).

This convergence and ((5.29)) allow us to pass in the fourth term. Finally, (5.22]) and (5.38) also
yield the convergence of the last term on the right-hand side of (5.17). The proof of Theorem
is finished.

A A technical lemma
Here we prove a result which has been used in the previous proof (see (5.3)).

Lemma A.1. For any § > 0, let us € V' be the unique weak solution to the following elliptic
problem

—0Aus +us = f+ 09+ dh(us) in £, (A1)
Onus =0 on 082, (A.2)

where f €V, g € H and h € C1(R) such that for any s € R

[h(s)

| < Eals| + ko, (A.3)
W (s)] <k

35 (A4)
for some ky, ko, ks > 0. Then, as & goes to 0 along a suitable sequence, we have

us — [ strongly in V.
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Proof. First of all, we observe that, by standard results on elliptic equations, the weak solution
us € V exists and it is unique under the given hypotheses. Moreover, by elliptic regularity theory,
since f € V, g € H and h is Lipschitz, it also follows that us € H?(f2) is actually a strong solution

to (A.1)—(A.2).
Testing (A.1) with us and using the Cauchy—Schwarz and the Young inequalities, together

with (A.3)), we get that

1 1 0 o
SVl + sl < g sl + 5151 + sl + ol +5 | hughusdo

IN

1 1 ) )
lually + S FIB: + 5 sl + Sl
k k
o+ kgl 3y + sl + 312,
Then, collecting the terms and multiplying by 2, we obtain
O|IVusl|F + (1 — (L + 2k + ka))lus|7r < |1 F + Sllgl7 + ok2[€]. (A.5)
Next, we test (A.1) with —Aw and, by (A.4]), we infer that
2 2 _ 1 2 1 2 0 2, 0, 19 /
S| Aus |z + [ Vus|lzr < §HVU5”H + §HVfHH + §HAU6HH + 5”9”1{ +0 A W (us)Vus - us dx
1 2 1 2 0 2, 0, 9 2
< i\lvuaHH + §HVfHH + §”AU6HH + §||9||H + ks || Aus||7-
Consequently, we also have the following inequality:
8| Augllzy + (1 = 2k30) | Vusl|F < IV fII7 + 0llgll7- (A.6)

Now, let us set
cs = min{l — 6(1 + 2k; + ko), 1 — 2k30},

and observe that ¢5 > 0 if § is small enough and ¢5 — 1 as § — 0. Then, by neglecting the first
terms in the respective inequalities, the combination of (A.5) and (A.6)) implies that

5 kslQ)|

— A.
o (AT)

1 0
lusl} < —IFI + —llgliF +
Cs Cs
where the right-hand side is uniformly bounded for small §. Hence, by Banach—Alaoglu’s Theorem,
we can extract a non-relabelled subsequence such that

us —u weaklyin V as § — 0,

for some w € V. Additionally, from the weak formulation of for any v € V, one easily
deduces that the weak convergence above implies that w = f in V. In order to show the strong
convergence in V', it suffices to establish the convergence of the norms. This follows from the
following chain of inequalities, relying on the weak lower-semicontinuity of the norm, and
the fact that ¢s — 1 as 6 — 0. Indeed, we have that

I£1 < lim inf [[us|§, < lim sup [|us][3,
—0 5—0

. 1 ) 1) CQ’Q|
< lim | —[IfI? + —lgl3 +— 2
< lim <65Hf”v + o lallz + 2= 171

Then, ||us|ly — || f|lv, and, together with the weak convergence above, this proves Lemma

O
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